
ISSN 2309-4001

ÁÓÊÎÂÈÍÑÜÊÈÉ

ÌÀÒÅÌÀÒÈ×ÍÈÉ
ÆÓÐÍÀË

Òîì 10, � 2

×åðíiâöi

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò

2022



ISSN 2309-4001

BIKOVINIAN
MATHEMATICAL

JOURNAL

Volume 10, � 2

Chernivtsi

Chernivtsi National University

2022



Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. � T. 10, � 2. � ×åðíiâöi: ×åðíiâåöüêèé íàö. óí-ò,
2022. � 264 ñ.

Æóðíàë âõîäèòü äî ïåðåëiêó íàóêîâèõ ôàõîâèõ âèäàíü Óêðà¨íè êàòåãîði¨ �Á�
(íàêàç ÌÎÍÓ � 409 âiä 17.03.2020)

Ñïåöiàëüíîñòi
111 Ìàòåìàòèêà

113 Ïðèêëàäíà ìàòåìàòèêà

Äðóêó¹òüñÿ çà óõâàëîþ Â÷åíî¨ ðàäè
×åðíiâåöüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Þðiÿ Ôåäüêîâè÷à

Æóðíàë ïóáëiêó¹ îðèãiíàëüíi ñòàòòi àíãëiéñüêîþ òà óêðà¨íñüêîþ ìîâàìè iç
ìàòåìàòè÷íîãî àíàëiçó, äèôåðåíöiàëüíèõ ðiâíÿíü, òåîði¨ éìîâiðíîñòåé i ìàòåìàòè÷íî¨

ñòàòèñòèêè, ìàòåìàòè÷íîãî ìîäåëþâàííÿ òà îá÷èñëþâàëüíèõ ìåòîäiâ

Ðåôåðó¹òüñÿ Zentralblatt MATH, Index Copernicus, Google Scholar, Polska Bibliogra�a
Naukowa, WorldCat

Ðåäêîëåãiÿ:

Ïåòðèøèí Ð.I., ä. ô.-ì.í, ïðîô., Çàãîðîäíþê À.Â., ä. ô.-ì.í, ïðîô. (Óêðà¨íà);
íàóêîâèé ðåäàêòîð (Óêðà¨íà); Çàði÷íèé Ì.Ì., ä. ô.-ì.í, ïðîô. (Ïîëüùà);

Ãîðîäåöüêèé Â.Â., ä. ô.-ì.í, ïðîô., Êàðëîâà Î.Î., ä. ô.-ì.í, äîö. (Óêðà¨íà);
çàñòóïíèê íàóêîâîãî ðåäàêòîðà (Óêðà¨íà); Êîçüìà Ä.Â., ä. ô.-ì.í, ïðîô. (Ìîëäîâà);

Ëiòîâ÷åíêî Â.À. ä. ô.-ì.í, ïðîô., Ëîïóøàíñüêèé Î.Â., ä. ô.-ì.í., ïðîô. (Ïîëüùà);
çàñòóïíèê íàóêîâîãî ðåäàêòîðà (Óêðà¨íà); Ìàëèê I.Â., ä. ô.-ì.í, ïðîô. (Óêðà¨íà);

Ìèõàéëþê Â.Â., ä. ô.-ì.í, ïðîô., Ìàðòèíþê Î.Â., ä. ô.-ì.í, ïðîô. (Óêðà¨íà);
çàñòóïíèê íàóêîâîãî ðåäàêòîðà (Óêðà¨íà); Ïåðåñòþê Ì.Î., ä. ô.-ì.í, ïðîô.,

×åðåâêî I.Ì., ä. ô.-ì.í, ïðîô., àêàäåìiê ÍÀÍÓ (Óêðà¨íà);
âiäïîâiäàëüíèé çà âèïóñê, Ïåòðèê Ì.Ð., ä. ô.-ì.í, ïðîô. (Óêðà¨íà);
çàñòóïíèê íàóêîâîãî ðåäàêòîðà (Óêðà¨íà); Ïîïîâ Ì.Ì., ä. ô.-ì.í, ïðîô. (Óêðà¨íà);

Äîâæèöüêà I.Ì., êàíä. ô.-ì.í, Ïóêàëüñüêèé I.Ä., ä. ô.-ì.í, ïðîô. (Óêðà¨íà);
âiäïîâiäàëüíèé ñåêðåòàð (Óêðà¨íà); Ðîíòî Ì.É., ä. ô.-ì.í, ïðîô. (Óãîðùèíà);

Áiãóí ß.É., ä. ô.-ì.í, ïðîô. (Óêðà¨íà); Ñêàñêiâ Î.Á., ä. ô.-ì.í, ïðîô.(Óêðà¨íà);
Áîé÷óê Î.À., ä. ô.-ì.í, ïðîô., Ñëþñàð÷óê Â.Þ., ä. ô.-ì.í, ïðîô.,

÷ë.-êîð. ÍÀÍÓ (Óêðà¨íà); ÷ë.-êîð. ÍÀÍÓ (Óêðà¨íà);
Ãðèãîðêiâ Â.Ñ., ä. ô.-ì.í, ïðîô. (Óêðà¨íà); Ñòàíæèöüêèé Î.Ì., ä. ô.-ì.í, ïðîô. (Óêðà¨íà).
Ãðèãîð÷óê Ð.I., ä. ô.-ì.í, ïðîô. (ÑØÀ);

Àäðåñà ðåäàêöi¨:
58012 ì.×åðíiâöi, âóë. Óíiâåðñèòåòñüêà, 28, òåë. (0372)58-48-80, e-mail: clg-math@chnu.edu.ua

Ñâiäîöòâî ïðî äåðæàâíó ðå¹ñòðàöiþ äðóêîâàíîãî çàñîáó ìàñîâî¨ iíôîðìàöi¨
Äåðæàâíî¨ ðå¹ñòðàöiéíî¨ ñëóæáè Óêðà¨íè: ñåðiÿ ÊÂ � 19465�9265 ÏÐ âiä 07.11.2012

(Âèäàííÿ ¹ ïðàâîíàñòóïíèêîì Íàóêîâîãî âiñíèêà ×åðíiâåöüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Þðiÿ

Ôåäüêîâè÷à. Ñåðiÿ: ìàòåìàòèêà. Ñâiäîöòâî ïðî äåðæàâíó ðå¹ñòðàöiþ äðóêîâàíîãî çàñîáó ìàñîâî¨

iíôîðìàöi¨ Ìiíiñòåðñòâà þñòèöi¨ Óêðà¨íè: ñåðiÿ ÊÂ � 15749�4221Ð âiä 26.10.2009)

Âiò÷èçíÿíå íàóêîâå âèäàííÿ

Ðiê çàñíóâàííÿ 2013

©×åðíiâåöüêèé íàöiîíàëüíèé
óíiâåðñèòåò, 2022



Bukovinian Mathematical Journal. � Vol. 10, No 2. - Chernivtsi: Chernivtsi Nat. Univ.,

2022. � 264 p.

The journal is included in the List of Scienti�c Professional Publications of Ukraine of
category "B"

(Order of the Ministry of Education and Science �409 of March 17, 2020)
Specialties

111 Mathematics
113 Applied Mathematics

The journal publishes original papers in English and Ukrainian in mathematical analysis,
di�erential equations, probability theory and mathematical statistics, mathematical modelling

and methods of computations

Reviewed by Zentralblatt, Index Copernicus, Google Scholar, Polska Bibliogra�a Naukowa,
WorldCat

Editorial Board of the issue:

Petryshyn R.I., D.Sc., Prof., Zagorodnyuk À.V., D.Sc., Prof. (Ukraine);
Scienti�c editor (Ukraine); Zarichnyi Ì.Ì., D.Sc., Prof. (Poland);

Gorodetskyi V.V., D.Sc., Prof., Karlova Î.Î., D.Sc., Ass. Prof. (Ukraine);
Deputy editor-in chief (Ukraine); Cozma D.V., D.Sc., Prof. (Moldova);

Litovchenko V.A., D.Sc., Prof., Lopushansky Î.V., D.Sc., Prof. (Poland);
Deputy editor-in chief (Ukraine); Malyk I.V.,D.Sc., Prof. (Ukraine);

Mykhayluk V.V., D.Sc., Prof., Martynyuk Î.V., D.Sc., Prof. (Ukraine);
Deputy editor-in chief (Ukraine); Perestyuk Ì.Î., D.Sc., Prof.,

Cherevko I.M., D.Sc., Prof., academician of NAS of Ukraine;
Executive Editor of the issue, Petryk Ì.R., D.Sc., Prof. Ukraine;
Deputy editor-in chief (Ukraine); Popov M.M., D.Sc., Prof. (Ukraine);

Dovzhytska I.M., Ph.D, Pukalskyi I.D., D.Sc., Prof. (Ukraine);
Managing Editor (Ukraine); Ronto M.J., D.Sc., Prof. (Hungary);

Bihun Ya.J., D.Sc., Prof. (Ukraine); Skaskiv Î.B., D.Sc., Prof. (Ukraine);
Boichuk Î.À., D.Sc., Prof., Slyusarchuk V.Yu., D.Sc., Prof.,

corresponding member of NAS of Ukraine; corresponding member of NAS of Ukraine;
Grygorkiv V.S., D.Sc., Prof. (Ukraine); Stanzhitskyi Î.Ì., D.Sc., Prof. (Ukraine).
Grygorchuk R.I., D.Sc., Prof. (USA);

Editorial o�ce address:
58012, Chernivtsi, Universytetska str., 28, tel. (0372)58-48-80, e-mail: clg-math@chnu.edu.ua

Certi�cate of state registration of the print mass media of the State Registration Service of
Ukraine: Series KB No 19465-9265 PR of 11/07/2012

(The journal is the assignee of Naukovyj Visnyk Chernivets'kogo Universytetu. Matematyka.
Chernivets'kyj Universytet, Chernivtsi. Ukrainian. Certi�cate of state registration of the print
mass media of the Ministry of Justice of Ukraine: Series KB No 15749-4221 P of 10/26/2009)

National Scienti�c Publication

Founded in 2013

©Chernivtsi National
University, 2022



5

ÇÌIÑÒ

Ìåäèíñüêèé I.Ï., Ïàñi÷íèê Ã.Ñ. Iâàñèøåí Ñòåïàí Äìèòðîâè÷: æèòò¹âèé i òâîð÷èé
øëÿõ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .8

Gorbachuk V.M. On solutions of the nonhomogeneous Cauchy problem for parabolic type di-
�erential equations in a Banach space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

Khoma M.V., Buhrii O.M. Stokes system with variable exponents of nonlinearity . . . . . . . . . 28

Iëüêiâ Â.Ñ., Ñòðàï Í.I., Âîëÿíñüêà I.I. Íåëîêàëüíà êðàéîâà çàäà÷à ó ïðîñòîðàõ åêñïîíåí-
öiéíîãî òèïó ðÿäiâ Äiðiõëå-Òåéëîðà äëÿ ðiâíÿííÿ ç îïåðàòîðîì êîìïëåêñíîãî äèôåðåíöi-
þâàííÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

Áîêàëî Ì.Ì.Ìiøàíà çàäà÷à äëÿ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü âèùèõ ïîðÿäêiâ çi çìií-
íèìè ïîêàçíèêàìè íåëiíiéíîñòi â íåîáìåæåíèõ îáëàñòÿõ áåç óìîâ íà íåñêií÷åííîñòi . . 59

Ãîðîäåöüêèé Â.Â., Ìàðòèíþê Î.Â. Âëàñòèâîñòi ðîçâ'ÿçêiâ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç
äèñèïàöi¹þ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

Ãîðîäåöüêèé Â.Â., Øåâ÷óê Í.Ì., Êîëiñíèê Ð.Ñ. Áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ îäíîãî
êëàñó åâîëþöiéíèõ ðiâíÿíü ó ïðîñòîðàõ òèïó S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

Êàðëîâà Î.Î., Êàòèðèí÷óê Ê.Ì., Ïðîöåíêî Â.I. Ïåðiîäè÷íiñòü ðåêóðåíòíèõ ïîñëiäîâíî-
ñòåé äðóãîãî i òðåòüîãî ïîðÿäêó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

Ëiòâií÷óê Þ.À., Ìàëèê I.Â. Ðîçøèðåíèé àëãîðèòì ñòðàòåãi¨ åâîëþöi¨ àäàïòàöi¨ êîâàðià-
öiéíî¨ ìàòðèöi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

Ëiòîâ÷åíêî Â.A., Ãîðáàòåíêî Ì.Þ. Íåîäíîðiäíi äèôåðåíöiàëüíi ðiâíÿííÿ âåêòîðíîãî
ïîðÿäêó ç äèñèïàòèâíîþ ïàðàáîëi÷íiñòþ é äîäàòíèì ðîäîì . . . . . . . . . . . . . . . . . . . . . . . . . . .144

Ëîïóøàíñüêà Ã. Ï. Îáåðíåíà çàäà÷à ç íåâiäîìîþ ïðàâîþ ÷àñòèíîþ ó ïiâëiíiéíîìó äè-
ôóçiéíî-õâèëüîâîìó ðiâíÿííi ç äðîáîâîþ ïîõiäíîþ ïðè iíòåãðàëüíié çà ÷àñîì óìîâi . 156

Ìàöåíêî Â.Ã. Ìîäåëþâàííÿ ïðîöåñiâ çáîðó óðîæàþ äëÿ ïîïóëÿöié iç íåïåðåêðèâíèìè ïî-
êîëiííÿìè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

Ìåëüíè÷óê Ë.Ì. Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ
äðóãîãî ïîðÿäêó çi çðîñòàþ÷èìè êîåôiöi¹íòàìè òà ç îïåðàòîðàìè Áåññåëÿ ðiçíèõ
ïîðÿäêiâ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

Ìèõàéëþê Â.Â. Çàëåæíiñòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò íàðiçíî íåïåðåðâíèõ ôóí-
êöié òðüîõ êîìïàêòíèõ çìiííèõ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

Ïðàöüîâèòèé Ì.Â., Êàðâàöüêèé Ä.Ì.Ìíîæèíà íåïîâíèõ ñóì ìîäèôiêîâàíîãî ðÿäó Ãàòði-
Íiìàíà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

Ïðàöüîâèòèé Ì.Â., Ðàòóøíÿê Ñ.Ï., Ñèìîíåíêî Þ.Î., Øïèòþê Ä.Ñ. Çãîðòêà äâîõ ñèí-
ãóëÿðíèõ ðîçïîäiëiâ: êëàñè÷íîãî êàíòîðiâñüêîãî i âèïàäêîâî¨ âåëè÷èíè ç íåçàëåæíèìè
äåâ'ÿòiðêîâèìè öèôðàìè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

Ïðîöàõ Í.Ï., Iâàñþê Ã.Ï., Ôðàòàâ÷àí Ò.Ì. Ïðî çàäà÷i äëÿ ðiâíÿíü òà ñèñòåì ðiâíÿíü
òèïó Åéäåëüìàíà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

Ïóêàëüñüêèé I.Ä., ßøàí Á.Î. Áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ 2b-ïàðàáîëi÷íîãî ðiâ-
íÿííÿ ç âèðîäæåííÿì . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

Ñïi÷àêÑ.Â., ÑòîãíiéÂ. I., Êîïàñü I.Ì. Ãðóïîâà êëàñèôiêàöiÿ îäíîãî êëàñó (2+1)-
âèìiðíèõ ëiíiéíèõ ðiâíÿíü öiíîóòâîðåííÿ àçiéñüêèõ îïöiîíiâ . . . . . . . . . . . . . . . . . . . . . . . . . .240

Øåâ÷óê Ð.Â., Ñàâêà I.ß. Íåëîêàëüíà çàäà÷à ñïðÿæåííÿ äëÿ ëiíiéíîãî ïàðàáîëi÷íîãî ðiâ-
íÿííÿ äðóãîãî ïîðÿäêó òèïó Êîëìîãîðîâà ç ðîçðèâíèìè êîåôiöi¹íòàìè . . . . . . . . . . . . . . 249



6

CONTENTS

Medynsky I. P., PasichnykH. S. Ivasyshen Stepan Dmytrovych: life and creative path . . . . . . . 8

Gorbachuk V.M. On solutions of the nonhomogeneous Cauchy problem for parabolic type di-
�erential equations in a Banach space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

Khoma M.V., Buhrii O.M. Stokes system with variable exponents of nonlinearity . . . . . . . . . 28

Il'kiv V.S., Strap N.I., Volyanska I.I. Nonlocal boundary value problem in spaces of exponential
type of Dirichlet-Taylor series for the equation with complex di�erentiation operator . . . . . . 43

Bokalo M.M. Initial-boundary value problem for higher-orders nonlinear parabolic
equations with variable exponents of the nonlinearity in unbounded domains without conditions
at in�nity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

Horodets'kyi V.V., Martynyuk O.V. Properties of the equation of heat conduction with dissi-
pation solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

Horodets'kyi V.V., Shevchuk N.M., Kolisnyk R.S. Multipoint by time problem for a class of
evolution equations in S type space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .90

Karlova O.O., Katyrynchuk K.M., Protsenko V.I. On periodicity of recurrent sequences of the
second and the third order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

Litvinchuk Yu.A., Malyk I.V. The extended CMA-ES algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 137

Litovchenko V.À., Gorbatenko M.Y. Inhomogeneous di�erential equations of vector order with
dissipative parabolicity and positive genus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

Lopushanska H.P. Inverse source problem for a semilinear fractional di�usion-wave equation
under a time-integral condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

Matsenko V.G. Modeling harvesting processes for populations with non-overlapping
generations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

Melnychuk L.M. Fundamental solution of the Cauchy problem for parabolic equation of the
second order with increasing coe�cients and with Bessel operators of di�erent orders . . . . 176

Mykhaylyuk V.V. Dependence on countable many of coordinates of separately continuous functi-
ons of three variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

Pratsiovytyi M.V., Karvatsky D.M. The set of incomplete sums of the modi�ed Guthrie-Nymann
series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .195

Pratsiovytyi M.V., Ratushniak S.P., Symonenko Yu.O., Shpytuk D.S. Convolution of two
singular distributions: classic Cantor type and random variable with independent
nine digits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .204

Protsakh N.P., Ivasiuk H.P., Fratavchan T.M. On problems for Eidelman type equations and
system of equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

Pukalskyy I.D., Yashan B.O. A multipoint in-time problem for the 2b-parabolic equation with
degeneration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

Spichak S. V., Stogniy V. I., Kopas I. M. Group classi�cation of one class (2+1)-dimensional
linear equations of Asian options pricing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 240

Shevchuk R.V., Savka I.Ya. The nonlocal conjugation problem for a linear second order
parabolic equation of Kolmogorov's type with discontinuous coe�cients . . . . . . . . . . . . . . . . . . 249



Öåé âèïóñê ïðèñâÿ÷åíèé ïàì'ÿòi
âèçíà÷íîãî óêðà¨íñüêîãî ìàòåìàòèêà, òàëàíîâèòîãî ïåäàãîãà,

äîêòîðà ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîðà,
âèïóñêíèêà ×åðíiâåöüêîãî óíiâåðñèòåòó 1959 ðîêó,

çàâiäóâà÷à êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü (1963�1969 ðð.) òà
êàôåäðè ìàòåìàòè÷íîãî ìîäåëþâàííÿ (1988�2003 ðð.)

×åðíiâåöüêîãî óíiâåðñèòåòó,
ôóíäàòîðà âiäîìî¨ íàóêîâî¨ øêîëè ç òåîði¨ ïàðàáîëi÷íèõ ðiâíÿíü

Ñòåïàíà Äìèòðîâè÷à Iâàñèøåíà

(10.12.1937 � 21.04.2021)

7



Bukovinian Math. Journal. 2022, 10, 2, 8�19 Áóêîâèíñüêè�è ìàòåì. æóðíàë 2022, Ò.10, �2, 8�19

Ìåäèíñüêèé I.Ï., Ïàñi÷íèêÃ.Ñ.

Iâàñèøåí Ñòåïàí Äìèòðîâè÷:

æèòò¹âèé i òâîð÷èé øëÿõ

Êîðîòêî îïèñàíî æèòò¹âèé øëÿõ òà îñíîâíi çäîáóòêè âèçíà÷íîãî ìàòåìàòèêà, òàëà-

íîâèòîãî ïåäàãîãà, äîêòîðà ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîðà Ñ.Ä. Iâàñèøåíà. Ïðî-

àíàëiçîâàíî íàïðÿìêè íàóêîâèõ äîñëiäæåíü Ñòåïàíà Äìèòðîâè÷à òà íàóêîâi ðåçóëüòàòè,

îòðèìàíi íèì ç ó÷íÿìè. Âèñîêîîñâi÷åíèé i òàëàíîâèòèé ìàòåìàòèê � ó÷åíèé i ïåäàãîã �

Ñòåïàí Äìèòðîâè÷ ïîñòiéíî é íàïîëåãëèâî ïðàöþâàâ, ðåàëiçóþ÷è ñåáå ÷åðåç ïðàöþ i øà-

íîáëèâå ñòàâëåííÿ äî ëþäåé.

Êëþ÷îâi ñëîâà i ôðàçè: ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì ñèñòåìè, ïàðàáîëi÷íi çà

Ñ.Ä. Åéäåëüìàíîì ñèñòåìè, ïiäõiä Åéäåëüìàíà�Iâàñèøåíà, âèðîäæåíi ïàðàáîëi÷íi ðiâ-

íÿííÿ òèïó Êîëìîãîðîâà, âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi, ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê çàäà÷i Êîøi, iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêó, êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i

Êîøi, êðàéîâi çàäà÷i.

Íàöiîíàëüíèé óíiâåðñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�, ì. Ëüâiâ, Óêðà¨íà (Ìåäèíñüêèé I.Ï.)

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, ì. ×åðíiâöi, Óêðà¨íà

(Ïàñi÷íèê Ã.Ñ.)

e-mail:ihor.p.medynskyi@lpnu.ua (Ìåäèíñüêèé I.Ï.), pasichnyk.gs@gmail.com (Ïàñi÷íèêÃ.Ñ.)

1 Íàóêîâî-áiîãðàôi÷íèé íàðèñ

10 ãðóäíÿ 2022 ðîêó âèïîâíþ¹òüñÿ 85 ðîêiâ ç äíÿ íàðîäæåííÿ âèäàòíîãî óêðà¨íñüêî-

ãî ìàòåìàòèêà, àêàäåìiêà Àêàäåìi¨ íàóê âèùî¨ øêîëè Óêðà¨íè, ïðîôåñîðà Iâàñèøåíà

Ñòåïàíà Äìèòðîâè÷à.

Öÿ ñòàòòÿ ¹ íàðèñîì ïðî æèòòÿ i íàóêîâi çäîáóòêè Ñòåïàíà Äìèòðîâè÷à Iâàñèøåíà,

ÿêèé áóâ òàëàíîâèòèì ìàòåìàòèêîì é ïåäàãîãîì, ëþäèíîþ âèñîêîîáäàðîâàíîþ, ñêðîì-

íîþ. Ïîâíiøó iíôîðìàöiþ ïðî íüîãî ÿê íàóêîâöÿ, â÷èòåëÿ, íåîðäèíàðíó îñîáèñòiñòü

ìîæíà çíàéòè â êíèçi [1].

Ñòåïàí Äìèòðîâè÷ Iâàñèøåí íàðîäèâñÿ 10 ãðóäíÿ 1937 ðîêó â ñåëi Óãîðíèêè Ñòàíi-

ñëàâñüêîãî ðàéîíó Ñòàíiñëàâñüêî¨ îáëàñòi (òåïåð ìiñòî Iâàíî-Ôðàíêiâñüê). Ç äèòèíñòâà

áóâ ïðèâ÷åíèé äî ðîáîòè, óæå òîäi ïî÷àâ âèÿâëÿòèñü ïîòÿã äî íàâ÷àííÿ. Çàêií÷èâøè

ÓÄÊ 517.956.4, 517(477)(092)

2010 Mathematics Subject Classi�cation: 37K70, 35G10, 35A08, 35C15.
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1951 ðîêó â ñóñiäíüîìó ñåëi Ïiäëóææi ñåìèði÷êó, âií ïðîäîâæèâ íàâ÷àííÿ â Óãîðíè-

öüêié ñåðåäíié øêîëi, ÿêó çàêií÷èâ ó 1954 ðîöi.

Óïðîäîâæ 1954�1959 ðîêiâ Ñòåïàí Äìèòðîâè÷ íàâ÷àâñÿ íà ìàòåìàòè÷íîìó âiääi-

ëåííi ôiçèêî-ìàòåìàòè÷íîãî ôàêóëüòåòó ×åðíiâåöüêîãî äåðæàâíîãî óíiâåðñèòåòó, ÿêèé

çàêií÷èâ ç âiäçíàêîþ. Äîïèòëèâèé, âèñîêîîðãàíiçîâàíèé, âií ñàìîâiääàíî ç âåëèêèì

íåçãàñíèì iíòåðåñîì ó÷èâñÿ, ïîâíiñòþ çàãëèáëþþ÷èñü ó íàâ÷àëüíèé ìàòåðiàë i âèÿâëÿ-

þ÷è ïðè öüîìó ãëèáîêi òà  ðóíòîâíi çíàííÿ. Çàõîïëåíî ñëóõàâ ëåêöi¨ Ê.Ì.Ôiøìàíà,

Ì. Ã.Áiëÿ¹âà, Þ.Ì.Êðóãà, Ñ.Ä.Åéäåëüìàíà, Â.Ï.Ðóáàíèêà òà iíøèõ. Ñóìëiííèé i íà-

ïîëåãëèâèé, ñõèëüíèé äî òâîð÷îãî ïîøóêó Ñ.Ä. Iâàñèøåí ùå ñòóäåíòîì ïî÷àâ çàéìàòè-

ñÿ íàóêîâèìè äîñëiäæåííÿìè ïiä êåðiâíèöòâîì Ñ.Ä.Åéäåëüìàíà.

Âiäðàçó ïiñëÿ çàêií÷åííÿ óíiâåðñèòåòó Ñ.Ä. Iâàñèøåí âñòóïèâ äî àñïiðàíòóðè ïðè

êàôåäði äèôåðåíöiàëüíèõ ðiâíÿíü, äå éîãî íàóêîâèì êåðiâíèêîì áóâ ïðîôåñîð Ñ.Ä.Åé-

äåëüìàí. Ñàìå Ñàìó¨ë Äàâèäîâè÷ Åéäåëüìàí âiäiãðàâ iñòîòíó ðîëü ó ôîðìóâàííi Ñòå-

ïàíà Äìèòðîâè÷à ÿê íàóêîâöÿ i ïåäàãîãà. Íàâ÷àííÿ â àñïiðàíòóði çàêií÷èëîñü ó 1963

ðîöi çàõèñòîì íà Îá'¹äíàíié â÷åíié ðàäi Iíñòèòóòiâ ìàòåìàòèêè i êiáåðíåòèêè òà Ãîëîâ-

íî¨ àñòðîíîìi÷íî¨ îáñåðâàòîði¨ ÀÍ ÓÐÑÐ êàíäèäàòñüêî¨ äèñåðòàöi¨ �Îöåíêè ðåøåíèé
~2b-ïàðàáîëè÷åñêèõ ñèñòåì è èõ ïðèìåíåíèÿ�. Îôiöiéíèìè îïîíåíòàìè íà çàõèñòi áóëè

äîêòîðè ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîðè Þ.Ì.Áåðåçàíñüêèé i Þ.Ë.Äàëåöüêèé

òà êàíäèäàò ôiçèêî-ìàòåìàòè÷íèõ íàóê Â.Ñ.Êîðîëþê; ïðîâiäíîþ óñòàíîâîþ � Âîðî-

íiçüêèé äåðæàâíèé óíiâåðñèòåò.

Ùå íàâ÷àþ÷èñü â àñïiðàíòóði, Iâàñèøåí Ñ.Ä. ïî÷àâ ïðàöþâàòè âèêëàäà÷åì íà êà-

ôåäði äèôåðåíöiàëüíèõ ðiâíÿíü ×åðíiâåöüêîãî óíiâåðñèòåòó. Òóò âií ïðîéøîâ øëÿõ âiä

àñèñòåíòà äî äîöåíòà òà çàâiäóâà÷à êàôåäðè. Îáîâ'ÿçêè çàâiäóâà÷à êàôåäðè Ñòåïàí

Äìèòðîâè÷ ïî÷àâ âèêîíóâàòè ìàþ÷è íåïîâíèõ 26 ðîêiâ i íà òîé ÷àñ áóâ íàéìîëîäøèì

çàâiäóâà÷åì êàôåäðè â óíiâåðñèòåòi.

Ó 1969 ðîöi Ñ.Ä. Iâàñèøåíà çàïðîñèëè äî êîíêóðñó íà ïîñàäó çàâiäóâà÷à êàôåäðè

âèùî¨ ìàòåìàòèêè Êè¨âñüêîãî âèùîãî iíæåíåðíîãî ðàäiîòåõíi÷íîãî ó÷èëèùà ïðîòèïî-

âiòðÿíî¨ îáîðîíè. Íà öié ïîñàäi âií ïðîïðàöþâàâ óïðîäîâæ 10 ðîêiâ. Ç ïåðå¨çäîì äî

Êè¹âà çàâåðøèâñÿ ïåðøèé ×åðíiâåöüêèé ïåðiîä æèòòÿ Ñòåïàíà Äìèòðîâè÷à. Â ó÷èëè-

ùi Ñòåïàí Äìèòðîâè÷ ïðîäîâæóâàâ àêòèâíó íàóêîâó òà ìåòîäè÷íó ðîáîòó. Çà çíà÷íi

äîñÿãíåííÿ â ðîáîòi âií áóâ íàãîðîäæåíèé ó 1970 ðîöi Þâiëåéíîþ ìåäàëëþ �Çà äîáëåñíó

ïðàöþ�, à â 1971 ðîöi � Îðäåíîì Òðóäîâîãî ×åðâîíîãî Ïðàïîðà.

Íåçâàæàþ÷è íà âåëèêó çàéíÿòiñòü ñïðàâàìè ïîòóæíî¨ ìàòåìàòè÷íî¨ êàôåäðè â ïðî-

âiäíîìó âiéñüêîâîìó iíæåíåðíîìó âóçi, Ñòåïàí Äìèòðîâè÷ çóìiâ çàâåðøèòè ïiäãîòîâêó

äîêòîðñüêî¨ äèñåðòàöi¨ �Ìàòðèöû Ãðèíà ïàðàáîëè÷åñêèõ ãðàíè÷íûõ çàäà÷�. Çàõèñò äè-

ñåðòàöi¨ âiäáóâñÿ â 1981 ðîöi íà ñïåöiàëiçîâàíié ðàäi â Iíñòèòóòi ìàòåìàòèêè ÀÍ ÓÐÑÐ.

Îôiöiéíèìè îïîíåíòàìè íà íüîìó âèñòóïèëè äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôå-

ñîð Â.Î. Ñîëîííèêîâ, ÷ëåíè-êîðåñïîíäåíòè ÀÍ ÓÐÑÐ, äîêòîðè ôiçèêî-ìàòåìàòè÷íèõ

íàóê, ïðîôåñîðè I.I. Äàíèëþê òà Þ.Ì. Áåðåçàíñüêèé, à ïðîâiäíîþ óñòàíîâîþ áóâ Ìà-

òåìàòè÷íèé iíñòèòóò iì. Â.À. Ñòåêëîâà ÀÍ ÑÐÑÐ. Ðåçóëüòàòè äîêòîðñüêî¨ äèñåðòàöi¨

âèêëàäåíi â ìîíîãðàôi¨ [2].

Óïðîäîâæ 1980�1988 ðîêiâ Ñ.Ä. Iâàñèøåí ïðàöþâàâ íà êàôåäði ìàòåìàòè÷íîãî àíà-

ëiçó Êè¨âñüêîãî äåðæàâíîãî óíiâåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà ñïî÷àòêó íà ïîñàäi



10 Ìåäèíñüêèé I.Ï., Ïàñi÷íèêÃ.Ñ.

äîöåíòà, à ç 1982 ðîêó � ïðîôåñîðà. Ó 1984 ðîöi éîìó ïðèñâî¹íî â÷åíå çâàííÿ ïðîôå-

ñîðà ïî êàôåäði ìàòåìàòè÷íîãî àíàëiçó.

Ó 1988 ðîöi ðîçpïî÷àâñÿ äðóãèé ×åðíiâåöüêèé ïåðiîä æèòòÿ òà òâîð÷î¨ äiÿëüíî-

ñòi Ñ.Ä. Iâàñèøåíà. Îäíi¹þ iç ïðè÷èí éîãî ïîâåðíåííÿ äî ×åðíiâöiâ áóëî çàïðîøåííÿ

êåðiâíèöòâà ðiäíîãî óíiâåðñèòåòó îðãàíiçóâàòè òà î÷îëèòè êàôåäðó ìàòåìàòè÷íîãî ìî-

äåëþâàííÿ, à òàêîæ ïðîïîçèöiÿ àêàäåìiêiâ ß.Ñ.Ïiäñòðèãà÷à òà I. I. Äàíèëþêà ñòâîðèòè

òà î÷îëèòè â ×åðíiâöÿõ àêàäåìi÷íèé íàóêîâèé îñåðåäîê � ñòðóêòóðíèé âiääië êðàéîâèõ

çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè Iíñòèòóòó ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i

ìàòåìàòèêè ÀÍ ÓÐÑÐ (ì. Ëüâiâ).

Óïðîäîâæ 1988�2003 ðîêiâ Ñ.Ä. Iâàñèøåí îäíî÷àñíî îáiéìàâ ïîñàäè çàâiäóâà÷à êà-

ôåäðè ìàòåìàòè÷íîãî ìîäåëþâàííÿ â óíiâåðñèòåòi òà çàâiäóâà÷à ×åðíiâåöüêîãî âiääiëó

(ç 1996 ðîêó êåðiâíèêà ×åðíiâåöüêî¨ ôiëi¨ âiääiëó ìàòåìàòè÷íî¨ ôiçèêè, â ÿêó áóâ ðåîð-

ãàíiçîâàíèé âiääië êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè) âèùåâêàçàíî-

ãî àêàäåìi÷íîãî iíñòèòóòó. Ñàìå â öåé ïåðiîä íàéáiëüø ïîâíî ðîçêðèëèñü îðãàíiçàòîð-

ñüêi çäiáíîñòi Ñòåïàíà Äìèòðîâè÷à. Âií óìiëî îðãàíiçîâóâàâ íàóêîâó ñïiâïðàöþ âiääiëó

ç êàôåäðîþ ìàòåìàòè÷íîãî ìîäåëþâàííÿ òà iíøèìè êàôåäðàìè ìàòåìàòè÷íîãî ôàêóëü-

òåòó óíiâåðñèòåòó. Ïiä éîãî êåðiâíèöòâîì ðåãóëÿðíî i ïëiäíî ïðàöþâàëè ñïiëüíi íàóêîâi

ñåìiíàðè ôàêóëüòåòó òà âiääiëó. Ïðè êàôåäði é âiääiëi ïî÷àëà ïðàöþâàòè àñïiðàíòóðà.

Ñ.Ä. Iâàñèøåí áðàâ àêòèâíó ó÷àñòü ó ñòâîðåííi òà ðîáîòi ñïåöiàëiçîâàíèõ â÷åíèõ ðàä ïî

çàõèñòó äèñåðòàöié äîêòîðñüêèõ ó Ëüâiâñüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi Iâà-

íà Ôðàíêà é êàíäèäàòñüêèõ ó ×åðíiâåöüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi Þðiÿ

Ôåäüêîâè÷à. Âií áóâ iíiöiàòîðîì i ïåðøèì ðåäàêòîðîì âèïóñêiâ �Ìàòåìàòèêà� çáiðíèêà

íàóêîâèõ ïðàöü �Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó�, ÿêèé áóâ âêëþ÷åíèé äî

ïåðåëiêó ôàõîâèõ âèäàíü ÂÀÊ Óêðà¨íè. Ïðàâîíàñòóïíèêîì öüîãî çáiðíèêà â 2013 ð.

ñòàâ �Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë�.

Âåëèêà çàñëóãà Ñòåïàíà Äìèòðîâè÷à â íàëàãîäæåííi òà ïîñòiéíié ïiäòðèìöi âçà-

¹ìîçâ'ÿçêiâ ìiæ ìàòåìàòèêàìè ×åðíiâöiâ i ìàòåìàòèêàìè Êè¹âà, Ëüâîâà, Iâàíî-Ôðàí-

êiâñüêà òà iíøèõ ìiñò Óêðà¨íè. Âií áóâ ÷ëåíîì áþðî ñåêöi¨ ìàòåìàòèêè i ìàòåìàòè÷íîãî

ìîäåëþâàííÿ Çàõiäíîãî íàóêîâîãî öåíòðó ÍÀÍ òà ÌÎÍ Óêðà¨íè.

Ó 2003 ðîöi Ñ.Ä. Iâàñèøåí ïåðå¨õàâ äî Êè¹âà. Óïðîäîâæ 2003�2004 íàâ÷àëüíîãî ðîêó

âií ïðàöþâàâ çàâiäóâà÷åì íèì æå ñòâîðåíî¨ êàôåäðè âèùî¨ ìàòåìàòèêè Ìiæðåãiîíàëü-

íîãî ãóìàíiòàðíîãî iíñòèòóòó Êè¨âñüêîãî ñëàâiñòè÷íîãî óíiâåðñèòåòó. Ó âåðåñíi 2004

ðîêó âií íà çàïðîøåííÿ àêàäåìiêà I. Â.Ñêðèïíèêà ïåðåéøîâ íà ðîáîòó â Íàöiîíàëüíèé

òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè �Êè¨âñüêèé ïîëiòåõíi÷íèé iíñòèòóò� íà ïîñàäó ïðîôå-

ñîðà êàôåäðè ìàòåìàòè÷íî¨ ôiçèêè. Ç êâiòíÿ 2005 ðîêó ïî ñåðïåíü 2017 ðîêó Ñòåïàí

Äìèòðîâè÷ âèêîíóâàâ îáîâ'ÿçêè çàâiäóâà÷à öi¹¨ êàôåäðè. Çà ïðîïîçèöi¹þ àêàäåìiêà

À.Ì. Ñàìîéëåíêà ó 2006 ðîöi ïðàöþâàâ ïðîâiäíèì íàóêîâèì ñïiâðîáiòíèêîì âiääiëó

íåëiíiéíîãî àíàëiçó Iícòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (çà ñóìiñíèöòâîì).

Ó 1992 ðîöi Ñ.Ä. Iâàñèøåíà îáðàíî àêàäåìiêîì Àêàäåìi¨ íàóê âèùî¨ øêîëè Óêðà¨íè,

îäíèì iç çàñíîâíèêiâ ÿêî¨ âií áóâ. Âií áóâ ÷ëåíîì Óêðà¨íñüêîãî (ç 1995 ðîêó) òà Àìåðè-

êàíñüêîãî (ç 1996 ðîêó) íàóêîâèõ ìàòåìàòè÷íèõ òîâàðèñòâ. Â 2001�2006 ðîêàõ âií áóâ

÷ëåíîì åêñïåðòíî¨ ðàäè ç ìàòåìàòèêè ÂÀÊ Óêðà¨íè, â 1990�2020 ðîêàõ áóâ ïîñòiéíèì

÷ëåíîì ñïåöiàëiçîâàíî¨ â÷åíî¨ ðàäè â ×åðíiâåöüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi
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Þðiÿ Ôåäüêîâè÷à, â îñòàííi ðîêè � ÷ëåíîì ðåäêîëåãié øåñòè íàóêîâèõ ôàõîâèõ âè-

äàíü, ðåöåíçåíòîì àìåðèêàíñüêîãî æóðíàëó �Mathematical Reviews� òà �Óêðà¨íñüêîãî

ìàòåìàòè÷íîãî æóðíàëó�.

Æèâó÷è i ïðàöþþ÷è â Êè¹âi, Ñòåïàí Äìèòðîâè÷ íå ïîðèâàâ òâîð÷èõ çâ'ÿçêiâ ç ×åð-

íiâöÿìè. Âií ïðîäîâæóâàâ ñïiâïðàöþâàòè ç ×åðíiâåöüêèì íàöiîíàëüíèì óíiâåðñèòåòîì

iìåíi Þðiÿ Ôåäüêîâè÷à òà ×åðíiâåöüêîþ ôiëi¹þ Iíñòèòóòó ïðèêëàäíèõ ïðîáëåì ìåõàíi-

êè i ìàòåìàòèêè iìåíi ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè. Òóò âií çàïî÷àòêóâàâ íàóêîâèé

ñåìiíàð iìåíi Ñ.Ä.Åéäåëüìàíà.

21 êâiòíÿ 2021 ðîêó Ñòåïàí Äìèòðîâè÷ Iâàñèøåí âiäiéøîâ ó âi÷íiñòü.

2 Íàïðÿìè íàóêîâèõ äîñëiäæåíü

Ó 1960 ð. Ñ.Ä.Åéäåëüìàí [3] âèäiëèâ i ïî÷àâ äîñëiäæóâàòè ðàçîì çi ñâî¨ìè ó÷íÿìè

íîâèé êëàñ ñèñòåì �êëàñ
−→
2b-ïàðàáîëi÷íèõ ñèñòåì. Öi ñèñòåìè ¹ ïðèðîäíèì óçàãàëüíå-

ííÿì ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì ñèñòåì íà âèïàäîê, êîëè ïðîñòîðîâi çìiííi íåðiâ-

íîïðàâíi. Äëÿ òàêèõ ñèñòåì Ñ.Ä.Åéäåëüìàíîì i Ñ.Ä. Iâàñèøåíèì [3, 4] ïîáóäîâàíèé i

äåòàëüíî äîñëiäæåíèé ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi (ÔÐÇÊ) â ïðèïóùåííi,

ùî êîåôiöi¹íòè ¹ îáìåæåíèìè íåïåðåðâíèìè ôóíêöiÿìè, ÿêi çàäîâîëüíÿþòü çà ïðîñòî-

ðîâèìè çìiííèìè óìîâó Ãåëüäåðà âiäíîñíî ñïåöiàëüíî¨
−→
2b-ïàðàáîëi÷íî¨ âiäñòàíi.

Ïîáóäîâàíèé é äîñëiäæåíèé ÔÐÇÊ çíàéøîâ ðiçíîìàíiòíi âàæëèâi çàñòîñóâàííÿ äî

âèâ÷åííÿ âíóòðiøíiõ âëàñòèâîñòåé ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì i çà Åé-

äåëüìàíîì (
−→
2b-ïàðàáîëi÷íèõ) ñèñòåì, äîñëiäæåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi

â øèðîêèõ êëàñàõ ôóíêöié, îäåðæàííÿ iíòåãðàëüíîãî çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êî-

øi òà ðîçâ'ÿçêiâ, ÿêi âèçíà÷åíi ó âiäêðèòîìó øàði Π(0,T ] := {(t, x)|x ∈ Rn, t ∈ (0, T ]},
âñòàíîâëåííÿ ëîêàëüíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi äëÿ êâàçiëiíiéíèõ i íåëiíiéíèõ ñèñòåì,

äîñëiäæåííÿ ìîæëèâîñòi ïðîäîâæåííÿ ¨õ ðîçâ'ÿçêiâ íà øèðøèé ÷àñîâèé iíòåðâàë òà ií.

Äåòàëüíiøå çóïèíèìîñü íà ïðàöi Ñ.Ä. Iâàñèøåíà i Ñ.Ä.Åéäåëüìàíà [4], â ÿêié ïiä-

âåäåíî ïåâíèé ïiäñóìîê äîñëiäæåíü
−→
2b-ïàðàáîëi÷íèõ ñèñòåì äî 1968 ð. Ó íié ïðîâåäåíî

äîñèòü ïîâíå i òî÷íå äîñëiäæåííÿ ÔÐÇÊ Z çàäà÷i Êîøi òà ¨¨ âëàñòèâîñòåé, âëàñòèâîñòåé

ïîðîäæåíèõ Z ïîòåíöiàëiâ, çíàéäåíî êëàñè êîðåêòíîñòi çàäà÷i Êîøi äëÿ ëiíiéíèõ ñè-

ñòåì ïðè ðiçíèõ ïðèïóùåííÿõ ùîäî êîåôiöi¹íòiâ i íåîäíîðiäíîñòi ñèñòåì òà ïî÷àòêîâèõ

ôóíêöié, âñòàíîâëåíî ëîêàëüíó ðîçâ'ÿçíiñòü íåëiíiéíèõ ñèñòåì i âèâ÷åíî ïèòàííÿ ïðî

ïðîäîâæåííÿ ¨¨ ðîçâ'ÿçêiâ íà øèðøèé ÷àñîâèé iíòåðâàë, îäåðæàíî âíóòðiøíi îöiíêè

ðîçâ'ÿçêiâ òà äîâåäåíî ãiïîåëiïòè÷íiñòü
−→
2b-ïàðàáîëi÷íèõ ñèñòåì. Öi ðåçóëüòàòè, ç îäíî-

ãî áîêó, óçàãàëüíþþòü ðåçóëüòàòè ç [5] äëÿ ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì ñèñòåì, à ç

äðóãîãî � óòî÷íþþòü i äîïîâíþþòü ¨õ.

Âàæëèâèì ¹ òàêîæ òå, ùî â [4], ç íàëåæíîþ ïîâíîòîþ, âèêëàäåíî âñi åòàïè äîñëiäæå-

ííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷ Êîøi, ÿêå ãðóíòó¹òüñÿ íà ìåòîäàõ òåîði¨ ïîòåíöiàëó.

Êîðîòêî îõàðàêòåðèçó¹ìî ¨õ. Íàñàìïåðåä íåîáõiäíî ìàòè ïîâíèé îïèñ ÔÐÇÊ Z òàêî¨

ñèñòåìè, âêëþ÷àþ÷è îöiíêè Z òà ¨¨ ïîõiäíèõ, à òàêîæ îöiíêè ¨õ ïðèðîñòiâ çà âñiìà çìií-

íèìè. Öi ðåçóëüòàòè äëÿ Z âèêîðèñòîâóþòüñÿ ïðè äîñëiäæåííi âëàñòèâîñòåé ïîòåöiàëiâ,

ïîðîäæåíèõ ÔÐÇÊ. Â îñíîâíîìó öå âëàñòèâîñòi, ÿêi ïîâ'ÿçàíi ç ãëàäêiñòþ iíòåãðàëiâ
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Ïóàññîíà òà îá'¹ìíèõ ïîòåíöiàëiâ çà ðiçíèõ ïðèïóùåíü ùîäî ¨õ ãóñòèí. Ïîòðiáíà òà-

êîæ iíôîðìàöiÿ ïðî iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi, à ñàìå ïðî òå, äî

ÿêîãî ïðîñòîðó ïîâèíåí íàëåæàòè ðîçâ'ÿçîê çàäà÷i Êîøi, ùîá éîãî ìîæíà áóëî ïîäàòè

ó âèãëÿäi ñóìè iíòåãðàëà Ïóàññîíà òà îá'¹ìíîãî ïîòåíöiàëó. Ïðîñòîðè, äî ÿêèõ íàëå-

æàòü ðîçâ'ÿçêè, � öå áàíàõîâi ïðîñòîðè ôóíêöié, ùî ìîæóòü çðîñòàòè åêñïîíåíöiàëüíî

ïðè |x| → ∞ i ñòåïåíåâèì ñïîñîáîì ïðè t→ 0. Çà äîïîìîãîþ çàçíà÷åíèõ âëàñòèâîñòåé

äîâîäèòüñÿ, ùî âñÿêèé ðåãóëÿðíèé ðîçâ'ÿçîê, òîáòî òàêèé, ùî ìà¹ íåïåðåðâíi ïîõiäíi,

ÿêi âõîäÿòü ó ñèñòåìó, íàëåæèòü äî äåÿêîãî ãåëüäåðîâîãî ïðîñòîðó i íîðìà ðîçâ'ÿçêó

â öüîìó ïðîñòîði îöiíþ¹òüñÿ ÷åðåç âiäïîâiäíi íîðìè íåîäíîðiäíîñòi ñèñòåìè òà ïî÷àò-

êîâî¨ ôóíêöi¨. Äîñÿãòè âiäðàçó ãëàäêîñòi, ÿêà äîïóñêà¹òüñÿ äîñëiäæóâàíîþ ñèñòåìîþ

íå âäà¹òüñÿ. Ñïî÷àòêó äîâîäèòüñÿ, ùî ðîçâ'ÿçîê íàëåæèòü äî ãåëüäåðîâîãî ïðîñòîðó ç

ïîêàçíèêîì Ãåëüäåðà, íèæ÷èì âiä âiäïîâiäíîãî ïîêàçíèêà äëÿ êîåôiöi¹íòiâ i íåîäíîði-

äíîñòi ñèñòåìè. Ïîòiì, âèêîðèñòàâøè iíøå çîáðàæåííÿ ðîçâ'ÿçêó òà ñïåöiàëüíó òåõíiêó,

äîâîäèòüñÿ, ùî ðîçãëÿäóâàíèé ðîçâ'ÿçîê íàëåæèòü äî ïîòðiáíîãî ïðîñòîðó. Îöiíêè øà-

óäåðîâîãî òèïó äëÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi îäåðæàíi â [4] i äëÿ âèïàäêó ïî÷àòêîâèõ

ôóíêöié, ãëàäêiñòü ÿêèõ íå ¹ äîñòàòíüîþ äëÿ òîãî, ùîá ¨õ ïiäñòàâëÿòè â ñèñòåìó. Îäåð-

æàíi çà äîïîìîãîþ òàêîãî ïiäõîäó ðåçóëüòàòè ¹ ïîâíèìè, òî÷íèìè i â ïåâíîìó ðîçóìiííi

îñòàòî÷íèìè äëÿ ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì i çà Åéäåëüìàíîì ñèñòåì ðiâíÿíü, êîå-

ôiöi¹íòè ÿêèõ çàäîâîëüíÿþòü óìîâó Ãåëüäåðà çà ñóêóïíiñòþ çìiííèõ.

Çàçíà÷èìî, ùî â ïðàöÿõ [3, 4, 6] òà iíøèõ ïðè îäåðæàííi iíòåãðàëüíîãî çîáðàæå-

ííÿ ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì i
−→
2b-ïàðàáîëi÷íèõ ñèñòåì äîñòàòíi óìî-

âè, ùî íàêëàäàëèñü íà ðîçâ'ÿçêè, íå çàâæäè çáiãàëèñü ç íåîáõiäíèìè. Ó ïðàöÿõ [7, 8]

Ñ.Ä. Iâàñèøåíèì âïåðøå çíàéäåíî íåîáõiäíi é äîñòàòíi óìîâè, çà ÿêèõ ðîçâ'ÿçêè îäíî-

ðiäíèõ
−→
2b-ïàðàáîëi÷íèõ (i, îòæå, ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì) ñèñòåì, ÿêi âèçíà÷åíi â

øàði Π(0,T ], çîáðàæóþòüñÿ ó âèãëÿäi iíòåãðàëiâ Ïóàññîíà ôóíêöié àáî óçàãàëüíåíèõ ìið

çi ñïåöiàëüíèõ âàãîâèõ ïðîñòîðiâ. Ç'ÿñîâàíî òàêîæ, â ÿêîìó ñåíñi öi ðîçâ'ÿçêè çàäîâîëü-

íÿþòü ïî÷àòêîâi óìîâè. Îòæå, Ñ.Ä. Iâàñèøåí äîïîâíèâ ðîçãëÿíóòi Ñ.Ä.Åéäåëüìàíîì

ñiì'¨ ïðîñòîðiâ, ïîøèðèâ ðåçóëüòàòè íà øèðøèé êëàñ ñèñòåì i äîâiâ ó ïåâíîìó ñåíñi

îáåðíåíå òâåðäæåííÿ.

Ó ïîäàëüøîìó ïiäõiä Åéäåëüìàíà�Iâàñèøåíà [9,10] ðîçâèâàâñÿ i áàãàòîêðàòíî ðåàëi-

çîâóâàâñÿ Ñ.Ä. Iâàñèøåíèì [11] i éîãî ó÷íÿìè. Çàñòîñóâàííÿ öüîãî ïiäõîäó ó âèïàäêàõ

êîíêðåòíîãî ðiâíÿííÿ çâîäèòüñÿ äî ïîáóäîâè ÔÐÇÊ Z i âñòàíîâëåííÿ îöiíîê Z i éîãî

ïîõiäíèõ, âèáîðó ïiäõîäÿùèõ ïðîñòîðiâ ïî÷àòêîâèõ ôóíêöié Φ i çíàõîäæåííÿ âiäïîâiä-

íèõ ïðîñòîðiâ ðîçâ'ÿçêiâ Ut, t ∈ (0, T ]. Ðåàëiçàöiÿ ïiäõîäó iñòîòíî çàëåæàòü âiä òî÷íî¨

iíôîðìàöi¨ ïðî ÔÐÇÊ.

Ç 1988 ð. ïî 2021 ð. ó ×åðíiâöÿõ ïðàöþâàâ âiääië êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü iç ÷àñ-

òèííèìè ïîõiäíèìè (ç 1996 ð. ôiëiÿ âiääiëó ìàòåìàòè÷íî¨ ôiçèêè) Iíñòèòóòó ïðèêëàäíèõ

ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iìåíi ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, êåðiâíèêîì ÿêî¨

áóâ Ñòåïàí Äìèòðîâè÷ Iâàñèøåí. Íàóêîâi äîñëiäæåííÿ â ðàìêàõ âiääiëó ïî¹äíóâàëèñü

ç äîñëiäæåííÿìè íà êàôåäði ìàòåìàòè÷íîãî ìîäåëþâàííÿ ×åðíiâåöüêîãî óíiâåðñèòåòó.

Àâòîðè öi¹¨ ñòàòòi áðàëè àêòèâíó ó÷àñòü ó ðîçðîáöi îêðåìèõ ïèòàíü íàóêîâî-äîñëiäíèõ

ðîáiò âiääiëó, ÿêèìè êåðóâàâ Ñòåïàí Äìèòðîâè÷.

Äîñëiäæåííÿì çàäà÷i Êîøi îõîïëåíi, ãîëîâíî, òàêi êëàñè ðiâíÿíü i ñèñòåì ðiâíÿíü:
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1) ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì òà
−→
2b-ïàðàáîëi÷íi (ïàðàáîëi÷íi çà Ñ.Ä.Åéäåëü-

ìàíîì) ñèñòåìè ç îáìåæåíèìè êîåôiöi¹íòàìè çà âiäñóòíîñòi òà íàÿâíîñòi âèðîäæåíü íà

ïî÷àòêîâié ãiïåðïëîùèíi (ñïiëüíî ç Î.Ñ.Êîíäóð [12], Î. Ã. Âîçíÿê [13], Ë.Ï.Áåðåçàí

[14], Ò.Ì.Áàëàáóøåíêî [15], I. Ï.Ìåäèíñüêèì [16�20,36]);

2) ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì ðiâíÿííÿ i ñèñòåìè ç îïåðàòîðîì Áåññåëÿ ( ñïiëüíî

ç Â.Ï.Ëàâðåí÷óêîì, Ò.Ì.Áàëàáóøåíêî, Ë.Ì.Ìåëüíè÷óê [21,22]);

3) ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì òà çà Ñ.Ä.Åéäåëüìàíîì ñèñòåìè çi çðîñòàþ÷èìè

iç çðîñòàííÿì ïðîñòîðîâèõ çìiííèõ êîåôiöi¹íòàìè çà âiäñóòíîñòi òà íàÿâíîñòi âèðî-

äæåíü íà ïî÷àòêîâié ãiïåðëîùèíi (ñïiëüíî ç Ã.Ñ.Ïàñi÷íèê [23�25]);

4) êëàñè âèðîäæåíèõ ðiâíÿíü, ÿêi ¹ óçàãàëüíåííÿìè êëàñè÷íîãî ðiâíÿííÿ äèôóçi¨ ç

iíåðöi¹þ À.Ì.Êîëìîãîðîâà i ìiñòÿòü çà îñíîâíèìè çìiííèìè äèôåðåíöiàëüíi âèðàçè,

ïàðàáîëi÷íi çà I. Ã.Ïåòðîâñüêèì òà çà Ñ.Ä. Åéäåëüìàíîì (ñïiëüíî ç Ñ.Ä. Åéäåëü-

ìàíîì, Ã.Ï.Ìàëèöüêîþ [26], Ë.Ì.Àíäðîñîâîþ [27�29], Î. Ã. Âîçíÿê [30], Â.Ñ.Äðîíåì

[31,32], Â. Â.Ëàþêîì [33�35], I. Ï.Ìåäèíñüêèì [36�42], Ã. Ñ.Ïàñi÷íèê [43�46]);

5) ïàðàáîëi÷íi ðiâíÿííÿ, ÿêi ìiñòÿòü ïñåâäîäèôåðåíöiàëüíi âèðàçè (ñïiëüíî ç

Ñ.Ä.Åéäåëüìàíîì [47], Ð.ß.Äðiíåì, Â.À.Ëiòîâ÷åíêîì [48,49]);

6) ïàðàáîëi÷íi ñèñòåìè Ñîëîííèêîâà�Åéäåëüìàíà (ñïiëüíî ç Ã.Ï. Iâàñþê [50]).

Ïðè äîñëiäæåííi êðàéîâèõ çàäà÷ îñíîâíèì îá'¹êòîì ¹ âåêòîð-ôóíêöi¨ Ãðiíà. Çà ¨õ

äîïîìîãîþ âñòàíîâëþþòüñÿ rîðåêòíà ðîçâ'ÿçíiñòü â ïðîñòîðàõ Ãåëüäåðà (îáìåæåíèõ ÷è

çðîñòàþ÷èõ ôóíêöié), iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ.

Äîñëiäæåííÿì êðàéîâèõ çàäà÷ îõîïëåíi òàêi êëàñè:

1) ïàðàáîëi÷íi çà I.Ã. Ïåòðîâñüêèì ñèñòåìè òà ñèñòåìè ç îïåðàòîðîì Áåññåëÿ, çi

çðîñòàþ÷èìè çà ïðîñòîðîâèìè çìiííèìè êîåôiöi¹íòàìè òà âèðîäæåííÿìè íà ïî÷àòêî-

âié ãiïåðïëîùèíi (ñïiëüíî ç Â.Ï.Ëàâðåí÷óêîì [51], Ì.Ì.Äðiíü [52], Î.Ñ.Êîíäóð [53],

Í. I. Òóð÷èíîþ [54]);

2) ïàðàáîëi÷íi çà Ñ.Ä.Åéäåëüìàíîì ñèñòåìè (ñïiëüíî ç Í. I. Òóð÷èíîþ [55]).

Îñíîâíi íàóêîâi ðåçóëüòàòè, îäåðæàíi Ñ.Ä. Iâàñèøåíèì ñàìîñòiéíî òà â ñïiâàâòîðñòâi

ç éîãî â÷èòåëåì Ñ.Ä. Åéäåëüìàíîì òà ó÷íÿìè, òàêi:

� ïîáóäîâàíî ôóíäàìåíòàëüíi ìàòðèöi ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ðiâíîìiðíî ïà-

ðàáîëi÷íèõ i ç âèðîäæåííÿìè íà ïî÷àòêîâié ãiïåðïëîùèíi ñèñòåì ðiâíÿíü (ÿê ïàðàáî-

ëi÷íèõ çà Ïåòðîâñüêèì, òàê i
−→
2b-ïàðàáîëi÷íèõ çà Åéäåëüìàíîì), äîñëiäæåíî ¨õíi âëà-

ñòèâîñòi, ÿêi âèêîðèñòàíî äëÿ âñòàíîâëåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi ÿê äëÿ

ëiíiéíèõ, òàê i íåëiíiéíèõ ñèñòåì;

� çíàéäåíî íåîáõiäíi òà äîñòàòíi óìîâè çîáðàæåííÿ ðîçâ'ÿçêiâ øèðîêèõ êëàñiâ ïàðà-

áîëi÷íèõ ðiâíÿíü i ñèñòåì ðiâíÿíü ó âèãëÿäi iíòåãðàëiâ Ïóàññîíà ôóíêöié àáî óçàãàëü-

íåíèõ ìið çi ñïåöiàëüíèõ âàãîâèõ ïðîñòîðiâ;

� îçíà÷åíî êëàñ ïàðàáîëi÷íèõ ñèñòåìè Ñîëîííèêîâà-Åéäåëüìàíà, äëÿ ÿêèõ âñòàíîâ-

ëåíî êîðåêòíó ðîçâ'ÿçíiñòü ïî÷àòêîâèõ çàäà÷ ó ïðîñòîðàõ Ãåëüäåðà çðîñòàþ÷èõ ôóí-

êöié;

� îçíà÷åíî êëàñ −→p -ïàðàáîëi÷íèõ ïñåâäîäèôåðåíöiàëüíèõ ñèñòåì ðiâíÿíü ç îïóêëè-

ìè öiëèìè àíàëiòè÷íèìè ñèìâîëàìè, ÿêèé îõîïëþ¹
−→
2B-ïàðàáîëi÷íi ñèñòåìè ðiâíÿíü iç

÷àñòèííèìè ïîõiäíèìè ç êîåôiöi¹íòàìè, íå çàëåæíèìè âiä ïðîñòîðîâî¨ çìiííî¨;



14 Ìåäèíñüêèé I.Ï., Ïàñi÷íèêÃ.Ñ.

� îçíà÷åíî êëàñ âèðîäæåíèõ ðiâíÿíü òèïó Êîëìîãîðîâà ç
−→
2b-ïàðàáîëi÷íîþ ÷àñòè-

íîþ çà îñíîâíîþ ãðóïîþ çìiííèõ, äëÿ ÿêèõ ïîáóäîâàíî é äîñëiäæåíî ôóíäàìåíòàëüíi

ðîçâ'ÿçêè çàäà÷i Êîøi òà äîñëiäæåíî ðîçâ'ÿçíiñòü çàäà÷i Êîøi (â òîìó ÷èñëi é ó âèïàäêó

íàÿâíîñòi âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi);

� äëÿ çàãàëüíèõ ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ i çàäà÷ ñïðÿæåííÿ ïîáóäîâàíî é äå-

òàëüíî âèâ÷åíî ìàòðèöi Ãðiíà, íàâåäåíî ¨õ çàñòîñóâàííÿ äî äîñëiäæåííÿ êîðåêòíî¨

ðîçâ'ÿçíîñòi òà âëàñòèâîñòåé ðîçâ'ÿçêiâ òàêèõ çàäà÷;

� äîñëiäæåíî ðîçâ'ÿçíiñòü ìîäåëüíèõ êðàéîâèõ çàäà÷ äëÿ
−→
2b-ïàðàáîëi÷íèõ çà Åé-

äåëüìàíîì ñèñòåì (ñôîðìóëüîâàíî óìîâó äîïîâíÿëüíîñòi) òà äëÿ ïàðàáîëi÷íèõ ðiâíÿíü

äðóãîãî ïîðÿäó çi çðîñòàþ÷èìè çà ïðîñòîðîâèìè çìiííèìè êåôiöi¹íòàìè òà âèðîäæåí-

íÿìè íà ïî÷àòêîâié ãiïåðïëîùèíi.

Äëÿ ïåðøèõ ÷îòèðüîõ êëàñiâ ðiâíÿíü i ñèñòåì ðiâíÿíü ðîçðîáëåíà òåîðiÿ ¨õ ðîçâ'ÿçíîñòi

çà çâè÷àéíèõ i âàãîâèõ ïî÷àòêîâèõ óìîâ òà áåç ïî÷àòêîâèõ óìîâ çàëåæíî âiä òîãî, ÷è

âiäñóòíi, à ÿêùî ïðèñóòíi, òî ÿêîãî õàðàêòåðó âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi.

Çîêðåìà, äëÿ îäíîðiäíèõ ñëàáêî âèðîäæåíèõ ñèñòåì iç ïåðøîãî êëàñó, ñèñòåì iç äðóãîãî

êëàñó, à òàêîæ ðiâíÿíü iç ÷åòâåðòîãî êëàñó, êîåôiöi¹íòè ÿêèõ ìîæóòü çàëåæàòè ëèøå

âiä ÷àñîâî¨ çìiííî¨, i ðiâíÿíü iç öüîãî êëàñó äðóãîãî ïîðÿäêó iç çàëåæíèìè âiä óñiõ çìií-

íèõ êîåôiöi¹íòàìè çíàéäåíî íåîáõiäíi é äîñòàòíi óìîâè òîãî, ùî ñïåöiàëüíî ïîáóäîâàíi

âàãîâi Lp-ïðîñòîðè ôóíêöié òà âiäïîâiäíi ïðîñòîðè óçàãàëüíåíèõ ìið ¹ ìíîæèíàìè ïî-

÷àòêîâèõ çíà÷åíü i ùî ðîçâ'ÿçêè çîáðàæóþòüñÿ ÷åðåç ¨õ ïî÷àòêîâi çíà÷åííÿ ó âèãëÿäi

iíòåãðàëiâ Ïóàññîíà. Îñòàííi ðåçóëüòàòè ¹ ïîøèðåííÿì âiäïîâiäíèõ êëàñè÷íèõ ðåçóëü-

òàòiâ òåîði¨ ãàðìîíi÷íèõ ôóíêöié íà ðîçâ'ÿçêè âèùåâêàçàíèõ ðiâíÿíü i ñèñòåì ðiâíÿíü.

Çàçíà÷èìî, ùî â ðàìêàõ ðîçðîáëåíî¨ òåîði¨ äëÿ ñèñòåì ç ïåðøîãî êëàñó äîâåäåíî òå-

îðåìè ïðî àïðiîðíi îöiíêè òà ïiäâèùåííÿ ãëàäêîñòi ðîçâ'ÿçêiâ, êîðåêòíó ðîçâ'ÿçíiñòü

ëiíiéíèõ ñèñòåì, à òàêîæ ëîêàëüíó ðîçâ'ÿçíiñòü êâàçiëiíiéíèõ ñèñòåì. Ðÿä ïðàöü [20]

ïðèñâÿ÷åíî ïèòàííÿì ëîêàëüíî¨ ðîçâ'ÿçíîñòi êâàçiëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç âè-

ðîäæåííÿìè íà ïî÷àòêîâié ãiïåðïëîùèíi.

Äëÿ òðåòüãî êëàñó ñèñòåì ïðèïóñêàëîñü, ùî êîåôiöi¹íòè çðîñòàþòü ïðè |x| → ∞ íå

øâèäøå äåÿêî¨ ñïåöiàëüíî¨ ôóíêöi¨ (õàðàêòåðèñòèêè äèñèïàöi¨) [23,24]. Íà êîåôiöi¹íòè

ñèñòåìè ïðè öüîìó íàêëàäàëîñü äâà íàáîðè óìîâ: ïåðøèé � íà ãëàäêiñòü êîåôiöi¹íòiâ,

äðóãèé � ¨õ ãåëüäåðîâiñòü. Ðîçãëÿäàëèñü òàêîæ ñèñòåìè, ÿêi çâîäÿòüñÿ äî âèùåçãàäàíèõ.

Ó ïðàöÿõ [51, 54] ðîçãëÿäàþòüñÿ êðàéîâi çàäà÷i Äiðiõëå òà Íåéìàíà äëÿ ïàðàáîëi-

÷íèõ ðiâíÿíü ç íåîáìåæåíèìè â îêîëi íåñêií÷åííîñòi êîåôiöi¹íòàìè i òàêèõ, ùî ìiñòÿòü

âèðîäæåííÿ ïðè t = 0. Äëÿ
−→
2b-ïàðàáîëi÷íèõ ñèñòåì äî ãðóïè ñòàðøèõ ÷ëåíiâ âêëþ÷à-

þòü ïîõiäíi ðiçíèõ ïîðÿäêiâ çà ðiçíèìè ïðîñòîðîâèìè çìiííèìè, â öüîìó é ïîëÿãà¹ ¨õ

îñîáëèâiñòü ó ïîðiâíÿííi ç ñèñòåìàìè, ÿêi ¹ ïàðàáîëi÷íèìè â ñåíñi I.Ã. Ïåòðîâñüêîãî.

×åðåç öå â [55] ðîçãëÿäàþòüñÿ êðàéîâi çàäà÷i ó ïiâïðîñòîðàõ, â ÿêèõ îäíà ïðîñòîðîâà

çìiííà çìiíþ¹òüñÿ íà iíòåðâàëi (0,∞), à âñi iíøi � íà iíòåðâàëi (−∞,+∞).

Ó ðàìêàõ äîñëiäæåíü ðiâíÿíü ç ÷åòâåðòîãî êëàñó, êîåôiöi¹íòè ÿêèõ çàëåæàòü âiä

óñiõ çìiííèõ, ïîáóäîâàíî òà âèâ÷åíî âëàñòèâîñòi äåùî îñëàáëåíîãî ïîðiâíÿíî ç êëà-

ñè÷íèì Ëi-ÔÐÇÊ. Äëÿ ðiâíÿíü äðóãîãî ïîðÿäêó ç îäíi¹þ ãðóïîþ çìiííèõ âèðîäæåííÿ

â [36,37,39] çíàéäåíî óìîâè íà êîåôiöi¹íòè, çà ÿêèõ ïîáóäîâàíî êëàñè÷íèé ÔÐÇÊ, îäåð-
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æàíî òî÷íi îöiíêè éîãî ïîõiäíèõ òà ¨õ ïðèðîñòiâ çà ïðîñòîðîâèìè çìiííèìè. Ïðè öüîìó

âèêîðèñòàíî çàïðîïîíîâàíó ðàíiøå Ñ.Ä. Iâàñèøåíîì òà I.Ï.Ìåäèíñüêèì ìîäèôiêàöiþ

êëàñè÷íîãî ìåòîäó Ëåâi, ÿêà ¹ ôàêòè÷íî ïîåòàïíèì çàñòîñóâàííÿì ìåòîäó ïàðàìåòðè-

êñó Ëåâi. Àíàëîãi÷íi ðåçóëüòàòè îòðèìàíî äëÿ ðiâíÿíü ç äâîìà ãðóïàìè çìiííèõ âèðî-

äæåííÿ [40�42].

Äëÿ âèðîäæåíîãî, ÿê i íåâèðîäæåíîãî, ïàðàáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó ç

êîåôiöi¹íòàìè, ñòàëèìè â ãðóïi ñòàðøèõ i çðîñòàþ÷èìè â ãðóïi ìîëîäøèõ éîãî ÷ëåíiâ

ç ÷åòâåðòîãî êëàñó çíàéäåíî â ÿâíîìó âèãëÿäi âèðàç äëÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó

çàäà÷i Êîøi. Ðîçãëÿäàëàñü çàäà÷à Êîøi äëÿ ðiâíÿííÿ ÿê ç âèðîäæåííÿì íà ïî÷àòêîâié

ãiïåðïëîùèíi [46], òàê i áåç [43].

Çàçíà÷èìî, ùî áiëüøiñòü âèùåíàçâàíèõ ðåçóëüòàòiâ óâiéøëè ïîâíiñòþ, àáî ÷àñòêîâî

äî ìîíîãðàôié [4, 10], à îãëÿäè ðåçóëüòàòiâ ìiñòÿòüñÿ â [11, 56, 57]. Ó ïðàöi [57] ïðî-

àíàëiçîâàíî îñíîâíi íàïðÿìêè äîñëiäæåíü, ùî ïðîâîäèëèñü ïiä êåðiâíèöòâîì Ñòåïàíà

Äìèòðîâè÷à ó ×åðíiâåöüêié ôiëi¨ Iíñòèòóòó ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè

iìåíi ß.Ñ.Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè.

Îòæå, ãîëîâíèì íàïðÿìêîì íàóêîâèõ äîñëiäæåíü ïðîôåñîðà Ñ.Ä. Iâàñèøåíà áóëà

òåîðiÿ çàäà÷i Êîøi òà êðàéîâèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ (ó ðiçíèõ ñåíñàõ) ðiâíÿíü i ñè-

ñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè çà íàÿâíîñòi ðiçíèõ âèðîäæåíü òà îñîáëèâîñòåé

(êîëè, íàïðèêëàä, ïîðóøó¹òüñÿ óìîâà ðiâíîìiðíî¨ ïàðàáîëi÷íîñòi, êîåôiöi¹íòè ðiâíÿíü

¹ íåîáìåæåíèìè â îêîëi äåÿêèõ òî÷îê ÷è íà íåñêií÷åííîñòi, â ðiâíÿííÿ âõîäÿòü ïñåâäî-

äèôåðåíöiàëüíi âèðàçè, ïðàâi ÷àñòèíè çàäà÷i ìàþòü ðiçíîãî ðîäó îñîáëèâîñòi òîùî).

Öié òåîði¨ ïðèñâÿ÷åíi éîãî îáèäâi äèñåðòàöi¨ òà ïðàöi éîãî ó÷íiâ. Âií ¹ àâòîðîì i

ñïiâàâòîðîì êîëî 383 ïóáëiêàöié, ñåðåä ÿêèõ 3 ìîíîãðàôi¨, 8 ñòàòåé ìîíîãðàôi÷íîãî

õàðàêòåðó òà 13 íàâ÷àëüíèõ ïîñiáíèêiâ.

Óñÿ òðóäîâà äiÿëüíiñòü Ñ.Ä. Iâàñèøåíà ïîâ'ÿçàíà ç âèêëàäàííÿì ìàòåìàòèêè ó âè-

ùié øêîëi, êåðiâíèöòâîì íàóêîâîþ ðîáîòîþ ñòóäåíòiâ, àñïiðàíòiâ i ìîëîäèõ âèêëàäà÷iâ.

Ñïåêòð ïðî÷èòàíèõ íèì íàâ÷àëüíèõ êóðñiâ äîñèòü øèðîêèé. Íàâåäåìî ïåðåëiê îñíîâ-

íèõ íîðìàòèâíèõ i ñïåöiàëüíèõ êóðñiâ, ÿêi ÷èòàâ Ñòåïàí Äìèòðîâè÷ ó ×åðíiâåöüêîìó

é Êè¨âñüêîìó óíiâåðñèòåòàõ, Êè¨âñüêîìó âèùîìó iíæåíåðíîìó ðàäiîòåõíi÷íîìó ó÷èëè-

ùi ïðîòèïîâiòðÿíî¨ îáîðîíè òà Íàöiîíàëüíîìó òåõíi÷íîìó óíiâåðñèòåòi Óêðà¨íè �Êè-

¨âñüêèé ïîëiòåõíi÷íèé iíñòèòóò�. Ñåðåä íîðìàòèâíèõ êóðñiâ, ïðî÷èòàíèõ ïðîôåñîðîì

Ñ.Ä. Iâàñèøåíèì: ìàòåìàòè÷íèé àíàëiç, àíàëiòè÷íà ãåîìåòðiÿ òà ëiíiéíà àëãåáðà, äèôå-

ðåíöiàëüíi ðiâíÿííÿ, ðiâíÿííÿ ìàòåìàòè÷íî¨ ôiçèêè, iíòåãðàëüíi ðiâíÿííÿ, òåîðiÿ ìiðè

òà iíòåãðàëà, ôóíêöiîíàëüíèé àíàëiç, åëåìåíòè òåîði¨ ôóíêöié êîìïëåêñíî¨ çìiííî¨ òà

îïåðàöiéíå ÷èñëåííÿ, òåîðiÿ éìîâiðíîñòåé ç åëåìåíòàìè ìàòåìàòè÷íî¨ ñòàòèñòèêè i òåî-

ði¹þ âèïàäêîâèõ ïðîöåñiâ. Ñåðåä ñïåöiàëüíèõ êóðñiâ: óçàãàëüíåíi ôóíêöi¨ òà ¨õ çàñòîñó-

âàííÿ, ïàðàáîëi÷íi òà åëiïòè÷íi êðàéîâi çàäà÷i, çàäà÷à Êîøi äëÿ ðiâíÿíü iç ÷àñòèííèìè

ïîõiäíèìè, ðiâíÿííÿ â çãîðòêàõ, äèôåðåíöiàëüíi îïåðàòîðè, ñïåöiàëüíi ðîçäiëè ñó÷àñíî¨

òåîði¨ îïåðàòîðiâ i ôóíêöiîíàëiâ, ìåòîäè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, ìàòåìàòè÷íi ìî-

äåëi ôiçèêè, óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè, ïàðàáîëi÷íi ìîäåëi.

Âåëèêó óâàãó Ñ.Ä. Iâàñèøåí ïðèäiëÿâ çàëó÷åííþ ìîëîäi äî íàóêîâî¨ äiÿëüíîñòi. Ç

ïåðåâàæíîþ áiëüøiñòþ ñâî¨õ ó÷íiâ Ñòåïàí Äìèòðîâè÷ ïî÷èíàâ íàóêîâó ðîáîòó ùå ç

¨õíiõ ñòóäåíòñüêèõ ðîêiâ i äî çàêií÷åííÿ óíiâåðñèòåòó â íèõ áóëè âæå íàóêîâi ïóáëiêà-
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öi¨ òà âèñòóïè íà íàóêîâèõ êîíôåðåíöiÿõ. Ïiä éîãî êåðiâíèöòâîì ïiäãîòóâàëè äîïîâiäi òà

âèñòóïèëè íà íàóêîâèõ êîíôåðåíöiÿõ ïîíàä 80 ñòóäåíòiâ. Ñòåïàí Äìèòðîâè÷ áóâ îôi-

öiéíèì êåðiâíèêîì 14 êàíäèäàòñüêèõ ðîáiò i íàóêîâèì êîíñóëüòàíòîì 2 äîêòîðñüêèõ

äèñåðòàöié Â.À. Ëiòîâ÷åíêà òà I.Ï. Ìåäèíñüêîãî. 22 âèïóñêíèêè 1988�2003 ðîêiâ êà-

ôåäðè ìàòåìàòè÷íîãî ìîäåëþâàííÿ ×åðíiâåöüêîãî óíiâåðñèòåòó, êîëè ¨¨ çàâiäóâà÷åì

áóâ Ñòåïàí Äìèòðîâè÷, ñòàëè êàíäèäàòàìè íàóê i îäèí � äîêòîðîì íàóê.

Ñòåïàí Äìèòðîâè÷ Iâàñèøåí äî îñòàííüîãî äíÿ æèòòÿ çàéìàâñÿ ìàòåìàòèêîþ, ïðà-

öþâàâ ç ó÷íÿìè òà ïðîâîäèâ çàíÿòòÿ çi ñòóäåíòàìè. Ñòåïàí Äìèòðîâè÷ ÷àñòî ïîâòîðþ-

âàâ ôðàçó: �Ëþáëþ, êîëè ïðàöþþòü�.

Áóäåìî ïðàöþâàòè i ïàì'ÿòàòè.
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Medynsky I. P., PasichnykH. S. Ivasyshen Stepan Dmytrovych: life and creative path, Bukovi-

nian Math. Journal. 10, 2 (2022), 8�19.

The article is an essay about the life and work of an outstanding mathematician, talented

teacher, doctor of physical and mathematical sciences, professor S. D. Ivasyshen. The article

consists of two interconnected parts. The �rst part is actually a description of the life path,

and the second part is a description and brief anal is is of the main areas of scienti�c research.

The whole life of S. D. Ivasyshen was closely related to the mathematics: preparing for classes,

writing articles, conducting research and obtaining new results-not a day without mathemati-

cs. Being a highly educated and talented mathematician, scientist and teacher, he constantly

worked hard, realizing himself through work and respectful attitude towards people.
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FOR PARABOLIC TYPE DIFFERENTIAL EQUATIONS IN A BANACH

SPACE

For a di�erential equation of the form u′(t) + Au(t) = f(t), t ∈ (0,∞), where A is the

in�nitesimal generator of a bounded analytic C0-semigroup of linear operators in a Banach

space B, f(t) is a B-valued polynomial, the behavior in the preassigned points of solutions of

the Cauchy problem u(0) = u0 ∈ B depending on f(t) is investigated.
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The paper is dedicated to memory of S.D. Ivasishen, my scienti�c and spiritual Teacher

Introduction

The study of linear di�erential equations whose coe�cients are unbounded operators in

a Banach or Hilbert space is expedient not only because they include a number of partial

di�erential equations but also because it o�ers the possibility to look at ordinary as well as

partial di�erential operators from a single point of view. The origin of the theory of such

equations dates from the work of Hille (1948) [1], in which the �rst existence theorems were

obtained for the Cauchy problem for an equation u′ = Au with unbounded operator A in

a Banach space. They were formulated in terms of semigroups of operators. Appreciating

their role in mathematics, E. Hille had written: "I hail a semigroup when I see one and I

seem to see them everywhere". During the last 50 years, the theory of operator di�erential

equations, boundary value problems for them and semigroups related to them was enriched

with signi�cant results. It became a �eld of independent interest, attracting the attention

of many mathematicians.

We consider the Cauchy problem for a nonhomogeneous equation of the form

u′(t) + Au(t) = f(t), t ∈ [0,∞),

ÓÄÊ 517.9
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where A is the generator of a bounded holomorphic semigroup of linear operators in a

Banach space B, and f(t) is a strongly di�erentiable B-valued function. The purpose of

the present paper is to investigate a behavior in the preassigned points of solutions of the

Cauchy problem u(0) = u0 ∈ B depending on f(t).

1. Preliminaries

Let B be a Banach space over the �eld C of complex numbers with norm ‖·‖. Recall that
a one-parameter family {U(t)}t≥0 of bounded linear operators on B forms a C0-semigroup

in B if:

1) U(0) = I (I is the identity operator in B) ;

2) ∀t, s > 0 : U(t+ s) = U(t)U(s);

3) ∀x ∈ B : lim
t→0
‖U(t)x− x‖ = 0.

(As for the theory of C0-semigroups see, for example, [2], [3], [4] and [5], [6], [7]).

The linear operator A de�ned as

Ax = lim
t→0

1

t
(U(t)x− x), D(A) =

{
x ∈ B : lim

t→0

1

t
(U(t)x− x) exists

}
,

(D(·) denotes the domain of an operator) is called the generating operator or, simply, the

generator of {U(t)}t≥0. This operator is closed, D(A) is dense in B and U(t)-invariant, that

is, ∀x ∈ D(A) : U(t)x ∈ D(A) (t ≥ 0) and AU(t)x = U(t)Ax. Moreover,

d

dt
U(t)x = AU(t)x, x ∈ D(A).

A C0-semigroup {U(t)}t≥0 in B is called (strongly) di�erentiable if for any x ∈ B, the

B-valued function U(t)x is strongly di�erentiable on (0,∞). As is known (see [3]), for such

a semigroup

∀x ∈ B,∀t > 0 : U(t)x ∈
⋂
n∈N

D(An),

the vector-valued function U(t)x is in�nitely di�erentiable on (0,∞), and

∀x ∈ B,∀t > 0,∀n ∈ N :
dnU(t)x

dtn
= AnU(t)x.

Let now θ ∈
(
0, π

2

]
. A C0-semigroup {U(t)}t≥0 in B is called holomorphic with angle θ

(or, simply,holomorphic) if the operator-valued function U(·) is de�ned in the sector Sθ =

{z ∈ C : | arg z| < θ} and:
1) ∀z1, z2 ∈ Sθ : U(z1 + z2) = U(z1)U(z2);

2) ∀x ∈ B : U(z)x is holomorphic in Sθ;

3) ∀x ∈ B : ‖U(z)x− x‖ → 0 as z → 0 in any closed subsector of Sθ.

If in addition the family U(z) is bounded on every sector Sψ with ψ < θ, then U(t) is called

a bounded holomorphic semigroup with angle θ.
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2. Main results

Consider now the nonhomogeneous Cauchy problem

u′(t) + Au(t) = f(t), t ∈ (0,∞), (1)

u(0) = y0, y0 ∈ B, (2)

where A is the generator of a bounded holomorphic semigroup {U(t)}t≥0 in B, and f(t) is a

strongly continuously di�erentiable on [0,∞) vector function with values inB. By a solution

of problem (1),(2) we mean a continuously di�erentiable function u(t) : [0,∞) 7→ D(A)
satisfying (1) and (2). As has been shown in [6], the general solution of this problem is

represented in the form

u(t) = U(t)y0 +

t∫
0

U(t− s)f(s)ds. (3)

We will be interested in a behavior in the given points of its solution depending on f(t). In so

doing, we will assume 0 ∈ ρ(A) (ρ(·) is the resolvent set of an operator). Then (see [5], [8])the

semigroup {U(t)}t≥0 is exponentially stable, that is,

∃c > 0,∃ω > 0, ∀t ∈ [0,∞) : ‖U(t)‖ ≤ ce−ωt (4)

(c and ω are constants).

Lemma 1. For any t ∈ (0,∞), there exists the operator (I − U(t))−1 (I is the identity

operator in B), which is de�ned and bounded on the whole space B.

Proof. Let x ∈ ker(I − U(t)). Then, by virtue of the semigroup property 2), U(nt)x =

Un(t)x = x(n ∈ N0) = N
⋃
{0}. It follows from (4) that x = lim

n→∞
U(nt)x = 0. So,

ker(I − U(t)) = {0}, that is, the operator (I − U(t))−1 exists.
Show now that R(I − U(t)) = B (R(·) is the range of an operator). It is not di�cult to

verify that

∀y ∈ B : (U(nt)− I)y = (U(t)− I)
n−1∑
k=0

U(kt)y. (5)

Moreover, the series
∞∑
k=0

U(kt)y converges to some element x ∈ B, because

∥∥∥∥∥
∞∑
k=n

U(kt)y

∥∥∥∥∥ ≤ c‖y‖
∞∑
k=n

e−ωkt → 0, n→∞.

The passage to the limit in (5) as n → ∞ yields the equality y = (I − U(t))x, i.e. y ∈
R(I − U(t)), as required. It remains to apply the closed graph theorem.

Lemma 2. Let in problem (1), (2) f(t) be such that ‖f(t)‖ → 0, t → ∞. Then for a

solution u(t) of this problem, ‖u(t)‖ → 0 as t→∞.
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Proof. According to what has been said above, u(t) is represented in the form (3). It follows

from (4) that the �rst summand in this representation tends to 0 as t → ∞. Let us show

that an analogous property holds for the second one, too. Indeed, choose in the equality

t∫
0

U(t− s)f(s)ds =
τ∫

0

U(t− s)f(s)ds+
t∫

τ

U(t− s)f(s)ds,

a su�ciently large τ such that ‖f(t)‖ < ε as t ≥ τ (ε > 0 is arbitrarily small). Then∥∥∥∥∥∥
t∫

0

U(t− s)f(s)ds

∥∥∥∥∥∥ ≤ max
s∈[0,τ ]

‖f(s)‖e−ω(t−τ) + ε

∞∫
0

‖U(s)‖ds.

This inequality shows that the second summand in (3) is as small as desired.

Lemma 3. Suppose that in the problem (1),(2),

f(t) = pn(t) + g(t),

where

pn(t) =
n∑
k=0

xkt
k, xk ∈ B, and ‖g(t)‖ → 0 as t→∞.

Then a solution u(t) of this problem can be represented in the form

u(t) = qn(t) + y(t),

where ‖y(t)‖ → 0 (t→∞), and

qn(t) =
n∑
k=0

akt
k, ak =

n−k∑
i=0

(−1)i (k + i)!

k!
A−(i+1)xk+i.

Proof. Put

v(t) = U(t)y0 +

t∫
0

U(t− s)g(s)ds.

Then the representation (3) for u(t) can be written as

u(t) = v(t) +

t∫
0

U(t− s)pn(t− s)ds = y(t) +

∞∫
0

U(s)pn(t− s)ds,

where

y(t) = v(t)−
∞∫
t

U(s)pn(t− s)ds = v(t)−
n∑
k=0

∞∫
t

U(s)xk(t− s)kds.
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Since v(t) is a solution of the problem (1),(2) with f(t) = g(t), in view of Lemma2, we have

‖v(t)‖ → 0 as t→∞. Integrating by parts k times the integral under the sign of
∑

in the

expression for y(t), we obtain

∞∫
t

(t− s)kU(s)xkds = (−1)kk!U(t)A−(k+1)xk,

whence

y(t) = v(t)− U(t)
n∑
k=0

(−1)kk!A−(k+1)xk.

For this reason ‖y(t)‖ → 0 as t→∞. It remains to prove that

∞∫
0

U(s)pn(t− s)ds = qn(t).

But
∞∫
0

U(s)pn(t− s)ds =
n∑
k=0

∞∫
0

(t− s)kU(s)xkds.

The integration by parts k times, taking into account the exponential stability of {U(t)}t≥0,
makes possible to conclude that

∞∫
0

(t− s)kU(s)xkds =
k∑
i=0

(−1)i k!

(k − i)!
tk−iA−(i+1)xk.

It follows from this equality that
∞∫
0

U(s)pn(t− s)ds is a polynomial:

∞∫
0

U(s)pn(t− s)ds =
n∑
k=0

k∑
j=0

(−1)k−j k!
j!
tjAk−j+1xk

=
n∑
k=0

tk
n−k∑
i=0

(−1)i (k + i)!

k!
A−(i+1)xk+i =

n∑
k=0

tkak = qn(t).

Corollary 1. Suppose that in the problem (1),(2), f(t) = x0 + tx1, (x0, x1 ∈ B). Then its

solution u(t) can be represented in the form

u(t) = U(t)y0 + (I − U(t))A−1x0 + (tA− I + U(t))A−2x1. (6)

The proof follows from Lemma3 if it is taken into account that in the case under consid-

eration g(t) ≡ 0 and n = 1.
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Theorem 1. For arbitrary t1 > 0, y0 ∈ B, yi ∈ D(A)(i = 1, 2), there exists a unique

function f(t) of the form f(t) = x0 + tx1 such that the solution u(t) of problem (1),(2) with

this function on the right-hand side of (1) satis�es the conditions

u(0) = y0, u(t1) = y1, lim
t→∞

u(t)

t
= y2. (7)

Proof. We shall seek vectors x0 and x1 for the solution u(t) of problem (1),(2) with f(t) =

x0 + tx1 to satisfy the relations (7). Because of (6),

lim
t→∞

u(t)

t
= lim

t→∞

U(t)y0
t

+ lim
t→∞

1

t
(I − U(t))A−1x0 + lim

t→∞

(
A− I − U(t)

t

)
A−2x1 = A−1x1.

Thus, x1 = Ay2. The representation (6) for t = t1 implies also the equality

(I − U(t1))A−1x0 = y1 − U(t1)y0 − (t1A− I + U(t1))A
−1y2.

By Lemma1, there exists a bounded operator (I − U(t1))−1. Therefore,

x0 = (I − U(t1))−1(Ay1 − AU(t1)y0 − (t1A− I + U(t1))y2).

So, a function f(t) of the desired form is found. Its uniqueness follows from the uniqueness

of searching procedure for x0 and x1.

Theorem 2. Assume that B = H is a Hilbert space with scalar product (·, ·), and let A be

a positive de�nite selfadjoint operator in it (so, (Ax, x) ≥ ε(x, x) for an arbitrary x ∈ D(A)
and some ε > 0). Then for any t2 > t1 > 0, y0 ∈ H and y1, y2 ∈ D(A), there exists a unique

function f(t) of the form f(t) = x0+ tx1 (x0, x1 ∈ H), such that the solution u(t) of problem

(1),(2) with this function satis�es the conditions

u(0) = y0, u(ti) = yi, i = 1, 2. (8)

Proof. As in the previous theorem, we seek x0 and x1 so that for the solution u(t) of problem

(1),(2) with f(t) = x0 + tx1 (by virtue of Corollary1, it can be represented in the form (6)),

to satisfy (8), i.e.

(I − U(ti))A−1x0 + (tiA− (I − U(ti)))A−2x1 = yi − U(ti)y0 (i = 1, 2). (9)

Applying to both sides of these equalities the operators I −U(t2) and I −U(t1) respectively
and subtracting the second equality from the �rst one, we obtain

(t1(I−U(t2))−t2(I−U(t1)))x1 = (I−U(t2))(Ay1−AU(t1)y0)−(I−U(t1))(Ay2−AU(t2)y0).
(10)

Since

U(t) =

∞∫
ε

e−λtdEλ
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(Eλ is the resolution of identity of A), we have

t1(I − U(t2))− t2(I − U(t1)) = ϕ(A) =

∞∫
ε

ϕ(λ)dEλ,

where the function ϕ(λ) = t1(1− e−λt2)− t2(1− e−λt1) is such that

ϕ(0) = 0, lim
λ→∞

ϕ(λ) = t1 − t2 < 0, ϕ′(λ) = t1t2
(
e−λt2 − e−λt1

)
< 0.

Then the function 1
ϕ(λ)

is bounded on [ε,∞), and the operator (ϕ(A))−1 (the function

(ϕ(λ))−1 of the operator A) is bounded on H. Applying it to both sides of (10), we ar-

rive at the equality

x1 = (ϕ(A))−1((I − U(t2))(Ay1 − AU(t1)y0)− (I − U(t1))(Ay2 − AU(t2)y0)).

Taking into account that, by Lemma1, the operator (I −U(t1))−1 exists and it is de�ned on

the whole H, we can �nd x0 from (9). Namely,

x0 = (I − U(t1))−1(Ay1 − AU(t1)y0 − (t1A− (I − U(t1)))A−1x1).

The uniqueness of a function f(t) of the form mentioned above, which guarantees ful�lment

of the conditions (8), follows from the construction itself of x0 and x1.
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Ãîðáà÷óê Â.Ì. Ïðî ðîçâ'ÿçêè íåîäíîðiäíî¨ çàäà÷i Êîøi äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ

ïàðàáîëi÷íîãî òèïó ó áàíàõîâîìó ïðîñòîði // Áóêîâèíñüêè�è ìàòåì. æóðíàë � 2022. �

Ò.10, �2. � C. 20�27.

Äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ âèãëÿäó u′(t)+Au(t) = f(t), t ∈ (0,∞), äå A � iíôiíiòå-

çiìàëüíèé ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè ëiíiéíèõ îïåðàòîðiâ ó áàíàõîâîìó

ïðîñòîðiB, f(t) �B-çíà÷íèé ïîëiíîì, äîñëiäæó¹òüñÿ ïîâåäiíêà ó íàïåðåä çàäàíèõ òî÷êàõ

ðîçâ'ÿçêiâ çàäà÷i Êîøi â çàëåæíîñòi âiä f(t).
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STOKES SYSTEM WITH VARIABLE EXPONENTS OF NONLINEARITY

Some nonlinear Stokes system is considered. The initial-boundary value problem for the

system is investigated and the existence and uniqueness of the weak solution for the problem

is proved.
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Introduction

Let n ∈ N and T > 0 be �xed numbers, n ≥ 2, Ω ⊂ Rn be a bounded domain with

the Lipschitz boundary ∂Ω, Q0,T := Ω × (0, T ), Σ0,T := ∂Ω × (0, T ), Ωτ := {(x, t) | x ∈ Ω,

t = τ}, τ ∈ [0, T ]. We seek a weak solution {u, π} of the problem

ut −
n∑

i,j=1

(
Aij(x, t)uxi

)
xj

+G(x, t)|u|q(x,t)−2u+∇π(x, t) = F (x, t), (x, t) ∈ Q0,T , (1)

divu = 0, (x, t) ∈ Q0,T , (2)∫
Ω

π(x, t) dx = 0, t ∈ (0, T ), (3)

u|Σ0,T
= 0, (4)

u|t=0 = u0(x), x ∈ Ω. (5)

Here u = (u1, . . . , un) : Q0,T → Rn is the velocity �eld, |u| = (|u1|2 + . . . + |un|2)1/2,

divu = ∂u1

∂x1
+ . . .+ ∂un

∂xn
, π : Q0,T → R is the pressure, ∇π = ( ∂π

∂x1
, . . . , ∂π

∂xn
), and q(x, t) is the

variable exponent of the nonlinearity of system (1).

The linearized version of the Navier-Stokes system is called the Stokes system. It is well

known that these equations describe the time evolution of the solutions to the mathematical
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models of the viscous incompressible �uids. For more details about the physical meaning of

the Navier-Stokes and Stokes systems see [1], [2], etc. The initial-boundary value problem

for the Stokes system are considered in [3], [4], [5], [6], [7], [8], [9], [10] (see also the references

given there).

We perturb the classical Stokes equations by the monotonous nonlinear term with the

exponent of the nonlinearity q = q(x, t). This exponent is Lipschitz continuous function only

with respect to the time variable t. We seek a weak solution to the initial-boundary value

problem (1)-(5). As we know this problem is not studied yet. The paper is organized as

follows. In Section 1, we formulate the considered problem and main results. The auxiliary

statements are given in Section 2. Finally, in Section 3 we prove the main results.

1 Statement of problem and formulation of main results

Let || · ||B ≡ || · ;B|| be a norm of some Banach space B, B∗ be a dual space, 〈·, ·〉B be

a scalar product between B∗ and B, Bn := B × . . . × B be n-th Cartesian product of the

B, ||z;Bn|| := ||z1||B + . . . + ||zn||B for z = (z1, . . . , zn) ∈ Bn, (·, ·)H be a scalar product in

some Hilbert space H, | · |H :=
√

(·, ·)H .
Suppose that N ∈ N, O is a measurable set in RN (for example, O = Ω or O = Q0,T ),

B+(O) := {q ∈ L∞(O) | ess inf
y∈O

q(y) > 0}. For every q ∈ B+(O), by de�nition, put

q0 := ess inf
y∈O

q(y), q0 := ess sup
y∈O

q(y), q′(y) :=
q(y)

q(y)− 1
for a.e. y ∈ O ,

ρq(v;O) :=

∫
O

|v(y)|q(y) dy, v : O → R.

Assume that q ∈ B+(O) and q0 > 1. The set Lq(y)(O) := {v : O → R | ρq(v;O) < +∞}
with the Luxemburg norm ||v;Lq(y)(O)|| := inf{λ > 0 | ρq(v/λ;O) ≤ 1} is called a

generalized Lebesgue space. It is well known that Lq(y)(O) is the Banach space which is

re�exive and separable.

Let Λt(Q0,T ) be a set of the functions q : Q0,T → R for which there exists an extension

outside Q0,T (we denote it q again) such that the following conditions are satis�ed:

(i) q ∈ C(Rt;L
∞(Rn

x)) ∩ B+(Rn+1
x,t ); (ii) q0 > 1; (iii) there exists a constant L > 0 such that

|q(x, t)− q(x, s)| ≤ L|t− s|, x ∈ Rn, t, s ∈ R.

For the sake of convenience we shall write u(t) instead of u(·, t) and Lp(0, T ) instead

of Lp((0, T )) etc. Let us consider the set of the solenoidal functions (functions for which

the incompressibility constraint divu = 0 holds) Cdiv := {u ∈ [D(Ω)]n | divu = 0}. Here
u = (u1, . . . , un) and divu := ∂u1

∂x1
+ ∂u2

∂x2
+ . . .+ ∂un

∂xn
. Let r ∈ [1,+∞), s ∈ N,

Xr is a closure of Cdiv in [Lr(Ω)]n, H := X2, (6)

Zs is a closure of Cdiv in [Hs
0(Ω)]n. (7)
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Take a function q ∈ Λt (Q0,T ) and denote

V t := Z1 ∩ [Lq(x,t)(Ω)]n for every t ∈ [0, T ], (8)

U(Q0,T ) := L2(0, T ;Z1) ∩ [Lq(x,t)(Q0,T )]n, (9)

Ddiv := {u ∈ [D(Q0,T )]n | divu = 0}. (10)

Since Z1 and [Lq(x,t)(Ω)]n are continuously embedded in the locally convex space [L1(Ω)]n

(see [11, c. 17]), from Remark 5.12 [11, c. 22], we get that, V t is Banach space with standard

norm for the intersection of the spaces. Easy to show, that V t is re�exive and separable. We

will make similar consideration for the space U(Q0,T ). We also consider the space

W (Q0,T ) := {u ∈ U(Q0,T ) | ut ∈ [U(Q0,T )]∗}

with the norm ||u;W (Q0,T )|| := ||u;U(Q0,T )||+ ||ut; [U(Q0,T )]∗||. The notation ut stands for
the distributional time derivative which is de�ned by the rule

〈ut, ϕ〉Ddiv
:= −

∫
Q0,T

u(x, t)ϕt(x, t) dxdt for ϕ ∈ Ddiv. (11)

Assume that the following conditions are ful�lled.

(A): Aij are n-order square matrix with the elements from L∞(Q0,T ); Aij = Aji
(i, j = 1, n); for a.e. (x, t) ∈ Q0,T and for every ξ1, . . . , ξn ∈ Rn, we get

a0

n∑
i=1

|ξi|2 ≤
n∑

i,j=1

(
Aij(x, t)ξ

i, ξj
)
Rn
≤ a0

n∑
i=1

|ξi|2 (0 < a0 ≤ a0 < +∞);

(G): G is n-order square matrix, G = diag(g1, . . . , gn), gl ∈ L∞(Q0,T ), and

0 < g0 ≤ gl(x, t) ≤ g0 < +∞ for a.e. (x, t) ∈ Q0,T , where l = 1, n;

(F): F ∈ L2(0, T ;H);

(U): u0 ∈ H.

We de�ne the operators A(t) : V t → [V t]∗, A : U(Q0,T )→ [U(Q0,T )]∗ by the rules

〈A(t)z, w〉V t :=

∫
Ω

[ n∑
i,j=1

(
Aij(x, t)zxi(x), wxj(x)

)
Rn

+

+
(
G(x, t)|z(x)|q(x,t)−2z(x), w(x)

)
Rn

]
dx, z, w ∈ V t, t ∈ (0, T ), (12)

〈Au, v〉U(Q0,T ) :=

T∫
0

〈A(t)u(t), v(t)〉V t dt, u, v ∈ U(Q0,T ), (13)

Suppose that

h := min
{

2,
q0

q0 − 1

}
. (14)

Let (·, ·)Rn be a scalar product in the space Rn,

(u, v)Ω :=

∫
Ω

(u(x), v(x))Rn dx, u = (u1, . . . , un), v = (v1, . . . , vn) : Ω→ Rn. (15)
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De�nition 1. The pair of the functions {u, π} is called a weak solution of problem (1)-(5),

if u ∈ W (Q0,T ) ∩ L∞(0, T ;H), π ∈ Lh(Q0,T ), u satis�es (5) in H,

〈ut +Au, z〉U(Q0,T ) =

T∫
0

(F (t), z(t))Ω dt (16)

holds for z ∈ U(Q0,T ), π satis�es (1) in D∗div, and π satis�es (3) in D∗(0, T ).

Theorem 1 (existence). Let q ∈ Λt(Q0,T ), conditions (A)-(U) hold. Then problem (1)-(5)

has a weak solution {u, π}. Moreover, u ∈ C([0, T ];H).

Theorem 2 (uniqueness). Let q ∈ Λt(Q0,T ), conditions (A)-(G) hold. Then, problem

(1)-(5) can`t have more the one weak solution.

2 Auxiliary statements

For the Banach spaces X and Y the notation X 	 Y means the continuous embedding;

the notation X
_

	 Y means the continuous and densely embedding; the notation X
K

⊂ Y

means the compact embedding.

2.1 Projection operator

Suppose that H and Zs are determined from (6) and (7) respectively, where s ∈ N. From [12,

Ch. 1, �6.1], we obtain the embeddings

Zs 	 Z1 	 H ∼= H∗ 	 Z∗1 	 Z∗s .

Moreover, Zs ⊂ [Hs
0(Ω)]n and Zs

K

⊂ H. Let wµ, µ ∈ N, be eigenfunctions (associated to the

eigenvalues λµ > 0) of the spectral problem∫
Ω

∑
|α|=s

(Dαwµ, Dαv)Rn dx = λµ

∫
Ω

(wµ, v)Rn dx ∀ v ∈ Zs. (17)

For the sake of convenience we have assumed that {wµ}µ∈N is an orthonormal set in H.

Proposition 1. (see [12, Ch. 1, �6.3]). If s ∈ N and s ≥ n
2
, then the set {wµ}µ∈N of all

eigenfunctions of problem (17) is a basis for the space Zs.

Let m ∈ N be a �xed number, and M be a set of all linear combinations of the elements

from {w1, . . . , wm}. De�ne an unique orthogonal projection Pm : H → M by the rule

(see [13, p. 527])

Pmh :=
m∑
j=1

(h,wj)H w
j, h ∈ H. (18)

Since {wj}j∈N ⊂ V ≡ Zs, s ∈ N, then let us de�ne an operator P̂m : V → V by the rule

P̂mv := Pmv for every v ∈ V . (19)

For a conjugate operator P̂ ∗m : V∗ → V∗ we have P̂ ∗m(V∗) ⊂ V (see [14, p. 865]).
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Proposition 2. (see Lemma 3.9 [14, p. 865-866]). If ψm1 , . . . , ψ
m
m ∈ R, F ∈ V∗. and

zm :=
m∑
s=1

ψms w
s ∈ V satis�es


〈zm, w1〉V = 〈F,w1〉V ,
...

〈zm, wm〉V = 〈F,wm〉V ,

then the following equality is satis�ed zm = P̂ ∗mF in V∗.

Proposition 3. (see Lemma 1 [10, p. 111]). Suppose that Pm and P̂m are determined from

(18) and (19) respectively, where V = Zs, s ∈ N, and {wµ}µ∈N is an orthonormal basis for the

space H that consists of all eigenfunctions of problem (17). Then, for every w ∈ Lr(0, T ;Z∗s )

and r > 1, we have the inequality

||P̂ ∗mw;Lr(0, T ;Z∗s )|| ≤ ||w;Lr(0, T ;Z∗s )||. (20)

2.2 Cauchy's problem for system of ordinary di�erential equations

Take ` ∈ N and Q = (0, T )× R`. In this section we seek a weak solution ϕ : [0, T ] → R` of

the problem

ϕ′(t) + L(t, ϕ(t)) = M(t), t ∈ [0, T ], ϕ(0) = ϕ0, (21)

where M : [0, T ] → R` and L : Q → R` are some functions (for the sake of convenience we

have assumed that L(t, 0) = 0 for every t ∈ [0, T ]), and ϕ0 = (ϕ0
1, . . . , ϕ

0
`) ∈ R`.

De�nition 2. We shall say that a function L : Q→ R` satis�es the Carath�eodory condition

if for every ξ ∈ R` the function (0, T ) 3 t 7→ L(t, ξ) ∈ R` is measurable and if for a.e.

t ∈ (0, T ) the function R` 3 ξ 7→ L(t, ξ) ∈ R` is continuous.

De�nition 3. We shall say that a function L : Q → R` satis�es the Lp-Carath�eodory

condition if L satis�es the Carath�eodory condition and for every R > 0 there exists a

function hR ∈ Lp(0, T ) such that

|L(t, ξ)| ≤ hR(t)

for a.e. t ∈ (0, T ) and for every ξ ∈ DR := {y ∈ R` | |y| ≤ R}.

Lemma 1. Suppose that q ∈ Λt(Q0,T ), condition (G) holds, m ∈ N, ξ = (ξ1, . . . , ξm) ∈ Rm,

w1, . . . , wm ∈ Lq0
(Ω), w(x, ξ) =

m∑
l=1

ξlw
l(x), and z ∈ [Lq

0
(Ω)]n. Then the function

I(t, ξ) :=

∫
Ω

(
G(x, t)|w(x, ξ)|q(x,t)−2w(x, ξ), z(x)

)
Rn dx, t ∈ (0, T ), ξ ∈ Rm,

satis�es the L∞-Carath�eodory condition.
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Proof. We use the methods of Lemma 3.25 [14, p. 874]).

Step 1. Since

|w|q(x,t)−1 · |z| ≤ C1

(
|z|q0

+ |w|
q(x,t)−1
q0−1

q0)
≤ C2

(
|z|q0

+ |w|q0

+ 1
)
, (22)

the Fubini Theorem [15, p. 91] yields that I(·, ξ) ∈ L1(0, T ). Then [0, T ] 3 t 7→ I(t, ξ) ∈ R
is the measurable function.

Step 2. Let us prove that the function R 3 ξ1 7→ I(t, ξ1, . . . , ξm) ∈ R is continuous at the

point ξ0
1 ∈ R. Take ξ = (ξ1, ξ2, . . . , ξm), ξ0 = (ξ0

1 , ξ2, . . . , ξm), where |ξ − ξ0| ≤ 1.

By Theorem 2.1 [16, p. 2], we get

| |η1|q(x,t)−2η1 − |η2|q(x,t)−2η2| ≤ C3(|η1|+ |η2|)q(x,t)−1−β(x,t)|η1 − η2|β(x,t),

where 0 < β(x, t) ≤ min{1, q(x, t) − 1}, η1, η2 ∈ R, C3 > 0 is independent of η1, η2, x, t.

Hence,

|I(t, ξ)− I(t, ξ0)| =
∣∣∣∫
Ω

(
G
(
|w(x, ξ)|q(x,t)−2w(x, ξ)− |w(x, ξ0)|q(x,t)−2w(x, ξ0)

)
, z
)
Rn
dx
∣∣∣≤

≤ C4

∫
Ω

(
|w(x, ξ)|+ |w(x, ξ0)|

)q(x,t)−1−β(x,t)|w(x, ξ)− w(x, ξ0)|β(x,t)|z| dx =

= C4(I1(t) + I2(t)), (23)

where I1(t) :=
∫

Ω1(t)

h(x, t, ξ, ξ0) dx, I2(t) =
∫

Ω2(t)

h(x, t, ξ, ξ0) dx,

Ω1(t) = {x ∈ Ω | q(x, t) ≤ 2}, Ω2(t) = {x ∈ Ω | q(x, t) > 2}, and

h(x, t, ξ, ξ0) =
(
|w(x, ξ)|+ |w(x, ξ0)|

)q(x,t)−1−β(x,t)|w(x, ξ)− w(x, ξ0)|β(x,t)|z(x)|, x ∈ Ω.

Taking β(x, t) = q(x, t)− 1, x ∈ Ω1(t), gives (see also (22))

I1(t) =

∫
Ω1(t)

|w(x, ξ)−w(x, ξ0)|q(x,t)−1|z(x)| dx =

∫
Ω1(t)

|ξ1−ξ0
1 |q(x,t)−1|w1(x)|q(x,t)−1|z(x)| dx ≤

≤ |ξ1 − ξ0
1 |q0−1

∫
Ω1(t)

|w1(x)|q(x,t)−1|z(x)| dx = C5|ξ1 − ξ0
1 |q0−1 −→

ξ1→ξ0
1

0.

Taking β(x, t) = 1, x ∈ Ω2, gives

I2(t) =

∫
Ω2(t)

(
|w(x, ξ)|+ |w(x, ξ0)|

)q(x,t)−2|w(x, ξ)− w(x, ξ0)| · |z(x)| dx =

= |ξ1 − ξ0
1 |
∫

Ω2(t)

(
|w(x, ξ)|+ |w(x, ξ0)|

)q(x,t)−2|w1(x)| · |z(x)| dx ≤ C6(ξ0
1)|ξ1 − ξ0

1 | −→
ξ1→ξ0

1

0.

Therefore, by (23), we obtain that |I(t, ξ)− I(t, ξ0)| −→
ξ1→ξ0

1

0. Continuing in the same way, we

see that I is continuous with respect to ξ2, . . . , ξm.

Step 3. Taking into account the results of Step 1 and Step 2, we obtain that the function

I satis�es the Carath�eodory condition. Since g ∈ L∞(Q0,T ), the L∞-Carath�eodory condition

holds. �
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Proposition 4. (the Carath�eodory-LaSalle theorem, see Theorem 3.24 [14, p. 872]). Sup-

pose that p ≥ 2, function L : Q→ R` satis�es Lp-Carath�eodory condition,M ∈ Lp(0, T ;R`),

and ϕ0 ∈ R`. If there exist nonnegative functions α, β ∈ L1(0, T ) such that for every ξ ∈ R`

and for a.e. t ∈ [0, T ] the inequality

(L(t, ξ), ξ)R` ≥ −α(t)|ξ|2 − β(t) (24)

holds, then problem (21) has a global weak solution ϕ ∈ W 1,p(0, T ;R`).

2.3 Additional statements

Let Z≥−1 := {s ∈ Z | s ≥ −1}. The following Propositions are needed for the sequel.

Proposition 5. (the generalized De Rham theorem, see Theorem 4.1 [17], Remark 4.3 [17],

and Lemma 2 [18]). Suppose that Ω be an open bounded connected and Lipschitz subset of

Rn, T > 0, s1, s2 ∈ Z≥−1, h1, h2 ∈ [1,∞], and F ∈ W s1,h1(0, T ; [W s2,h2(Ω)]n). Then, if

〈F(·), v〉[D(Ω)]n = 0 in D∗(0, T ) (25)

for all v ∈ Cdiv, then there exists an unique

π ∈ W s1,h1(0, T ;W s2+1,h2(Ω)) (26)

such that

∇π = F in [D∗(Q0,T )]n, (27)∫
Ω

π(·) dx = 0 in D∗(0, T ). (28)

Moreover, there exists a positive number C7 (independent of F , π) such that

||π;W s1,h1(0, T ;W s2+1,h2(Ω))|| ≤ C7||F ;W s1,h1(0, T ; [W s2,h2(Ω)]n)||. (29)

Proposition 6. (the Aubin theorem, see [19] and [20, p. 393]). If s, h ∈ (1,∞) are �xed

numbers, W ,L,B are the Banach spaces, and W
K

⊂ L 	 B, then
{u ∈ Ls(0, T ;W) | ut ∈ Lh(0, T ;B)}

K

⊂ [Ls(0, T ;L) ∩ C([0, T ];B)].

Proposition 7. (Lemma 1.18 [11, p. 39]). If um −→
m→∞

u in Lp(Q0,T ) (1 ≤ p ≤ ∞), then

there exists a subsequence (we call it {um}m∈N again) such that um −→
m→∞

u a.e. in Q0,T .

Proposition 8. (Theorem 1 [21, p. 108]). If q ∈ Λt (Q0,T ), then for every u ∈ W (Q0,T ) we

have that u ∈ C([0, T ];H) and the following formula of integration by parts is true

〈ut, χt1,t2u〉U(Q0,T ) =
1

2

∫
Ω

|u(x, t2)|2 dx− 1

2

∫
Ω

|u(x, t1)|2 dx, 0 ≤ t1 < t2 ≤ T, (30)

where

χt1,t2(t) =

{
1, t ∈ [t1, t2];

0, t /∈ [t1, t2].
(31)
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It`s clear that if u = (u1, . . . , un) ∈ [L2(O)]n, where O = Ω or O = Q0,T , then

|| |u|;L2(O)||2 =

∫
O

|u|2 dy =
n∑
l=1

||ul;L2(O)||2 ≤ n||u; [L2(O)]n||2,

and so || |u|;L2(O)|| ≤
√
n||u; [L2(O)]n||.

Lemma 2. Let conditions (A)-(G) hold, {wj}j∈N ⊂ V t, m ∈ N, L = (L1, L2, . . . , Lm),

Lµ(t, ξ) = 〈A(t)zm, wµ〉V t , µ = 1,m, t ∈ (0, T ), ξ ∈ Rm,

and zm(x) =
m∑
µ=1

ξµw
µ(x) for x ∈ Ω. Then

(
L(t, ξ), ξ

)
Rm
≥
∫
Ω

[
a0

n∑
i=1

|zmxi |
2 + g0|zm|q(x,t)

]
dx, t ∈ (0, T ), ξ ∈ Rm. (32)

Proof. It`s clear that

(L(t, ξ), ξ)Rm = 〈A(t)zm, zm〉V t . (33)

Using condition (A), we get the following estimate:

n∑
i,j=1

(
Aiju

m
xi
, umxj

)
Rn
≥ a0

n∑
i=1

|umxi |
2. (34)

It follows from condition (G) that

(
G|um|q(x,t)−2um, um

)
Rn

=
n∑
l=1

gl(x, t)|um|q(x,t)−2|uml |2 ≥

≥ g0

n∑
l=1

|um|q(x,t)−2|uml |2 = g0|um|q(x,t). (35)

If we use conditions (À) and (G), then we get

〈A(t)zm, zm〉V t =

∫
Ω

[ n∑
i,j=1

(
Aij(x, t)z

m
xi

(x), zmxj(x)
)
Rn

+

+
(
G(x, t)|zm(x)|q(x,t)−2zm(x), zm(x)

)
Rn

]
dx ≥

∫
Ω

[
a0

n∑
i=1

|zmxi |
2 + g0|zm|q(x)

]
dx. (36)

Thus, (33)-(36) imply that (32) holds. �
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3 Proofs of main results

Proof of Theorem 1. The solution will be constructed via Faedo-Galerkin's method. Let

r− = min{2, q0}, r+ = max{2, q0}, r′− = r−
r−−1

, r′+ = r+
r+−1

,

V+ := Z1 ∩ [Lq
0

(Ω)]n, V− := Z1 ∩ [Lq0(Ω)]n (37)

(see notation (7)). Note that

Cdiv

_

	 V+

_

	 V t
_

	 V−
_

	 H
_

	 V ∗−
_

	 [V t]∗
_

	 V ∗+, t ∈ [0, T ], (38)

Lr+(0, T ;V+)
_

	 U(Q0,T )
_

	 Lr−(0, T ;V−)
_

	 L1(0, T ;V ∗+), (39)

Lr
′
−(0, T ;V ∗−)

_

	 [U(Q0,T )]∗
_

	 Lr
′
+(0, T ;V ∗+)

_

	 L1(0, T ;V ∗+). (40)

Thus, the elements from U(Q0,T ) and [U(Q0,T )]∗ are distributions on (0, T ) with value in

V ∗+. Then, similarly to Proposition 2.6.2 [22, p. 58], for u ∈ W (Q0,T ) we have that ut (see

(11)) is the distributional derivative in sense of the set of functions on (0, T ) with value in

V ∗+ + [L1(Ω)]n. Let

s ∈ N, s ≥ max
{

2,
n

2
, n
(1

2
− 1

q0

)}
. (41)

Note that (41) implies that Zs 	 V+ 	 V t.

Step 1 (construction of approximation). Let {wµ}µ∈N is taken from Proposition 1, s ∈ N
satis�es (41). By de�nition, put

um(x, t) :=
m∑
µ=1

ϕmµ (t)wµ(x), (x, t) ∈ Q0,T , m ∈ N,

where the unknown function ϕ := (ϕm1 , . . . , ϕ
m
m) satis�es (see notation (12) and (15))

(umt (t), wµ)Ω + 〈A(t)um(t), wµ〉V t = (F (t), wµ)Ω, t ∈ (0, T ), µ = 1,m, (42)

ϕm1 (0) = αm1 , . . . , ϕmm(0) = αmm. (43)

Here the numbers αm1 , . . . , α
m
m ∈ R we choose such that um0 −→

m→∞
u0 strongly in H, where

um0 (x) :=
∑m

j=1 α
m
j w

j(x), x ∈ Ω. It`s clear that (43) implies that

um(0) = um0 . (44)

Let us show that the mentioned function ϕ exists. Let L be a vector-valued function from

Lemma 2. Then Cauchy problem (42)-(43) takes form (21) if

M(t) = ((F (t), w1)Ω, . . . , (F (t), wm)Ω), t ∈ (0, T ).

It follows from condition (F) that M ∈ L2(0, T ;Rm). Conditions (A)-(G) and Lemma

1 yield that the function L satis�es the L∞-Carath�eodory condition. Using estimate (32),

conditions a0 > 0 and g0 > 0, we receive (L(t, ϕm), ϕm)Rm ≥ 0. Then estimate (24) with
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α(t) ≡ 0 and β(t) ≡ 0 holds, and from the Carath�eodory-LaSalle theorem (see Proposition

4) we have the existence of the solution

ϕ ∈ W 1,2(0, T ;Rm) (45)

of problem (21) and so problem (42)-(43).

Step 2 (�rst estimates). Multipling the µ-th equation of (42) by ϕmµ (t) and summing over

µ = 1,m, we get

m∑
µ=1

(
umt (t), wµϕmµ (t)

)
Ω

+
(
L(t, ϕm(t)), ϕm(t)

)
Rm

=
m∑
µ=1

(
F (t), wµϕmµ (t)

)
Ω
, t ∈ (0, T ).

After integrating for t ∈ (0, τ) ⊂ (0, T ) and some transformation, we receive∫
Q0,τ

(umt , u
m)Rn dxdt+

τ∫
0

(
L(t, ϕm), ϕm

)
Rm

dt =

∫
Q0,τ

(F, um)Rn dxdt, τ ∈ (0, T ]. (46)

Using (44), (45), we obtain∫
Q0,τ

(umt , u
m)Rn dxdt =

∫
Q0,τ

1

2

∂

∂t
(|um|2) dxdt =

1

2

∫
Ωτ

|um|2 dx− 1

2

∫
Ω

|um0 |2 dx. (47)

Clearly,

|(F, um)Rn| ≤ |F | · |um| ≤
|F |2

2
+
|um|2

2
. (48)

Using (32), (47)-(48), from equality (46), we obtain the following estimate

1

2

∫
Ω

|um(x, τ)|2 dx+

∫
Q0,τ

[
a0

n∑
i=1

|umxi |
2 + g0|um|q(x,t)

]
dxdt ≤

≤ 1

2

∫
Ω

|um0 |2 dx+
1

2

∫
Q0,τ

|F |2 dxdt+
1

2

∫
Q0,τ

|um|2 dxdt. (49)

Take y(t) :=
∫

Ω
|um(x, t)|2 dx, t ∈ [0, T ]. Then, from (49), we get an estimate

1

2
y(τ) ≤ C8 +

1

2

τ∫
0

y(t) dt, τ ∈ [0, T ].

Therefore, the Gronwall lemma implies that y(τ) ≤ C9, and so∫
Ω

|um(x, τ)|2 dx ≤ C9, τ ∈ (0, T ]. (50)

It follows from (49) and (50) that∫
Q0,τ

[ n∑
i=1

|umxi |
2 + |u|2 + |u|q(x,t)

]
dxdt ≤ C10, τ ∈ (0, T ], (51)
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This estimate yields that∫
Q0,τ

∣∣∣G|um|q(x,t)−2um
∣∣∣q′(x,t) dxdt ≤ C11

∫
Q0,τ

|um|q(x,t) dxdt ≤ C12. (52)

From (50) and (51) it follows the estimates

||um;L∞(0, T,H)||+ ||um;U(Q0,T )|| ≤ C13, (53)

Here the constants C8, . . . , C13 are independent of m.

By (52)-(53) we have existence of the subsequence {umk}k∈N ⊂ {um}m∈N such that

umk −→
k→∞

u ∗ −weakly in L∞(0, T ;H) and weakly in U(Q0,T ),

G|um|q(x,t)−2um −→
k→∞

χ1 weakly in [Lq
′(x,t)(Q0,T )]n. (54)

Step 3 (additional estimates). From (13) and (51) it follows an inequality

〈Aum, v〉U(Q0,T ) =

∫
Q0,T

[ n∑
i,j=1

(Aiju
m
xi
, vxj)Rn + (G|um|q(x,t)−2um, v)Rn

]
dxdt ≤

≤ C14

(
||um;L2(0, T ;Z1)|| · ||v;L2(0, T )Z1)||+

+ ||G|um|q(x,t)−2um; [Lq
′(x,t)(Q0,T )]n|| · ||v; [Lq(x,t)(Q0,T )]n||

)
≤ C15||v;U(Q0,T )||

and so

||Aum; [U(Q0,T )]∗|| ≤ C16. (55)

Since s satis�es (41), from (39) and the construction of the space U(Q0,T ), we obtain

U(Q0,T )
_

	 L2(0, T ;H)
_

	 [U(Q0,T )]∗, (56)

Lr+(0, T ;Zs)
_

	 Lr+(0, T ;V+)
_

	 U(Q0,T ).

Therefore,

[U(Q0,T )]∗
_

	 Lr
′
+(0, T ;Z∗s ). (57)

Using (39) and (53), we obtain

||um;Lr−(0, T ;V−)|| ≤ C17||u;U(Q0,T )|| ≤ C18. (58)

Using Proposition 2 and notation (12)-(13) and (18)-(19), in same way as in [12, Ch. 1,

�5.3], we rewrite (42) as

umt = P̂ ∗m(F −Aum).

Thus, from estimate (20), embeddings (57) and (56), and estimate (55), we get

||umt ;Lr
′
+(0, T ;Z∗s )|| = ||P̂ ∗m(F −Aum);Lr

′
+(0, T ;Z∗s )|| ≤
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≤ ||F −Aum;Lr
′
+(0, T ;Z∗s )|| ≤ C19||F −Aum; [U(Q0,T )]∗|| ≤

≤ C20

(
||F ;L2(0, T ;H)||+ ||Aum; [U(Q0,T )]∗||

)
≤ C21. (59)

Here the constant C16, . . . , C21 > 0 are independent of m.

Since V−
K

⊂ H 	 Z∗s , from (58), (59), the Aubin theorem (see Proposition 6), and

Proposition 7, we obtain

umk −→
k→∞

u in Lr−(0, T ;H) ∩ C([0, T ];Z∗s ) and a.e. in Q0,T .

Therefore, (5) holds and χ1 = G|u|q(x,t)−2u (see (54)).

Step 4 (passing to the limit). Take ψ ∈ C1([0, T ]) such that ψ(T ) = 0. When we multiply

equality (42) by ψ(t), integrate for t ∈ (0, T ), and the �rst term integrate by parts. We obtain

the following∫
Q0,T

[
−
(
um, wµ

)
Rn
ψt +

n∑
i,j=1

(
Aiju

m
xi
, wµxj

)
Rn
ψ+
(
G|um|q(x,t)−2um, wµ

)
Rn
ψ
]
dxdt+

=

∫
Ω

(
um0 , w

µ
)
Rn
ψ(0) dx+

∫
Q0,T

(
F,wµ

)
Rn
ψ dxdt.

Taking m = mk and letting k →∞, thanks to arbitrariness of ψ, we get

〈F , z〉U(Q0,T ) = 0 ∀ z ∈ U(Q0,T ), (60)

where F := F − ut − Au. Hence, ut ∈ [U(Q0,T )]∗, (16) holds and u ∈ C([0, T ];H). Taking

z(x, t) = w(x)ϕ(t), x ∈ Ω, t ∈ (0, T ), from (60), we obtain

T∫
0

〈F(t), w〉[D(Ω)]n ϕ(t) dt = 0, w ∈ Cdiv, ϕ ∈ D(0, T ),

and so (25) holds. Clearly, from (40) we get

F ∈ L2(0, T ; [H−1(Ω)]n) + [L
q0

q0−1 (Q0,T )]n ⊂ W 0,h(0, T ; [W−1,h(Ω)]n),

where h is taken from (14). Then, the generalized De Rham theorem (see Proposition 5)

yields that there exists π ∈ W 0,h(0, T ;W 0,h(Ω)) = Lh(Q0,T ) such that (27)-(28) hold. Thus,

π satis�es (1) in [D∗(Q0,T )]n and (3) in D∗(0, T ). Theorem 1 is proved. �
Proof of Theorem 2. Let {u1, π1} and {u2, π2} be weak solutions of problem (1)-(5). Set

u := u1 − u2. Take (16) for u1:

〈u1 t +Au1, z〉U(Q0,T ) =

T∫
0

(F (t), z(t))Ω dt. (61)
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Take (16) for u2:

〈u2 t +Au2, z〉U(Q0,T ) =

T∫
0

(F (t), z(t))Ω dt. (62)

Subtracting (62) from (61), setting z = χ0,τu (see notation (31)), τ ∈ (0, T ], we obtain

〈ut, χ0,τu〉U(Q0,T )+

τ∫
0

〈A(t)u1(t)−A(t)u2(t), u1(t)−u2(t)〉V t dt =

τ∫
0

(F (t), u(t))Ω dt, τ ∈ (0, T ].

Using (30) and simple transformations, in the same way as (49), from this equality, we get

1

2

∫
Ωτ

|u|2 dx+

∫
Q0,τ

[
a0

n∑
i=1

|uxi |2 + (G|u1|q(x,t)−2u1 −G|u2|q(x,t)−2u2, u1 − u2)Rn
]
dxdt ≤

≤ C22

∫
Q0,τ

|u|2 dxdt, τ ∈ (0, T ]. (63)

Let y(τ) :=
∫

Ωτ
|u|2 dx, τ ∈ (0, T ]. Then, from (63) it follows that 1

2
y(τ) ≤ C22

∫ τ
0
y(t) dt,

τ ∈ (0, T ]. Using the Gronwall lemma, we see that y(τ) ≤ 0 for τ ∈ [0, T ], and so u1 = u2.

Since π1 and π2 satisfy (1) in Ddiv, we obtain

(u1 − u2)t +Au1 −Au2 +∇(π1 − π2) = 0.

Then the equality u1 = u2 yields that ∇(π1 − π2) = 0. Therefore, for t ∈ (0, T ) we have

that π1(t)− π2(t) = C(t). It follows from condition (3) with π1 and π2 that C(t) = 0. Thus,

π1 = π2 and Theorem 2 is proved. �
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Õîìà Ì.Â., Áóãðié Î.Ì. Ñèñòåìè Ñòîêñà çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi //

Áóêîâèíñüêè�è ìàòåì. æóðíàë � 2022. � Ò.10, �2. � C. 28�42.

Ó ñòàòòi ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ íåëiíiéíî¨ ñèñòåìè ðiâíÿíü ãiäðîäèíàìiêè, ÿêó

ïðèéíÿòî íàçèâàòè ñèñòåìîþ Ñòîêñà. Ìè çáóðþ¹ìî êëàñè÷íi ðiâíÿííÿ Ñòîêñà ìîíîòîí-

íèì íåëiíiéíèì äîäàíêîì çi çìiííèì ïîêàçíèêîì íåëiíiéíîñòi � ôóíêöi¹þ q = q(x, t). Öåé

ïîêàçíèê íåëiíiéíîñòi q çàëåæèòü âiä ïðîñòîðîâî¨ òà ÷àñîâî¨ çìiííî¨ i, çîêðåìà, çàäîâîëü-

íÿ¹ óìîâó Ëiïøèöÿ çà çìiííîþ t. Ó ðîáîòi äîñëiäæó¹ìî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíå-

íîãî ðîçâ'ÿçêó ðîçãëÿäóâàíî¨ çàäà÷i. Äîâåäåííÿ òåîðåìè iñíóâàííÿ ðîçâ'ÿçêó  ðóíòó¹òüñÿ
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íà ìåòîäi Ôàåäî-Ãàëüîðêiíà. Ïðè ïîáóäîâi ãàëüîðêiíñüêèõ íàáëèæåíü âèêîðèñòàíî òåîðå-

ìó Êàðàòåîäîði-Ëà Ñàëëÿ ïðî ãëîáàëüíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ ñèñòåìè çâè÷àéíèõ

äèôåðåíöiàëüíèõ ðiâíÿíü. Ïîáóäóâàâøè ãàëüîðêiíñüêi íàáëèæåííÿ äëÿ íàøî¨ ñèñòåìè,

äîâîäèìî ¨õ îáìåæåíiñòü ó âiäïîâiäíèõ ôóíêöiéíèõ ïðîñòîðàõ ôóíêöié çi çìiííèì ïîêà-

çíèêîì ñóìîâíîñòi. Çàòèì ïîêàçó¹ìî çáiæíiñòü íàáëèæåíü äî óçàãàëüíåíîãî ðîçâ'ÿçêó

çàäà÷i. Òåîðåìó ¹äèíîñòi ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i äîâîäèìî ìåòîäîì âiä ñóïðîòèâíîãî.
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Íåëîêàëüíà êðàéîâà çàäà÷à ó ïðîñòîðàõ åêñïîíåíöiéíîãî òèïó ðÿäiâ

Äiðiõëå-Òåéëîðà äëÿ ðiâíÿííÿ ç îïåðàòîðîì êîìïëåêñíîãî

äèôåðåíöiþâàííÿ

Äîñëiäæåíî íåëîêàëüíó êðàéîâó çàäà÷ó äëÿ ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè ç îïå-

ðàòîðîì óçàãàëüíåíîãî äèôåðåíöiþâàííÿ B = z
∂

∂z
, ÿêèé äi¹ íà ôóíêöi¨ ñêàëÿðíî¨ êîìï-

ëåêñíî¨ çìiííî¨ z. Âñòàíîâëåíî óìîâè ðîçâ'ÿçíîñòi äàíî¨ çàäà÷i ó ïðîñòîðàõ ðÿäiâ Äiðiõëå-
Òåéëîðà, ïîáóäîâàíî ôîðìóëè äëÿ ðîçâ'ÿçêó. Ïîêàçàíî, ùî ðîçãëÿäóâàíà çàäà÷à ¹ êîðå-
êòíîþ çà Àäàìàðîì. Ìàëi çíàìåííèêiâ, ÿêi âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêó, íå ¹ ìàëèìè
i îöiíþþòüñÿ çíèçó äåÿêèìè ñòàëèìè.

Êëþ÷îâi ñëîâà i ôðàçè: íåëîêàëüíà êðàéîâà çàäà÷à, êîìïëåêñíà çìiííà, ïðîñòîðè åêñ-
ïîíåíöiéíîãî òèïó, îïåðàòîð óçàãàëüíåíîãî äèôåðåíöiþâàííÿ.

Lviv Polytechnic National University, Lviv, Ukraine
e-mail: ilkivv@i.ua (Il'kiv V.S.), n.strap@i.ua (Strap N.I.), i.volyanska@i.ua (Volyanska I.I.)

Âñòóï

Âñòàíîâëåííÿ óìîâ ðîçâ'ÿçíîñòi íåëîêàëüíèõ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè òà äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü ¹ àêòóàëüíèì
íàïðÿìîì ðîçâèòêó òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè [1, 2, 4, 6,
10]. Ó çàãàëüíîìó âèïàäêó òàêi çàäà÷i ¹ íåêîðåêòíèìè çà Àäàìàðîì, à ¨õ ðîçâ'ÿçíiñòü
çàëåæèòü âiä ïðîáëåìè ìàëèõ çíàìåííèêiâ i êîðåêòíiñòü çàáåçïå÷ó¹òüñÿ âèáîðîì îáëàñòi
ðîçãëÿäó òà íàêëàäàííÿì äîäàòêîâèõ óìîâ íà êîåôiöi¹íòè ðiâíÿíü òà ïàðàìåòðè íåëî-
êàëüíèõ óìîâ.

Âàãîìèé âíåñîê ó äîñëiäæåííÿõ êðàéîâèõ çàäà÷ äëÿ áàãàòüîõ êëàñiâ ðiâíÿíü òà ñè-
ñòåì ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ó îáìåæåíèõ çà ïðîñòîðîâîþ çìiííîþ îáëàñòÿõ
íàëåæèòü Á. É. Ïòàøíèêó òà éîãî ó÷íÿì, ÿêi íà îñíîâi ìåòðè÷íîãî ïiäõîäó âñòàíîâèëè
óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi ðîçãëÿäóâàíèõ çàäà÷ ó ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòî-
ðàõ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) âåêòîðiâ, êîìïîíåíòàìè ÿêèõ ¹ ïàðàìåòðè
îáëàñòåé, êîåôiöi¹íòè ðiâíÿíü òà êðàéîâèõ óìîâ [3, 8, 9, 11].
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Íåëîêàëüíi êðàéîâi çàäà÷i äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè çi ñòàëèìè òà çìií-
íèìè êîåôiöi¹íòàìè äîñëiäæóþòüñÿ òàêîæ i ó íåîáìåæåíèõ îáëàñòÿõ. Çîêðåìà, äëÿ
êîíñòðóêòèâíî¨ ïîáóäîâè ðîçâ'ÿçêiâ íåëîêàëüíèõ çàäà÷ ó ïðàöÿõ [5, 7] çàñòîñîâàíî äè-
ôåðåíöiàëüíî-ñèìâîëüíèé ìåòîä âiäîêðåìëåííÿ çìiííèõ. Ó ðîáîòi [12] îòðèìàíî óìîâè
êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i ç íåëîêàëüíèìè çà ÷àñîâîþ çìiííîþ óìîâàìè äëÿ ðiâíÿ-
ííÿ iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó â íåîáìåæåíié çà ïðîñòîðîâîþ çìiííîþ
ñìóçi, ó ïðèïóùåííi, ùî äiéñíi ÷àñòèíè êîðåíiâ õàðàêòåðèñòè÷íîãî ðiâíÿííÿ íå ¹ íó-
ëüîâèìè.

Äàíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ óìîâ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i ç íåëîêàëü-
íè-ìè êðàéîâèìè óìîâàìè äëÿ äèôåðåíöiàëüíî-îïåðàòîðíîãî ðiâíÿííÿ ç ÷àñòèííèìè
ïîõiäíèìè ó âèïàäêó îäíi¹¨ ïðîñòîðîâî¨ çìiííî¨. Äîâåäåíî òåîðåìó ¹äèíîñòi òà òåîðåìè
iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i ó ïðîñòîðàõ ðÿäiâ Äiðiõëå-Òåéëîðà. Ïîêàçàíî êîðåêòíiñòü
çà Àäàìàðîì çàäà÷i, ùî âiäðiçíÿ¹ ¨¨ âiä íåêîðåêòíî¨ çà Àäàìàðîì çàäà÷i ç áàãàòüìà
ïðîñòîðîâèìè êîìïëåêñíèìè çìiííèìè, ðîçâ'ÿçíiñòü ÿêî¨ ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ
çíàìåííèêiâ.

1 Ïðîñòîðè ôóíêöié, ïîñòàíîâêà çàäà÷i

Ïîçíà÷èìî S � îáëàñòü ç ìíîæèíè C \ {0}, D = [0, T ]× S, äå T > 0.
Ââåäåìî òà çàôiêñó¹ìî ìíîæèíó

N = {νk ∈ R : k ∈ Z}

ïîïàðíî ðiâíèõ äiéñíèõ ÷èñåë, ÿêó áóäåìî íàçèâàòè ñïåêòðîì ôóíêöié, ÿêùî âîíà íåìà¹
ñêií÷åííèõ òî÷îê ñêóï÷åííÿ, òîáòî |νk| → +∞ ïðè |k| → +∞, ïîñëiäîâíiñòü νk çðîñòà¹
ïðè çðîñòàííi k, ν0 = 0 i νk/k > 0, ÿêùî k > 0. Âèêîðèñòà¹ìî öþ ìíîæèíó ïðè îçíà÷åííi
ïðîñòîðiâ Äiðiõëå�Òåéëîðà, ó ïîçíà÷åííi ÿêèõ âiäïîâiäíî ïðèñóòíÿ áóêâà N .

Íåõàé WN � ëiíiéíèé ïðîñòið ñêií÷åííèõ ñóì âèãëÿäó P (z) =
∑
k

Pkz
νk , äå z ∈

S, Pk � êîìïëåêñíi êîåôiöi¹íòè, k ∈ Z. Öå ïðîñòið îñíîâíèõ ôóíêöié. Òîìó êîæíó
îñíîâíó ôóíêöiþ P (z) ìîæíà ïîäàòè ñóìîþ òðüîõ äîäàíêiâ P (z) = P0 +P1(z)+P2(1/z),
äå P1(z) =

∑
k>0

Pkz
νk i P2(w) =

∑
k<0

Pkw
−νk � àíàëiòè÷íi â îáëàñòi S ôóíêöi¨, ïðè÷îìó

P1(0) = P2(0) = 0.
Ïðîñòið WN ′ � ñïðÿæåíèé ïðîñòið ç ïðîñòîðîì WN ; öå ïðîñòið óçàãàëüíåíèõ ôóíê-

öié, ÿêi ¹ ôîðìàëüíèìè ðÿäàìè

Q(z) =
∑
k∈Z

Qkz
νk =

∞∑
k=−∞

Qkz
νk ,

ùî äiþòü íà îñíîâíó ôóíêöiþ P ∈WN çà òàêèì ïðàâèëîì: 〈Q,P 〉 =
∑
k

QkP̄k.

Ââåäåìî ôóíêöiîíàëüíi ïðîñòîðè åêñïîíåíöiéíîãî òèïó: EN β
q (S), äå β ∈ R, q ∈ R,

� ãiëüáåðòiâ ïðîñòið ôóíêöié ψ = ψ(z) =
∑
k∈Z

ψkz
νk çi ñïåêòðîì N , ÿêèé îòðèìàíèé
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ïîïîâíåííÿì ìíîæèíè îñíîâíèõ ôóíêöié WN çà íîðìîþ

‖ψ‖ENβq (S) =
(∑
k∈Z

ν̃2q
k e

2ν̃kβ|ψk|2
)1/2

, ν̃k =
√

1 + ν2
k ;

EN β
q,n(D), äå β : [0, T ]→ R, q ∈ R, n ∈ Z+, � áàíàõiâ ïðîñòið òàêèõ ôóíêöié u = u(t, z),

ïîõiäíi
∂ru

∂tr
ÿêèõ âèçíà÷åíi äëÿ r = 0, 1, . . . , n ôîðìóëîþ

∂ru

∂tr
=
∑
k∈Z

u
(r)
k (t)zνk , i ôóíêöi¨

t 7→
∥∥∥∂ru(t, ·)

∂tr

∥∥∥2

ENβ(t)
q−r(S)

¹ íåïåðåðâíèìè íà [0, T ]. Êâàäðàò íîðìè ôóíêöi¨ u ó ïðîñòîði

EN β
q,n(D) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

‖u‖2

ENβq,n(D)
=

n∑
r=0

max
[0,T ]

∥∥∥∂ru(t, ·)
∂tr

∥∥∥2

ENβ(t)
q−r(S)

.

Ôóíêöiÿ β âêàçó¹ íà åêñïîíåíöiéíó (ïîêàçíèêîâó) ãëàäêiñòü åëåìåíòiâ ïðîñòîðó
EN β

q,n(D), à ÷èñëî q � íà ñòåïåíåâó ãëàäêiñòü. Çðîñòàííÿ q ÷è β îçíà÷à¹ çâóæåííÿ
çãàäàíîãî ïðîñòîðó òà ïðîñòîðó EN β

q (S).

Çàóâàæèìî, ùî Bsψ ∈ EN β
q−s(S) äëÿ âñiõ s ∈ N, ÿêùî ψ ∈ EN β

q (S), äå B � îïåðàòîð

óçàãàëüíåíîãî äèôåðåíöiþâàííÿ, òîáòî Bψ = z
∂ψ

∂z
, à ñòåïåíi îïåðàòîðà B âèçíà÷åíî

ñòàíäàðòíèìè ôîðìóëàìè B0ψ = ψ, Bsψ = B(Bs−1ψ) ïðè s ∈ N. Çîêðåìà, äëÿ äî-
âiëüíîãî ν ∈ R ìà¹ìî Bs

(
zν
)

= νszν , òîìó zν � âëàñíi ôóíêöi¨ îïåðàòîðà B, ÿêèì
âiäïîâiäàþòü âëàñíi çíà÷åííÿ ν.

Â îáëàñòi D ðîçãëÿíóòî çàäà÷ó ç íåëîêàëüíèìè óìîâàìè

Lu =
∑

s0+s1≤n

as0,s1B
s1
∂s0u

∂ts0
= 0, (1)

Mmu = µ
∂mu

∂tm

∣∣∣
t=0
− ∂mu

∂tm

∣∣∣
t=T

= ϕm, m = 0, 1, . . . , n− 1, (2)

äå as0,s1 ∈ C, µ ∈ C \ {0}, an,0 = 1, u = u(t, z) � øóêàíà ôóíêöiÿ, à ϕ0, ϕ1, . . . , ϕn−1 �
çàäàíi ôóíêöi¨ çìiííî¨ z.

ßêùî âèêîíó¹òüñÿ óìîâà u ∈ EN β
q,n(D) äëÿ åëåìåíòà u =

∑
k∈Z

uk(t)z
νk , òî âiðíèìè ¹

ôîðìóëè Bu =
∑
k∈Z

νkuk(t)z
νk ∈ EN β

q−1,n(D), Lu =
∑
k∈Z

L
( d
dt
, νk

)
uk(t)z

νk ∈ EN β
q−n,0(D) i

Mmu =
∑
k∈Z

Mmuk(t)z
νk ∈ EN β

q−m(S) äëÿ m = 0, 1, . . . , n− 1.

Ïiä ðîçâ'ÿçêîì çàäà÷i (1), (2) áóäåìî ðîçóìiòè ôóíêöiþ u = u(t, z) ∈ Cn([0, T ],WN ′),
ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ (1) i óìîâè (2) òà íàëåæèòü äî ïðîñòîðó EN β

q,n(D).

Äëÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1), (2) íåîáõiäíî, ùîá ôóíêöi¨ ϕm íàëåæàëè äî
ïðîñòîðiâ EN β

q−m(S) ïðè m = 0, 1, . . . , n − 1 âiäïîâiäíî. Öå òâåðäæåííÿ ¹ íàñëiäêîì ç
îçíà÷åííÿ ðîçâ'ÿçêó çàäà÷i òà âëàñòèâîñòåé ïðîñòîðiâ EN β

q,n(D) i EN β
q (S).
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2 Ïîáóäîâà ðîçâ'ÿçêó, òåîðåìà ¹äèíîñòi

Ðîçâ'ÿçîê çàäà÷i (1), (2) ìà¹ âèãëÿä ðÿäó

u(t, z) =
∑
k∈Z

uk(t)z
νk , (3)

äå êîåôiöi¹íòè uk = uk(t) � íåâiäîìi ôóíêöi¨, ÿêi òðåáà âèçíà÷èòè.

Çàïèøåìî îïåðàòîð L ç ðiâíÿííÿ (1) ó âèãëÿäi ñóìè Lu =
n∑
j=0

bj(B)
∂n−j

∂tn−j
, äå îïåðàòîð

bj(B) =

j∑
s1=0

an−j,s1B
s1 , j = 0, 1, . . . , n, ¹ ìíîãî÷ëåíîì íå âèùå j-ãî ñòåïåíÿ âiä îïåðàòîðà

B, çîêðåìà, b0(B) � îäèíè÷íèé îïåðàòîð.
Ôóíêöiÿ uk ç ôîðìóëè (3) äëÿ êîæíîãî k ∈ Z ¹ êëàñè÷íèì ðîçâ'ÿçêîì âiäïîâiäíî¨

çàäà÷i äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ, à ñàìå çàäà÷i:

u
(n)
k +

n∑
j=1

bj(νk)u
(n−j)
k = 0, (4)

µu
(m)
k

∣∣
t=0
− u(m)

k

∣∣
t=T

= ϕmk, m = 0, 1, . . . , n− 1, (5)

äå äëÿ êîæíîãî ν ∈ R ìíîãî÷ëåíè bj(ν) =

j∑
s1=0

an−j,s1ν
s1 ¹ ìíîãî÷ëåíàìè ñòåïåíÿ íå âèùå

j, ϕmk � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ ϕm ç ôóíêöiîíàëüíîãî ðÿäó ϕm(z) =
∑
k∈Z

ϕmkz
νk .

�äèíiñòü ðîçâ'ÿçêó uk çàäà÷i (4), (5) ó ïðîñòîði Cn[0, T ] äëÿ âñiõ k ∈ Z ¹ íåîáõiäíîþ
i äîñòàòíüîþ óìîâîþ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîði EN β

q,n(D) äëÿ äîâiëü-
íîãî q ∈ R. Ñàìå òîìó, ÿêùî õî÷à á äëÿ îäíîãî νk iñíó¹ íåòðèâiàëüíèé ðîçâ'ÿçîê ûk =

ûk(t) îäíîðiäíî¨ çàäà÷i (4), (5), òî îäíîðiäíà çàäà÷à (1), (2) òàêîæ ìà¹ íåòðèâiàëüíèé
ðîçâ'ÿçîê û = û(t, z), ÿêèé âèçíà÷à¹òüñÿ ôîðìóëîþ û(t, z) = ûk(t)z

νk i ðîçâ'ÿçîê çàäà÷i
(1), (2) íå ìîæå áóòè ¹äèíèì.

Äëÿ ïîáóäîâè ðîçâ'ÿçêó çàäà÷i (4), (5) ó ðiâíÿííi ïðîíîðìó¹ìî êîåôiöi¹íòè b1(ν), . . . ,
bn(ν) i ïîäàìî ¨õ ó âèãëÿäi äîáóòêó bj(ν) = ν̃j b̃j(ν). Ôóíêöi¨ b̃j(ν) i êîåôiöi¹íòè bj(ν),
ëiíiéíî çàëåæàòü âiä ïàðàìåòðiâ an−j,0, an−j,1, . . . , an−j,j, çîêðåìà b̃j ðiâíîìiðíî îáìåæåíi
çà ν òà as0,s. Î÷åâèäíî, ñïðàâäæó¹òüñÿ íåðiâíiñòü

∣∣b̃j(ν)
∣∣ ≤ j∑

s1=0

∣∣an−j,s1∣∣ |ν|s1ν̃j
≤ max

s1=0,1,...,j

∣∣an−j,s1∣∣ j∑
s1=0

|ν|s1
ν̃j

.

ßêùî êîåôiöi¹íòè as0,s1 ∈ C ðiâíÿííÿ (1) ðîçãëÿäàòè ó êðóçi äåÿêîãî ðàäióñà A ç öåíò-
ðîì ó ïî÷àòêó êîîðäèíàò êîìïëåêñíî¨ ïëîùèíè, òî äëÿ j = 1, . . . , n îòðèìà¹ìî îöiíêè∣∣b̃j(0)

∣∣ =
∣∣an−j,0∣∣ ≤ A,∣∣b̃j(±1)

∣∣ ≤ j + 1

2j/2
A ≤ 3

2
A,
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∣∣b̃j(ν)
∣∣ ≤ A

ν̃j
|ν|j+1

|ν| − 1
<
|ν|j

ν̃j
A < A, ν 6∈ {−1, 0, 1},

òîáòî
∣∣b̃j(ν)

∣∣ < 2A äëÿ âñiõ ν ∈ R. Çâiñè âèïëèâà¹, ùî äëÿ âñiõ (ç âðàõóâàííÿì êðàòíîñòi)
êîðåíiâ λ1(ν), . . . , λn(ν) ìíîãî÷ëåíà

Pν(λ) =
n∏
j=1

(λ− λj(ν)) = λn +
n∑
j=1

b̃j(ν)λn−j

âèêîíóþòüñÿ íåðiâíîñòi:

|λj(ν)| ≤ 1 + max {|b̃1(ν)|, . . . , |b̃n(ν)|} ≤ 1 + 2A. (6)

Î÷åâèäíî, ùî ÷èñëà γj(ν) = ν̃kλj(ν) ¹ êîðåíÿìè âiäïîâiäíîãî õàðàêòåðèñòè÷íîãî ðiâíÿ-
ííÿ γn + b1(ν)γn−1 + . . .+ bn(ν) = 0 äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ (4).

Ïîçíà÷èìî ÷åðåç N∆ ìíîæèíó òèõ ν ∈ N , äëÿ ÿêèõ ìíîãî÷ëåí Pν(λ) ìà¹ êðàòíèé
êîðiíü, à âiäïîâiäíó ìíîæèíó çíà÷åíü k � ÷åðåç K∆, òîäi ðiâíîñèëüíèìè ¹ òâåðäæåííÿ
k ∈ K∆ i νk ∈ N∆.

Äëÿ ðiçíèõ êîðåíiâ λ1(ν), . . . , λn(ν) çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (4) ìà¹ âèãëÿä

uk(t) =
n∑
l=1

Ckle
ν̃kλl(νk)t, k ∈ Z \K∆, (7)

äå Ckl � äîâiëüíi êîìïëåêñíi ñòàëi.
ßêùî uk(t) � ðîçâ'ÿçîê çàäà÷i (4), (5), òî ÷èñëà C̃kl =

(
µ−eν̃kλl(νk)T

)
Ckl, l = 1, 2, . . . , n,

óòâîðþþòü ðîçâ'ÿçîê ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü

n∑
l=1

λml (νk)C̃kl =
ϕmk
ν̃mk

, m = 0, 1, . . . , n− 1 (8)

ç ìàòðèöåþ Âàíäåðìîíäà
(
λm−1
l (νk)

)n
m,l=1

. Íàâïàêè, ÿêùî ÷èñëà C̃kl, äå l = 1, 2, . . . , n,
óòâîðþþòü ðîçâ'ÿçîê ñèñòåìè ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü (8), òî ôóíêöiÿ uk(t), ùî

âèçíà÷åíà ôîðìóëîþ (7), â ÿêié Ckl =
C̃kl

µ− eν̃kλl(νk)T
, ¹ ðîçâ'ÿçêîì çàäà÷i (4), (5).

Ðîçâ'ÿçóþ÷è ñèñòåìó (8) çà ïðàâèëîì Êðàìåðà, îäåðæó¹ìî ðiâíîñòi

C̃kl =
n−1∑
j=0

∆jl(νk)

∆(νk)

ϕjk

ν̃jk
,

äå ∆(ν) =
∏

1≤r<q≤n

(
λq(ν)− λr(ν)

)
6= 0 � âèçíà÷íèê Âàíäåðìîíäà, à ∆jl(ν) � éîãî âiäïî-

âiäíi àëãåáðè÷íi äîïîâíåííÿ, j = 0, 1, . . . , n− 1, l = 1, 2, . . . , n.
Äëÿ òîãî, ùîá çàäà÷à (4), (5) ìàëà ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê äëÿ ν ∈ N \ N∆

íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà µ 6= eν̃λl(ν)T äëÿ l = 1, . . . , n. Ç öi¹¨ óìîâè

âèïëèâà¹, ùî lnµ 6= ν̃λl(ν)T + i2πm àáî ÷èñëà
lnµ− i2πm

ν̃T
íå ¹ êîðåíÿìè ìíîãî÷ëåíà

Pν äëÿ äîâiëüíèõ ν ∈ N \ N∆ òà m ∈ Z.
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Ó ïðîòèëåæíîìó âèïàäêó, êîëè µ = eν̃λl(ν)T äëÿ äåÿêîãî l, iñíó¹ òàêå ÷èñëîm ∈ Z, ùî
êîðiíü λl(ν) âèçíà÷à¹òüñÿ çà ôîðìóëîþ: λl(ν) =

lnµ− i2πm
ν̃T

. Òîìó âèêîíó¹òüñÿ ðiâíiñòü

(lnµ− i2πm)n

T nν̃n
+

n∑
j=1

b̃j(ν)
(lnµ− i2πm)n−j

T n−j ν̃n−j
= 0

÷è åêâiâàëåíòíà ¨é ðiâíiñòü

(lnµ− i2πm)n +
n∑
j=1

bj(ν)T j(lnµ− i2πm)n−j = 0, m ∈ Z. (9)

Äëÿ êðàòíèõ êîðåíiâ (ν ∈ N∆) çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (4) òàêîæ áóäå ìàòè
âèãëÿä (7), â ÿêîìó, çàëåæíî âiä êðàòíîñòi êîðåíiâ λl(ν), çàìiñòü ÷èñëîâèõ êîåôiöi¹íòiâ
Ckl áóäóòü ìíîãî÷ëåííi êîåôiöi¹íòè Ckl(t), ñòåïåíÿ íà îäèíèöþ ìåíøîãî âiä êðàòíî-
ñòi êîðåíÿ λl(ν). Ïîêàæåìî, ùî âiäñóòíiñòü ðîçâ'ÿçêiâ ðiâíÿííÿ (9) áóäå íåîáõiäíîþ i
äîñòàòíüîþ óìîâîþ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (4), (5) i äëÿ êîðåíiâ äîâiëüíî¨ êðàòíîñòi.

Îòæå, äëÿ êîðåíiâ λ1, . . . , λN êðàòíîñòåé n1 = n1(k), . . . , nN = nN(k) âiäïîâiäíî,
çîáðàçèìî öåé ðîçâ'ÿçîê ôîðìóëîþ

uk(t) =
N∑
l=1

eγl(νk)tCkl(t) =
N∑
l=1

eγl(νk)t
(

1 t . . .
tnl−1

(nl − 1)!

)
Ckl, k ∈ Z, (71)

äå Ckl � äîâiëüíi êîìïëåêñíi ñòîâïöi âèñîòè nl, n1 + · · ·+ nN = n. Òîäi

uk(t) =
N∑
l=1

eγl(νk)teᵀ1(nl)θl(t)Ckl,

äå ej(r) � ñòîâïåöü ç íîìåðîì j îäèíè÷íî¨ ìàòðèöi Ir ïîðÿäêó r, óíiïîòåíòíà ìàòðèöÿ
θl(t) ìà¹ ïîðÿäîê nl i âèçíà÷à¹òüñÿ êîæíîþ ç ðiâíîñòåé

θl(t) =

nl−1∑
j=0

tj

j!
J jl , col

(
Ckl(t), C

′
kl(t), . . . , C

(nl−1)
kl (t)

)
= θl(t)Ckl,

ïðè÷îìó Jl =
(
0 e1(nl) . . . enl−1(nl)

)
� íiëüïîòåíòíà ìàòðèöÿ (Jnll = 0) ïîðÿäêó nl i,

î÷åâèäíî, dθl/dt = Jlθl = θlJl, çîêðåìà dnlθl/dtnl = 0.
Íåõàé M = M(γ) � ìíîãî÷ëåí, òîäi

M
( d
dt

)
uk(t) =

N∑
l=1

eγl(νk)tM
(
γl(νk) +

d

dt

)
Ckl(t).

Çà ôîðìóëîþ Òåéëîðà ìà¹ìî

M
( d
dt

)
uk(t) =

N∑
l=1

eγl(νk)t
(
M(γ) M ′(γ) . . .

Mnl−1(γ)

(nl − 1)!

)∣∣∣
γ=γl(νk)

×

× col
(
Ckl(t), C

′
kl(t), . . . , C

(nl−1)
kl (t)

)
=

=
N∑
l=1

eγl(νk)t
(
M(γ) M ′(γ) . . .

Mnl−1(γ)

(nl − 1)!

)∣∣∣
γ=γl(νk)

θl(t)Ckl.
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Âèêîðèñòà¹ìî îñòàíí¹ çîáðàæåííÿ äëÿ âèïàäêó M(γ) = γm i çàïèøåìî

Mmuk = µ
N∑
l=1

(
γm (γm)′ . . .

(γm)nl−1

(nl − 1)!

)∣∣∣
γ=γl(νk)

Ckl−

−
N∑
l=1

eγl(νk)T
(
γm (γm)′ . . .

(γm)nl−1

(nl − 1)!

)∣∣∣
γ=γl(νk)

θl(T )Ckl.

àáî

Mmuk =
N∑
l=1

(
γm (γm)′ . . .

(γm)nl−1

(nl − 1)!

)∣∣∣
γ=γl(νk)

(
µInl − eν̃λl(ν)T θl(T )

)
Ckl.

Ïîçíà÷èìî Wk = (Wk1 . . . WkN) óçàãàëüíåíó ìàòðèöþ Âàíäåðìîíäà, äå Wkl � ìàòðèöÿ
ðîçìiðó n×nl, ïåðøèé ñòîâïåöü ÿêî¨

(
1 γl(νk) . . . γ

n−1
l (νk)

)ᵀ
, à iíøi ¹ ïîõiäíèìè, çîêðåìà

ñòîâïåöü ç íîìåðîì j ìà¹ âèãëÿä
1

(j − 1)!

dj−1
(
1 γ . . . γn−1

)ᵀ
dγj−1

∣∣∣
γ=γl(νk)

.

Ìàòðèöÿ Wk ¹ íåâèðîäæåíîþ, òîìó âåêòîð C̃k = col (C̃k1, . . . , C̃kN), äå

C̃kl =
(
µInl − eν̃λl(ν)T θl(T )

)
Ckl,

çîáðàæà¹ ôîðìóëà C̃k = W−1
k col (ϕ0k, ϕ1k, . . . , ϕn−1,k).

Îñêiëüêè
det
(
µInl − eν̃λl(ν)T θl(T )

)
= (µ− eν̃λl(ν)T )nl ,

òî ç íåâèêîíàííÿ ðiâíîñòi (9) âèïëèâà¹ iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i (4), (5) ç
âåêòîðàìè Ckl =

(
µInl − eν̃λl(ν)T θl(T )

)−1
C̃kl.

Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîði EN β
q,n(D) íåîáõiäíî

i äîñòàòíüî, ùîá ðiâíÿííÿ (9) íå ìàëî ðîçâ'ÿçêiâ (m, ν) íà ìíîæèíi Z×N .

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé îäíîðiäíà çàäà÷à (1), (2) ó ïðîñòîði EN β
q,n(D) ìà¹

ëèøå òðèâiàëüíèé ðîçâ'ÿçîê. Òîäi âñi ôóíêöi¨ uk(t) çíàõîäÿòüñÿ îäíîçíà÷íî, òîáòî îäíî-
ðiäíà çàäà÷à (4), (5) ó ïðîñòîði Cn[0, T ] äëÿ âñiõ k ∈ Z ìà¹ ¹äèíèé òðèâiàëüíèé ðîçâ'ÿçîê.

Îòæå, íåíóëüîâèì ¹ âèçíà÷íèê ∆(ν) ·
n∏
l=1

(
µ−eν̃λl(ν)T

)
äëÿ ν ∈ N \N∆, òîáòî µ 6= eν̃λl(ν)T

äëÿ l = 1, . . . , n. Çíà÷èòü, ðiâíÿííÿ (9) íå ìà¹ ðîçâ'ÿçêiâ íà ìíîæèíi Z×N . Àíàëîãi÷íi
íåðiâíîñòi îòðèìó¹ìî ïðè ν ∈ N∆.

Äîñòàòíiñòü. Äîâåäåìî ìåòîäîì âiä ñóïðîòèâíîãî. Íåõàé ïàðà (m∗, νk∗) ¹ ðîçâ'ÿç-

êîì ðiâíÿííÿ (9) íà ìíîæèíi Z×N . Òîäi ìîæíà ââàæàòè, ùî λ1(k∗) =
lnµ− i2πm∗

ν̃k∗T
, à

îäíîðiäíà çàäà÷à (4), (5) ìà¹ ðîçâ'ÿçîê eν̃k∗λ1(νk∗ )t = e(lnµ−i2πm∗)t/T . Çâiäñè âèïëèâà¹, ùî
çàäà÷à (1), (2) ó ïðîñòîði EN β

q,n(D) ÿêùî ìà¹, òî áåçëi÷ ðîçâ'ÿçêiâ, îñêiëüêè u∗(t, z) =

Czνk∗e(lnµ−i2πm∗)t/T , äå C � äîâiëüíà êîìïëåêñíà ñòàëà, ¹ ðîçâ'ÿçêàìè âiäïîâiäíî¨ îäíî-
ðiäíî¨ çàäà÷i. Òåîðåìó äîâåäåíî.

Äëÿ ôiêñîâàíèõ µ òà T ðiâíÿííÿ (9) âèçíà÷àþòü çëi÷åííó êiëüêiñòü ãiïåðïëîùèí ó
ïðîñòîði êîåôiöi¹íòiâ as0,s1 äèôåðåíöiàëüíîãî ðiâíÿííÿ (1), à äëÿ ôiêñîâàíèõ as0,s1 �
çëi÷åííó êiëüêiñòü òî÷îê íà ïëîùèíi çìiííî¨ lnµ çà ôiêñîâàíîãî T , àáî çëi÷åííó êiëü-
êiñòü òî÷îê íà îñi çìiííî¨ T çà ôiêñîâàíîãî µ. Òîìó ìíîæèíè êîåôiöi¹íòiâ ÷è ïàðàìåòðiâ
çàäà÷i (1), (2), äëÿ ÿêèõ íå âèêîíóþòüñÿ óìîâè ¹äèíîñòi ìàþòü íóëüîâó ìiðó.
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Çà óìîâ òåîðåìè 1 äëÿ äîâiëüíîãî k ∈ Z ðîçâ'ÿçîê uk(t) çàäà÷i (4), (5) iñíó¹, à ïðè
k ∈ Z \K∆ éîãî ïîõiäíi ìàþòü òàêèé âèãëÿä:

u
(r)
k (t) =

n∑
l=1

n−1∑
j=0

∆jl(νk)λ
r
l (νk)∏

1≤r<q≤n

(
λq(νk)− λr(νk)

) eν̃kλl(νk)t

µ− eν̃kλl(νk)T
ν̃r−jk ϕjk, r = 0, 1, . . . , n. (10)

Çà ôîðìóëîþ (3) ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (1), (2) ïîäà¹òüñÿ ó âèãëÿäi ðÿäó

u(t, z) =
∑
k∈K∆

uk(t)z
νk +

∑
k∈Z\K∆

n∑
l=1

n−1∑
j=0

∆jl(νk)

∆(νk)

eν̃kλl(νk)t

µ− eν̃kλl(νk)T
ν̃−jk ϕjkz

νk . (11)

3 Îöiíþâàííÿ ðîçâ'ÿçêó i âñòàíîâëåííÿ ãëàäêîñòi

Äîâåäåìî íàëåæíiñòü ðîçâ'ÿçêó (11) çàäà÷i (1), (2) äî ïðîñòîðó EN β
q,n(D). Âðàõîâóþ-

÷è, ùî K∆ � ñêií÷åííà ìíîæèíà (áóäå ïîêàçàíî äàëi), îöiíèìî àáñîëþòíó âåëè÷èíó
ôóíêöié uk òà ¨õ ïîõiäíèõ äî ïîðÿäêó n ëèøå äëÿ k ∈ Z \K∆, çîêðåìà

∣∣u(r)
k (t)

∣∣ ≤ ν̃rk
|∆(νk)|

max
j,l
|∆jl(νk)|

n∑
l=1

∣∣λrl (k)eν̃kλl(νk)t
∣∣∣∣µ− eν̃kλl(νk)T
∣∣ n−1∑
j=0

∣∣ν̃−jk ϕjk
∣∣, t ∈ [0, T ].

Ïiäíåñåìî îáèäâi ÷àñòèíè íåðiâíîñòi äî êâàäðàòó i ïåðåòâîðèìî äî âèãëÿäó

∣∣u(r)
k (t)|2 ≤ n3(1 + 2A)2r ν̃2r

k

|∆(νk)|2
max
j,l
|∆jl(νk)|2 max

l

∣∣∣ eν̃kλl(νk)t

µ− eν̃kλl(νk)T

∣∣∣2 n−1∑
j=0

∣∣ν̃−jk ϕjk
∣∣2. (12)

Îñêiëüêè äëÿ äîâiëüíèõ ν ∈ R âèçíà÷íèêè ∆jl(ν) ¹ âèçíà÷íèêàìè ïîðÿäêó n− 1, ùî
ìàþòü îáìåæåíi åëåìåíòè, ÿêi ¹ ñòåïåíÿìè ÷èñåë λ1, . . . , λn, òî ç (6) ìà¹ìî

|∆jl(ν)| ≤ (n− 1)!(1 + 2A)(n−1)n/2. (13)

Äëÿ ïîäàëüøî¨ îöiíêè |uk| ðîçãëÿíåìî âèðàç ∆2(ν), ν ∈ R, ó ôîðìóëi (12), ÿêèé ¹
äèñêðèìiíàíòîì D(ν) ïîëiíîìà Pν(λ) i äëÿ ÿêîãî ñïðàâåäëèâi òàêi äâà çîáðàæåííÿ:

∆2(ν) = D(ν) =
∏

1≤r<q≤n

(
λq(ν)− λr(ν)

)2
= ν̃−n(n−1)

∏
1≤r<q≤n

(
ν̃λq(ν)− ν̃λr(ν)

)2
,

D(ν) = ±

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 b̃1(ν) . . . b̃n−1(ν) b̃n(k) 0 . . . 0

0 1 . . . b̃n−2(ν) b̃n−1(ν) b̃n(ν) . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . b̃1(ν) b̃2(ν) b̃3(ν) . . . b̃n(ν)

n (n− 1)b̃1(ν) . . . b̃n−1(ν) 0 0 . . . 0

0 n . . . 2b̃n−2(ν) b̃n−1(ν) 0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . n (n− 1)b̃1(ν) (n− 2)b̃2(ν) . . . b̃n−1(ν)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
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äå çíàê ïåðåä âèçíà÷íèêîì âèçíà÷à¹ ôîðìóëà (−1)(n−1)n/2.
Äèñêðèìiíàíò D(ν) ïîäàìî ó âèãëÿäi ìíîãî÷ëåíà:

D(ν) = D0

(ν
ν̃

)n(n−1)

+
D1

ν̃

(ν
ν̃

)n(n−1)−1

+
D2

ν̃2

(ν
ν̃

)n(n−1)−2

+ . . .+
Dn(n−1)

ν̃n(n−1)
=

=
(ν
ν̃

)n(n−1)(
D0 +

D1

ν
+
D2

ν2
+ . . .+

Dn(n−1)

νn(n−1)

)
, (14)

äå D0, D1, D2, . . . , Dn(n−1) � êîìïëåêñíi ÷èñëà, ÿêi ¹ ìíîãî÷ëåíàìè âiä as0,s1 , ïðè÷îìó D0

� äèñêðèìiíàíò ìíîãî÷ëåíà λn +
n∑
j=1

an−j,jλ
n−j (öåé ìíîãî÷ëåí áóäó¹òüñÿ çà ãîëîâíîþ

÷àñòèíîþ ðiâíÿííÿ (1)):

D0 = (−1)
(n−1)n

2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 an−1,1 . . . a1,n−1 a0,n 0 . . . 0

0 1 . . . a2,n−2 a1,n−1 a0,n . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . an−1,1 an−2,2 an−3,3 . . . a0,n

n (n−1)an−1,1 . . . a1,n−1 0 0 . . . 0

0 n . . . 2a2,n−2 a1,n−1 0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . n (n−1)an−1,1 (n−2)an−2,2 . . . a1,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

Dn(n−1) � äèñêðèìiíàò ìíîãî÷ëåíà λn +
n∑
j=1

an−j,0λ
n−j (ìíîãî÷ëåí áóäó¹òüñÿ çà êîåôiöi-

¹íòàìè áiëÿ ÷èñòèõ çà t ïîõiäíèõ):

Dn(n−1) = (−1)
(n−1)n

2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 an−1,0 . . . a1,0 a0,0 0 . . . 0

0 1 . . . a2,0 a1,0 a0,0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . an−1,0 an−2,0 an−3,0 . . . a0,0

n (n−1)an−1,0 . . . a1,0 0 0 . . . 0

0 n . . . 2a2,0 a1,0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . n (n−1)an−1,0 (n−2)an−2,0 . . . a1,0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Íåõàé D0 6= 0, òîäi äèñêðèìiíàíò D(ν) ïðè ν 6= 0 ôàêòîðèçó¹ìî òàê:

D(ν) =
D0

2

(ν
ν̃

)n(n−1)(
2 +

2D1

D0ν
+

2D2

D0ν2
+ . . .+

2Dn(n−1)

D0νn(n−1)

)
=

=
D0

2

(ν
ν̃

)n(n−1)(
2 +

2

νD0

(
D1 +

D2

ν
+ . . .+

Dn(n−1)

νn(n−1)−1

))
.

Ç îñòàííüî¨ ôîðìóëè âèïëèâà¹ íåðiâíiñòü |D(ν)| ≥ |D0|
2
·
( |ν|
ν̃

)n(n−1)

ïðè |ν| ≥ D̃0

|D0|
,

äå D̃0 = 2(|D1|+ |D2|+ . . .+ |Dn(n−1)|).
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Äëÿ äðîáó |ν|/ν̃ ñïðàâåäëèâîþ ¹ îöiíêà

|ν|
ν̃
≥ 1√

2
, |ν| ≥ 1. (15)

Âðàõóâàâøè íåðiâíiñòü (15), îöiíèìî ìîäóëü D(ν) çíèçó

|D(ν)| ≥ |D0|
2
·
( 1√

2

)n(n−1)

=
(√

2
)−n(n−1)−2|D0|, |ν| ≥ max

(
1,

D̃0

|D0|

)
. (16)

Îòðèìàíà îöiíêà ¹ òî÷íîþ çà ν ïðè |ν| ≥ max
(

1,
D̃0

|D0|

)
, îñêiëüêè îöiíêà çâåðõó, ÿêà

âèïëèâà¹ iç çîáðàæåííÿ äèñêðèìiíàíòà D(ν), ìà¹ òàêèé âèãëÿä |D(ν)| ≤ 3|D0|/2.
Ç îöiíêè (16) âèïëèâà¹ òàêîæ ñêií÷åííiñòü ìíîæèíè N∆, êiëüêiñòü åëåìåíòiâ ÿêî¨

íå ïåðåâèùó¹ êiëüêîñòi åëåìåíòiâ ìíîæèíè N , ìîäóëü ÿêèõ ìåíøèé max(1, D̃0/|D0|).

Ó ôîðìóëi (12) çàëèøà¹òüñÿ îöiíèòè çâåðõó äðîáè
eν̃λl(ν)t

µ− eν̃λl(ν)T
äëÿ ν ∈ R i µ 6= 0,

îñêiëüêè
∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ = e−ν̃Reλl(ν)(T−t) äëÿ µ = 0.

Ç ðiâíîñòi 2Reλj(ν)=λj(ν) + λ̄j(ν) = λj(ν)−(−λ̄j(ν)) i òîãî, ùî −λ̄1(ν), . . . ,−λ̄n(ν) ¹
êîðåíÿìè ìíîãî÷ëåíà

P1ν(λ) =
n∏
j=1

(λ+ λ̄j(ν)) = λn +
n∑
j=1

(−1)−j¯̃bj(ν)λn−j,

îòðèìà¹ìî, ùî ÷èñëà 2Reλj(ν) ¹ ìíîæíèêàìè ðåçóëüòàíòà

R(ν) =
n∏
j=1

n∏
l=1

(λj(ν)− (−λ̄l(ν)))

ìíîãî÷ëåíiâ Pν òà P1ν . Öåé ðåçóëüòàíò äîðiâíþ¹ òàêîìó âèçíà÷íèêó:

R(ν) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 b̃1(ν) . . . b̃n−1(ν) b̃n(ν) 0 . . . 0

0 1 . . . b̃n−2(ν) b̃n−1(ν) b̃n(ν) . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . b̃1(ν) b̃2(ν) b̃3(ν) . . . b̃n(k)

1 −¯̃b1(ν) . . . (−1)n−1¯̃bn−1(ν) (−1)n¯̃bn(ν) 0 . . . 0

0 1 . . . (−1)n−2¯̃bn−2(ν) (−1)n−1¯̃bn−1(ν) (−1)n¯̃bn(ν) . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 . . . −¯̃b1(ν) −¯̃b2(ν) −¯̃b3(ν) . . . (−1)n¯̃bn(ν)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Äëÿ äîâiëüíîãî j = 1, . . . , n îöiíèìî ìîäóëü äàíîãî ðåçóëüòàíòà çâåðõó

|R(ν)| ≤ 2n
2

(1 + 2A)n
2−1|Reλj|.

Äëÿ îöiíêè çíèçó ïîäàìî ðåçóëüòàíò ó âèãëÿäi

R(ν) =
(ν
ν̃

)n2(
R0 +

R1

ν
+
R2

ν2
+ . . .+

Rn2

νn2

)
, ν 6= 0, (17)
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äå R0 äîðiâíþ¹ òàêîìó âèçíà÷íèêó:

R0 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 an−1,1 . . . a1,n−1 a0,n 0 . . . 0

0 1 . . . a2,n−2 a1,n−1 a0,n . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . an−1,1 an−2,2 an−3,3 . . . 0

1 −ān−1,1 . . . (−1)n−1ā1,n−1 (−1)nā0,n 0 . . . 0

0 1 . . . (−1)n−2ā2,n−2 (−1)n−1ā1,n−1 (−1)nā0,n . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . −ān−1,1 −ān−2,2 −ān−3,3 . . . (−1)nā0,n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

i ó âèïàäêó R0 6= 0 ìà¹ìî äîáóòîê

R(ν) =
R0

2

(ν
ν̃

)n2(
2 +

2

νR0

(
R1 +

R2

ν
+ . . .+

Rn2

νn2−1

))
.

ßêùî ν ∈ R i |ν| ≥ max
(

1,
R̃0

|R0|

)
, äå R̃0 = 2(|R1|+ |R2|+ . . .+ |Rn2|), òî ñïðàâäæó¹òüñÿ

íåðiâíiñòü

2n
2

(1 + 2A)n
2−1|Reλj| ≥ |R(ν)| ≥ |R0|

2

( |ν|
ν̃

)n2

≥ (
√

2)−n
2−2|R0|.

Îñêiëüêè |Reλj(ν)| ≥ Ã, äå

Ã = (1 + 2A)1−n2 · 2−3n2/2−1|R0|,

i ν̃ →∞ ðàçîì ç |ν|, òî çâiäñè âèïëèâà¹ àñèìïòîòèêà, ÿêùî |ν| → ∞, òî

ν̃|Reλj(ν)| ≥ ν̃Ã→∞.

Äëÿ øóêàíî¨ îöiíêè äðîáiâ âðàõîâó¹ìî àñèìïòîòèêó i çíàê Reλl(ν). ßêùî Reλl(ν)>0,
òî ñïðàâäæó¹òüñÿ íà [0, T ] îöiíêà∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ ≤ eν̃Reλl(ν)t∣∣µ− eν̃λl(ν)T
∣∣ =

eν̃Reλl(ν)(t−T )∣∣∣µe−ν̃λl(ν)T − 1
∣∣∣ ≤ 2e−ν̃|Reλl(ν)|(T−t)

ïðè ν̃ ≥ M1

|R0|
i |ν| ≥ max

(
1,

R̃0

|R0|

)
, äå M1 =

ln(2|µ|)
TÃ

.

ßêùî æ Reλl(ν) < 0, òî∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ =
eν̃Reλl(ν)t∣∣µ− eν̃λl(ν)T

∣∣ ≤ 2

|µ|
eν̃Reλl(ν)t

ïðè ν̃ ≥ M2

|R0|
i |ν| ≥ max

(
1,

R̃0

|R0|

)
, äå M2 =

ln(2/|µ|)
TÃ

.

Îòæå, ïðè âèêîíàííi óìîâ

ν̃ ≥ max
(M1,M2)

|R0|
=

(
√

2)3n2+2(1 + 2A)n
2−1

T |R0|
ln(2 max(1/|µ|, |µ|)

)
,
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|ν| ≥ max
(

1,
R̃0

|R0|

)
äëÿ âèðàçó

∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ ñïðàâäæóþòüñÿ òàêi íåðiâíîñòi:

∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ ≤ 2e
−ν̃min

l
|Reλl(ν)|(T−t) ≤ 2e−ν̃Ã(T−t) äëÿ Reλl(ν) > 0,

∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ ≤ 2

|µ|
e
−ν̃min

l
|Reλl(ν)|t ≤ 2

|µ|
e−ν̃Ãt äëÿ Reλl(ν) < 0.

t

β/Ã

0

T

T

Ã(T − tµ)

tµ

t

β/(1 + 2A)

0

−T

T

Ðèñ. 1: Êóñêîâî-ëiíiéíà çàëåæíiñòü
β

Ã
âiä t äëÿ |µ| > 0 òà ëiíiéíà çàëåæíiñòü

β

1 + 2A
âiä

t äëÿ µ = 0, äå tµ =
T

1 + ln |µ|
, ïðè÷îìó tµ → 0 ó ðàçi |µ| → ∞ i tµ → T ó ðàçi |µ| → 1.

Îá'¹äíàâøè äàíi ðåçóëüòàòè, çàïèøåìî íàñòóïíó îöiíêó:

max
l

∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ ≤ 2 max
(
e−ν̃Ã(T−t),

1

|µ|
e−ν̃Ãt

)
≤ 2e−ν̃Ãmin

(
T−t, t ln |µ|

)
.

Ïîçíà÷èâøè β(t) = Ãmin
(
T − t, t ln |µ|

)
äëÿ µ 6= 0 i β(t) = (1+2A)(t−T ) äëÿ µ = 0,

îòðèìà¹ìî

max
l

∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣ ≤ 2e−ν̃β(t). (18)

Íà ðèñóíêàõ çîáðàæåíî çàëåæíiñòü âiä t åêïîíåíöiéíî¨ ãëàäêîñòi ðîçâ'ÿçêó β = β(t)

ç íåðiâíîñòi ó ôîðìóëi (18).
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4 Îñíîâíèé ðåçóëüòàò, òåîðåìà iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó

Âðàõîâóþ÷è íåðiâíîñòi (12), (13), (16) i (18), äëÿ âñiõ t ∈ [0, T ] i k ∈ Z\K∆
00, äå K

∆
00 �

ìíîæèíà òèõ k, ÿêi çàäîâîëüíÿþòü õî÷à á îäíó ç íåðiâíîñòåé

|νk| ≤ max
(

1,
D̃0

|D0|
,
R̃0

|R0|

)
, ν̃k ≤ max

(M1,M2)

|R0|
,

îòðèìà¹ìî îöiíêè ðîçâ'ÿçêó çàäà÷i (4), (5) òà éîãî ïîõiäíèõ äî ïîðÿäêó n

ν̃−2r
k e2ν̃kβ(t)|u(r)

k (t)|2 ≤ n3

√
2
n(n−1)+6

|D0|
((n− 1)!)2 (1 + 2A)n(n−1)+2r

n−1∑
j=0

|ν̃k|−2j|ϕjk|2. (19)

Òåîðåìà 2. Íåõàé D0R0 6= 0 i äëÿ âñiõ k ∈ K∆
00 ðiâíÿííÿ (9) íå ìà¹ ðîçâ'ÿçêiâ íà

ìíîæèíi Z × N , à òàêîæ ϕ0 ∈ EN 0
q(S), ϕ1 ∈ EN 0

q−1(S),. . . , ϕn−1 ∈ EN 0
q−n+1(S). Òîäi

iñíó¹ ëèøå îäèí ðîçâ'ÿçîê çàäà÷i (1), (2), ÿêèé íàëåæèòü äî ïðîñòîðó EN β
q,n(D), äå

β = Ãmin
(
T − t, t ln |µ|

)
i β = (1 + 2A)(t − T ) ó ðàçi µ = 0. Öåé ðîçâ'ÿçîê íåïåðåðâíî

çàëåæèòü âiä ïðàâèõ ÷àñòèí ϕ0, ϕ1, . . . , ϕn−1 óìîâ (2).
Äîâåäåííÿ. Çà óìîâè D0R0 6= 0 ñïðàâäæó¹òüñÿ îöiíêà (19) ðîçâ'ÿçêó uk çàäà÷i (4),

(5) äëÿ k ∈ Z \K∆
00. ßêùî k ∈ K∆

00, òî ðîçâ'ÿçîê çàäà÷i íàëåæèòü äî ïðîñòîðó Cn[0, T ].

Ç íåðiâíîñòi (12) âèïëèâà¹
∣∣u(r)
k (t)|2 ≤ Cr(k)

n−1∑
j=0

∣∣ν̃−jk ϕjk
∣∣2, äå

Cr(k) = max
t
n3(1 + 2A)2r ν̃2r

k

|∆(νk)|2
max
j,l
|∆jl(νk)|2 max

l

∣∣∣ eν̃kλl(νk)t

µ− eν̃kλl(νk)T

∣∣∣2.
Âðàõîâóþ÷è ôîðìóëó (11) òà íåðiâíiñòü (19), îöiíèìî çâåðõó êâàäðàò íîðìè ðîçâ'ÿç-

êó çàäà÷i (1), (2):

‖u‖2

ENβq,n(D)
≤

n∑
r=0

max
[0,T ]

∑
k∈K∆

00

ν̃
2(q−r)
k e2β(t)ν̃k |u(r)

k (t)|2+

+
n∑
r=0

∑
k∈Z\K∆

00

ν̃2q
k n

3 ((n− 1)!)2 (1 + 2A)2r+n(n−1)2(n2−n+6)/2

n−1∑
j=0

ν̃−2j
k |ϕjk|

2 ≤

≤
n∑
r=0

∑
k∈K∆

00

Cr(k)
n−1∑
j=0

ν̃−2j
k |ϕjk|

2 +
C1

|D0|
∑

k∈Z\K∆
00

n−1∑
j=0

ν̃−2j
k |ϕjk|

2 ≤

≤ C2

|D0|

n−1∑
j=0

‖ϕj‖2
EN 0

q−j(S),

(20)

äå
C1 = n3(n+ 1) ((n− 1)!)2 (1 + 2A)n(n−1)2(n2−n+6)/2,

C2 = max
{
C1, |D0|

n∑
r=0

max
k∈K∆

00

Cr(k)ν̃
2(q−r)
k e2β(t)ν̃k

}
.
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Îñòàííÿ íåðiâíiñòü ó ôîðìóëi (20) âèïëèâà¹ çi ñêií÷åííîñòi ìíîæèíè K∆
00. Òåîðåìó

äîâåäåíî.
Ç äîâåäåííÿ òåîðåìè âèïëèâàþòü âëàñòèâîñòi (åêïîíåíöiéíî¨) ãëàäêîñòi β ðîçâ'ÿçêó

çàäà÷i (1), (2).
Ïðè |µ| > 1 ãëàäêiñòü β(t) ôóíêöi¨ u(t, ·) íà âiäðiçêó [0, tµ] ëiíiéíî çðîñòà¹ âiä 0 äî

Ã(T − tµ), à íà âiäðiçêó [tµ, T ] ëiíiéíî ñïàäà¹ äî 0, äå tµ = T/(1 + ln |µ|). Ïðè |µ| = 1

ãëàäêiñòü íå çàëåæèòü âiä t, ïðè |µ| < 1 ãëàäêiñòü ëiíiéíî ñïàäà¹ âiä 0 äî ÃT ln |µ|, à
ïðè µ = 0 ãëàäêiñòü ëiíiéíî çðîñòà¹ âiä (−1− 2A)T äî 0.

Îòæå, ïðè |µ| > 1 íà iíòåðâàëi (0, T ) ãëàäêiñòü äîäàòíÿ, ïðè |µ| = 1 ãëàäêiñòü
íóëüîâà, ïðè |µ| < 1 ãëàäêiñòü âiä'¹ìíà.

Ðîçãëÿäóâàíà çàäà÷à ó âèïàäêó áàãàòüîõ êîìïëåêñíèõ çìiííèõ ¹ íåêîðåêòíîþ çà
Àäàìàðîì, à ¨¨ ðîçâ'ÿçíiñòü çàëåæèòü âiä ìàëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü ïðè ïîáó-
äîâi ðîçâ'ÿçêó. ßê áà÷èìî, ó âèïàäêó îäíi¹¨ çìiííî¨ âiäïîâiäíi çíàìåííèêè íå ¹ ìàëèìè
i îöiíþþòüñÿ çíèçó äåÿêèìè ñòàëèìè.
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Il'kiv V.S., Strap N.I., Volyanska I.I. Nonlocal boundary value problem in spaces of exponential

type of Dirichlet-Taylor series for the equation with complex di�erentiation operator, Bukovi-
nian Math. Journal. 10, 2 (2022), 43�58.

Problems with nonlocal conditions for partial di�erential equations represent an important
part of the present-day theory of di�erential equations. Such problems are mainly ill possed in
the Hadamard sence, and their solvability is connected with the problem of small denominators.
A speci�c feature of the present work is the study of a nonlocal boundary-value problem for
partial di�erential equations with the operator of the generalized di�erentiation B = zd/dz,
which operate on functions of scalar complex variable z. A criterion for the unique solvability
of these problems and a su�cient conditions for the existence of its solutions are established
in the spaces of functions, which are Dirichlet-Taylor series. The unity theorem and existence
theorems of the solution of problem in these spaces are proved. The considered problem in
the case of many generalized di�erentiation operators is incorrect in Hadamard sense, and its
solvability depends on the small denominators that arise in the constructing of a solution. In
the article shown that in the case of one variable the corresponding denominators are not small
and are estimated from below by some constants. Correctness after Hadamard of the problem
is shown. It distinguishes it from an ill-conditioned after Hadamard problem with many spatial
variables.
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Áîêàëî Ì.Ì.

Ìiøàíà çàäà÷à äëÿ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü âèùèõ ïîðÿäêiâ çi

çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi â íåîáìåæåíèõ îáëàñòÿõ áåç óìîâ íà

íåñêií÷åííîñòi

Ó äàíié ðîáîòi äîâåäåíî îäíîçíà÷íó ðîçâ'ÿçíiñòü ìiøàíî¨ çàäà÷i äëÿ äåÿêèõ àíiçî-

òðîïíèõ ïàðàáîëi÷íèõ ðiâíÿíü âèùèõ ïîðÿäêiâ çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi â

íåîáìåæåíèõ îáëàñòÿõ áåç óìîâ íåñêií÷åííîñòi. Òàêîæ îòðèìàíî àïðiîðíó îöiíêó óçà-

ãàëüíåíèõ ðîçâ'ÿçêiâ öi¹¨ çàäà÷i.

Êëþ÷îâi ñëîâà i ôðàçè: ìiøàíà çàäà÷à, ïî÷àòêîâî-êðàéîâà çàäà÷à, ïàðàáîëi÷íå ðiâíÿ-

ííÿ âèùîãî ïîðÿäêó, íåëiíiéíå ïàðàáîëi÷íå ðiâíÿííÿ, óçàãàëüíåíèé ðîçâ'ÿçîê.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ, Óêðà¨íà (Ivan Franko

National University of Lviv, Lviv, Ukraine) (Áîêàëî Ì.Ì.)

e-mail: mm.bokalo@gmail.com (Áîêàëî Ì.Ì.)

Âñòóï

Â äàíié ðîáîòi ðîçãëÿäà¹ìî ìiøàíó àáî, iíøèìè ñëîâàìè, ïî÷àòêîâî-êðàéîâó çàäà÷ó

(çîêðåìà, çàäà÷ó Êîøi) äëÿ äåÿêèõ ïàðàáîëi÷íèõ ðiâíÿíü ó íåîáìåæåíèõ îáëàñòÿõ âiä-

íîñíî ïðîñòîðîâèõ çìiííèõ. ßê âiäîìî, ó âèïàäêó ëiíiéíèõ ðiâíÿíü äëÿ çàáåçïå÷åííÿ

¹äèíîñòi ðîçâ'ÿçêó òàêî¨ çàäà÷i ïîòðiáíî íàêëàäàòè ïåâíi îáìåæåííÿ íà éîãî ïîâåäiíêó

ïðè |x| → +∞. Âïåðøå òàêèé ðåçóëüòàò áóëî îòðèìàíî â [25] ó âèïàäêó çàäà÷i Êîøi

äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi

ut −∆u = 0, (x, t) ∈ Rn × (0, T ], u|t=0 = u0(x), x ∈ Rn. (1)

Òàì áóëî äîâåäåíî, ùî çàäà÷à (1) ìà¹ ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê â ïðè äîäàòêîâié

óìîâi íà éîãî ïîâåäiíêó íà íåñêií÷åííîñòi:

|u(x, t)| 6 Aea|x|
2

, (x, t) ∈ Rn × [0, T ], (2)

äå a,A � ñòàëi (çàëåæíi âiä u). Òàêîæ áóëî ïîêàçàíî, ùî öÿ óìîâà ¹ ñóòò¹âîþ, à òî-

÷íiøå, áóëî äîâåäåíî, ùî çàäà÷à (1) ç u0 ≡ 0 ìà¹ íåòðèâiàëüíi ðîçâ'ÿçêè iç çðîñòàííÿì

ÓÄÊ 517.956
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Aea|x|
2+ε

ïðè |x| → +∞ äëÿ áóäü-ÿêîãî ε > 0. Çàóâàæèìî, ùî îáìåæåííÿ (2) ìîæíà

iíòåðïðåòóâàòè ÿê àíàëîã êðàéîâî¨ óìîâè íà íåñêií÷åííîñòi. Ïîäiáíi ðåçóëüòàòè äëÿ ÿê

äëÿ ëiíiéíèõ, òàê i íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç øèðîêèõ êëàñiâ áóëè îòðèìàíi

â [2, 9, 14, 20, 24] òà iíøèõ. Òàêîæ âiäìiòèìî, ùî äëÿ ðîçâ'ÿçíîñòi ìiøàíèõ çàäà÷ äëÿ

çãàäàíèõ âèùå ïàðàáîëi÷íèõ ðiâíÿíü ïîòðiáíî íàêëàñòè ïåâíi îáìåæåííÿ ùîäî ïîâå-

äiíêè âõiäíèõ äàíèõ ïðè |x| → +∞. Çîêðåìà, ó ñòàòòi [25] áóëî ïîêàçàíî, ùî êëàñè÷íèé

ðîçâ'ÿçîê çàäà÷i (1), (2) iñíó¹, ÿêùî u0 çàäîâîëüíÿ¹ óìîâó:

|u0(x)| 6 B eb|x|
2

, x ∈ Rn,

äå b, B � ÿêi-íåáóäü ñòàëi.

Îäíàê iñíóþòü íåëiíiéíi ïàðàáîëi÷íi ðiâíÿííÿ, äëÿ ÿêèõ âiäïîâiäíi ìiøàíi çàäà÷i

îäíîçíà÷íî ðîçâ'ÿçíi áåç áóäü-ÿêèõ óìîâ íà íåñêií÷åííîñòi. Âïåðøå òàêèé ðåçóëüòàò

áóëî îòðèìàíî â [10] äëÿ ðiâíÿííÿ

ut −∆u+ |u|p−2u = 0, (x, t) ∈ Ω× (0, T ],

äå Ω � íåîáìåæåíà îáëàñòü â Rn, p > 2 � ñòàëà. Ïiçíiøå ïîäiáíi ðåçóëüòàòè áóëè

îòðèìàíi äëÿ iíøèõ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü, çîêðåìà, â ðîáîòàõ [?,1,3�5,8,10,

13,19].

Íåëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi âèíèêàþòü

ïðè ìàòåìàòè÷íîìó ìîäåëþâàííi ðiçíèõ ïðèðîäíèõ ïðîöåñiâ. Çîêðåìà, öi ðiâíÿííÿ îïè-

ñóþòü åëåêòðîðåîëîãi÷íi ïîòîêè ðå÷îâèí, ïðîöåñè âiäíîâëåííÿ çîáðàæåíü, åëåêòðè÷íèé

ñòðóì ó ïðîâiäíèêàõ çi çìiííèì ïîëåì òåìïåðàòóðè (äèâ. [22]). Òàêi ðiâíÿííÿ iíòåíñèâíî

âèâ÷àëèñÿ â [6,7,11,16,18,21,23] òà áàãàòüîõ iíøèõ ðîáîòàõ. Ïðè öüîìó âèêîðèñòîâóâà-

ëèñÿ óçàãàëüíåííÿ ïðîñòîðiâ Ëåáåãà i Ñîáîë¹âà (äèâ. [12,15]).

Ó äàíié ðîáîòi äîâåäåíî îäíîçíà÷íó ðîçâ'ÿçíiñòü ìiøàíî¨ çàäà÷i äëÿ àíiçîòðîïíèõ

ïàðàáîëi÷íèõ ðiâíÿíü âèùèõ ïîðÿäêiâ çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi â íåîáìå-

æåíèõ îáëàñòÿõ áåç óìîâ íåñêií÷åííîñòi. ßê íàì âiäîìî, ðàíiøå ìiøàíi çàäà÷i äëÿ

äîñëiäæóâàíèõ íàìè ðiâíÿíü íå ðîçãëÿäàëèñÿ.

Ðîáîòà ñêëàäà¹òüñÿ çi âñòóïó i òðüîõ ðîçäiëiâ. Â ïåðøîìó ç íèõ äà¹ìî ïîñòàíîâêó

çàäà÷i i ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó. Â äðóãîìó ðîçäiëi íàâîäèìî äîïîìiæíi

òâåðäæåííÿ, ÿêi âèêîðèñòàííi â òðåòüîìó ðîçäiëi äëÿ îá ðóíòóâàííÿ îñíîâíîãî ðåçóëü-

òàòó.

1 Ïîñòàíîâêà çàäà÷i i ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó

Íåõàé n,m � íàòóðàëüíi ÷èñëà, M � ïiäìíîæèíà ìíîæèíè {0, 1, . . . ,m} òàêà, ùî
{0,m} ⊂ M , i M0 := M \ {0}. Ïîçíà÷èìî ÷åðåç N êiëüêiñòü ìóëüòèiíäåêñiâ α =

(α1, . . . , αn) ðîçìiðíîñòi n (âïîðÿäêîâàíèõ íàáîðiâ ç n öiëèõ íåâiä'¹ìíèõ ÷èñåë), äîâ-

æèíè ÿêèõ |α| = α1 + . . . + αn ¹ åëåìåíòàìè ìíîæèíèM . Íåõàé Rn � ëiíiéíèé ïðîñòið,

åëåìåíòàìè ÿêîãî ¹ âïîðÿäêîâàíi íàáîðè äiéñíèõ ÷èñåë x = (x1, . . . , xn) i íà ÿêîìó ââå-

äåíà íîðìà |x| = (x2
1 + . . . + x2

n)1/2. ×åðåç RN ïîçíà÷à¹ìî ëiíiéíèé ïðîñòið, ñêëàäåíèé

ç âïîðÿäêîâàíèõ íàáîðiâ ç N äiéñíèõ ÷èñåë ξ = (ξ0̂ , . . . , ξα, . . .) ≡ (ξα : |α| ∈ M), êîì-

ïîíåíòè ÿêèõ ïðîíóìåðîâàíi ìóëüòèiíäåêñàìè ðîçìiðíîñòi n, ùî ìàþòü äîâæèíè ç M i
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âïîðÿäêîâàíi ëåêñèêîãðàôi÷íî (öå îçíà÷à¹, ùî α = (α1, . . . , αn) ïåðåäó¹ β = (β1, . . . , βn),

êîëè àáî |α| < |β|, àáî |α| = |β| i αk > βk, äå k := min
{
j |αj 6= βj

}
). Òóò i äàëi

0̂ = (0, . . . , 0) � ìóëüòèiíäåêñ, ñêëàäåíèé ç íóëiâ. Ïîêëàäåìî |ξ| :=
( ∑
|α|∈M

|ξα|2
)1/2

äëÿ

äîâiëüíîãî ξ ∈ RN .

Íåõàé Ω � íåîáìåæåíà îáëàñòü â ïðîñòîði Rn. Ïðèïóñòèìî, ùî ìåæà Γ := ∂Ω îáëà-

ñòi Ω ¹ êóñêîâî-ãëàäêîþ ïîâåðõíåþ i ïîçíà÷èìî ÷åðåç ν îäèíè÷íèé âåêòîð çîâíiøíüî¨

íîðìàëi äî Γ. Íåõàé T > 0 � ÿêå-íåáóäü ôiêñîâàíå ÷èñëî. Ïðèéìåìî

Q := Ω× (0, T ), Σ := Γ× (0, T ).

Ðîçãëÿíåìî çàäà÷ó : çíàéòè ôóíêöiþ u : Q → R, ÿêà çàäîâîëüíÿ¹ (â ïåâíîìó ñåíñi)

ðiâíÿííÿ

ut +
∑
|α|∈M

(−1)|α|Dαaα(x, t, δu) =
∑
|α|∈M

(−1)|α|Dαfα(x, t), (x, t) ∈ Q, (3)

êðàéîâi óìîâè
∂ju

∂νj

∣∣∣
Σ

= 0 , j = 0,m− 1, (4)

òà ïî÷àòêîâó óìîâó

u(x, 0) = u0(x) , x ∈ Ω, (5)

äå aα : Q × RN → R, fα : Q → R, |α| ∈ M, u0 : Ω → R � çàäàíi ôóíêöi¨, ÿêi

çàäîâîëüíÿþòü ïåâíi óìîâè, ïðî ÿêi áóäå ñêàçàíî ïiçíiøå. Òóò i äàëi äëÿ ôóíêöi¨ v : Ω→

R ïîçíà÷à¹ìî ÷åðåç δv âïîðÿäêîâàíèé íàáið ç ïîõiäíèõ Dαv ≡ ∂α1+...+αn

∂xα1
1 ...∂x

αn
n

v ôóíêöi¨ v

ïîðÿäêiâ |α| ∈M (ïðàâèëî âïîðÿäêóâàííÿ òàêå æ, ÿê äëÿ êîìïîíåíòiâ âåêòîðiâ ξ ∈ RN).

Äàëi ñôîðìóëüîâàíó âèùå ìiøàíó çàäà÷ó äëÿ ðiâíÿííÿ (3) ç êðàéîâèìè óìîâàìè

(4) i ïî÷àòêîâîþ óìîâîþ (5) êîðîòêî íàçèâàòèìåìî çàäà÷åþ (3) � (5).

Ìè áóäåìî ðîçãëÿäàòè óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (3) � (5), à äëÿ öüîãî ââåäåìî

íåîáõiäíi ïîçíà÷åííÿ i çðîáèìî âiäïîâiäíi ïðèïóùåííÿ ùîäî âõiäíèõ äàíèõ öi¹¨ çàäà÷i.

Ñïî÷àòêó ââåäåìî ïîòðiáíi íàì äàëi ôóíêöiéíi ïðîñòîðè. Íåõàé G � ÿêà-íåáóäü

îáëàñòü â Rn, r : G→ R � âèìiðíà ôóíêöiÿ òàêà, ùî r(x) ≥ 1 äëÿ ì.â. x ∈ G, ïðè÷îìó,
ÿêùî r(x) > 1 äëÿ ìàéæå âñiõ x ∈ G, òî r′(x), x ∈ G, � ôóíêöiÿ, ÿêà âèçíà÷åíà ðiâíiñòþ

1
r(x)

+ 1
r′(x)

= 1 äëÿ ìàéæå âñiõ x ∈ G. Ïiä Lr(·)(G) ðîçóìi¹ìî ëiíiéíèé ïðîñòið (êëàñiâ)

âèìiðíèõ ôóíêöié v : G → R, äëÿ ÿêèõ ôóíêöiîíàë ρG,r(v) :=
∫
G

|v(x)|r(x) dx ïðèéìà¹

ñêií÷åíi çíà÷åííÿ, ç íîðìîþ ‖v‖Lr(·)(G) := inf{λ > 0 | ρG,r(v/λ) ≤ 1}. Öåé ïðîñòið ¹ áàíà-

õîâèì i éîãî íàçèâàþòü óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà àáî ïðîñòîðîì Ëåáåãà çi çìií-

íèì ïîêàçíèêîì (äèâ., íàïðèêëàä, [12]). Çàóâàæèìî, ùî êîëè r(x) = r0 ≡ const ≥ 1 äëÿ

ì.â. x ∈ G, òî ‖ ·‖Lr(·)(G) = ‖ ·‖Lr0 (G). Âiäîìî, ùî ÿêùî 1 < ess inf
x∈G

r(x) ≤ ess sup
x∈G

r(x) <∞,

òî ñïðÿæåíèé äî Lr(·)(G) ìîæíà îòîòîæíèòè ç Lr′ (·)(G). Àíàëîãi÷íî ÿê Lr(·)(G) âè-

çíà÷à¹ìî ïðîñòið Lr(·)(D), äå D = G × (0, T ), âèêîðèñòîâóþ÷è ôóíêöiîíàë ρD,r(w) :=∫∫
D

|w(x, t)|r(x) dxdt çàìiñòü ρG,r(v).
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×åðåç Bd(Ω) ïîçíà÷èìî ìíîæèíó âñåìîæëèâèõ îáìåæåíèõ ïiäîáëàñòåé îáëàñòi Ω.

Íåõàé p : Ω → R � âèìiðíà ôóíêöiÿ òàêà, ùî p(x) ≥ 1 äëÿ ì.â. x ∈ Ω, ïðè÷îìó,

ÿêùî p(x) > 1 äëÿ ìàéæå âñiõ x ∈ Ω, òî p′(x), x ∈ Ω, � ôóíêöiÿ, ÿêà âèçíà÷å-

íà ðiâíiñòþ 1
p(x)

+ 1
p′(x)

= 1 äëÿ ìàéæå âñiõ x ∈ Ω. ×åðåç Lp(·), loc(Ω) ïîçíà÷à¹ìî ëi-

íiéíèé ïðîñòið (êëàñiâ) âèìiðíèõ ôóíêöié v : Ω → R, çâóæåííÿ ÿêèõ íà äîâiëüíó

îáëàñòü Ω′ ∈ Bd(Ω) íàëåæàòü Lp(·)(Ω
′), iç ñèñòåìîþ ïiâíîðì {‖ · ‖Lp(·)(Ω′) |Ω′ ∈ Bd(Ω′)}.

Öåé ïðîñòið ¹ ïîâíèì ëiíiéíèì ëîêàëüíî îïóêëèì ïðîñòîðîì. Òàê ñàìî ÿê Lp(·), loc(Ω)

ââîäèìî ïîâíèé ëiíiéíèé ëîêàëüíî îïóêëèé ïðîñòið Lp(·), loc(Q) iç ñèñòåìîþ ïiâíîðì

{‖ · ‖Lp(·)(Ω′×(0,T )) |Ω′ ∈ Bd(Ω′)}. Çàóâàæèìî, ùî ïîñëiäîâíiñòü {vl}∞l=1 ñëàáêî çáiãà¹òüñÿ

äî v â Lp(·), loc(Ω) (âiäïîâiäíî, â Lp(·), loc(Q)), ÿêùî äëÿ áóäü-ÿêî¨ îáëàñòi Ω′ ∈ Bd(Ω)

ïîñëiäîâíiñòü {vl|Ω′}∞l=1 (âiäïîâiäíî, {vl|Ω′×(0,T )}∞l=1) çáiãà¹òüñÿ äî v|Ω′ (âiäïîâiäíî, äî
v|Ω′×(0,T )) ñëàáêî â Lp(·)(Ω

′) (âiäïîâiäíî, â Lp(·)(Ω
′ × (0, T ))).

Òàêîæ ââåäåìî ïðîñòið Hm
loc(Ω) := {v ∈ L2,loc(Ω)

∣∣Dαv ∈ L2,loc(Ω), |α| ≤ m}, ÿêèé
iç ñèñòåìîþ ïiâíîðì: {‖ · ‖Hm(Ω′)

∣∣Ω′ ∈ Bd(Ω)} ¹ ïîâíèì ëiíiéíèì ëîêàëüíî îïóêëèì

ïðîñòîðîì. Òóò i äàëi Hm(Ω′) := {v ∈ L2(Ω′)
∣∣ Dαv ∈ L2(Ω′), |α| ≤ m} � ñòàíäàðòíèé

ïðîñòið Ñîáîë¹âà ç íîðìîþ ‖v‖Hm(Ω′) :=
( ∫

Ω′

∑
|α|≤m |Dαv|2 dx

)1/2

. Ïîñëiäîâíiñòü {vj}
çáiãà¹òüñÿ äî v â ïðîñòîði Hm

loc(Ω), ÿêùî ïîñëiäîâíiñòü {vj
∣∣
Ω′
} çáiãà¹òüñÿ äî v

∣∣
Ω′

â ïðî-

ñòîði Hm(Ω′) äëÿ áóäü-ÿêî¨ Ω′ ∈ Bd(Ω). Íåõàé Cm
c (Ω) � ëiíiéíèé ïðîñòið, ñêëàäåíèé çm

ðàç íåïåðåðâíî äèôåðåíöiéîâíèõ i ôiíiòíèõ íà Ω ôóíêöié, à Cm
c (Ω) � ëiíiéíèé ïðîñòið,

ñêëàäåíèé ç m ðàç íåïåðåðâíî äèôåðåíöiéîâíèõ íà Ω ôóíêöié, ÿêi ìàþòü îáìåæåíi íî-

ñi¨, òîáòî ¨õ íîñi¨ ¹ êîìïàêòíèìè ìíîæèíàìè â Ω. ×åðåç
◦
Hm

loc(Ω) ïîçíà÷èìî çàìèêàííÿ

ïðîñòîðó Cm
c (Ω) â Hm

loc(Ω), à ÷åðåç
◦
Hm

c (Ω) � ïiäïðîñòið ïðîñòîðó
◦
Hm

loc(Ω), ñêëàäåíèé ç

ôóíêöié, ÿêi ìàþòü îáìåæåíèé íîñié.

Áóäåìî ðîçãëÿäàòè ïðîñòið Hm,0
loc (Q) := {w ∈ L2,loc(Ω)

∣∣Dαw ∈ L2,loc(Q), |α| ≤ m},
ÿêèé iç ñèñòåìîþ ïiâíîðì: {‖ · ‖Hm,0(Ω′×(0,T ))

∣∣Ω′ ∈ Bd(Ω)} ¹ ïîâíèì ëiíiéíèì ëîêàëü-

íî îïóêëèì ïðîñòîðîì. Òóò i äàëi Hm,0(Ω′ × (0, T )) := {w ∈ L2(Ω′ × (0, T ))
∣∣Dαw ∈

L2(Ω′ × (0, T )), |α| ≤ m} � ñòàíäàðòíèé ïðîñòið Ñîáîë¹âà ç íîðìîþ ‖v‖Hm,0(Ω′×(0,T )) :=( T∫
0

∫
Ω′

∑
|α|≤m

|Dαv|2 dxdt
)1/2

. Ïîñëiäîâíiñòü {wj} çáiãà¹òüñÿ äî w â ïðîñòîði Hm,0
loc (Q), ÿêùî

ïîñëiäîâíiñòü {wj
∣∣
Ω′×(0,T )

} çáiãà¹òüñÿ äî w
∣∣
Ω′×(0,T )

â ïðîñòîði Hm,0(Ω′× (0, T )) äëÿ áóäü-

ÿêî¨ Ω′ ∈ Bd(Ω). ×åðåç
◦
H
m,0
loc (Q) ïîçíà÷èìî ïiäïðîñòið ïðîñòîðó Hm,0

loc (Q), ñêëàäåíèé ç

ôóíêöié w òàêèõ, ùî w(·, t) ∈
◦
Hm

loc(Ω) äëÿ ìàéæå âñiõ t ∈ (0, T ).

Ïiä ïðîñòîðîì C
(
[0, T ];L2,loc(Ω)

)
ðîçóìiòèìåìî ïðîñòið ôóíêöié w(x, t), (x, t) ∈ Q,

òàêèõ, ùî äëÿ äîâiëüíî¨ îáìåæåíî¨ ïiäîáëàñòi Ω′ îáëàñòi Ω (òîáòî Ω′ ∈ Bd(Ω)) ¨õ çâóæåí-

íÿ íà ìíîæèíó Ω′ × (0, T ) íàëåæèòü ïðîñòîðó C
(
[0, T ];L2(Ω′)

)
ç íîðìîþ

‖w‖
C
(

[0,T ];L2(Ω′)
) := maxt∈[0,T ] ‖w(t)‖L2(Ω′). Ïðîñòið C

(
[0, T ];L2,loc(Ω)

)
¹ ïîâíèì ëiíiéíèì

ëîêàëüíî îïóêëèì ïðîñòîðîì iç ñèñòåìîþ ïiâíîðì {‖ · ‖
C
(

[0,T ];L2(Ω′)
) |Ω′ ∈ Bd(Ω)}.

Òåïåð ïåðåéäåìî äî óìîâ íà âõiäíi äàíi äîñëiäæóâàíî¨ çàäà÷i.

Íåõàé
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(P) p : Ω→ R � âèìiðíà ôóíêöiÿ òàêà, ùî

p− := ess inf
x∈Ω

p(x) > 2 , p+ := ess sup
x∈Ω

p(x) <∞.

Ïiä Ap, äå p � ôóíêöiÿ, ùî çàäîâîëüíÿ¹ óìîâó (P), ðîçóìiòèìåìî ìíîæèíó, åëå-

ìåíòàìè ÿêî¨ ¹ âïîðÿäêîâàíi íàáîðè (aα) := (a0̂, . . . , aα, . . .) ç N âèçíà÷åíèõ íà Q× RN

äiéñíîçíà÷íèõ ôóíêöié, ÿêi ïðîíóìåðîâàíi ìóëüòèiíäåêñàìè ðîçìiðíîñòi n, ùî ìàþòü

äîâæèíè ç M òà âïîðÿäêîâàíi ëåêñèêîãðàôi÷íî, ïðè÷îìó êîìïîíåíòè íàáîðó (aα) çà-

äîâîëüíÿþòü óìîâè:

(A1) äëÿ êîæíîãî α , |α| ∈ M, ôóíêöiÿ aα(x, t, ξ), (x, t, ξ) ∈ Q× RN , ¹ êàðàòåîäîðiâ-

ñüêîþ, òîáòî äëÿ ìàéæå âñiõ (x, t) ∈ Q ôóíêöiÿ aα(x, t, ·) : RN → R ¹ íåïå-

ðåðâíîþ, à äëÿ âñiõ ξ ∈ RN ôóíêöiÿ aα(·, ·, ξ) : Q → R ¹ âèìiðíîþ; êðiì òîãî,

aα(x, t, 0) = 0, |α| ∈M, äëÿ ìàéæå âñiõ (x, t) ∈ Q;

(A2) äëÿ ìàéæå âñiõ (x, t) ∈ Q òà áóäü-ÿêèõ ξ ∈ RN âèêîíóþòüñÿ íåðiâíîñòi

|a0̂(x, t, ξ)| ≤ h0̂(x, t)
(
|ξ|2/p′(x) + |ξ0̂|

p(x)−1
)

+ g0̂(x, t),

|aα(x, t, ξ)| ≤ hα(x, t)|ξ|+ gα(x, t), |α| ∈M0,

äå hα ∈ L∞,loc(Q), |α| ∈M , g0̂ ∈ Lp′(·),loc(Q), gα ∈ L2,loc(Q), |α| ∈M0;

(A3) iñíóþòü ñòàëi B1 > 0 i B2 ≥ 0 òàêi, ùî äëÿ êîæíîãî α, |α| ∈ M0, ìàéæå âñiõ

(x, t) ∈ Q òà áóäü-ÿêèõ ξ i η ç RN âèêîíó¹òüñÿ íåðiâíiñòü

|aα(x, t, ξ)− aα(x, t, η)| ≤
(
B1

∑
|α|∈M0

|ξα − ηα|2 + B2|ξ0̂ − η0̂|
2
)1/2

;

(A4) iñíóþòü ñòàëi K1 > 0, K2 ≥ 0, K3 > 0 òàêi, ùî äëÿ ìàéæå âñiõ (x, t) ∈ Q òà

áóäü-ÿêèõ ξ i η ç RN âèêîíó¹òüñÿ íåðiâíiñòü∑
|α|∈M

(aα(x, t, ξ)− aα(x, t, η))(ξα − ηα)

≥ K1

∑
|α|∈M0

|ξα − ηα|2 + K2 |ξ0̂ − η0̂|
2 +K3 |ξ0̂ − η0̂|

p(x),

ïðè÷îìó, ÿêùî âèêîíó¹òüñÿ îäíà ç äâîõ óìîâ: B2 > 0 àáî p+ ≥ 2(n+ 1)/n, òî

K2 > 0.

Çàóâàæåííÿ 1. ßêùî M = {0,m}, p+ ∈ (2; 2(n+ 1)/n), òî, çîêðåìà, åëåìåíòàìè ìíî-

æèíè Ap ¹ íàáîðè (aα), êîìïîíåíòàìè ÿêèõ ¹ ôóíêöi¨ a0̂(x, t, ξ) := ã0̂(x, t)|ξ0̂|p(x)−2ξ0̂,

aα(x, t, ξ) = ãα(x, t)ξα, (x, t, ξ) ∈ Q × RN , äëÿ êîæíîãî α, |α| = m, äå ãα, |α| ∈ M, �

âèìiðíi îáìåæåíi äîäàòíi i âiääiëåíi âiä íóëÿ ôóíêöi¨. Îäíîìó ç òàêèõ íàáîðiâ áóäå

âiäïîâiäàòè ðiâíÿííÿ

ut + (−∆)mu+ ã0̂(x, t)|u|p(x)−2u = f(x, t), (x, t) ∈ Q.
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Íåõàé Fp,loc(Q) � ìíîæèíà, åëåìåíòàìè ÿêî¨ ¹ âïîðÿäêîâàíi íàáîðè (fα := (f0̂, . . . ,

fα, . . .) ç N âèçíà÷åíèõ íà Q äiéñíîçíà÷íèõ ôóíêöié, ÿêi ïðîíóìåðîâàíi òàê ñàìî, ÿê

êîìïîíåíòè åëåìåíòiâ ìíîæèíè Ap, i ôóíêöi¨ ç áóäü-ÿêîãî òàêîãî íàáîðó çàäîâîëüíÿ-

þòü óìîâó:

(F) f0̂ ∈ Lp′(·),loc(Q), fα ∈ L2,loc(Q) ∀α, |α| ∈M0.

Ïîçíà÷èìî

Up,loc(Q) :=
◦
H
m,0
loc (Q) ∩ Lp(·),loc(Q) ∩ C

(
[0, T ];L2,loc(Ω)

)
.

Ñêàæåìî, ùî ïîñëiäîâíiñòü {vk}∞k=1 çáiãà¹òüñÿ äî v â Up,loc(Q), ÿêùî äëÿ áóäü-ÿêî¨ îáëà-

ñòi Ω′ ∈ Bd(Ω) ïîñëiäîâíiñòü {vk
∣∣
Ω′×(0,T )

}∞k=1 çáiãà¹òüñÿ äî v|Ω′×(0,T ) â H
m,0(Ω′ × (0, T ))∩

Lp(·)(Ω
′ × (0, T )) ∩ C

(
[0, T ];L2(Ω′)

)
.

Îçíà÷åííÿ 1. Íåõàé (aα) ∈ Ap, (fα) ∈ Fp,loc(Q) i u0 ∈ L2,loc(Ω). Óçàãàëüíåíèì ðîçâ'ÿçêîì

çàäà÷i (3) � (5) íàçèâà¹òüñÿ ôóíêöiÿ u ∈ Up,loc(Q), ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

(5) òà iíòåãðàëüíó ðiâíiñòü∫∫
Q

[
−uψϕ′ +

∑
|α|∈M

aα(x, t, δu)Dαψϕ
]
dxdt =

∫∫
Q

∑
|α|∈M

fαD
αψϕdxdt (6)

äëÿ áóäü-ÿêèõ ψ ∈
◦
Hm
c (Ω) ∩ Lp(·)(Ω), ϕ ∈ C1

c (0, T ).

Íàñ áóäå öiêàâèòè iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (3) � (5).

Äëÿ ôîðìóëþâàííÿ âiäïîâiäíîãî ðåçóëüòàòó i éîãî îá ðóíòóâàííÿ áóäåìî âèêîðèñòîâó-

âàòè òàêi ïîçíà÷åííÿ: äëÿ äîâiëüíîãî R > 0

ΩR � çâ'ÿçíà êîìïîíåíòà ìíîæèíè Ω ∩ {x ∈ Rn
∣∣ |x| < R},

QR := ΩR × (0, T ), ΣR := ΓR × (0, T ).

Òåîðåìà 1. Íåõàé p çàäîâîëüíÿ¹ óìîâó (P), (aα) ∈ Ap, (fα) ∈ Fp,loc(Q) i u0 ∈ L2,loc(Ω).

Òîäi çàäà÷à (3) � (5) ìà¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê i âií äëÿ áóäü-ÿêèõ R, R0

òàêèõ, ùî 0 < R0 ≤ R/2, R ≥ 1, çàäîâîëüíÿ¹ îöiíêó

max
t∈[0,T ]

∫
ΩR0

|u(x, t)|2 dx+

∫∫
QR0

[ ∑
|α|∈M0

|Dαu(x, t)|2 +K2|u(x, t)|2 + |u(x, t)|p(x)
]
dxdt

≤ C1

{
Rn− 2q

q−2 +

∫∫
QR

[ ∑
|α|∈M0

∣∣fα(x, t)
∣∣2 +

∣∣f0̂(x, t)
∣∣p′(x)

]
dxdt+

∫
ΩR

∣∣u0(x)
∣∣2 dx}, (7)

äå q = p+, ÿêùî K2 = 0, i q ∈ (2; p−] ∪ {p+} � ÿêå-íåáóäü, ÿêùî K2 > 0; C1 � äîäàòíà

ñòàëà, ÿêà çàëåæàòü òiëüêè âiä B1, B2, K1, K2, K3, p
−, p+, n,m, q.
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2 Äîïîìiæíi òâåðäæåííÿ

Â öüîìó ðîçäiëi íàâåäåìî òâåðäæåííÿ, ÿêi âèêîðèñòîâóþòüñÿ â íàñòóïíîìó ðîçäiëi

äëÿ äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó.

Òâåðäæåííÿ 1 ( [12, 15]). Äëÿ äîâiëüíîãî R > 0 i áóäü-ÿêî¨ ôóíêöi¨ v ∈ Lp(·)(QR)

ïðàâèëüíi íåðiâíîñòi

min
{(
ρp,R(v)

)1/p−
,
(
ρp,R(v)

)1/p+} ≤ ‖v‖Lp(·)(QR) ≤ max
{(
ρp,R(v)

)1/p−
,
(
ρp,R(v)

)1/p+}
,

min
{(
‖v‖Lp(·)(QR)

)p−
,
(
‖v‖Lp(·)(QR)

)p+} ≤ ρp,R(v) ≤ max
{(
‖v‖Lp(·)(QR)

)p−
,
(
‖v‖Lp(·)(QR)

)p+}
,

äå

ρp,R(v) :=

∫∫
QR

|v(x, t)|p(x) dxdt, ‖v‖Lp(·)(QR) := inf{λ > 0 | ρp,R(v/λ) ≤ 1}.

Ëåìà 1 (ëåìà 1, [6]). Íåõàé R∗ ≥ 1, v ∈
◦
H

m,0
loc (Q) ∩ Lp(·),loc(Q), g0̂ ∈ Lp ′(·),loc(Q),

gα ∈ L2,loc(Q), |α| ∈M, òàêi, ùî∫∫
Q

[
−vψϕ ′ +

∑
|α|∈M

gαD
αψϕ

]
dxdt = 0

äëÿ áóäü-ÿêèõ ψ ∈
◦
Hm
c (Ω) ∩ Lp(·)(Ω), suppψ ⊂ ΩR∗ , ϕ ∈ C1

c (0, T ).

Òîäi v ∈ C
(
[0, T ];L2(ΩR

))
∀ R ∈ (0, R∗) i äëÿ äîâiëüíèõ ôóíêöié θ ∈ C1([0, T ]),

w ∈ Cm
c (Ω), suppw ⊂ ΩR∗ , òà áóäü-ÿêèõ ÷èñåë t1, t2, 0 ≤ t1 < t2 ≤ T , ïðàâèëüíà ðiâíiñòü

θ(t2)

∫
Ω

|v(x, t2)|2w(x) dx − θ(t1)

∫
Ω

|v(x, t1)|2w(x) dx−

−
t2∫
t1

∫
Ω

|v(x, t)|2w(x) θ′(t) dxdt + 2

t2∫
t1

∫
Ω

∑
|α|∈M

gαD
α(v w) θ dxdt = 0. (8)

Çàóâàæåííÿ 2. ßêùî v
∣∣
ΩR∗×(0,T )

∈ L2

(
0, T ;

◦
Hm(ΩR∗

)
i âèêîíó¹òüñÿ óìîâà ëåìè 1, òî

v ∈ C
(
[0, T ];L2(ΩR∗

)
i âèêîíó¹òüñÿ ðiâíiñòü (8) ç w ≡ 1. Öå ëåãêî âèïëèâà¹ ç äîâåäåííÿ

ëåìè 1.

Ëåìà 2. Íåõàé R∗ ≥ 1, (aα) ∈ Ap i äëÿ êîæíîãî l ∈ {1, 2} ôóíêöi¨ (fα,l) ∈ Fp,loc(Q),

u0,l ∈ L2,loc(Ω) i ul ∈ Up,loc(Q) òàêi, ùî âèêîíó¹òüñÿ ïî÷àòêîâà óìîâà

ul(x, 0) = u0,l(x) , x ∈ ΩR∗ , (9)

òà iíòåãðàëüíà ðiâíiñòü∫∫
QR∗

[
−ulψϕ′ +

∑
|α|∈M

aα(x, t, δul)D
αψϕ

]
dxdt =

∫∫
QR∗

∑
|α|∈M

fα,lD
αψϕdxdt (10)
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äëÿ áóäü-ÿêèõ ψ ∈
◦
Hm
c (Ω) ∩ Lp(·)(Ω), suppψ ⊂ ΩR∗ , ϕ ∈ C1

c (0, T ).

Òîäi äëÿ áóäü-ÿêèõ ÷èñåë R, R0 òàêèõ, ùî 0 < 2R0 ≤ R ≤ R∗,R ≥ 1, ïðàâèëüíà

íåðiâíiñòü

max
t∈[0,T ]

∫
ΩR0

∣∣u1(x, t)− u2(x, t)
∣∣2 dx+

∫∫
QR0

[ ∑
|α|∈M0

∣∣Dαu1(x, t)−Dαu2(x, t)
∣∣2

+K2

∣∣u1(x, t)− u2(x, t)
∣∣2 +

∣∣u1(x, t)− u2(x, t)
∣∣p(x)

]
dxdt

≤ C1

{
Rn− 2q

q−2 +

∫∫
QR

[ ∑
|α|∈M0

∣∣fα,1(x, t)− fα,2(x, t)
∣∣2 +

∣∣f0̂,1(x, t)− f0̂,2(x, t)
∣∣p ′(x)

]
dxdt

+

∫
ΩR

∣∣u0,1(x)− u0,2(x)
∣∣2 dx}, (11)

äå q i C1 òàêi æ, ÿê ó òåîðåìi 1.

Äîâåäåííÿ ëåìè 2. Ïîêëàäåìî v := u1 − u2. Ç iíòåãðàëüíèõ òîòîæíîñòåé, îòðèìàíèõ ç

(10), âiäïîâiäíî, äëÿ l = 1 i l = 2, äiñòàíåìî∫∫
QR∗

[
− vψϕ ′ +

∑
|α|∈M

(
aα(x, t, δu1)− aα(x, t, δu2)

)
Dαψϕ

]
dxdt

=

∫∫
QR∗

∑
|α|∈M

(fα,1 − fα,2)Dαψϕdxdt

äëÿ áóäü-ÿêèõ ψ ∈
◦
Hm
c (Ω) ∩ Lp(·)(Ω), suppψ ⊂ ΩR∗ , ϕ ∈ C1

c (0, T ). Çâiäñè íà ïiäñòàâi

ëåìè 1 äiñòàíåìî

θ(t2)

∫
ΩR∗

|v(x, t2)|2w(x) dx − θ(t1)

∫
ΩR∗

|v(x, t1)|2w(x) dx

−
t2∫
t1

∫
ΩR∗

|v(x, t)|2w(x) θ ′(t) dxdt

+ 2

t2∫
t1

∫
ΩR∗

∑
|α|∈M

(
aα(x, t, δu1)− aα(x, t, δu2)

)
Dα(v w) θ dxdt

= 2

t2∫
t1

∫
ΩR∗

∑
|α|∈M

(fα,1 − fα,2)Dα(vw) θ dxdt, (12)

äå θ ∈ C1
(
[0, T ]

)
, w ∈ Cm

c (Ω), suppw ⊂ ΩR∗ , t1, t2 ∈ [0, T ] � äîâiëüíi.
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Íåõàé R0 i R � ÿêi-íåáóäü ÷èñëà òàêi, ùî 0 < 2R0 < R ≤ R∗, R ≥ 1. Ïîêëàäåìî

ζ(x) :=

{
(R2 − |x|2)/R, ÿêùî |x| ≤ R,

0, ÿêùî |x| > R.

Âiçüìåìî â (12) t1 = 0, t2 = τ ∈ (0, T ], θ(t) = 1, t ∈ [0, T ], w(x) = ζs(x), x ∈ Ω,

äå s > m � äîñòàòíüî âåëèêå ÷èñëî (î÷åâèäíî, ùî ïðè s > m ìà¹ìî ζs ∈ Cm
c (Ω),

supp ζs ⊂ ΩR). Ó ðåçóëüòàòi îòðèìà¹ìî ðiâíiñòü∫
ΩR

|v(x, τ)|2ζs(x) dx+ 2

∫∫
QτR

∑
|α|∈M

(
aα(x, t, δu1)− aα(x, t, δu2)

)
Dα(v ζs) dxdt

= 2

∫∫
QτR

∑
|α|∈M

(fα,1 − fα,2)Dα(v ζs) dxdt+

∫
ΩR

∣∣u0,1(x)− u0,2(x)
∣∣2 ζs(x) dx, (13)

äå Qτ
R := ΩR × (0, τ).

Òåïåð çàóâàæèìî òàêå. Íåõàé ṽ ∈
◦
Hm

loc(Ω), α ∈ Zn+, |α| ∈M0, gα ∈ L2,loc(Ω). Î÷åâèäíî,

ùî ∫
Ω

gαD
α(ṽ ζs) dx =

∫
Ω

gαD
αṽ ζs dx +

∫
Ω

gα
(
Dα(ṽ ζs) − Dαṽ ζs

)
dx. (14)

Ç ëåìè 3.1 ðîáîòè [1] âèïëèâà¹, ùî∫
Ω

gα
(
Dα(ṽ ζs) − Dαṽ ζs

)
dx ≤ ε

∫
Ω

|gα|2ζs dx + ε

∫
Ω

( ∑
|β|=|α|

∣∣Dβ ṽ
∣∣2) ζs dx

+Cα(ε)

∫
Ω

|ṽ|2 ζs−2|α| dx, (15)

äå ε > 0 � äîâiëüíå ÷èñëî, Cα(ε) > 0 � ñòàëà, ÿêà âiä R íå çàëåæèòü.

Îòîæ, ç (13) íà ïiäñòàâi (14), (15) îòðèìà¹ìî∫
ΩR

|v(x, τ)|2ζs(x) dx+ 2

∫∫
QτR

∑
|α|∈M

(
aα(x, t, δu1)− aα(x, t, δu2)

)
Dαv ζs dxdt

≤ ε

∫∫
QτR

∑
|α|∈M0

∣∣aα(x, t, δu1)− aα(x, t, δu2)
∣∣2 ζs dxdt

+ ε

∫∫
QτR

∑
|α|∈M0

∣∣fα,1 − fα,2∣∣2 ζs dxdt + ε

∫∫
QτR

( ∑
|α|∈M0

|Dαv|2
)
ζs dxdt

+C7(ε)

∫∫
QτR

|v|2
(∑
i∈M0

ζs−2i
)
dxdt

+ 2

∫∫
QτR

∑
|α|∈M

|fα,1 − fα,2| |Dαv| ζs dxdt+

∫
ΩR

∣∣u0,1(x)− u0,2(x)
∣∣2 ζs(x) dx, (16)
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äå ε > 0 � äîâiëüíå ÷èñëî, C7(ε) > 0 � ñòàëà, ÿêà âiä R íå çàëåæèòü.

Îöiíèìî ÷ëåíè íåðiâíîñòi (16). Âèêîðèñòîâóþ÷è óìîâó (A4) òà ïàì'ÿòàþ÷è, ùî v :=

u1 − u2, îòðèìà¹ìî∫∫
QτR

∑
|α|∈M

(
aα(x, t, δu1)− aα(x, t, δu2)

)(
Dαu1 −Dαu2

)
ζs dxdt

≥
∫∫
QτR

[
K1

∑
|α|∈M0

|Dαv(x, t)|2 + K2|v(x, t)|2 + K3|v(x, t)|p(x)
]
ζs dxdt. (17)

Âèêîðèñòàâøè óìîâó (A3), çäîáóäåìî∫∫
QτR

∑
|α|∈M0

∣∣aα(x, t, δu1)− aα(x, t, δu2)
∣∣2ζs dxdt

≤ (N − 1)

∫∫
QτR

(
B1

∑
|α|∈M0

|Dαv|2 + B2|v|2
)
ζs dxdt. (18)

Çàñòîñîâóþ÷è óçàãàëüíåíó íåðiâíiñòü Êîøi, îòðèìà¹ìî∫∫
QτR

∑
|α|∈M

|fα,1 − fα,2| |Dαv| ζs dxdt ≤
∫∫
QτR

|f0̂,1 − f0̂,2| |v| ζ
s dxdt

+
ε

2

∫∫
QτR

∑
|α|∈M0

|Dαv|2 ζs dxdt +
1

2ε

∫∫
QτR

∑
|α|∈M0

|fα,1 − fα,2|2 ζs dxdt, (19)

äå ε > 0 � äîâiëüíå ÷èñëî.

Äàëi âèêîðèñòîâóâàòèìåìî íåðiâíiñòü Þíãà

|a b| ≤ ε|a|γ + ε−
1

γ−1 |b|γ ′ , (20)

äå a, b ∈ R, ε > 0, γ > 1, γ ′ = γ
γ−1

.

Îñêiëüêè ε−
1

γ−1 = (ε−1)
1

γ−1 äëÿ γ > 1, òî ó âèïàäêó 0 < ε < 1 ôóíêöiÿ (1; +∞) 3 γ →
ε−

1
γ−1 ¹ ñïàäíîþ.

Íåõàé (x, t) ∈ QR � ÿêà-íåáóäü òî÷êà òàêà, ùî v(x, t), p(x) âèçíà÷åíi i p− ≤ p(x) ≤ p+.

Ïîêëàäåìî â íåðiâíîñòi Þíãà a = |v(x, t)|2 ζ
s
γ (x), b = ζ

s
γ ′−2i

(x), γ = p(x)
2
, γ ′ = p(x)

p(x)−2
,

ε = η1 ∈ (0, 1), i ∈M0. Ó ðåçóëüòàòi îäåðæèìî íåðiâíiñòü

|v(x, t)|2 ζs−2i(x) ≤ η1 |v(x, t)|p(x) ζs(x) + η
− 2
p(x)−2

1 ζs−
2i p(x)
p(x)−2 (x)

≤ η1 |v(x, t)|p(x) ζs(x) + η
− 2
p−−2

1 ζs−
2i p(x)
p(x)−2 (x)

äëÿ ìàéæå âñiõ (x, t) ∈ QR. Çiíòåãðó¹ìî ¨¨, ïðèïóñòèâøè, ùî s >
2mp(x)
p(x)−2

äëÿ ìàéæå âñiõ

(x, t) ∈ QR. Ó ðåçóëüòàòi îòðèìà¹ìî∫∫
QτR

|v(x, t)|2 ζs−2i(x) dxdt ≤ η1

∫∫
QτR

|v(x, t)|p(x) ζs(x) dxdt
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+η
− 2
p−−2

1

∫∫
QτR

ζ s−
2ip(x)
p(x)−2 (x) dxdt, (21)

äå η1 ∈ (0, 1), i ∈M0.

Íåõàé q ∈ (2, p−]. Î÷åâèäíî, ùî Lp(·)(QR) ⊂ Lq(QR). Àíàëîãi÷íî ïîïåðåäíüîìó çäî-

áóäåìî ∫∫
QτR

|v(x, t)|2 ζs−2i(x) dxdt ≤ η1

∫∫
QτR

|v(x, t)|q ζs(x) dxdt

+ η
− 2
q−2

1

∫∫
QτR

ζ s−
2i q
q−2 (x) dxdt, (22)

äå η1 > 0, i ∈M0, s > 2iq/(q − 2).

Òàêîæ âèêîðèñòà¹ìî òàêó îöiíêó∫∫
QτR

∣∣f0̂,1(x, t)− f0̂,2(x, t)
∣∣ |v(x, t)| ζs(x) dxdt ≤ η2

∫∫
QτR

|v(x, t)|p(x) ζs(x) dxdt

+ η
− 1
p−−1

2

∫∫
QτR

∣∣f0̂,1(x, t)− f0̂,2(x, t)
∣∣p ′(x)

ζs(x) dxdt, (23)

äå η2 ∈ (0, 1) � äîâiëüíà ñòàëà.

Ç (16) íà ïiäñòàâi (17) � (19), (21), (23) ïðè äîñòàòíüî ìàëèõ çíà÷åííÿõ ε, η1, η2

îòðèìà¹ìî ∫
ΩR

|v(x, τ)|2 ζs dx +

∫∫
QτR

[
K1

∑
|α|∈M0

|Dαv(x, t)|2 + (2K2 − σ)|v(x, t)|2

+K3|v(x, t)|p(x)
]
ζs(x) dxdt ≤ C8

∑
i∈M0

∫∫
QR

ζs−
2i p(x)
p(x)−2 (x) dxdt

+C9

∫∫
QR

( ∑
|α|∈M0

∣∣fα,1(x, t)− fα,2(x, t)
∣∣2 +

∣∣f0̂,1(x, t)− f0̂,2(x, t)
∣∣p ′(x)

)
ζs(x) dxdt

+

∫
ΩR

∣∣u0,1(x)− u0,2(x)
∣∣2 ζs dx, (24)

äå s > 2mp−

p−−2
� äîâiëüíà ñòàëà; C8, C9 � äîäàòíi ñòàëi, ÿêi çàëåæàòü òiëüêè âiä p−, p+,

m, n,B1, B2, K1, K2, K3, s; σ = 0, ÿêùî B2 = 0, i σ = K2, ÿêùî B2 > 0, à îòæå, çà íàøèì

ïðèïóùåííÿì, K2 > 0.

Çàóâàæèìî, ùî

2mp−

p− − 2
≥ 2mp(x)

p(x)− 2
≥ 2i p(x)

p(x)− 2
≥ 2i p+

p+ − 2
≥ 2p+

p+ − 2
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äëÿ ìàéæå âñiõ (x, t) ∈ Q, i ∈ M0. Ëåãêî ïåðåêîíàòèñÿ, ùî 0 ≤ ζ(x) ≤ R, êîëè x ∈ Rn

òà ζ(x) ≥ R − R0 ïðè |x| ≤ R0. Âðàõóâàâøè ñêàçàíå i, çîêðåìà, òå, ùî 0 < 2R0 ≤ R ≤
R∗,R ≥ 1, ç (24) îòðèìà¹ìî

max
t∈[0,T ]

∫
ΩR0

|v(x, t)|2 dx +

∫∫
QR0

[
K1

∑
|α|∈M0

|Dαv(x, t)|2 + (2K2 − σ) |v(x, t)|2

+K3 |v(x, t)|p(x)
]
dxdt ≤ C11R

n− 2p+

p+−2 +

+C12

∫∫
QR

(∣∣f0̂,1(x, t)− f0̂,2(x, t)
∣∣p ′(x)

+
∑
|α|∈M0

∣∣fα,1(x, t)− fα,2(x, t)
∣∣2 ) dxdt

+

∫
ΩR

∣∣u0,1(x)− u0,2(x)
∣∣2 dx, (25)

äå C11, C12 � äîäàòíi ñòàëi, ÿêi çàëåæàòü òiëüêè âiä p−, p+,m, n,K1, K2, K3, B1 òà B2.

Ç (25) ëåãêî îòðèìà¹ìî íåðiâíiñòü (11) ç q = p+. Çâåðíåìî óâàãó íà òå, ùî äî öüîãî

÷àñó ìè ïðèïóñêàëè, ùî K2 ≥ 0.

ÍåõàéK2 > 0. Âiçüìåìî ÿêå-íåáóäü q ∈ (2, p−]. Áåçïîñåðåäíüî ïåðåêîíó¹ìîñÿ, ùî äëÿ

äîâiëüíî¨ òî÷êè (x, t) ∈ Q òàêî¨, ùî v(x, t) i p(x) âèçíà÷åíi i p− ≤ p(x) ≤ p+, ïðàâèëüíà

íåðiâíiñòü

K2 |v(x, t)|2 + K3 |v(x, t)|p(x) ≥ K4|v(x, t)|q, (26)

äå K4 = min {K2, K3}. Ìiðêóþ÷è àíàëîãi÷íî òîìó, ÿê öå ðîáèëîñÿ âèùå, ç (16) íà ïiä-

ñòàâi (17) � (19), (22), (23) i (26) îäåðæèìî (11) ç q ∈ (2, p−].

Íàñëiäîê 1. Íåõàé R∗ ≥ 1, (aα) ∈ Ap, (fα) ∈ Fp,loc(Q), u0 ∈ L2,loc(Ω). Ïðèïóñòèìî, ùî

ôóíêöiÿ w ∈ Up,loc(Q) çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

u(x, 0) = u0(x) , x ∈ ΩR∗ ,

òà iíòåãðàëüíó ðiâíiñòü∫∫
QR∗

[
−wψϕ′ +

∑
|α|∈M

aα(x, t, δw)Dαψϕ
]
dxdt =

∫∫
QR∗

∑
|α|∈M

fαD
αψϕdxdt (27)

äëÿ áóäü-ÿêèõ ψ ∈
◦
Hm,1
c (Ω) ∩ Lp(·)(Ω), suppψ ⊂ ΩR∗ , ϕ ∈ C1

c (0, T ).

Òîäi äëÿ áóäü-ÿêèõ ÷èñåë R0,R òàêèõ, ùî 0 < 2R0 ≤ R ≤ R∗,R ≥ 1, ïðàâèëüíà

íåðiâíiñòü, ÿêà âiäðiçíÿ¹òüñÿ âiä íåðiâíîñòi (7) òiëüêè òèì, ùî çàìiñòü u ñòî¨òü w.

3 Îá ðóíòóâàííÿ îñíîâíîãî ðåçóëüòàòó

Äîâåäåííÿ òåîðåìè 1. Íåõàé k � ÿêå-íåáóäü íàòóðàëüíå ÷èñëî. Íåõàé uk � ôóíêöiÿ ç

ïðîñòîðó
◦
Hm,0(Qk) ∩ Lp(·)(Qk) ∩ C

(
[0, T ];L2(Ωk)

)
, ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó (5)

òà iíòåãðàëüíó ðiâíiñòü∫∫
Qk

[
−ukψϕ′ +

∑
|α|∈M

aα(x, t, δuk)D
αψϕ

]
dxdt =

∫∫
Qk

[ ∑
|α|∈M

fαD
αψϕ

]
dxdt (28)
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äëÿ áóäü-ÿêèõ ψ ∈
◦
Hm(Ωk) ∩ Lp(·)(Ωk), ϕ ∈ C1

c (0, T ).

Äîâåäåííÿ iñíóâàííÿ ôóíêöi¨ uk ïðîâîäèòüñÿ ìåòîäîì Ãàëüîðêiíà. �äèíiñòü öi¹¨

ôóíêöi¨ ëåãêî äîâåñòè, âðàõóâàâøè çàóâàæåííÿ 2 òà âèêîðèñòàâøè óìîâó (A4). Äëÿ

êîæíîãî k ∈ N ïðîäîâæèìî íà Q ôóíêöiþ uk íóëåì, çàëèøèâøè çà öèì ïðîäîâæåí-

íÿì ïîçíà÷åííÿ uk. Ïîêàæåìî, ùî ïîñëiäîâíiñòü {uk}∞k=1 ìiñòèòü ïiäïîñëiäîâíiñòü, ÿêà

çáiãà¹òüñÿ äî óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (3) � (5).

Íåõàé k i l � äîâiëüíi íàòóðàëüíi ÷èñëà, ïðè÷îìó 1 < k < l; R0, R � áóäü-ÿêi äiéñíi

÷èñëà òàêi, ùî 0 < 2R0 ≤ R ≤ k − 1, R ≥ 1; q � äiéñíå ÷èñëî, ÿêå çàäîâîëüíÿ¹ âiäïîâiäíi

óìîâè ç ôîðìóëþâàííÿ òåîðåìè 1 òà óìîâó n− 2q/(q− 2) < 0. Òîäi ç ëåìè 2, âèáðàâøè

R∗ = k − 1, îòðèìà¹ìî

max
t∈[0,T ]

∫
ΩR0

|uk(x, t)− ul(x, t)|2 dx+

∫∫
QR0

[ ∑
|α|∈M0

∣∣Dαuk(x, t)−Dαul(x, t)
∣∣2

+ |uk(x, t)− ul(x, t)|p(x)
]
dxdt ≤ C1R

n−2q/(q−2), (29)

äå C1 > 0 � ñòàëà, ÿêà âiä k, l, R0 òà R íå çàëåæàòü.

Íåõàé ε > 0 � ÿêå-íåáóäü ÷èñëî. Çàôiêñó¹ìî äîâiëüíî âèáðàíå çíà÷åííÿ R0 > 0 i

âèáåðåìî çíà÷åííÿ R ≥ max{1; 2R0} íàñòiëüêè âåëèêèì, ùîáè ïðàâà ÷àñòèíà íåðiâíîñòi

(29) áóëà ìåíøîþ çà ε. Òîäi äëÿ áóäü-ÿêèõ k ≥ R + 1 i l > k ëiâà ÷àñòèíà íåðiâíîñòi (29)

ìåíøà çà ε. Öå îçíà÷à¹, ùî ïîñëiäîâíiñòü
{
uk
∣∣
QR0

}∞
k=1

¹ ôóíäàìåíòàëüíîþ â
◦
Hm,0(QR0)∩

Lp(·)(QR0) ∩ C
(
[0, T ];L2(ΩR0)

)
. Îñêiëüêè R0 > 0 � äîâiëüíå ÷èñëî, òî çâiäñè âèïëèâà¹

iñíóâàííÿ ôóíêöi¨ u ∈ Up,loc(Q) òàêî¨, ùî

uk −→
k→∞

u â Up,loc(Q). (30)

Òåïåð âiäìiòèìî, ùî íà ïiäñòàâi óìîâè (A3) ìà¹ìî∫∫
QR0

[ ∑
|α|∈M0

∣∣aα(x, t, δuk)− aα(x, t, δu)
∣∣2 ] dxdt

≤ (N − 1)

∫∫
QR0

[
B1

∑
|β|∈M0

∣∣Dβ(uk − u)
∣∣2 + B2|uk − u|2

]
dxdt, R0 > 0. (31)

Ç (30) i (31), îñêiëüêè R0 � äîâiëüíå, âèïëèâà¹, ùî

aα
(
◦, �, δuk(◦, �)

)
−→
k→∞

aα
(
◦, �, δu(◦, �)

)
â L 2,loc(Q), |α| ∈M0. (32)

Òåïåð ïîêàæåìî, ùî iñíó¹ ïiäïîñëiäîâíiñòü
{
ukj
}∞
j=1

ïîñëiäîâíîñòi
{
uk
}∞
k=1

òàêà, ùî

a0̂

(
◦, �, δukj(◦, �)

)
−→
j→∞

a0̂

(
◦, �, δu(◦, �)

)
ñëàáêî â Lp ′(·),loc(Q). (33)

Íåõàé R0 > 0 � ÿêå-íåáóäü ÷èñëî. Ç íàñëiäêó ëåìè 2 äëÿ áóäü-ÿêîãî k > R0 + 1 (k ∈ N)

ìà¹ìî

max
t∈[0,T ]

∫
ΩR0

∣∣uk(x, t)∣∣2 dx+

∫∫
QR0

[ ∑
|α|∈M0

∣∣Dαuk(x, t)
∣∣2 + |uk(x, t)|p(x)

]
dxdt ≤ C14(R0), (34)
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äå C14(R0) > 0 � ñòàëà, ÿêà âiä k íå çàëåæèòü.

Íà ïiäñòàâi óìîâè (A2) i íåðiâíîñòi Ãåëüäåðà, âðàõóâàâøè (34), ìà¹ìî∫∫
QR0

∣∣a 0̂

(
x, t, δuk(x, t)

)∣∣p ′(x)
dxdt ≤

≤
∫∫
QR0

∣∣h 0̂(x, t)
(
|δuk(x, t)|2/p

′(x) + |uk(x, t)|p(x)−1
)

+ g 0̂(x, t)
∣∣p ′(x)

dxdt

≤
∫∫
QR0

(
2
∣∣h0̂(x, t)

∣∣p(x)
+ 1

) p ′(x)
p(x)
(
|δuk(x, t)|2 + |uk(x, t)|p(x) +

+ |g0̂(x, t)|p ′(x)
)
dxdt ≤ C15(R0), (35)

äå C15(R0) > 0 � ñòàëà, ÿêà âiä k íå çàëåæèòü, àëå ìîæå çàëåæàòè âiä R0.

Íà ïiäñòàâi (30), (35) i óìîâè (A1), âðàõóâàâøè ðåôëåêñèâíiñòü ïðîñòîðó Lp(·)(QR0),

ìîæíà çðîáèòè âèñíîâîê ïðî iñíóâàííÿ ïiäïîñëiäîâíîñòi
{
ukj
}∞
j=1

ïîñëiäîâíîñòi
{
uk
}∞
k=1

òà ôóíêöi¨ χ0̂ ∈ Lp ′(·),loc(Q) òàêèõ, ùî

ukj −→
j→∞

u, a0̂

(
◦, �, δukj(◦, �, )

)
−→
j→∞

a0̂

(
◦, �, δu(◦, �, )

)
ìàéæå âñþäè íà Q, (36)

a0̂

(
◦, �, δukj(◦, �)

)
−→
j→∞

χ0̂(◦, �) ñëàáêî â Lp ′(·),loc(Q). (37)

Ç (36) òà (37) îòðèìà¹ìî (äèâ. [17]), ùî

χ0̂(◦, �) = a0̂

(
◦, �, δu(◦, �)

)
. (38)

Íåõàé ψ ∈
◦
Hm,1

c (Ω) ∩ Lp(·)(Ω). Äëÿ êîæíîãî j ≥ j0, äå j0 ∈ N òàêå, ùî suppψ ⊂ Ωkj0
, ç

îçíà÷åííÿ ukj ìà¹ìî∫∫
Q

[
−ukjψϕ ′ +

∑
|α|∈M

aα(x, t, δukj)D
αψϕ

]
dxdt =

∫∫
Q

[ ∑
|α|∈M

fαD
αψϕ

]
dxdt. (39)

Ïåðåéäåìî â (39) äî ãðàíèöi ïðè j → +∞, âðàõóâàâøè (30), (32), (37), (38). Ó ðå-

çóëüòàòi îòðèìà¹ìî (6) äëÿ çàäàíî¨ ôóíêöi¨ ψ. Îñêiëüêè ψ � äîâiëüíà ôóíêöiÿ, òî ìè

äîâåëè, ùî u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (3) � (5).

Äîâåäåìî ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó äîñëiäæóâàíî¨ çàäà÷i. Ïðèïóñòèìî ïðî-

òèëåæíå. Íåõàé u1, u2 � (ðiçíi) óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (3) � (5). Ç ëåìè 2 (R∗ �

áóäü-ÿêå ÷èñëî) ìà¹ìî

max
t∈[0,T ]

∫
ΩR0

|u1(x, t)− u2(x, t)|2 dx ≤ C1R
n−2q/(q−2), (40)

äå R0, R � äîâiëüíi ñòàëi òàêi, ùî 0 < 2R0 ≤ R, R ≥ 1, à q > 0 � òàêå, ùî n−2q/(q−2) <

0 (ñòàëà C1 > 0 âiä R0 i R íå çàëåæàòü).

Çàôiêñó¹ìî R0 > 0 i ïåðåéäåìî â (40) äî ãðàíèöi ïðè R → +∞. Ó ðåçóëüòàòi îòðè-

ìà¹ìî, ùî u1 = u2 ìàéæå ñêðiçü íà QR0 . Îñêiëüêè R0 > 0 � äîâiëüíå ÷èñëî, òî çâiäñè

ìà¹ìî, ùî u1 = u2 ìàéæå âñþäè íà Q. Îòæå, ìè äîâåëè êîðåêòíiñòü çàäà÷i (3) � (5).
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4 Âèñíîâêè

Òóò ìè ðîçãëÿíóëè îäèí êëàñ àíiçîòðîïíèõ ïàðàáîëi÷íèõ ðiâíÿíü âèùèõ ïîðÿäêiâ,

ÿêi çàäàíi â íåîáìåæåíèõ çà ïðîñòîðîâèìè çìiííèìè îáëàñòÿõ i ìiøàíi çàäà÷i äëÿ ÿêèõ

¹ îäíîçíà÷íî ðîçâ'ÿçíèìè áåç áóäü-ÿêèõ îáìåæåíü íà ïîâåäiíêó ðîçâ'ÿçêiâ òà çðîñòàííÿ

âõiäíèõ äàíèõ íà íåñêií÷åííîñòi. Äîñëiäæóâàíi òóò ðiâíÿííÿ ìàþòü çìiííi ïîêàçíèêè

íåëiíiéíîñòi i, âiäïîâiäíî, ¨õ ðîçâ'ÿçêè áåðóòüñÿ ç óçàãàëüíåíèõ ïðîñòîðiâ Ëåáåãà òà

Ñîáîë¹âà. Íà íàø ïîãëÿä, âèâ÷åíèé òóò êëàñ ðiâíÿíü ìîæå áóòè ðîçøèðåíèì çi çáåðå-

æåííÿì éîãî îñíîâíèõ âëàñòèâîñòåé.
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Bokalo M.M. Initial-boundary value problem for higher-orders nonlinear parabolic equations

with variable exponents of the nonlinearity in unbounded domains without conditions at in�nity,

Bukovinian Math. Journal. 10, 2 (2022), 59�76.

Initial-boundary value problems for parabolic equations in unbounded domains with respect

to the spatial variables were studied by many authors. As is well known, to guarantee the

uniqueness of the solution of the initial-boundary value problems for linear and some nonlinear

parabolic equations in unbounded domains we need some restrictions on solution's behavior as

|x| → +∞ (for example, solution's growth restriction as |x| → +∞, or belonging of solution to

some functional spaces). Note that we need some restrictions on the data-in behavior as |x| →
+∞ to solvability of the initial-boundary value problems for parabolic equations considered

above.

However, there are nonlinear parabolic equations for which the corresponding initial-boun-

dary value problems are unique solvable without any conditions at in�nity.

Nonlinear di�erential equations with variable exponents of the nonlinearity appear as ma-

thematical models in various physical processes. In particular, these equations describe electro-

reological substance �ows, image recovering processes, electric current in the conductor with

changing temperature �eld. Nonlinear di�erential equations with variable exponents of the

nonlinearity were intensively studied in many works. The corresponding generalizations of

Lebesgue and Sobolev spaces were used in these investigations.

In this paper we prove the unique solvability of the initial�boundary value problem without

conditions at in�nity for some of the higher-orders anisotropic parabolic equations with variable

exponents of the nonlinearity. An a priori estimate of the generalized solutions of this problem

was also obtained.
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Âëàñòèâîñòi ðîçâ'ÿçêiâ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç äèñèïàöi¹þ

Äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøÿ äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç äèñèïà-

öi¹þ, êîëè ïî÷àòêîâîþ ôóíêöi¹þ ¹ åëåìåíò ïðîñòîðó (S
1/2
1/2)

′.

Êëþ÷îâi ñëîâà i ôðàçè: çàäà÷à Êîøi, ðiâíÿííÿ òåïëîïðîâiäíîñòi, ãàðìîíiéíèé îñöèëÿ-

òîð, êîðåêòíà ðîçâ'ÿçíiñòü, ôóíêöi¨ Åðìiòà.

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, ×åðíiâöi

e-mail: o.martynyuk@chnu.edu.ua

Âñòóï

Òåîðiÿ çàäà÷i Êîøi äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïàðàáîëi÷íîãî òèïó áåðå

ñâié ïî÷àòîê, ÿê âiäîìî, iç äîñëiäæåííÿ âëàñòèâîñòåé ðîçâ'ÿçêiâ ðiâíÿííÿ òåïëîïðîâiä-

íîñòi. Ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì òàêîãî ðiâíÿííÿ ¹ ôóíêöiÿ

G(t, x) = (2
√
πt)−1 exp{−x2/(4t)}, t > 0, x ∈ R.

Ñàìà öÿ ôóíêöiÿ, ÿê ôóíêöiÿ x (ïðè êîæíîìó t > 0) ¹ åëåìåíòîì ïðîñòîðó S
1/2
1/2 . Åëå-

ìåíòàìè òàêîãî ïðîñòîðó ¹ íåñêií÷åííî äèôåðåíöiéîâíi íà R ôóíêöi¨, ÿêi ðàçîì ç óñiìà

ñâî¨ìè ïîõiäíèìè ñïàäàþòü ïðè |x| → +∞ ÿê exp{−ax2}, x ∈ R, a > 0. Ãðàíè÷íå çíà-

÷åííÿ G(t, x) ïðè t→ +0 i ôiêñîâàíîìó x ∈ R (δ-ôóíêöiÿ Äiðàêà) iñíó¹ âæå ó ïðîñòîði

(S
1/2
1/2)′ óñiõ ëiíiéíèõ i íåïåðåðâíèõ ôóíêöiîíàëiâ, çàäàíèõ íà S

1/2
1/2 . Öåé ôàêò äîçâîëèâ

âñòàíîâèòè, ùî (S
1/2
1/2)′ çáiãà¹òüñÿ iç ìíîæèíîþ ïî÷àòêîâèõ çíà÷åíü äëÿ ïîñòàíîâêè çà-

äà÷i Êîøi äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi, ïðè ÿêèõ ðîçâ'ÿçêè òàêî¨ çàäà÷i ¹ íåñêií÷åííî

äèôåðåíöiéîâíèìè çà çìiííîþ x ôóíêöiÿìè. Àíàëîãi÷íà ñèòóàöiÿ ìà¹ ìiñöå i ó âèïàäêó

ðiâíÿíü ïàðàáîëi÷íîãî òèïó çàãàëüíiøîãî âèãëÿäó (Ì.Ë. Ãîðáà÷óê, Â.I. Ãîðáà÷óê, Î.I.

Êàøïiðîâñüêèé, Ï.I. Äóäíèêîâ òà ií. [1�5]).

Ó öié ðîáîòi äîñëiäæóþòüñÿ âëàñòèâîñòi ðîçâ'ÿçêiâ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç äè-

ñèïàöi¹þ, ÿêå ïîâ'ÿçàíå ç ãàðìîíiéíèì îñöèëÿòîðîì � îïåðàòîðîì A = −d2/dx2 + x2

(íåâiä'¹ìíèì i ñàìîñïðÿæåíèì ó L2(R)). Ïðè öüîìó çíàéäåíî ÿâíèé âèãëÿä ôóíêöi¨,

ÿêà ¹ àíàëîãîì ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ðiâíÿííÿ òåïëîïðîâiä-

íîñòi. Çíàéäåíî ôîðìóëó, ÿêà îïèñó¹ âñi íåñêií÷åííî äèôåðåíöiéîâíi ðîçâ'ÿçêè òàêîãî
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ðiâíÿííÿ, äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi ç ïî÷àòêîâîþ ôóíêöi¹þ � åëåìåí-

òîì ïðîñòîðó (S
1/2
1/2)′, ïðè öüîìó âñòàíîâëåíî, ùî (S

1/2
1/2)′ ¹ �ìàêñèìàëüíèì� ïðîñòîðîì

ïî÷àòêîâèõ äàíèõ çàäà÷i Êîøi, ïðè ÿêèõ ðîçâ'ÿçêè ¹ íåñêií÷åííî äèôåðåíöiéîâíèìè

çà ïðîñòîðîâîþ çìiííîþ ôóíêöiÿìè. Îñíîâíèì çàñîáîì äîñëiäæåííÿ ¹ ôîðìàëüíi ðÿ-

äè Åðìiòà, ÿêi îòîòîæíþþòüñÿ ç ëiíiéíèìè íåïåðåðâíèìè ôóíêöiîíàëàìè, çàäàíèìè íà

S
1/2
1/2 .

1. Îðòîíîðìîâàíi ìíîãî÷ëåíè Åðìiòà. Ôóíêöi¨ Åðìiòà. Ôóíêöiÿ F : R → R
íàçèâà¹òüñÿ âàãîâîþ, ÿêùî âîíà íåâiä'¹ìíà i òàêà, ùî àáñîëþòíî çáiæíèìè ¹ iíòåãðàëè

αn =

∫
R

xnF (x)dx, n ∈ Z+,

ÿêi íàçèâàþòüñÿ ñòåïåíåâèìè ìîìåíòàìè ôóíêöi¨ F . Çà F , çîêðåìà, ìîæíà âçÿòè ôóí-

êöiþ exp(−x2), x ∈ R. Êîðèñòóþ÷èñü ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨, ìîæíà äîâåñòè,

ùî

(e−x
2

)(n) = e−x
2

[n/2]∑
k=0

(−1)n−kn!

k!(n− 2k)!
(2x)n−2k, x ∈ R, n ∈ Z+.

Îòæå, ôóíêöiÿ Hn(x) = (−1)nex
2
(e−x

2
)(n), n ∈ Z+, ¹ ìíîãî÷ëåíîì ñòåïåíÿ n. Öåé ìíî-

ãî÷ëåí íàçèâà¹òüñÿ ñòàíäàðòèçîâàíèì ìíîãî÷ëåíîì Åðìiòà. Ìíîãî÷ëåíè {Hn, n ∈ Z+}
îðòîãîíàëüíi íà R ç âàãîâîþ ôóíêöi¹þ exp(−x2), ïðè öüîìó∫

R

e−x
2

Hn(x)dx =
√
π2nn!, n ∈ Z+.

Îòæå, îðòîíîðìîâàíi ìíîãî÷ëåíè Åðìiòà Ĥn, n ∈ Z+, ìàþòü âèãëÿä

Ĥn(x) =
Hn(x)√
n!2n
√
π

=
(−1)n√
n!2n
√
π
ex

2

(e−x
2

)(n).

Ìíîãî÷ëåíè Ĥn, n ∈ Z+, ïîáóäîâàíi çà âàãîâîþ ôóíêöi¹þ F (x) = exp(−x2), x ∈ R,
óòâîðþþòü îðòîíîðìîâàíèé áàçèñ ó ïðîñòîði L2(R, exp(−x2)). Ó ïðîñòîði L2(R) îðòî-

íîðìîâàíèé áàçèñ óòâîðþþòü ôóíêöi¨ Åðìiòà

hn(x) = e−x
2/2Ĥn(x) = (−1)nπ−1/4(n!2n)−1/2ex

2/2(e−x
2

)(n), n ∈ Z+, x ∈ R.

2. Ïðîñòîðè îñíîâíèõ òà óçàãàëüíåíèõ ôóíêöié. Ôîðìàëüíi ðÿäè Åðìiòà

Ñèìâîëîì Sββ , β > 0 � ôiêñîâàíèé ïàðàìåòð, ïîçíà÷àþòü ñóêóïíiñòü ôóíêöié ϕ ∈
C∞(R), ÿêi çàäîâîëüíÿþòü óìîâó

∃c > 0 ∃A > 0 ∃B > 0 ∀{k,m} ⊂ Z+ ∀x ∈ R : |xkϕ(m)(x)| ≤ cAkBmkkβmmβ.

ßêùî β ≥ 1/2, òî ïðîñòîðè Sββ íåòðèâiàëüíi i óòâîðþþòü ùiëüíi â L2(R) ìíîæèíè. ßêùî

1/2 ≤ β < 1, òî Sββ ñêëàäà¹òüñÿ ç òèõ i ëèøå òèõ ôóíêöié ϕ: R → R, ÿêi äîïóñêàþòü
àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ êîìïëåêñíó ïëîùèíó i äëÿ ÿêèõ

|ϕ(x+ iy)| ≤ c exp{−a|x|1/β + b|y|1/(1−β)}, {x, y} ⊂ R,
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äå ñòàëi c, a, b > 0 çàëåæàòü ëèøå âiä ôóíêöi¨ ϕ.

Òîïîëîãi÷íà ñòðóêòóðà ïðîñòîðàõ Sββ âèçíà÷à¹òüñÿ òàê. Ñèìâîëîì Sβ,Bβ,A ïîçíà÷èìî

ñóêóïíiñòü ôóíêöié ϕ ∈ Sββ , ÿêi çàäîâîëüíÿþòü óìîâó:

∀A > A ∀B > B : |xkϕ(m)(x)| ≤ cA
k
B
m
kkβmmβ, {k,m} ⊂ Z+, x ∈ R.

Öÿ ìíîæèíà ïåðåòâîðþ¹òüñÿ â ïîâíèé çëi÷åííî íîðìîâàíèé ïðîñòið, ÿêùî íîðìè â íié

ââåñòè çà äîïîìîãîþ ñïiââiäíîøåíü

‖ϕ‖δ,ρ = sup
x,k,m

|xkϕ(m)(x)|
(A+ δ)k(B + ρ)mkkβmmβ

, {δ, ρ} ⊂
{

1,
1

2
,
1

3
, . . .

}
.

ßêùî A1 < A2, B1 < B2, òî S
β,B1

β,A1
íåïåðåðâíî âêëàäà¹òüñÿ â Sβ,B2

β,A2
i Sββ =

⋃
A,B>0

Sβ,Bβ,A .

ßêùî P � äåÿêèé ôiêñîâàíèé ìíîãî÷ëåí, òî â ïðîñòîði Sββ âèçíà÷åíà i íåïåðåðâíà

îïåðàöiÿ ìíîæåííÿ íà P . Çâiäñè, çîêðåìà, âèïëèâà¹, ùî ôóíêöi¨ Åðìiòà hk, k ∈ Z+,

íàëåæàòü äî ïðîñòîðó S
1/2
1/2 . Ñïðàâäi, e

−x2/2 ∈ S1/2
1/2 , áî |e−z

2| = e−x
2/2+y2/2, z = x+ iy ∈ C.

Çâiäñè òà ç õàðàêòåðèñòèêè ïðîñòîðiâ Sββ , 1/2 ≤ β < 1, âèïëèâà¹, ùî
1

β
= 2,

1

1− β
=

2, òîáòî β =
1

2
. Ôóíêöi¨ Åðìiòà hk, k ∈ Z+, ìàþòü âèãëÿä P (x) exp(−x2), x ∈ R, äå P �

ìíîãî÷ëåí Åðìiòà. Îòæå, hk ∈ S1/2
1/2 äëÿ êîæíîãî k ∈ Z+.

Ñèìâîëîì (Sββ )′ ïîçíà÷èìî ñóêóïíiñòü óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ, çàäà-

íèõ íà Sββ çi ñëàáêîþ çáiæíiñòþ. Åëåìåíòè ïðîñòîðó (Sββ )′ íàçèâàòèìåìî óçàãàëüíåíèìè

ôóíêöiÿìè. Çàçíà÷èìî, ùî Sββ íåïåðåðâíî âêëàäà¹òüñÿ â (Sββ )′, òîáòî êîæíó îñíîâíó

ôóíêöiþ ϕ ∈ Sββ ìîæíà ðîçóìiòè ÿê ðåãóëÿðíó óçàãàëüíåíó ôóíêöiþ fϕ ∈ (Sββ )′:

〈fϕ, ψ〉 = (ϕ, ψ)L2(R) =

∫
R

ϕ(x)ψ(x)dx, ∀ψ ∈ Sββ .

ßêùî f ∈ (Sββ )′, òî i f (p) ∈ (Sββ )′ äëÿ êîæíîãî p ∈ {2, 3, 4, . . . }, ïðè öüîìó óçàãàëüíåíà

ôóíêöiÿ f (p) âèçíà÷à¹òüñÿ ôîðìóëîþ

〈f (p), ϕ〉 = (−1)p〈f, ϕ(p)〉, ∀ϕ ∈ Sββ ,

(òóò ñèìâîëîì 〈f (p), ·〉 ïîçíà÷à¹òüñÿ äiÿ ôóíêöiîíàëó f (p) íà îñíîâíó ôóíêöiþ).

Êîæíié óçàãàëüíåíié ôóíêöi¨ f ∈ (Sββ )′ âiäïîâiäà¹ ôîðìàëüíèé ðÿä Åðìiòà
∞∑
k=0

ck(f)hk,

äå ck(f) = 〈f, hk〉, k ∈ Z+, � êîåôiöi¹íòè Ôóð'¹-Åðìiòà. Ôóíêöi¨ Åðìiòà hk, k ∈ Z+ , ¹

âëàñíèìè ôóíêöiÿìè ãàðìîíiéíîãî îñöèëÿòîðà A = − d2

dx2
+x2 � íåâiä'¹ìíîãî ñàìîñïðÿ-

æåíîãî îïåðàòîðà â L2(R), ñïåêòð ÿêîãî ñóòî äèñêðåòíèé, λk = 2k + 1, k ∈ Z+, � éîãî

âëàñíi ÷èñëà.

Iç çàãàëüíî¨ òåîði¨ íåâiä'¹ìíèõ ñàìîñïðÿæåíèõ îïåðàòîðiâ ó ãiëüáåðòîâîìó ïðîñòîði,

âëàñíi ôóíêöi¨ ÿêîãî óòâîðþþòü îðòîíîðìîâàíèé áàçèñ, âèïëèâà¹, ùî äëÿ êîæíî¨ óçà-

ãàëüíåíî¨ ôóíêöi¨ f ∈ (Sββ )′ ¨ ¨ ðÿä Åðìiòà çáiãà¹òüñÿ äî f ó ïðîñòîði (Sββ )′. Ïðè öüîìó
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åëåìåíòè ïðîñòîðiâ Sββ , (Sββ )′ ìîæíà îõàðàêòåðèçóâàòè çà äîïîìîãîþ ¨õíiõ êîåôiöi¹íòiâ

Ôóð'¹-Åðìiòà òàê [4]:

à) (f ∈ Sββ )⇔ (∃µ > 0 ∃c > 0 ∀k ∈ Z+ : |ck(f)| ≤ c exp{−µ(2k + 1)1/(2β)});
á) (f ∈ (Sββ )′)⇔ (∀µ > 0 ∃c = c(µ) > 0 ∀k ∈ Z+: |ck(f)| ≤ c exp{µ(2k + 1)1/(2β)}).
Êðiì òîãî, S

β/2
β/2 = H{β} =

⋃
µ>0

Hµ,β, äå Hµ,β ñêëàäà¹òüñÿ ç òèõ ôóíêöié ϕ ∈ Sβ/2β/2 , äëÿ

ÿêèõ ïðè äåÿêîìó µ > 0

‖ϕ‖2Hµ,β :=
∞∑
k=0

e2µ(2k+1)1/β |ck(ϕ)|2 <∞, ck(ϕ) = (ϕ, hk)L2(R), k ∈ Z+.

Âiäïîâiäíî, (S
β/2
β/2)′ = H ′{β} =

⋂
µ>0

H ′µ,β, ïðè öüîìó ÿêùî f ∈ (S
β/2
β/2)′, òî äëÿ äîâiëüíîãî

µ > 0

‖ϕ‖2H′µ,β =
∞∑
k=0

e−2µ(2k+1)1/β |ck(ϕ)|2 <∞, ck(f) = 〈f, hk〉, k ∈ Z+.

3. Ðiâíÿííÿ òåïëîïðîâiäíîñòi ç äèñèïàöi¹þ

Ðîçãëÿíåìî ðiâíÿííÿ

∂u(t, x)

∂t
=
∂2u(t, x)

∂x2
− x2u(t, x), (t, x) ∈ (0, T ]× R ≡ Ω, (1)

ÿêå íàçèâàòèìåìî ðiâíÿííÿì òåïëîïðîâiäíîñòi ç äèñèïàöi¹þ. Çàóâàæèìî, ùî ðiâíÿííÿ

(1) ìîæíà çàïèñàòè ó âèãëÿäi

∂u(t, x)

∂t
+ Au(t, x) = 0, (t, x) ∈ Ω, (2)

äå A = − ∂2

∂x2
+ x2 � ãàðìîíiéíèé îñöèëÿòîð (íåâiä'¹ìíèé ñàìîñïðÿæåíèé ó L2(R) îïå-

ðàòîð).

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (1) ðîçóìi¹ìî ôóíêöiþ u(t, x), (t, x) ∈ Ω, ÿêà çàäîâîëü-

íÿ¹ óìîâè: 1) u(t, ·) � íåïåðåðâíî äèôåðåíöiéîâíà ïî t (ïðè ôiêñîâàíîìó x ∈ R); 2)
u(·, x) ∈ L2(R) i u(·, x) � äâi÷i íåïåðåðâíî äèôåðåíöiéîâíà ôóíêöiÿ ïî x (ïðè êîæíîìó

ôiêñîâàíîìó t > 0); 3) u(t, x), (t, x) ∈ Ω, çàäîâîëüíÿ¹ ðiâíÿííÿ (1).

Òåîðåìà 1. Ôóíêöiÿ u(t, x), (t, x) ∈ Ω, ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1) òîäi i òiëüêè òîäi,

êîëè âîíà çîáðàæà¹òüñÿ ó âèãëÿäi

u(t, x) =
∞∑
k=0

e−t(2k+1)ckhk(x) = 〈fy, Kt,x(y)〉, (3)

äå
∞∑
k=0

ckhk = f ∈ (S
1/2
1/2)′,

Kt,x(y) = (2πsh(2t))−1 exp{sh−1(2t)xy − 1

2
cth(2t)(x2 + y2)},

ïðè öüîìó Kt,x(·) ∈ S1/2
1/2 (ïðè êîæíîìó t > 0, x ∈ R), u(t, ·) ∈ S1/2

1/2 ïðè êîæíîìó t > 0.
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Äîâåäåííÿ. Íåõàé u(t, x) � ðîçâ'ÿçîê ðiâíÿííÿ (1). Îñêiëüêè u(t, x) ∈ L2(R) ïðè êîæíî-

ìó t ∈ (0, T ], à ôóíêöi¨ Åðìiòà hk, k ∈ Z+, óòâîðþþòü îðòîíîðìîâàíèé áàçèñ ó L2(R),

òî

u(t, x) =
∞∑
k=0

ck(t)hk(x), (t, x) ∈ Ω,

ck(t) ≡ ck(u(t, ·)) = (u(t, ·), hk)L2(R), k ∈ Z+,

ïðè÷îìó

‖u(t, ·)‖2L2(R) =
∞∑
k=0

|ck(t)|2, t ∈ (0, T ].

Äëÿ âiäøóêàííÿ ck(t) ïîìíîæèìî (2) ñêàëÿðíî íà hk, k ∈ Z+; ó ðåçóëüòàòi ïðèéäåìî

äî ñïiââiäíîøåííÿ

(u′t, hk) + (Au, hk) = 0.

Ïðè ôiêñîâàíîìó k ∈ Z+ ìà¹ìî

(Au, hk) = (u,Ahk) = (u, (2k + 1)hk) = (2k + 1)(u, hk) = (2k + 1)ck(t)

(òóò âðàõîâàíî, ùî hk � âëàñíà ôóíêöiÿ îïåðàòîðà A, à (2k + 1) � éîãî âëàñíå ÷èñëî).

Iç äèôåðåíöiéîâíîñòi ôóíêöi¨ u(t, x) çà çìiííîþ t ∈ (0, T ] âèïëèâà¹ äèôåðåíöiéîâíiñòü

ôóíêöi¨ ck(t) = (u(t, ·), hk). Îòæå, ôóíêöiÿ ck(t) çàäîâîëüíÿ¹ ðiâíÿííÿ

c′k(t) + (2k + 1)ck(t) = 0, k ∈ Z+,

çàãàëüíèé ðîçâ'ÿçîê ÿêîãî ìà¹ âèãëÿä ck(t) = ck exp{−t(2k + 1)}, ck = const, k ∈ Z+.

Òîäi

u(t, x) =
∞∑
k=0

cke
−t(2k+1)hk(x), (t, x) ∈ Ω.

ïðè÷îìó

‖u(t, ·)‖2L2(R) =
∞∑
k=0

c2ke
−2t(2k+1) ≤ c2,

äå c2 = c2(t) > 0. Îòæå,

∀t > 0 ∃c = c(t) > 0 ∀k ∈ Z+ : |ck(t)| ≤ cet(2k+1).

Çâiäñè âèïëèâà¹, ùî ðÿä
∞∑
k=0

ckhk ¹ ôîðìàëüíèì ðÿäîì Åðìiòà äåÿêî¨ óçàãàëüíåíî¨ ôóí-

êöi¨ f ∈ (S
1/2
1/2)′, ïðè öüîìó

f =
∞∑
k=0

ckhk ∈ (S
1/2
1/2)′, ck = 〈f, hk〉, k ∈ Z+,

òîáòî ck = ck(t) � êîåôiöi¹íòè Åðìiòà ôóíêöi¨ f ∈ (S
1/2
1/2)′.
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Òàêèì ÷èíîì,

u(t, x) =
∞∑
k=0

cke
−t(2k+1)hk(x) =

∞∑
k=0

e−t(2k+1)〈f, hk(y)〉hk(x) =

= lim
n→∞

n∑
k=0

〈fy, hk(y)〉e−t(2k+1)hk(x).

Óðàõóâàâøè âëàñòèâîñòi ëiíiéíîñòi òà íåïåðåðâíîñòi ôóíêöiîíàëà f , îäåðæèìî

u(t, x) = lim
n→∞
〈fy,

n∑
k=0

e−t(2k+1)hk(y)hk(x)〉 = 〈fy, lim
n→∞

n∑
k=0

e−t(2k+1)hk(x)hk(y)〉 =

= 〈fy,
∞∑
k=0

e−t(2k+1)hk(x)hk(y)〉 ≡ 〈fy, Kt,x(y)〉. (4)

Îñêiëüêè |hk(x)hk(y)| ≤ 1, ∀k ∈ Z+, ∀{x, y} ⊂ R, òî ðÿä
∞∑
k=0

e−t(2k+1)hk(x)hk(y) çáiãà¹òüñÿ

ðiâíîìiðíî ïî {x, y} ⊂ R ïðè t > 0. Êðiì òîãî, Kt,x(·) ∈ S1/2
1/2 , áî

|ck(Kt,x)| = |e−t(2k+1)hk| ≤ e−t(2k+1), ∀k ∈ Z+, t > 0.

Äëÿ îá ðóíòóâàííÿ êîðåêòíîñòi ïðîâåäåíèõ ó (4) ïåðåòâîðåíü äîâåäåìî, ùî Sn,t,x(y)→
Kt,x(y) ïðè n→∞ ó ïðîñòîði S

1/2
1/2 , äå

Sn,t,x(y) =
n∑
k=0

e−t(2k+1)hk(x)hk(y).

Íàãàäà¹ìî, ùî S
1/2
1/2 = H{1} =

⋃
µ>0

Hµ,1, äå Hµ,1 � ñóêóïíiñòü ôóíêöié ç ïðîñòîðó S
1/2
1/2 ,

äëÿ ÿêèõ ïðè äåÿêîìó µ > 0

‖ϕ‖2Hµ,1 =
∞∑
k=0

e2µ(2k+1)|ck(ϕ)|2 <∞, ck(ϕ) = (ϕ, hk)L2(R), k ∈ Z+.

Îòæå, ïîòðiáíî äîâåñòè, ùî:

1) Sn,t,x ∈ Hµ,1 ïðè äåÿêîìó µ > 0 òà êîæíîìó n ∈ N (ïðè ôiêñîâàíèõ t > 0 i x ∈ R);
2) ‖Sn,t,x −Kt,x‖Hµ,1 → 0, n→∞ ïðè ôiêñîâàíèõ t > 0, x ∈ R.
Äëÿ äîâåäåííÿ 1) çàóâàæèìî, ùî

ck(Sn,t,x) = 〈Sn,t,x, hk〉 = (Sn,t,x, hk)L2(R) =

{
exp{−t(2k + 1)}, ÿêùî k ≤ n,

0, ÿêùî k > n.

Òîäi äëÿ äîâiëüíî ôiêñîâàíîãî µ < t ìà¹ìî:

‖Sn,t,x‖2Hµ,1 =
∞∑
k=0

e2µ(2k+1)|ck(Sn,t,x)|2 =
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=
∞∑
k=0

e2µ(2k+1)e−2t(2k+1)|hk(x)|2 ≤
∞∑
k=0

e−2(t−µ)(2k+1) <∞

(òóò ñêîðèñòàëèñÿ òèì, ùî |hk(x)| ≤ 1, x ∈ R, k ∈ Z+). Îòæå, âëàñòèâiñòü 1) äîâåäåíà.

Äëÿ äîâåäåííÿ 2) äîñèòü ïîêàçàòè, ùî

αn,t,x(y) :=
∞∑

k=n+1

e−t(2k+1)hk(x)hk(y)→ 0, n→∞

ó ïðîñòîði Hµ,1, äå µ < t, òîáòî ùî

‖αn,t,x‖2Hµ,1 → 0, n→∞,

ïðè ôiêñîâàíèõ t > 0, x ∈ R. Îñêiëüêè αn,t,x ∈ Hµ,1 ⊂ S
1/2
1/2 , äå 0 < µ < t (t > 0, x ∈ R

ôiêñîâàíi), òî

ck(αn,t,x) = 〈αn,t,x, hk〉 = (αn,t,x, hk)L2(R) =

{
e−t(2k+1), ÿêùî k ≥ n,

0, ÿêùî k < n.

Òîäi äëÿ µ < t ìà¹ìî:

‖αn,t,x‖2Hµ,1 =
∞∑
k=0

e2µ(2k+1)|ck(αn,t,x)|2 =

=
∞∑

k=n+1

e2µ(2k+1)e−2t(2k+1)|hk|2 ≤
∞∑

k=n+1

e−2(t−µ)(2k+1) → 0

ïðè n→∞ ÿê çàëèøîê çáiæíîãî ðÿäó. Öèì äîâåäåíî, ùî óìîâà 2) âèêîíó¹òüñÿ.

Äàëi ñêîðèñòà¹ìîñÿ ñïiââiäíîøåííÿì [5]

(1− ω2)−1/2 exp
{2xyω − (x2 + y2)ω2

1− ω2

}
=

=
∞∑
k=0

1

k!2k
Hk(x)Hk(y)ωk = π1/2

∞∑
k=0

Ĥk(x)Ĥk(y)ωk, |ω| < 1, {x, y} ⊂ R

(ω � äîâiëüíî ôiêñîâàíèé ïàðàìåòð). Ïîêëàäåìî ω = exp{−2t}, t > 0. Óðàõóâàâøè

çâ'ÿçîê ìiæ ìíîãî÷ëåíàìè Hn òà Ĥn (äèâ. ï. 1), çíàéäåìî, ùî

Kt,x(y) = π−1/2e−(t+x
2/2+y2/2)(1−e−4t)−1/2

exp
{2xye−2t − (x2 + y2)e−4t

1− e−4t
}

=

= (2π)−1/2(sh(2t)−1/2) exp{sh−1(2t)xy − 1

2
cth(2t)(x2 + y2)}.

Íåõàé òåïåð ôóíêöiÿ u(t, x), (t, x) ∈ Ω, ìà¹ âèãëÿä (3). Äîâåäåìî, ùî âîíà ¹ ðîçâ'ÿçêîì

ðiâíÿííÿ (1). Ñïðàâäi, îñêiëüêè A � íåâiä'¹ìíèé ñàìîñïðÿæåíèé îïåðàòîð ó L2(R),

σ(A) = {2k + 1, k ∈ Z+}, òî ñïåêòðàëüíà ôóíêöiÿ Eλ, λ ∈ [0,∞), ¹ êóñêîâî-ñòàëîþ i

ìà¹ ðîçðèâè ó òî÷êàõ λk = 2k+1 , k ∈ Z+, ïðè÷îìó Eλk+0−Eλk � îïåðàòîð ïðîåêòóâàí-

íÿ íà âëàñíèé ïiäïðîñòið îïåðàòîðà A, ÿêèé âiäïîâiäà¹ âëàñíîìó çíà÷åííþ λk = 2k+ 1.
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Öåé ïiäïðîñòið ¹ îäíîâèìiðíèì, à âiäïîâiäíà ôóíêöiÿ Åðìiòà hk óòâîðþ¹ éîãî áàçèñ.

Îòæå,

(Eλk+0 − Eλk)ϕ = (ϕ, hk)L2(R)hk = ck(ϕ)hk,

à ñïåêòðàëüíà ôóíêöiÿ Eλ, λ ∈ [0,∞), ó öüîìó âèïàäêó ìà¹ âèãëÿä

(Eλϕ)(x) =
∑
λk<λ

ck(ϕ)hk(x).

Çâiäñè òà ç îñíîâíî¨ ñïåêòðàëüíî¨ òåîðåìè äëÿ ñàìîñïðÿæåíèõ îïåðàòîðiâ âèïëèâà¹, ùî

Aϕ =

∞∫
0

λdEλϕ =
∞∑
k=0

λk(Eλk+0 − Eλk)ϕ(x)

=
∞∑
k=0

λkck(ϕ)hk(x), λk = 2k + 1, k ∈ Z+.

Îòæå,

Au(t, x) =
∞∑
k=0

(2k + 1)ck(u(t, x))hk(x) =
∞∑
k=0

(2k + 1)e−t(2k+1)ck(y)hk(x).

Ôóíêöiÿ u(t, x) äèôåðåíöiéîâíà ïî t (ïðè êîæíîìó x ∈ R). Ñïðàâäi, íåõàé t ∈ [ε, T ], äå

ε > 0. Äîâåäåìî, ùî ðÿä

−
∞∑
k=0

ck · (2k + 1)e−t(2k+1)hk(x) := γ(t, x) (5)

çáiãà¹òüñÿ ðiâíîìiðíî ïî t (ïðè ôiêñîâàíîìó x ∈ R), áî òîäi ∂u(t, x)/∂t = γ(t, x), t ∈
[ε, T ]. Îñêiëüêè |hk(x)| ≤ 1, k ∈ Z+, x ∈ R, òî

| − (2k + 1)cke
−t(2k+1)hk(x)| ≤ (2k + 1)|ck|e−ε(2k+1) ≤ 2

ε
e−

ε
2
(2k+1)|ck|.

Îñêiëüêè
∞∑
k=0

ckhk = f ∈ (S
1/2
1/2)′, òî äëÿ µ = ε/4 iñíó¹ ñòàëà cµ > 0 òàêà, ùî

|ck| ≤ cµe
ε
4
(2k+1), k ∈ Z+.

Òîäi

| − (2k + 1)cke
−t(2k+1)hk(x)| ≤ 2

ε
cµe
− ε

4
(2k+1), k ∈ Z+.

Îòæå, ðÿä (5) çáiãà¹òüñÿ ðiâíîìiðíî ïðè t ≥ ε. Öèì äîâåäåíî, ùî ôóíêöiÿ u(t, x) äèôå-

ðåíöiéîâíà ïî t íà âiäðiçêó [ε, T ]. Îñêiëüêè ε > 0 � äîâiëüíå, òî ôóíêöiÿ u(t, x) äèôåðåí-

öiéîâíà ïî t íà ïðîìiæêó (0, T ], ïðè öüîìó ïðàâèëüíèì ¹ ñïiââiäíîøåííÿ ∂u(t, x)/∂t =

γ(t, x), t ∈ (0, T ], x ∈ R. Çâiäñè âæå âèïëèâà¹, ùî u � ðîçâ'ÿçîê ðiâíÿííÿ (1).

Òåîðåìó äîâåäåíî.
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Íàñëiäîê 1. Íåõàé f ∈ (S
1/2
1/2)′. Òîäi

u(t, x) = 〈fy, Kt,x(y)〉 → f ïðè t→ +0

ó ïðîñòîði (S
1/2
1/2)′.

Äîâåäåííÿ. Ñèìâîëîì s ïîçíà÷èìî ìíîæèíó âñiõ ïîñëiäîâíîñòåé {ak, k ∈ Z+} äiéñíèõ
÷èñåë ç ïîêîîðäèíàòíîþ çáiæíiñòþ, ÿêi çàäîâîëüíÿþòü óìîâó:

∀µ > 0 ∃c = c(µ) > 0 ∀k ∈ Z+ : |ak| ≤ ceµ(2k+1).

Ïîáóäó¹ìî âiäîáðàæåííÿ F : (S
1/2
1/2)′ → s òàê. Êîæíîìó f =

∞∑
k=0

ck(f)hk ∈ (S
1/2
1/2)′ ïî-

ñòàâèìî ó âiäïîâiäíiñòü ïîñëiäîâíiñòü {ck(f) = 〈f, hk〉, k ∈ Z+} ∈ s. Ïðè öüîìó ðiçíèì

åëåìåíòàì ç (S
1/2
1/2)′ âiäïîâiäàþòü ðiçíi åëåìåíòè ç s. Ñïðàâäi, ÿêùî {f1, f2} ⊂ (S

1/2
1/2)′ i

f1 6= f2, òî iñíó¹ k0 ∈ Z+ òàêå, ùî ck0(f1) 6= ck0(f2); áî ó ïðîòèëåæíîìó âèïàäêó

∀k ∈ Z+ : ck(f1) = ck(f2),

òîáòî 〈f1 − f2, hk〉 = 0, ∀k ∈ Z+. Íåõàé

ϕ =
∞∑
k=0

ck(ϕ)hk ∈ S1/2
1/2 , ck(ϕ) = (ϕ, hk), k ∈ Z+,

Sn =
n∑
k=0

ck(ϕ)hk, n ∈ N.

Âíàñëiäîê ëiíiéíîñòi ôóíêöiîíàëó f1 − f2

〈f1 − f2, Sn〉 = 〈f1 − f2,
n∑
k=0

ck(ϕ)hk〉 =
n∑
k=0

ck(ϕ)〈f1 − f2, hk〉 = 0.

Óðàõóâàâøè âëàñòèâiñòü íåïåðåðâíîñòi ôóíêöiîíàëó f1−f2, à òàêîæ òå, ùî Sn → ϕ ïðè

n→∞ ó ïðîñòîði S
1/2
1/2 , îäåðæèìî

〈f1 − f2, ϕ〉 = 〈f1 − f2, lim
n→∞

Sn〉 = lim
n→∞
〈f1 − f2, Sn〉 = lim

n→∞
〈f1 − f2,

n∑
k=0

ck(ϕ)hk〉 = 0.

Öå îçíà÷à¹, ùî f1 = f2. Îòæå, âiäîáðàæåííÿ

F : (S
1/2
1/2)′ 3 f → {ck(f) = 〈f, hk〉, k ∈ Z+} ∈ s

¹ ái¹êöi¹þ. Áiëüøå òîãî, F � ií'¹êöiÿ. Äiéñíî, íåõàé {ak, k ∈ Z+} ∈ s. Âèçíà÷èìî ôóí-

êöiîíàë f òàê: 〈f, hk〉 = ak, k ∈ Z+ äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈
∞∑
k=0

ck(ϕ)hk ∈ S1/2
1/2 ïîêëà-

äåìî, çà îçíà÷åííÿì, 〈f, ϕ〉 =
∞∑
k=0

akck(ϕ). Ôóíêöiîíàë f âèçíà÷åíèé êîðåêòíî, îñêiëüêè

ðÿä
∞∑
k=0

akck(ϕ) ¹ çáiæíèì. Ñïðàâäi, îñêiëüêè ϕ ∈ S1/2
1/2 , òî

∃µ > 0 ∃c > 0 ∀k ∈ Z+ : |ck(ϕ)| ≤ ce−µ(2k+1)
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i, çà óìîâîþ,

∀µ1 > 0 ∃c1 = c1(µ1) > 0 ∀k ∈ Z+ : |ak| ≤ c1e
µ1(2k+1). (6)

Âçÿâøè µ1 = µ/2, îäåðæèìî çáiæíiñòü ðÿäó
∞∑
k=0

akck(ϕ). Î÷åâèäíî, ùî ïîáóäîâàíèé

ôóíêöiîíàë f � ëiíiéíèé. Äîâåäåìî éîãî íåïåðåðâíiñòü. Íåõàé {ϕn, n ≥ 1} ⊂ S
1/2
1/2 i

ϕn → 0 ïðè n → ∞ ó ïðîñòîði S
1/2
1/2 = H{1} =

⋃
µ>0

Hµ,1. Öå îçíà÷à¹, ùî ïðè äåÿêîìó

µ0 > 0

‖ϕn‖2Hµ0,1 =
∞∑
k=0

e2µ0(2k+1)|ck(ϕn)|2 → 0 ïðè n→∞;

òîáòî

∀ε > 0 ∃n0 = n0(ε) ∈ N ∀n ≥ n0 :
∞∑
k=0

e2µ(2k+1)|ck(ϕn)|2 < ε.

Çâiäñè âèïëèâà¹, ùî

eµ0(2k+1)|ck(ϕn)| <
√
ε, ∀k ∈ Z+, ∀n ≥ n0,

àáî |ck(ϕn)| <
√
εe−µ0(2k+1), ∀k ∈ Z+, ∀n ≥ n0. Òîäi

|〈f, ϕn〉| =
∣∣∣ ∞∑
k=0

akck(ϕn)
∣∣∣ ≤ √ε ∞∑

k=0

|ak|e−µ0(2k+1).

Ïîêëàâøè â (6) µ1 = µ0/2, ïðèéäåìî äî íåðiâíîñòi

|〈f, ϕn〉| ≤
√
εc1

∞∑
k=0

e−
µ0
2
(2k+1) = c2

√
ε, ∀n ≥ n0.

Çâiäñè âèïëèâà¹, ùî f � íåïåðåðâíèé ôóíêöiîíàë íà S
1/2
1/2 , òîáòî f ∈ (S

1/2
1/2)′, ùî é ïîòði-

áíî áóëî äîâåñòè.

Îñêiëüêè u(t, ·) ∈ S1/2
1/2 ⊂ (S

1/2
1/2)′, òî

F [u(t, ·)] = {e−t(2k+1)ck(f), k ∈ Z+} ∈ s.

Îñêiëüêè |e−t(2k+1)ck(f)| ≤ |ck(f)|, k ∈ Z+, f ∈ (S
1/2
1/2)′, òî

∀µ > 0 ∃c = c(µ) > 0 ∀k ∈ Z+ : |ck(f)| ≤ ceµ(2k+1).

Çâiäêè é âèïëèâà¹, ùî F [u(t, ·)] ∈ s. Êðiì òîãî,

∀k ∈ Z+ e−t(2k+1)ck(f)→ ck(f) ïðè t→ +0,

òîáòî F [u(t, ·)]→ F [f ] ïðè t→ +0 ó ïðîñòîði s. Òîäi

u(t, ·) = F−1[F [u(t, ·)]]→ F−1[F [f ]] = f, t→ +0,

ó ïðîñòîði (S
1/2
1/2)′.

Òâåðäæåííÿ äîâåäåíî.
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Ç íàñëiäêó 1 âèïëèâà¹, ùî äëÿ ðiâíÿííÿ (1) (àáî (2)) çàäà÷ó Êîøi ìîæíà ñòàâèòè

òàê: ó ìíîæèíi ðîçâ'ÿçêiâ ðiâíÿííÿ (1) çíàéòè ðîçâ'ÿçîê, ÿêèé çàäîâîëüíÿ¹ óìîâó

u(t, ·)|t=0 = f, f ∈ (S
1/2
1/2)′ (7)

ó òîìó ðîçóìiííi, ùî u(t, ·)→ f ïðè t→ +0 ó ïðîñòîði (S
1/2
1/2)′.

Òåîðåìà 2. Çàäà÷à Êîøi (1), (7) êîðåêòíî ðîçâ'ÿçíà, ðîçâ'ÿçîê äà¹òüñÿ ôîðìóëîþ

u(t, x) = 〈fy, Kt,x,y〉, (t, x) ∈ Ω,

ïðè öüîìó u(t, ·) ∈ S1/2
1/2 ïðè êîæíîìó t > 0.

Äîâåäåííÿ. Iç íàâåäåíèõ âèùå ðåçóëüòàòiâ âèïëèâà¹, ùî îá ðóíòóâàííÿ âèìàãà¹ âëàñòè-

âiñòü ¹äèíîñòi ðîçâ'ÿçêó òà âëàñòèâiñòü íåïåðåðâíî¨ çàëåæíîñòi ðîçâ'ÿçêó âiä ïî÷àòêîâî¨

óìîâè. Ôóíêöiÿ u(t, x) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1) òîäi i òiëüêè òîäi, êîëè âîíà çîáðàæà¹-

òüñÿ ôîðìóëîþ (3). ßêùî â (3) f = 0, òî ck(f) = 0 äëÿ êîæíîãî k ∈ Z+ (ck(f) = 〈f, hk〉).
Îòæå, u(t, x) = 0 äëÿ (t, x) ∈ Ω. Çâiäñè âèïëèâà¹ ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1), (7).

Ðîçâ'ÿçîê u(t, x) çàäà÷i Êîøi (1), (7) íåïåðåðâíî çàëåæèòü âiä ïî÷àòêîâî¨ ôóíêöi¨

f ∈ (S
1/2
1/2)′ ó òàêîìó ðîçóìiííi. ßêùî {f, fn, n ≥ 1} ⊂ (S

1/2
1/2)′ i fn → f ïðè n → ∞ ó

ïðîñòîði (S
1/2
1/2)′ (òîáòî ñëàáêî), òî un → u ïðè n→∞ ó ïðîñòîði (S

1/2
1/2)′.

Ïðè äîâåäåííi íàñëiäêó 1 ïîáóäîâàíî içîìîðôiçì F : (S
1/2
1/2)′ → s. Òîäi F−1: s →

(S
1/2
1/2)′. Ó äàíîìó âèïàäêó

F [un] = {e−t(2k+1)ck(fn), k ∈ Z+}, F [u] = {e−t(2k+1)ck(f), k ∈ Z+},

F [fn] = {ck(fn), k ∈ Z+}, F [f ] = {ck(f), k ∈ Z+}.

Çà óìîâîþ ck(fn) → ck(f) ïðè n → ∞ äëÿ êîæíîãî k ∈ Z+. Òîäi e
−t(2k+1)ck(fn) →

e−t(2k+1)ck(f) ïðè n → ∞ äëÿ êîæíîãî k ∈ Z+, òîáòî F [un] → F [u] ïðè n → ∞ ó

ïðîñòîði s. Çâiäñè âæå âèïëèâà¹, ùî un → u ïðè n→∞ ó ïðîñòîði (S
1/2
1/2)′.

Òâåðäæåííÿ äîâåäåíî.

Çàóâàæåííÿ 1. Íåõàé n ∈ {2, 3, . . . } � ôiêñîâàíå, òîäi [4](
− d2

dx2
+ x2

)n
ϕ(x) =

∑
0≤p+q≤2n

Cn
p,qx

pϕ(q)(x), x ∈ R, ϕ ∈ C∞(R),

ïðè öüîìó êîåôiöi¹íòè Cn
p,q çàäîâîëüíÿþòü íåðiâíîñòi

|Cn
p,q| ≤ 10nnn−

1
2
(p+q).

Äëÿ ðiâíÿííÿ
∂u(t, x)

∂t
+

∑
0≤p+q≤2n

Cn
p,qx

p∂
qu(t, x)

∂xq
, (t, x) ∈ Ω, (8)
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ïðàâèëüíèìè ¹ ðåçóëüòàòè, îòðèìàíi äëÿ ðiâíÿííÿ (1). À ñàìå, ìà¹ ìiñöå òàêå òâåðäæå-

ííÿ: ðîçâ'ÿçêîì ðiâíÿííÿ (8) ¹ ôóíêöiÿ

u(t, x) =
∞∑
k=0

e−t(2k+1)nckhk(x) = 〈fy, K̃t,x(y)〉,

äå K̃t,x(y) =
∞∑
k=0

e−t(2k+1)nhk(x)hk(y), ïðè öüîìó f =
∞∑
k=0

ckhk ∈ (S
1/2
1/2)′, K̃t,x(·) ∈ S1/2

1/2 ïðè

êîæíîìó t > 0, x ∈ R, u(t, ·) ∈ S1/2
1/2 ïðè êîæíîìó t > 0.

ßêùî f = δ ∈ (S
1/2
1/2)′, äå δ � äåëüòà-ôóíêöiÿ Äiðàêà, òî ðîçâ'ÿçîê çàäà÷i Êîøi (1),

(7) ìà¹ âèãëÿä

u(t, x) = 〈δy, Kt,x(y)〉 = Kt,x(0) = (2π)−1/2(sh(2t))−1/2 exp
{
− 1

2
cth(2t)x2

}
.

ßêùî α ∈ (0,+∞) \ {2, 3, . . . }, òî, âíàñëiäîê îñíîâíî¨ ñïåêòðàëüíî¨ òåîðåìè äëÿ

ñàìîñïðÿæåíèõ îïåðàòîðiâ, ç óðàõóâàííÿì òîãî, ùî ñïåêòð ãàðìîíiéíîãî îñöèëÿòîðà ¹

ñóòî äèñêðåòíèì (σ(A) = {2k + 1, k ∈ Z+}), îäåðæèìî

Aαϕ =

∞∫
0

λαdEλϕ =
∞∑
k=0

(2k + 1)αck(ϕ)hk, ck(ϕ) = (ϕ, hk)L2(R),

ϕ =
∞∑
k=0

ck(ϕ)hk ∈ D(Aα) =
{
ϕ :

∞∑
k=0

(2k + 1)2α|ck(ϕ)|2 <∞
}
.

Ðîçâ'ÿçêîì ðiâíÿííÿ

∂u(t, x)

∂t
+ Aαu(t, x) = 0, (t, x) ∈ Ω,

¹ ôóíêöiÿ

u(t, x) =
∞∑
k=0

e−t(2k+1)αckhk ≡ 〈fy,Ψt,x(y)〉,

äå

f =
∞∑
k=0

ckhk ∈ (Sωω )′, ω =

{
1/2, α ∈ (1,+∞) \ {2, 3, . . . },
1/(2α), α ∈ (0, 1),

Ψt,x(y) =
∞∑
k=0

e−t(2k+1)αhk(x)hk(y), Ψt,x(·) ∈ Sωω ïðè êîæíîìó t > 0, x ∈ R, u(t, ·) ∈ Sωω ïðè

êîæíîìó t > 0, u(t, ·)→ f ïðè t→ +0 ó ïðîñòîði (Sωω )′.
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Íàäiéøëî 14.11.2022

Horodets'kyi V.V., Martynyuk O.V. Properties of the equation of heat conduction with dissi-

pation solutions, Bukovinian Math. Journal. 10, 2 (2022), 77�89.

This paper investigates the properties of the solutions of the equation of heat conduction

with dissipation, which is associated with a harmonic oscillator - the operator −d2/dx2 + x2,

x ∈ R (non-negative and self-adjoint in L2(R)). An explicit form of the function is given,

which is analogous to the fundamental solution of the Cauchy problem for the heat conduction

equation. A formula that describes all in�nitely di�erentiable (with respect to the variable x)

solutions of such an equation was found, well-posedness of the Cauchy problem for the heat

conduction equation with dissipation with the initial function, which is an element of the space

of generalized functions (S
1/2
1/2)

′, is established. It is established that (S
1/2
1/2)

′ is the "maximum"

space of initial data of the Cauchy problem, for which the solutions are in�nite functions

di�erentiable by spatial variable. The main means of research are formal Hermite series, which

are identi�ed with linear continuous functionals de�ned on S
1/2
1/2 .
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Áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ îäíîãî êëàñó åâîëþöiéíèõ ðiâíÿíü ó

ïðîñòîðàõ òèïó S

Äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ åâîëþöiéíèõ ðiâ-

íÿíü ç ôóíêöiÿìè âiä îïåðàòîðà äèôåðåíöiþâàííÿ, çîêðåìà, ç îïåðàòîðàìè äðîáîâîãî

äèôåðåíöiþâàííÿ, òà ïî÷àòêîâîþ ôóíêöi¹þ, ÿêà ¹ åëåìåíòîì ïðîñòîðó óçàãàëüíåíèõ ôóí-

êöié òèïó S′. Äîñëiäæåíî ïîâåäiíêó ðîçâ'ÿçêó çàçíà÷åíî¨ çàäà÷i ïðè t→ +∞ ó ïðîñòîðàõ

òèïó S′ (ñëàáêà ñòàáiëiçàöiÿ). Çíàéäåíî óìîâó íà ïî÷àòêîâó ôóíêöiþ, ïðè âèêîíàííi ÿêî¨

ðîçâ'ÿçîê ñòàáiëiçó¹òüñÿ äî íóëÿ ðiâíîìiðíî íà R.
Êëþ÷îâi ñëîâà i ôðàçè: áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à, åâîëþöiéíi ðiâíÿííÿ, çàäà÷à

Êîøi, îïåðàòîð Áåññåëÿ, ïàðàáîëi÷íi ðiâíÿííÿ, òîïîëîãi÷íà ñòðóêòóðà, ìóëüòèïëiêàòîð,

çãîðòêà, çãîðòóâà÷, ôiíiòíà óçàãàëüíåíà ôóíêöiÿ, ïåðåòâîðåííÿ Ôóð`¹.
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Âñòóï. Ó òåîði¨ çàäà÷i Êîøi äëÿ ðiâíîìiðíî ïàðàáîëi÷íèõ ðiâíÿíü òà ñèñòåì ðiâíÿíü

íà ñüîãîäíi îäåðæàíî äîñèòü ïîâíi ðåçóëüòàòè ùîäî êîðåêòíî¨ ðîçâ'ÿçíîñòi, iíòåãðàëüíî-

ãî çîáðàæåííÿ ðîçâ'ÿçêiâ òà äîñëiäæåííÿ ¨õ âëàñòèâîñòåé. Ïðè öüîìó ïî÷àòêîâi óìîâè �

ïî÷àòêîâi ôóíêöi¨ - ÷àñòî ìàþòü îñîáëèâîñòi ó îäíié àáî äåêiëüêîõ òî÷êàõ i äîïóñêàþòü

ðåãóëÿðèçàöiþ ó ïåâíèõ ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié òèïó ðîçïîäiëiâ Ñîáîë¹âà-

Øâàðöà, óëüòðàðîçïîäiëiâ, ãiïåðôóíêöié òîùî. Îòæå, çàäà÷à Êîøi äëÿ òàêèõ ðiâíÿíü

ìà¹ ïðèðîäíó ïîñòàíîâêó i ó êëàñàõ ïî÷àòêîâèõ óìîâ, ÿêi ¹ óçàãàëüíåíèìè ôóíêöiÿìè

ñêií÷åííîãî àáî íåñêií÷åííîãî ïîðÿäêiâ.

Ïðè äîñëiäæåííi ïðîáëåìè ïðî êëàñè ¹äèíîñòi òà êëàñè êîðåêòíîñòi çàäà÷i Êîøi äëÿ

ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïàðàáîëi÷íîãî òèïó àáî ñèíãóëÿðíèõ ïàðàáîëi÷íèõ

ðiâíÿíü ç îïåðàòîðîì Áåññåëÿ (B-ïàðàáîëi÷íèõ ðiâíÿíü [1]) ÷àñòî âèêîðèñòîâóþòüñÿ

ïðîñòîðè òèïó S, ââåäåíi I.Ì. Ãåëüôàíäîì òà Ã.�. Øèëîâèì â [2]. Ôóíêöi¨ ç òàêèõ

ïðîñòîðiâ íà äiéñíié îñi ðàçîì ç óñiìà ñâî¨ìè ïîõiäíèìè ñïàäàþòü ïðè |x| → ∞ øâèäøå,

íiæ exp{−a|x|α}, a, α > 0, x ∈ R. Ó ïðàöÿõ [3�8] âñòàíîâëåíî, ùî ïðîñòîðè òèïó S òà S ′

� òîïîëîãi÷íî ñïðÿæåíi äî S, ¹ ïðèðîäíèìè ìíîæèíàìè ïî÷àòêîâèõ äàíèõ çàäà÷i Êîøi

äëÿ øèðîêèõ êëàñiâ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, ïðè ÿêèõ ðîçâ'ÿçêè ¹ öiëèìè

ôóíêöiÿìè çà ïðîñòîðîâèìè çìiííèìè.

ÓÄÊ 517.98
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© Ãîðîäåöüêèé Â.Â., Øåâ÷óê Í.Ì., Êîëiñíèê Ð.Ñ. , 2022



Áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à . . . 91

Òåîðiÿ ëiíiéíèõ ïàðàáîëi÷íèõ òà B-ïàðàáîëi÷íèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè

áåðå ñâié ïî÷àòîê iç äîñëiäæåííÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi. Êëàñè÷íà òåîðiÿ çàäà-

÷i Êîøi òà êðàéîâèõ çàäà÷ äëÿ òàêèõ ðiâíÿíü i ñèñòåì ðiâíÿíü ïîáóäîâàíà â ïðàöÿõ

I.Ã. Ïåòðîâñüêîãî, Ñ.Ä. Åéäåëüìàíà, Ñ.Ä. Iâàñèøåíà, Ì.I. Ìàòié÷óêà, Ì.Â. Æèòàðà-

øó, À. Ôðiäìàíà, Ñ. Òåêëiíäà, I.À. Êiïðiÿíîâà, Â.Â. Êðåõiâñüêîãî òà ií. Çàäà÷à Êîøi

ç ïî÷àòêîâèìè óìîâàìè ó ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié òèïó ðîçïîäiëiâ òà óëüòðà-

ðîçïîäiëiâ âèâ÷àëàñÿ Ã.�. Øèëîâèì, Á.Ë. Ãóðåâè÷åì, Ì.Ë. Ãîðáà÷óêîì, Â.I. Ãîðáà÷óê,

Î.I. Êàøïiðîâñüêèì, ß.I. Æèòîìèðñüêèì, Â.Â. Ãîðîäåöüêèì, Î.Â. Ìàðòèíþê òà ií.

Óçàãàëüíåííÿì çàäà÷i Êîøi äëÿ òàêèõ ðiâíÿíü ¹ íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì

çàäà÷à, êîëè ïî÷àòêîâà óìîâà u(t, ·)|t=0 = f çàìiíþ¹òüñÿ óìîâîþ

m∑
k=0

αku(t, ·)|t=tk = f, (1)

äå t0 = 0, {t1, ..., tm} ⊂ (0,∞), {α0, α1, . . . , αm} ⊂ R, m ∈ N � ôiêñîâàíi ÷èñëà (ÿêùî

α0 = 1, α1 = · · · = αm = 0, òî ìà¹ìî, î÷åâèäíî, çàäà÷ó Êîøi), ïðè öüîìó óìîâà (1) òðà-

êòó¹òüñÿ ó êëàñè÷íîìó ðîçóìiííi àáî â ñëàáêîìó ñåíñi, ÿêùî f � óçàãàëüíåíà ôóíêöiÿ.

Çàçíà÷èìî, ùî íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à âiäíîñèòüñÿ äî íåëîêàëüíèõ

çàäà÷ äëÿ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü òà ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè.

Òàêi çàäà÷i âèíèêàþòü ïðè ìîäåëþâàííi áàãàòüîõ ïðîöåñiâ òà çàäà÷ ïðàêòèêè êðàéîâè-

ìè çàäà÷àìè ç íåëîêàëüíèìè óìîâàìè, ïðè îïèñi âñiõ êîðåêòíèõ çàäà÷ äëÿ êîíêðåòíîãî

îïåðàòîðà, ïðè ïîáóäîâi çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷ (äèâ., íàïð., [9�15] îãëÿä ðå-

çóëüòàòiâ, ÿêi ñòîñóþòüñÿ íåëîêàëüíèõ çàäà÷, äèâ. ó [15]).

Ôîðìàëüíèì ðîçøèðåííÿì êëàñó ëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ¹ åâîëþöiéíi ðiâ-

íÿííÿ ç îïåðàòîðîì ϕ
(
i
∂

∂x

)
, ïîáóäîâàíèìè çà ôóíêöiÿìè, ÿêi çàäîâîëüíÿþòü ïåâíó

óìîâó. Ó öié ñòàòòi äîñëiäæó¹òüñÿ íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ ðiâ-

íÿííÿ
∂u(t, x)

∂t
+ ϕ

(
i
∂

∂x

)
u(t, x) = 0, (t, x) ∈ (0,∞)× R. (2)

Çàóâàæèìî, ùî äî ðiâíÿíü (2) âiäíîñÿòüñÿ i ðiâíÿííÿ ïàðàáîëi÷íîãî òèïó ç îïåðàòîðàìè

äèôåðåíöiþâàííÿ �íåñêií÷åííîãî ïîðÿäêó� [16], à òàêîæ ðiâíÿííÿ ç îïåðàòîðàìè äðî-

áîâîãî äèôåðåíöiþâàííÿ. Âñòàíîâëåíî âëàñòèâîñòi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó áàãà-

òîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ ðiâíÿííÿ (2), äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü çàçíà÷åíî¨

çàäà÷i ç ïî÷àòêîâîþ ôóíêöi¹þ, ÿêà ¹ åëåìåíòîì ïðîñòîðó óçàãàëüíåíèõ ôóíêöié òèïó

S ′, çíàéäåíî àíàëiòè÷íå çîáðàæåííÿ ðîçâ'ÿçêó. Äîñëiäæåíî ïîâåäiíêó ðîçâ'ÿçêó u(t, ·)
ïðè t → +∞ ó ïðîñòîði óçàãàëüíåíèõ ôóíêöié òèïó S ′ (ñëàáêà ñòàáiëiçàöiÿ), à òàêîæ

ðiâíîìiðíó ñòàáiëiçàöiþ ðîçâ'ÿçêó äî íóëÿ íà R.
1. Ïðîñòîðè òèïó S òà S ′. I.Ì. Ãåëüôàíä òà Ã.�.Øèëîâ ââåëè â [2] ñåðiþ ïðîñòîðiâ,

íàçâàíèõ íèìè ïðîñòîðàìè òèïó S. Âîíè ñêëàäàþòüñÿ ç íåñêií÷åííî äèôåðåíöiéîâíèõ

íà R ôóíêöié, ÿêi çàäîâîëüíÿþòü óìîâó

∃c = c(ϕ) > 0 ∃A = A(ϕ) > 0 ∃B = B(ϕ) > 0 ∀x ∈ R ∀{k, n} ⊂ Z+ :

|xkϕ(n)(x)| ≤ cAkBnmkn (3)

äå mkn = kkαnnβ , α, β > 0 � ôiêñîâàíi ïàðàìåòðè.
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Ââåäåíi ïðîñòîðè ìîæíà îõàðàêòåðèçóâàòè ùå é òàê [2].

Sβα ñêëàäà¹òüñÿ ç òèõ é ëèøå òèõ íåñêií÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié, ÿêi

çàäîâîëüíÿþòü íåðiâíîñòi

|ϕ(n)(x)| ≤ cBnnnβ exp{−a|x|1/α}, n ∈ Z+, (4)

äå ñòàëi c, a, B > 0 çàëåæàòü ëèøå âiä ôóíêöi¨ ϕ.

ßêùî 0 < β < 1 i α ≥ 1−β, òî Sβα ñêëàäà¹òüñÿ ç òèõ é ëèøå òèõ ôóíêöié ϕ ∈ C∞(R),

ÿêi àíàëiòè÷íî ïðîäîâæóþòüñÿ â êîìïëåêñíó ïëîùèíó C i äëÿ ÿêèõ

|ϕ(x+ iy)| ≤ c exp{−a|x|1/α + b|y|1/(1−β)}, c, a, b > 0, {x, y} ⊂ R.

S1
α, α > 0, ñêëàäà¹òüñÿ ç ôóíêöié ϕ ∈ C∞(R), ÿêi àíàëiòè÷íî ïðîäîâæóþòüñÿ â

äåÿêó ñìóãó |Im z| < δ, z = x + iy (çàëåæíó âiä ϕ) êîìïëåêñíî¨ ïëîùèíè, ïðè öüîìó

ñïðàâäæó¹òüñÿ îöiíêà

|ϕ(x+ iy)| ≤ c exp{−a|x|1/α}, c, a > 0, |y| < δ, x ∈ R.

Ïðîñòîðè Sβα íåòðèâiàëüíi ïðè α + β ≥ 1 i óòâîðþþòü ùiëüíi â L2(R) ìíîæèíè.

Òîïîëîãi÷íà ñòðóêòóðà â Sβα âèçíà÷à¹òüñÿ òàê. Ñèìâîëîì Sβ,Bα,A , A,B > 0, ïîçíà÷èìî

ñóêóïíiñòü ôóíêöié ϕ ∈ Sβα, ÿêi çàäîâîëüíÿþòü óìîâó

∀A > A, ∀B > B : |xkϕ(n)(x)| ≤ cA
k
B
n
kkαnnβ, {k, n} ⊂ Z+, x ∈ R.

Öÿ ìíîæèíà ïåðåòâîðþ¹òüñÿ â ïîâíèé çëi÷åííî-íîðìîâàíèé äîñêîíàëèé ïðîñòið, ÿêùî

íîðìè â íié ââåñòè çà äîïîìîãîþ ñïiââiäíîøåíü

‖ϕ‖δρ = sup
x,k,n

|xkϕ(n)(x)|
(A+ δ)k(B + ρ)nkkαnnβ

, {δ, ρ} ⊂
{

1,
1

2
,
1

3
, . . .

}
.

Âêàçàíó ñèñòåìó íîðì iíîäi çàìiíþþòü åêâiâàëåíòíîþ ¨é ñèñòåìîþ íîðì

‖ϕ‖′δρ = sup
x,k,n

exp{a(1− δ)|x|1/α}|ϕ(n)(x)|
(B + ρ)nnnβ

, {δ, ρ} ⊂
{1

2
,
1

3
, . . .

}
.

ßêùî A1 < A2, B1 < B2, òî S
β,B1

α,A1
íåïåðåðâíî âêëàäà¹òüñÿ â Sβ,B2

α,A2
i Sβα =

⋃
A,B>0

Sβ,Bα,A ,

òîáòî â Sβα ââîäèòüñÿ òîïîëîãiÿ iíäóêòèâíî¨ ãðàíèöi ïðîñòîðiâ Sβ,Bα,A . Îòæå, çáiæíiñòü

ïîñëiäîâíîñòi {ϕν , ν ≥ 1} ⊂ Sβα äî íóëÿ â ïðîñòîði Sβα � öå çáiæíiñòü çà òîïîëîãi¹þ

îäíîãî ç ïðîñòîðiâ Sβ,Bα,A , äî ÿêîãî íàëåæàòü âñi ôóíêöi¨ ϕν . Iíøèìè ñëîâàìè (äèâ. [2]),

ϕν → 0 ïðè ν → +∞ ó ïðîñòîði Sβα òîäi i òiëüêè òîäi, êîëè ïîñëiäîâíiñòü {ϕ(n)
ν , ν ≥ 1}

(ïðè êîæíîìó n ∈ Z+) çáiãà¹òüñÿ ïðè ν → +∞ ðiâíîìiðíî äî íóëÿ íà äîâiëüíîìó

âiäðiçêó [a, b] ⊂ R i äëÿ äåÿêèõ c, a, B > 0, íå çàëåæíèõ âiä ν, ñïðàâäæó¹òüñÿ íåðiâíiñòü

|ϕ(n)
ν (x)| ≤ cBnnnβ exp{−a|x|1/α}, n ∈ Z+, x ∈ R.

Ôóíêöiÿ g ∈ C∞(R) íàçèâà¹òüñÿ ìóëüòèïëiêàòîðîì ó ïðîñòîði Sβα, ÿêùî gψ ∈
Sβα äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ Sβα i âiäîáðàæåííÿ ψ → gψ ¹ ëiíiéíèì i íåïåðåðâíèì

îïåðàòîðîì ó Sβα.
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Ìíîæèíà F ⊂ Sβα íàçèâà¹òüñÿ îáìåæåíîþ, ÿêùî âîíà ìiñòèòüñÿ â äåÿêîìó çëi÷åííî-

íîðìîâàíîìó ïðîñòîði Sβ,Bα,A i â íüîìó îáìåæåíà, òîáòî, äëÿ âñiõ ôóíêöié ç F ñïðàâäæó-

þ¹òüñÿ îöiíêà (3) (àáî (4)) ç îäíèìè é òèìè æ ñòàëèìè c, A,B > 0 (c, B, a > 0).

Ó ïðîñòîðàõ Sβα êëàñ ëiíiéíèõ îáìåæåíèõ îïåðàòîðiâ çáiãà¹òüñÿ ç êëàñîì ëiíiéíèõ

íåïåðåðâíèõ îïåðàòîðiâ [2].

Ó öèõ ïðîñòîðàõ âèçíà÷åíà i íåïåðåðâíà îïåðàöiÿ ìíîæåííÿ íà íåçàëåæíó çìiííó,

äèôåðåíöiþâàííÿ, çñóâó àðãóìåíòà Tx: ϕ(ξ)→ ϕ(ξ + x), ∀ϕ ∈ Sβα. Öÿ îïåðàöiÿ ¹ òàêîæ

äèôåðåíöiéîâíîþ (íàâiòü íåñêií÷åííî äèôåðåíöiéîâíîþ) ó òîìó ðîçóìiííi, ùî ãðàíè÷íi

ñïiââiäíîøåííÿ âèãëÿäó

(ϕ(x+ h)− ϕ(x))h−1 → ϕ′(x), h→ 0,

ñïðàâäæóþòüñÿ äëÿ êîæíî¨ ôóíêöi¨ ϕ ∈ Sβα â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ ïðîñòîðó

Sβα (äèâ. [2]).

Ïðîñòîðè Sβα ïîâ'ÿçàíi ìiæ ñîáîþ ïåðåòâîðåííÿì Ôóð'¹, à ñàìå, ïðàâèëüíîþ ¹ ôîð-

ìóëà F [Sβα] = Sαβ , äå

F [Sβα] :=
{
ψ : ψ(σ) =

+∞∫
−∞

ϕ(x)eiσxdx, ϕ ∈ Sβα
}
,

ïðè öüîìó îïåðàòîð F : Sβα → Sαβ , α, β > 0, ¹ íåïåðåðâíèì.

Ñèìâîëîì Pω, äå ω ∈ (0, 1] � äîâiëüíî ôiêñîâàíèé ïàðàìåòð, ïîçíà÷èìî ìíîæèíó

ôóíêöié ϕ: R→ (0,∞), ÿêi çàäîâîëüíÿþòü óìîâè: 1) ϕ ∈ C∞(R), 2) ∀σ ∈ R: ϕ(σ) > |σ|ω,
3) ∀ε > 0 ∃cε > 0 ∀σ ∈ R: ϕ(σ) ≤ cε exp{ε|σ|ω}, 4) ∃c0, B0 > 0 ∀n ∈ N ∀σ ∈ R:
|ϕ(n)(σ)| ≤ c0B

n
0n!.

Óðàõóâàâøè ôîðìóëó Ñòiðëiíãà, óìîâó 4) ìîæíà çàïèñàòè ó âèãëÿäi

4′) ∃c1, B1 > 0 ∀n ∈ N ∀σ ∈ R: |ϕ(n)(σ)| ≤ c1B
n
1n

n

(ïðèêëàäè ôóíêöié, ÿêi çàäîâîëüíÿþòü óìîâè 1) �4), àáî 1) � 4′), íàâåäåìî ïiçíiøå).

Ëåìà 1. Êîæíà ôóíêöiÿ ϕ ∈ Pω � ìóëüòèïëiêàòîð ó ïðîñòîði S1
1/ω, à òàêîæ ó êîæíîìó

ïðîñòîði Sγ1/ω, äå γ > 1.

Äîâåäåííÿ. Íàñàìïåðåä äîâåäåìî, ùî ϕψ ∈ S1
1/ω äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ S1

1/ω. Ôóí-

êöiÿ ψ, çãiäíî ç îçíà÷åííÿì ïðîñòîðó S1
1/ω, çàäîâîëüíÿ¹ óìîâó

∃a > 0 ∃c > 0 ∃B > 0 ∀n ∈ Z+ ∀σ ∈ R :

|ψ(n)(σ)| ≤ cBnnn exp{−a|σ|ω}. (5)

Óðàõóâàâøè ôîðìóëó Ëåéáíiöà äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié, óìîâè 3),

4′), îäåðæèìî

|(ϕ(σ)ψ(σ))(n)| =
∣∣∣ n∑
k=0

Ck
nϕ

(k)(σ)ψ(n−k)(σ)
∣∣∣ ≤

≤ |ϕ(σ)| · |ψ(n)(σ)|+
n∑
k=1

Ck
n|ϕ(k)(σ)||ψ(n−k)(σ)

∣∣∣ ≤
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≤ c1cεB
nnn exp{ε|σ|ω − a|σ|ω}+ c1cε

n∑
k=1

Ck
nB

k
1k

kBn−k(n− k)n−k exp{−a|σ|ω}.

Âçÿâøè ε = a/2, ïðèéäåìî äî íåðiâíîñòi

|(ϕ(σ)ψ(σ))(n)| ≤ c̃B̃nnn exp{−ã|σ|ω}, (6)

äå c̃ = c1cε, B̃ = max{B,B2}, B2 = 2 max{B,B1}, ã = a/2. Ç (6) âèïëèâà¹, ùî ϕψ ∈ S1
1/ω,

à òàêîæ òå, ùî îïåðàòîð ψ → ϕψ âiäîáðàæà¹ êîæíó îáìåæåíó ìíîæèíó ïðîñòîðó S1
1/ω ó

îáìåæåíó ìíîæèíó öüîãî æ ïðîñòîðó, òîáòî öåé îïåðàòîð ¹ íåïåðåðâíèì. Öå i îçíà÷à¹,

ùî ϕ � ìóëüòèïëiêàòîð ó ïðîñòîði S1
1/ω, à òàêîæ ó êîæíîìó ïðîñòîði Sγ1/ω, äå γ > 1.

Ëåìó 1 äîâåäåíî.

Íåõàé ϕ � äîâiëüíî ôiêñîâàíà ôóíêöiÿ ç êëàñó Pω. Íàãàäà¹ìî, ùî i∂/∂x � ñàìîñïðÿ-

æåíèé ó L2(R) çi ùiëüíîþ ó L2(R) îáëàñòþ âèçíà÷åííÿ

D(i∂/∂x) = {ψ ∈ L2(R) : ∃ψ′ ∈ L2(R)}.

ßêùî Eλ, λ ∈ R, � ñïåêòðàëüíà ôóíêöiÿ îïåðàòîðà i∂/∂x, òî, âíàñëiäîê îñíîâíî¨ ñïå-

êòðàëüíî¨ òåîðåìè äëÿ ñàìîñïðÿæåíèõ îïåðàòîðiâ òà îïåðàöiéíîãî ÷èñëåííÿ äëÿ òàêèõ

îïåðàòîðiâ

ϕ
(
i
∂

∂x

)
ψ =

+∞∫
−∞

ϕ(λ)dEλψ, ∀ψ ∈ D
(
ϕ
(
i
∂

∂x

))
.

Çâiäñè âèïëèâà¹, ùî ϕ
(
i
∂

∂x

)
� ñàìîñïðÿæåíèé ó L2(R) îïåðàòîð. Âiäîìî ( [17]), ùî

Eλψ =
1

2π

λ∫
−∞

{ +∞∫
−∞

ψ(τ)eiστdτ
}
e−itσdσ =

1

2π

λ∫
−∞

F [ψ](σ)e−itσdσ.

Îòæå, dEλψ =
1

2π
F [ψ](λ)e−itλdλ, òîáòî

ϕ
(
i
∂

∂x

)
ψ =

1

2π

+∞∫
−∞

ϕ(λ)F [ψ](λ)e−itλdλ = F−1[ϕ(λ)F [ψ]].

ßêùî ψ ∈ S
1/ω
2 , òî F [ψ] ∈ S2

1/ω. Îñêiëüêè ϕ � ìóëüòèïëiêàòîð ó ïðîñòîði S2
1/ω, òî

ϕF [ψ] ∈ S2
1/ω, à F−1[ϕF [ψ]] ∈ S

1/ω
2 . Íåõàé Â := ϕ

(
i
∂

∂x

)
|
S
1/ω
2

� çâóæåííÿ îïåðàòîðà

ϕ
(
i
∂

∂x

)
íà ïðîñòið S

1/ω
2 . Iç îçíà÷åííÿ ìóëüòèïëiêàòîðà òà âëàñòèâîñòåé ïåðåòâîðåííÿ

Ôóð'¹ (ïðÿìîãî òà îáåðíåíîãî) ó ïðîñòîðàõ òèïó S âèïëèâà¹, ùî Â: S
1/ω
2 → S

1/ω
2 �

ëiíiéíèé, íåïåðåðâíèé îïåðàòîð, ÿêèé çáiãà¹òüñÿ iç ïñåâäîäèôåðåíöiàëüíèì îïåðàòîðîì

ó ïðîñòîði S
1/ω
2 , ïîáóäîâàíèì çà ôóíêöi¹þ-ñèìâîëîì ϕ ∈ Pω.
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Ñèìâîëîì (Sβα)′ ïîçíà÷àòèìåìî ïðîñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà

Sβα çi ñëàáêîþ çáiæíiñòþ. Åëåìåíòè ïðîñòîðó (Sβα)′ íàçèâàòèìåìî óçàãàëüíåíèìè ôóí-

êöiÿìè òèïó óëüòðàðîçïîäiëiâ. ßêùî f ∈ (Sβα)′, òî äî öüîãî æ ïðîñòîðó íàëåæèòü òàêîæ

êîæíà ïîõiäíà f (p), p ∈ N, äå f (p) âèçíà÷à¹òüñÿ çà äîïîìîãîþ ôîðìóëè:

〈f (p), ψ〉 := (−1)p〈f, ψ(p)〉, ∀ψ ∈ Sβα

(òóò 〈f (p), ψ〉 ïîçíà÷à¹ äiþ ôóíêöiîíàëà f (p) íà îñíîâíó ôóíêöiþ ψ). Îñêiëüêè â îñíîâ-

íîìó ïðîñòîði Sβα âèçíà÷åíà îïåðàöiÿ çñóâó, òî çãîðòêó óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (Sβα)′

iç îñíîâíîþ ôóíêöi¹þ ψ ∈ Sβα çàäàìî ôîðìóëîþ

(f ∗ ϕ)(x) := 〈fξ, T−xϕ̌(ξ)〉 = 〈fξ, ϕ(x− ξ)〉, ϕ̌(ξ) := ϕ(−ξ).

Iç âëàñòèâîñòi íåñêií÷åííî¨ äèôåðåíöiéîâíîñòi îïåðàöi¨ çñóâó àðãóìåíòà ó ïðîñòîði

Sβα âèïëèâà¹, ùî çãîðòêà f ∗ϕ ¹ çâè÷àéíîþ íåñêií÷åííî äèôåðåíöiéîâíîþ íà R ôóíêöi-

¹þ.

Ïåðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (Sβα)′ âèçíà÷à¹òüñÿ çà äîïîìîãîþ ñïiâ-

âiäíîøåííÿ

〈F [f ], ψ〉 = 〈f, F [ψ]〉, ∀ψ ∈ Sαβ .

Iç âëàñòèâîñòi ëiíiéíîñòi i íåïåðåðâíîñòi ôóíêöiîíàëà f òà âëàñòèâîñòåé ïåðåòâîðåííÿ

Ôóð'¹ îñíîâíèõ ôóíêöié âèïëèâà¹ ëiíiéíiñòü i íåïåðåðâíiñòü ôóíêöiîíàëà F [f ], âèçíà÷å-

íîãî íà ïðîñòîði îñíîâíèõ ôóíêöié Sαβ . Îòæå, ïåðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨ ôóíêöi¨

f ∈ (Sβα)′ ¹ óçàãàëüíåíîþ ôóíêöi¹þ, çàäàíîþ íà Sαβ , òîáòî F [f ] ∈ (Sαβ )′.

Íåõàé f ∈ (Sβα)′. ßêùî f ∗ ψ ∈ Sβα äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ Sβα i iç ñïiââiäíîøåííÿ

ψν → 0 ïðè ν → +∞ çà òîïîëîãi¹þ ïðîñòîðó Sβα âèïëèâà¹, ùî f ∗ ψν → 0 ïðè ν → +∞
çà òîïîëîãi¹þ ïðîñòîðó Sβα, òî ôóíêöiîíàë f íàçèâà¹òüñÿ çãîðòóâà÷åì ó ïðîñòîði Sβα.

ßêùî f ∈ (Sβα)′ � çãîðòóâà÷ ó ïðîñòîði Sβα, òî äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ Sβα ïðàâèëüíîþ
¹ ôîðìóëà F [f ∗ ψ] = F [f ] · F [ψ], ïðè öüîìó F [f ] � ìóëüòèïëiêàòîð ó ïðîñòîði Sαβ .

2. Áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à. Ðîçãëÿíåìî åâîëþöiéíå ðiâíÿííÿ

∂u(t, x)/∂t+ Âu(t, x) = 0, (t, x) ∈ (0,+∞)× R ≡ Ω, (7)

äå Â = ϕ
(
i
∂

∂x

)
|
S
1/ω
2

= F−1[ϕF ], ϕ ∈ Pω (äèâ. ï. 1). Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (7) ðî-

çóìi¹ìî ôóíêöiþ u(t, x), (t, x) ∈ Ω, ÿêà âîëîäi¹ âëàñòèâîñòÿìè: 1) u(t, ·) ∈ C1(0,+∞)

ïðè êîæíîìó x ∈ R; 2) u(·, x) ∈ S
1/ω
2 ïðè êîæíîìó t ∈ (0,∞); 3) u(t, x), (t, x) ∈ Ω,

çàäîâîëüíÿ¹ ðiâíÿííÿ (7).

Äëÿ ðiâíÿííÿ (7) ïîñòàâèìî íåëîêàëüíó áàãàòîòî÷êîâó çà ÷àñîì çàäà÷ó: çíàéòè

ðîçâ'ÿçîê ðiâíÿííÿ (7), ÿêèé çàäîâîëüíÿ¹ óìîâó:

µu(0, x)− µ1u(t1, x)− · · · − µmu(tm, x) = f(x), x ∈ R, f ∈ S1/ω
2 , (8)

äå u(0, x) := lim
t→+0

u(t, x), x ∈ R, {µ, µ1, . . . , µm} ⊂ (0,+∞), {t1, . . . , tm} ⊂ (0,+∞), m ∈ N

� ôiêñîâàíi ÷èñëà, 0 < t1 < t2 < · · · < tm < +∞, µ >
m∑
k=1

µk.
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Ðîçâ'ÿçîê çàäà÷i (7), (8) øóêà¹ìî çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹, ââiâøè ïîçíà-

÷åííÿ: F [u(t, ·)] = v(t, ·). Äëÿ ôóíêöi¨ v: Ω→ R äiñòàíåìî çàäà÷ó ç ïàðàìåòðîì σ:

dv(t, σ)

dt
+ ϕ(σ)v(t, σ) = 0, (t, σ) ∈ Ω, (9)

µv(0, σ)−
m∑
k=1

µkv(tk, σ) = f̃(σ), σ ∈ R, (10)

äå f̃(σ) = F [f ](σ). Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (9) ìà¹ âèãëÿä

v(t, σ) = c exp{−tϕ(σ)}, (t, σ) ∈ Ω, (11)

äå c = c(σ) âèçíà÷èìî ç óìîâè (10). Ïiäñòàâèâøè (11) ó (10) çíàéäåìî, ùî

c = f̃(σ)
(
µ−

m∑
k=1

µk exp{−tkϕ(σ)}
)−1

, σ ∈ R.

Ââåäåìî ïîçíà÷åííÿ:G(t, x) = F−1[Q(t, σ)],Q(t, σ) := Q1(t, σ)Q2(σ),Q1(t, σ) = exp{−tϕ(σ)},

Q2(σ) =
(
µ−

m∑
k=1

µk exp{−tkϕ(σ)}
)−1

. Äàëi, ìiðêóþ÷è ôîðìàëüíî, ïðèéäåìî äî ñïiââiä-

íîøåííÿ:

u(t, x) =

∫
R

G(t, x− ξ)f(ξ)dξ = G(t, x) ∗ f(x), (t, x) ∈ Ω.

Ñïðàâäi,

u(t, x) = (2π)−1

∫
R

Q(t, σ)
(∫

R

f(ξ)eiσξdξ
)
e−iσxdσ =

=

∫
R

(
(2π)−1

∫
R

Q(t, σ)e−iσ(x−ξ)dσ
)
f(ξ)dξ =

=

∫
R

G(t, x− ξ)f(ξ)dξ = G(t, x) ∗ f(x), (t, x) ∈ Ω. (12)

Êîðåêòíiñòü ïðîâåäåíèõ òóò ïåðåòâîðåíü, à, îòæå, ïðàâèëüíiñòü ôîðìóëè (12) âèïëèâà¹

ç âëàñòèâîñòåé ôóíêöi¨ Q, ÿêi íàâåäåíî íèæ÷å.

Ëåìà 2. Äëÿ ïîõiäíèõ ôóíêöi¨ Q1(t, σ), (t, σ) ∈ Ω, ïðàâèëüíèìè ¹ îöiíêè

|Ds
σQ1(t, σ)| ≤ cAstνsss exp{−t|σ|ω}, s ∈ N, (13)

äå ν = 0, ÿêùî 0 < t ≤ 1 i ν = 1, ÿêùî t > 1, ñòàëi c, A > 0 íå çàëåæàòü âiä t.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ ñêîðèñòà¹ìîñü ôîðìóëîþ Ôàà äå Áðóíî äèôå-

ðåíöiþâàííÿ ñêëàäåíî¨ ôóíêöi¨

Ds
σF (g(σ))=

s∑
p=1

dpF (g)

dgp

∑ s!

p1! . . . pl!

( d
dσ
g(σ)

)p1
. . .
( 1

l!

dl

dσl
g(σ)

)pl
, s ∈ N (14)
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(çíàê ñóìè ïîøèðþ¹òüñÿ íà âñi ðîçâ'ÿçêè â öiëèõ íåâiä'¹ìíèõ ÷èñëàõ ðiâíÿííÿ p1 +2p2 +

· · ·+ lpl = s, p1 + p2 + · · ·+ pl = m), äå ïîêëàäåìî F = eg, g = −tϕ(σ). Òîäi

Ds
σe
−tϕ(σ) = e−tϕ(σ)

s∑
p=1

∑ s!

p1! . . . pl!
Λ,

äå ñèìâîëîì Λ ïîçíà÷åíî âèðàç:

Λ :=
( d
dσ

(−tϕ(σ))
)p1( 1

2!

d2

dσ2
(−tϕ(σ))

)p2
. . .
( 1

l!

dl

dσl
(−tϕ(σ))

)pl
.

Óðàõóâàâøè âëàñòèâîñòi ôóíêöi¨ ϕ ∈ Pω çíàéäåìî, ùî

|Λ| ≤ cp1+···+pl
0 Bp1+2p2+···+lpl

0 tp1+···+pl ≤ c̃s0t
pBs

0, (15)

äå c̃0 = max{1, c0}. Ñêîðèñòàâøèñü (15), íåðiâíiñòþ ϕ(σ) > |σ|ω, σ ∈ R, òà ôîðìóëîþ

Ñòiðëiíãà, ïðèéäåìî äî íåðiâíîñòi

|Ds
σQ1(t, σ)| ≤ c̃0B

s
0t
νss! exp{−tϕ(σ)} ≤ cAstνsss exp{−t|σ|ω}, σ ∈ R, (16)

äå ν = 0, ÿêùî 0 < t ≤ 1 i ν = 1, ÿêùî t > 1, ñòàëi c, A > 0 íå çàëåæàòü âiä t. Ëåìó 2

äîâåäåíî.

Çàóâàæåííÿ 1. Iç îöiíîê (16) âèïëèâà¹, ùî Q1(t, ·) ∈ S1
1/ω ïðè êîæíîìó t > 0.

Ëåìà 3. Ôóíêöiÿ Q2 � ìóëüòèïëiêàòîð ó ïðîñòîði S2
1/ω.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ çäiéñíèìî îöiíêó ïîõiäíèõ ôóíêöi¨ Q2. Äëÿ öüî-

ãî ñêîðèñòà¹ìîñÿ ôîðìóëîþ (14), ó ÿêié ïîêëàäåìî F = ϕ−1, ϕ = R, äå

R(σ) = µ−
m∑
k=1

µk exp{−tkϕ(σ)} ≡ µ−
m∑
k=1

µkQ1(tk, σ).

Òîäi Q2(σ) = F (ϕ) ≡ R−1 i

|Ds
σQ2(σ)| =

∣∣∣ s∑
p=1

dp

dRp
R−1

∑ s!

p1! . . . pl!

( d
dσ
R(σ)

)p1
· · · · ·

( 1

l!

dl

dσl
R(σ)

)pl∣∣∣.
Âðàõóâàâøè íåðiâíîñòi (16), îäåðæèìî∣∣∣ 1

j!

dj

dσj
R(σ)

∣∣∣ ≤ 1

j!

m∑
k=1

µk|Dj
σQ1(tk, σ)| ≤ c̃0

m∑
k=1

µkB
j
0t
νj
m ≤ c̃B̃j,

äå c̃ = c̃0µ, B̃ = B0t̃m, t̃m = max{1, tm} (òóò âðàõîâàíà íåðiâíiñòü
m∑
k=1

µk < µ, à òàêîæ òå,

ùî 0 < t1 < t2 < · · · < tm < +∞). Òîäi∣∣∣( d
dσ
R(σ)

)p1
. . .
( 1

l!

dl

dσl
R(σ)

)pl∣∣∣ ≤ (c̃B̃)p1(c̃B̃2)p2 . . . (c̃B̃l)pl =
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= c̃p1+···+plB̃p1+2p2+···+lpl ≤ ˜̃csB̃s, ˜̃c = max{1, c̃}.

Êðiì òîãî,
dp

dRp
R−1 = (−1)pp!R−(p+1) i

R−1(σ) = Q2(σ) =
(
µ−

m∑
k=1

µk exp{−tkϕ(σ)}
)−1

≤
(
µ−

m∑
k=1

µk

)−1

≡ β0 > 0,

îñêiëüêè, çà óìîâîþ, µ >
m∑
k=1

µk. Îòæå,

∣∣∣ dp
dRp

R−1
∣∣∣ ≤ βp+1

0 p!, |Ds
σQ2(σ)| ≤ ˜̃csB̃ss!

s∑
p=1

βp+1
0 p! ≤ c1β

2
1(s!)2 ≤ c2β

s
2s

2s, s ∈ N.

Ç îñòàííüî¨ íåðiâíîñòi òà îáìåæåíîñòi ôóíêöi¨ Q2 íà R âèïëèâà¹, ùî Q2 � ìóëüòèïëiêà-

òîð ó ïðîñòîði S2
1/ω.

Ëåìó 3 äîâåäåíî.

Íàñëiäîê 1. Ïðè êîæíîìó t > 0 ôóíêöiÿ Q(t, σ) = Q1(t, σ)Q2(σ), σ ∈ R, ¹ åëåìåíòîì
ïðîñòîðó S2

1/ω, ïðè öüîìó ñïðàâäæóþòüñÿ îöiíêè

|Ds
σQ(t, σ)| ≤ c̃Ãstνss2s exp{−t|σ|ω}, s ∈ Z+, (t, σ) ∈ Ω,

äå ñòàëi c̃, Ã > 0 íå çàëåæàòü âiä t.

Óðàõóâàâøè âëàñòèâîñòi ïåðåòâîðåííÿ Ôóð'¹ (ïðÿìîãî òà îáåðíåíîãî) òà ôîðìóëó

F−1[S2
1/ω] = S

1/ω
2 , îäåðæèìî, ùî G(t, ·) ∈ S1/ω

2 ïðè êîæíîìó t > 0. Âèäiëèìî â îöiíêàõ

ïîõiäíèõ ôóíêöi¨ G (çà çìiííîþ x) çàëåæíiñòü âiä ïàðàìåòðà t, ââàæàþ÷è, ùî t > 1.

Äëÿ öüîãî ñêîðèñòà¹ìîñÿ ñïiââiäíîøåííÿì

xkDs
xF [ϕ](x) = ik+sF [(σsϕ(σ))(k)] =

= ik+s

∫
R

(σsϕ(σ))(k)eiσxdσ, {k, s} ⊂ Z+, ϕ ∈ S2
1/ω.

Îòæå,

xkDs
xG(t, x) = (2π)−1ik+s(−1)s

∫
R

(σsQ(t,−σ))(k)eiσxdσ.

Çàñòîñóâàâøè ôîðìóëó Ëåéáíiöà äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié òà îöiíêè

ïîõiäíèõ ôóíêöi¨ Q(t, σ), îäåðæèìî

|(σsQ(t,−σ))(k)| =
∣∣∣ k∑
p=0

Cp
k(σs)(p)Q(k−p)(t,−σ)

∣∣∣ ≤
≤ |σsQ(k)(t,−σ)|+ ks|σs−1Q(k−1)(t,−σ)|+ k(k − 1)

2!
s(s− 1)×

×|σs−2Q(k−2)(t,−σ)|+ · · · ≤ c̃
[
ÃktνkB̃st−s/ωmks + ksÃk−1tν(k−1)B̃s−1t−(s−1)/ωmk−1,s−1+
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+
1

2!
k(k − 1)s(s− 1)Ãk−2tν(k−2)B̃s−2t−(s−2)/ωmk−2,s−2 + . . .

]
e−

t
2
|σ|ω ,

äå mks = k2kss/ω; òóò âðàõîâàíà òàêîæ íåðiâíiñòü

|σ|s exp{−t|σ|ω} ≤ B̃st−s/ωss/ω exp
{
− t

2
|σ|ω

}
, B̃ = 21/ω.

Âðàõóâàâøè ðåçóëüòàòè, íàâåäåíi â [2, ñ. 236�241], îäåðæèìî , ùî ïîäâiéíà ïîñëiäîâíiñòü

mks = k2kss/ω çàäîâîëüíÿ¹ íåðiâíiñòü

ks
mk−1,s−1

mks

≤ γ̃(k + s), γ̃ > 0.

Óðàõóâàâøè îñòàííþ íåðiâíiñòü, à òàêîæ òå, ùî t > 1, ìàòèìåìî

|(σsQ(t,−σ))(k)| ≤ c̃ÃktkB̃smks

(
1 +

ks

ÃB̃

mk−1,s−1

mks

+ · · ·+

+
1

2!
k(k − 1)s(s− 1)

1

Ã2B̃2

mk−2,s−2

mks

+ . . .
)
e−

t
2
|σ|ω ≤ c̃ÃktkB̃smks×

×
(

1 +
ks

ÃB̃

mk−1,s−1

mks

+
1

2!

1

Ã2B̃2
ks
mk−1,s−1

mks

(k − 1)(s− 1)
mk−2,s−2

mk−1,s−1

+ . . .
)
e−

t
2
|σ|ω ≤

≤ c̃ÃktkB̃smks

(
1 +

γ̃

ÃB̃
(k + s) +

1

2!

γ̃2

Ã2B̃2
(k + s)2 + . . .

)
e−

t
2
|σ|ω ≤

≤ c1A
k
tkB

k
mkse

− t
2
|σ|ω , A = Ã exp

{ γ̃

ÃB̃

}
, B = B̃ exp

{ γ̃

ÃB̃

}
.

Îòæå,

|xkDs
xG(t, x)| ≤ (2π)−1c1A

k
tkB

s
mks

∫
R

e−
t
2
|σ|ωdσ ≤ c2A

k
tkB

s
t−1/ωk2kss/ω, {k, s} ⊂ Z+.

Òîäi

|Ds
xG(t, x)| ≤ c2B

s
t−1/ωss/ω inf

k

A
k
k2k

(t−1|x|)k
≤ c3B

s
t−1/ωss/ω exp{−a0t

−1/2|x|1/2},

äå c3, B, a0 > 0 íå çàëåæàòü âiä t; òóò ìè ñêîðèñòàëèñÿ âiäîìîþ íåðiâíiñòþ ç [2, ñ. 204]:

exp{−α
e
|ξ|1/α} ≤ inf

k

Lkkkα

|ξ|k
≤ c exp{−α

e
|ξ|1/α}, c = e

αe
2 ,

â ÿêié α = 2, L = A. Òàêèì ÷èíîì, ïðàâèëüíèì ¹ òâåðäæåííÿ

Ëåìà 4. Ïîõiäíi ôóíêöi¨ G(t, x) (çà çìiííîþ x) ïðè t > 1 çàäîâîëüíÿþòü íåðiâíîñòi

|Ds
xG(t, x)| ≤ c3B

s
t−1/ωss/ω exp{−a0t

−1/2|x|1/2}, s ∈ Z+, (17)

ñòàëi c3, B, a0 > 0 íå çàëåæàòü âiä t.

Íàâåäåìî ùå äåÿêi âëàñòèâîñòi ôóíêöi¨ G.
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Ëåìà 5. Ôóíêöiÿ G(t, x), (t, x) ∈ Ω, ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿìè

â ïðîñòîði S
1/ω
2 , äèôåðåíöiéîâíà ïî t.

Äîâåäåííÿ. Iç âëàñòèâîñòi íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ (ïðÿìîãî òà îáåðíåíîãî) ó

ïðîñòîðàõ òèïó S âèïëèâà¹, ùî äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü âñòàíîâèòè, ùî ôóí-

êöiÿ F [G(t, ·)] = Q(t, ·), ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t çi çíà÷åííÿìè â ïðîñòîði

S2
1/ω, äèôåðåíöiéîâíà ïî t. Iíøèìè ñëîâàìè, ïîòðiáíî äîâåñòè, ùî ãðàíè÷íå ñïiââiäíî-

øåííÿ

Φ∆t(σ) :=
1

∆t
[Q(t+ ∆t, ·)−Q(t, ·)]→ ∂

∂t
Q(t, ·), ∆t→ 0,

âèêîíó¹òüñÿ â òîìó ðîçóìiííi, ùî:

1)Ds
σΦ∆t(σ)−→

∆t→0
Ds
σ(−ϕ(σ)Q(t, σ)), s ∈ Z+, ðiâíîìiðíî íà êîæíîìó âiäðiçêó [a, b] ⊂ R;

2) |Ds
σΦ∆t(σ)| ≤ c̄B̄ss2s exp{−ā|σ|ω}, s ∈ Z+, äå ñòàëi c̄, B̄, ā > 0 íå çàëåæàòü âiä ∆t,

ÿêùî ∆t äîñèòü ìàëå.

Ôóíêöiÿ Q(t, σ), (t, σ) ∈ Ω, äèôåðåíöiéîâíà ïî t ó çâè÷àéíîìó ðîçóìiííi, òîìó âíà-

ñëiäîê òåîðåìè Ëàãðàíæà ïðî ñêií÷åííi ïðèðîñòè

Φ∆t(σ) = −ϕ(σ)Q(t+ θ∆t, σ), 0 < θ < 1.

Îòæå,

Ds
σΦ∆t(σ) = −

s∑
l=0

C l
sD

l
σϕ(σ)Ds−l

σ Q(t+ θ∆t, σ) (18)

i

Ds
σ

(
Φ∆t(σ)− ∂

∂t
Q(t, σ)

)
= −

s∑
l=0

C l
sD

l
σϕ(σ)[Ds−l

σ Q(t+ θ∆t, σ)−Ds−l
σ Q(t, σ)].

Îñêiëüêè

Ds−l
σ Q(t+ θ∆t, σ)−Ds−l

σ Q(t, σ) = Ds−l+1
σ Q(t+ θ1∆t, σ)θ∆t, 0 < θ1 < 1,

òî çâiäñè òà ç îöiíîê (17) âèïëèâà¹, ùî

Ds−l+1
σ Q(t+ θ1∆t, σ)θ∆t→ 0,∆t→ 0,

ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó [a, b] ⊂ R. Òîäi i

Ds
σΦ∆t(σ)→ Ds

σ

( ∂
∂t
Q(t, σ)

)
, ∆t→ 0,

ðiâíîìiðíî íà êîæíîìó âiäðiçêó [a, b] ⊂ R. Îòæå, óìîâà 1) âèêîíó¹òüñÿ.
Âðàõóâàâøè (18) òà îöiíêè, ÿêi çàäîâîëüíÿþòü ôóíêöi¨ ϕ(σ), Q(t, σ) òà ¨õíi ïîõiäíi,

çíàéäåìî, ùî

|Ds
σΦ∆t(σ)| ≤ c0c̃

s∑
l=1

C l
sB

l
0l
lÃs−ltν(s−l)(s− l)2(s−l) exp{−(t+ θ∆t)|σ|ω}+

+cεc̃Ã
ss2stνs exp{−(t+ θ∆t)|σ|ω + ε|σ|ω}
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(òóò ε > 0 � äîâiëüíî ôiêñîâàíèé ïàðàìåòð). Âiçüìåìî ε = t/2. Òîäi

|Ds
σΦ∆t(σ)| ≤ cL

s
s2s exp{−a|σ|ω},

äå c = max{c0c̃, cε}, L = max{B,A}, B = 2 max{B0, Ã}, a = t/2, ïðè÷îìó âñi ñòàëi íå

çàëåæàòü âiä ∆t.

Òâåðäæåííÿ äîâåäåíî.

Íàñëiäîê 2. Ïðàâèëüíîþ ¹ ôîðìóëà

∂

∂t
(f ∗G(t, ·)) = f ∗ ∂

∂t
G(t, ·), ∀f ∈ (S

1/ω
2 )′, t > 0.

Äîâåäåííÿ. Çãiäíî ç îçíà÷åííÿì çãîðòêè óçàãàëüíåíî¨ ôóíêöi¨ ç îñíîâíîþ

f ∗G(t, ·) = 〈fξ, T−xǦ(t, ξ)〉, Ǧ(t, ξ) = G(t,−ξ).

Òîäi
∂

∂t
(f ∗G(t, ·)) = lim

∆t→0

1

∆t
[(f ∗G(t+ ∆t, ·))− (f ∗G(t, ·))] =

= lim
∆t→0
〈fξ,

1

∆t
[T−xǦ(t+ ∆t, ξ)− T−xǦ(t, ξ)]〉.

Âíàñëiäîê ëåìè 5 ãðàíè÷íå ñïiââiäíîøåííÿ

1

∆t
[T−xǦ(t+ ∆t, ξ)− T−xǦ(t, ξ)] −→ ∂

∂t
T−xǦ(t, ξ),∆t→ 0

âèêîíó¹òüñÿ â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ ïðîñòîðó S
1/ω
2 . Òîìó

∂

∂t
(f ∗G(t, ·)) = 〈fξ, lim

∆t→0

1

∆t
[T−xǦ(t+ ∆t, ξ)− T−xǦ(t, ξ)]〉 =

= 〈fξ,
∂

∂t
T−xǦ(t, ξ)〉 = 〈fξ, T−x

∂

∂t
Ǧ(t, ξ)〉 = f ∗G(t, ·).

Òâåðäæåííÿ äîâåäåíî.

Ëåìà 6. Ó ïðîñòîði (S
1/ω
2 )′ âèêîíóþòüñÿ ñïiââiäíîøåííÿ:

1) G(t, ·)→ F−1[Q2], t→ +0;

2) µG(t, ·)−
m∑
k=1

µkG(tk, ·)→ δ, t→ +0 (19)

(òóò δ � äåëüòà-ôóíêöiÿ Äiðàêà).

Äîâåäåííÿ. 1. Óðàõóâàâøè âëàñòèâiñòü íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ (ïðÿìîãî òà

îáåðíåíîãî) ó ïðîñòîðàõ òèïó S ′, äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü âñòàíîâèòè, ùî

F [G(t, ·)] = Q1(t, ·)Q2(·)→ Q2(·), t→ +0,
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ó ïðîñòîði (S2
1/ω)′. Äëÿ öüîãî âiçüìåìî äîâiëüíó ôóíêöiþ ψ ∈ S2

1/ω i, ñêîðèñòàâøèñü

òèì, ùî Q2 � ìóëüòèïëiêàòîð ó ïðîñòîði S2
1/ω, à òàêîæ òåîðåìîþ Ëåáåãà ïðî ãðàíè÷íèé

ïåðåõiä ïiä çíàêîì iíòåãðàëà Ëåáåãà, çíàéäåìî, ùî

〈Q1(t, ·)Q2(·), ψ〉 = 〈Q1(t, ·), Q2(·)ψ〉 =

=

∫
R

Q1(t, σ)Q2(σ)ψ(σ)dσ−→
t→+0

∫
R

Q2(σ)ψ(σ)dσ = 〈Q2, ψ〉

(òóò Q(t, ·) = Q1(t, ·)Q2(·) òðàêòó¹òüñÿ ÿê ðåãóëÿðíèé ôóíêöiîíàë ç ïðîñòîðó (S2
1/ω)′).

Çâiäñè âæå âèïëèâà¹ òâåðäæåííÿ 1 ëåìè 6.

2. Óðàõóâàâøè òâåðäæåííÿ 1, îäåðæèìî

µG(t, ·)−
m∑
k=1

µkG(tk, ·)−→
t→+0

µF−1[Q2]−
m∑
k=1

µkG(tk, ·) =

= µF−1[Q2]−
m∑
k=1

µkF
−1[Q1(tk, ·)Q2(·)] =

= F−1
[
µQ2 −

m∑
k=1

µkQ1(tk, ·)Q2(·)
]

= F−1
[(
µ−

m∑
k=1

µkQ1(tk, ·)
)
Q2(·)

]
=

= F−1
[(
µ−

m∑
k=1

µkQ1(tk, ·)
)(
µ−

m∑
k=1

µkQ1(tk, ·)
)−1]

= F−1[1] = δ.

Îòæå, ñïiââiäíîøåííÿ (19) âèêîíó¹òüñÿ â ïðîñòîði (S
1/ω
2 )′.

Òâåðäæåííÿ äîâåäåíî.

Çàóâàæåííÿ 2. ßêùî µ = 1, µ1 = · · · = µm = 0, òî çàäà÷à (7), (8) � çàäà÷à Êîøi

äëÿ ðiâíÿííÿ (7). Ó öüîìó âèïàäêó Q2(σ) = 1, σ ∈ R, G(t, ·) = F−1[e−tϕ(σ)] i G(t, ·) →
F−1[1] = δ, t→ +0, ó ïðîñòîði (S

1/ω
1 )′.

Íàñëiäîê 3. Íåõàé

ω(t, x) = f ∗G(t, x), f ∈ (S
1/ω
2,∗ )′, (t, x) ∈ Ω

(òóò (S
1/ω
2,∗ )′ � êëàñ çãîðòóâà÷iâ ó ïðîñòîði S

1/ω
2 ). Òîäi ó ïðîñòîði (S

1/ω
2 )′ âèêîíó¹òüñÿ

ãðàíè÷íå ñïiââiäíîøåííÿ

µω(t, ·)−
m∑
k=1

µkω(tk, ·)→ f, t→ +0.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü âñòàíîâèòè, ùî ãðàíè÷íå ñïiââiäíîøåí-

íÿ

F
[
µω(t, ·)−

m∑
k=1

µkω(tk, ·)
]
→ F [f ], t→ +0,
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âèêîíó¹òüñÿ ó ïðîñòîði (S2
1/ω)′ = F [(S

1/ω
2 )′]. Çãiäíî ç óìîâîþ, óçàãàëüíåíà ôóíêöiÿ f �

çãîðòóâà÷ ó ïðîñòîði S
1/ω
2 , G(t, ·) ∈ S1/ω

2 (ïðè êîæíîìó t > 0), òîìó

F [ω(t, x)] = F [f ∗G(t, x)] = F [f ] ·Q(t, ·).

Îñêiëüêè Q(t, ·) → Q2(·) ïðè t → +0 ó ïðîñòîði (S2
1/ω)′ (äèâ. äîâåäåííÿ òâåðäæåííÿ

1 ëåìè 6), à F [f ] � ìóëüòèïëiêàòîð ó ïðîñòîði S2
1/ω, òî â ïðîñòîði (S2

1/ω)′ âèêîíó¹òüñÿ

ãðàíè÷íå ñïiââiäíîøåííÿ

F [µω(t, ·)−
m∑
k=1

µkω(tk, ·)] = F [f ]
(
µQ(t, ·)−

m∑
k=1

µkQ(tk, ·)
)
−→
t→+0

−→
t→+0

F [f ]
(
µQ2(·)−

m∑
k=1

µkQ1(tk, ·)Q2(·)
)

= F [f ]Q2(·)
(
µ−

m∑
k=1

µkQ1(tk, ·)
)

=

= F [f ]
(
µ−

m∑
k=1

µkQ1(tk, ·)
)−1(

µ−
m∑
k=1

µkQ1(tk, ·)
)

= F [f ].

Òâåðäæåííÿ äîâåäåíî.

Ôóíêöiÿ ω(t, x), (t, x) ∈ Ω, ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (7). Ñïðàâäi, îñêiëüêè f � çãîðòóâà÷

ó ïðîñòîði S
1/ω
2 , òî

Âω(t, x) = F−1[ϕ(σ)F [f ∗G(t, ·)]] = F−1[ϕ(σ)F [f ]Q(t, ·)] = −F−1
[ ∂
∂t
Q(t, ·)F [f ]

]
=

= −F−1
[
F
[ ∂
∂t
G(t, ·)

]
F [f ]

]
= −F−1

[
F
[
f ∗ ∂

∂t
G(t, ·)

]]
= −f ∗ ∂G(t, ·)

∂t
.

Ç iíøîãî áîêó (äèâ. íàñëiäîê 2),

∂

∂t
ω(t, ·) =

∂

∂t
(f ∗G(t, ·)) = f ∗ ∂G(t, ·)

∂t
.

Çâiäñè âèïëèâà¹, ùî ôóíêöiÿ ω(t, x), (t, x) ∈ Ω, çàäîâîëüíÿ¹ ðiâíÿííÿ (7).

Ç íàñëiäêó 3 âèïëèâà¹, ùî äëÿ ðiâíÿííÿ (7) m-òî÷êîâó çàäà÷ó ìîæíà ñòàâèòè òàê:

çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ (7), ÿêèé çàäîâîëüíÿ¹ óìîâó

µ lim
t→+0

u(t, ·)−
m∑
k=1

µku(tk, ·) = f, f ∈ (S
1/ω
2,∗ )′, (20)

äå ãðàíè÷íå ñïiââiäíîøåííÿ (20) ðîçãëÿäà¹òüñÿ ó ïðîñòîði (S
1/ω
2 )′ (îáìåæåííÿ íà ïàðà-

ìåòðè µ, µ1, . . . , µm, t1, . . . , tm òàêi æ, ÿê i ó âèïàäêó çàäà÷i (7), (8)).

Iç äîâåäåíîãî ðàíiøå âèïëèâà¹, ùî ôóíêöiÿ u(t, x) = f∗G(t, x), (t, x) ∈ Ω, ¹ ðîçâ'ÿçêîì

ðiâíÿííÿ (7). ßêùî f = δ ∈ (S
1/ω
2,∗ )′, òî f ∗ G(t, x) = G(t, x), òîáòî G(t, x) òàêîæ ¹

ðîçâ'ÿçêîì ðiâíÿííÿ (7). Óðàõóâàâøè öåé ôàêò, à òàêîæ ñïiââiäíîøåííÿ (19). ôóíêöiþ

G(t, x) íàçèâàòèìåìî ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì çàäà÷i (7), (20).

Òåîðåìà 1. Çàäà÷à (7), (20) êîðåêòíî ðîçâ'ÿçíà, ðîçâ'ÿçîê äà¹òüñÿ ôîðìóëîþ

u(t, x) = f ∗G(t, x), (t, x) ∈ Ω.
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Äîâåäåííÿ. Ôóíêöiÿ f ∗ G(t, x) çàäîâîëüíÿ¹ ðiâíÿííÿ (7). Ðîçâ'ÿçîê íåïåðåðâíî çàëå-

æèòü âiä f â óìîâi (20) ó òîìó ðîçóìiííi, ùî ÿêùî {f, fn, n ≥ 1} ⊂ (S
1/ω
2,∗ )′ i fn → f ïðè

n → ∞ ó ïðîñòîði (S
1/ω
2 )′, òî un = fn ∗ G(t, x) → u = f ∗ G(t, x) ïðè n → ∞ ó ïðîñòîði

(S
1/ω
2 )′. Öÿ âëàñòèâiñòü âèïëèâà¹ ç âëàñòèâîñòi íåïåðåðâíîñòi çãîðòêè.

Çàëèøèëîñÿ ïåðåêîíàòèñÿ â òîìó, ùî çàäà÷à (7), (20) ìà¹ ¹äèíèé ðîçâ'ÿçîê. Äëÿ

öüîãî ðîçãëÿíåìî çàäà÷ó Êîøi

∂v

∂t
= Â∗v, (t, x) ∈ [0, t0)× R, 0 ≤ t < t0 < +∞ (21)

v(t, ·)|t=t0 = ψ, ψ ∈ (S
1/ω
2,∗ )′, (22)

äå Â∗ � çâóæåííÿ ñïðÿæåíîãî îïåðàòîðà äî îïåðàòîðà Â íà ïðîñòið S
1/ω
2 ⊂ (S

1/ω
2,∗ )′. Óìîâó

(22) ðîçóìi¹ìî â ñëàáêîìó ñåíñi. Çàäà÷à Êîøi (21), (22) ¹ ðîçâ'ÿçíîþ ïðè êîæíîìó

t ∈ [0, t0).

Íåõàé Qt
t0
: (S

1/ω
2,∗ )′ → S

1/ω
2 � îïåðàòîð, ÿêèé çiñòàâëÿ¹ ôóíêöiîíàëó ψ ∈ (S

1/ω
2,∗ )′

ðîçâ'ÿçîê çàäà÷i (21), (22). Îïåðàòîð Qt
t0
¹ ëiíiéíèì i íåïåðåðâíèì, âií âèçíà÷åíèé äëÿ

äîâiëüíèõ 0 ≤ t < t0 < +∞ i âîëîäi¹ âëàñòèâîñòÿìè:

∀ψ ∈ (S
1/ω
2,∗ )′ :

dQt
t0
ψ

dt
= Â∗Qt

t0
ψ, lim

t→t0
Qt
t0
ψ = ψ

(ãðàíèöÿ ðîçãëÿäà¹òüñÿ â ïðîñòîði (S
1/ω
2,∗ )′).

Ðîçâ'ÿçîê u(t, x), (t, x) ∈ Ω, ðîçóìiòèìåìî ÿê ðåãóëÿðíèé ôóíêöiîíàë ç ïðîñòîðó

(S
1/ω
2,∗ )′ ⊃ S

1/ω
2 . Äîâåäåìî, ùî çàäà÷à (7), (20) ìîæå ìàòè ëèøå ¹äèíèé ðîçâ'ÿçîê ó ïðî-

ñòîði (S
1/ω
2,∗ )′. Äëÿ öüîãî äîñèòü äîâåñòè, ùî ¹äèíèì ðîçâ'ÿçêîì ðiâíÿííÿ (7) ïðè íóëüîâié

ïî÷àòêîâié óìîâi ìîæå áóòè ëèøå ôóíêöiîíàë u(t, x) = 0 (ïðè êîæíîìó t ∈ (0,∞)). Çà-

ñòîñó¹ìî ôóíêöiîíàë u äî ôóíêöi¨ Qt
t0
ψ, äå ψ � äîâiëüíèé åëåìåíò ç ïðîñòîðó S

1/ω
2 ⊂

(S
1/ω
2,∗ )′. Äèôåðåíöiþþ÷è ïî t i âèêîðèñòîâóþ÷è ðiâíÿííÿ (7), (21), îòðèìó¹ìî

∂

∂t
〈u(t, ·), Qt

t0
ψ〉 =

〈∂u
∂t
,Qt

t0
ψ
〉

+
〈
u,
∂Qt

t0
ψ

∂t

〉
= 〈−Âu,Qt

t0
ψ〉+ 〈u, Â∗Qt

t0
ψ〉 =

= 〈−Âu,Qt
t0
ψ〉+ 〈Âu,Qt

t0
ψ〉 = 0, t ∈ [0, t0).

Çâiäñè âèïëèâà¹, ùî 〈u(t, ·), Qt
t0
ψ〉 ¹ ñòàëîþ âåëè÷èíîþ. Iç âëàñòèâîñòåé àáñòðàêòíèõ

ôóíêöié [2] âèïëèâà¹ ñïiââiäíîøåííÿ

lim
t→t0
〈u(t, ·), Qt

t0
ψ〉 = 〈u(t0, ·), ψ〉 = c0 = c0(t0)

ó äîâiëüíié òî÷öi t0 ∈ (0,∞). Îòæå, ÿêùî â (20) f = 0, òî

µ lim
t→+0
〈u(t, ·), ψ〉 −

m∑
k=1

µk〈u(tk, ·), ψ〉 = µc0 −
m∑
k=1

µkck = 0.

Çâiäñè âèïëèâà¹, ùî c0 = c1 = · · · = cm = 0. Ñïðàâäi, íåõàé öå íå òàê. Íàïðèêëàä,

c0 6= 0. Òîäi ìà¹ìî ñïiââiäíîøåííÿ:

µ−
m∑
k=1

µkβk = 0,
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äå βk = ck/c0, òîáòî µ =
m∑
k=1

µkβk. Îñêiëüêè, çà óìîâîþ µ >

m∑
k=1

µk, äå µ1, . . . , µm �

ôiêñîâàíi, òî îäåðæàíå ïðîòèði÷÷ÿ äîâîäèòü, ùî c0 = 0. Àíàëîãi÷íî ïåðåêîíó¹ìîñÿ

â òîìó, ùî c1 = · · · = cm = 0. Òàêèì ÷èíîì, 〈u(t0, ·), ψ〉 = 0 äëÿ äîâiëüíîãî ψ ∈ S1/ω
2 ,

òîáòî u(t0, ·) � íóëüîâèé ôóíêöiîíàë ç ïðîñòîðó (S
1/ω
2,∗ )′. Îñêiëüêè t0 ∈ (0,∞) i t0 âèáðàíå

äîâiëüíèì ÷èíîì, òî u(t, x) = 0 äëÿ âñiõ t ∈ (0,∞). Òåîðåìó 1 äîâåäåíî.

Òåîðåìà 2. Íåõàé u(t, x), (t, x) ∈ Ω, � ðîçâ'ÿçîê çàäà÷i (7), (20). Òîäi u(t, x) → 0 ïðè

t→ +∞ ó ïðîñòîði (S
1/ω
2 )′ .

Äîâåäåííÿ. Ðîçâ'ÿçîê çàäà÷i (7), (20) äà¹òüñÿ ôîðìóëîþ

u(t, x) = f ∗G(t, x) = 〈fξ, G(t, x− ξ)〉, f ∈ (S
1/ω
2,∗ )′, (t, x) ∈ Ω.

Äîâåäåìî, ùî 〈u(t, ·), ψ〉 → 0 ïðè t→ +∞ äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ S1/ω
2 (öå i îçíà÷à-

òèìå, ùî u(t, ·)→ 0 ïðè t→ +∞ ó ïðîñòîði (S
1/ω
2 )′). Ââåäåìî ïîçíà÷åííÿ

Ψt(ξ) :=

+∞∫
−∞

G(t, x− ξ)ψ(x)dx, Ψt,R(ξ) :=

R∫
−R

G(t, x− ξ)ψ(x)dx, R > 0,

i äîâåäåìî, ùî: à) ïðè êîæíîìó t > 1 i R > 0 ôóíêöiÿ Ψt,R(ξ) ¹ åëåìåíòîì ïðîñòîðó

S
1/ω
2 . Ψt,R(ξ)→ Ψt(ξ) ïðè R→ +∞ ó ïðîñòîði S

1/ω
2 ; á) Ψt(ξ) ∈ S1/ω

2 ïðè êîæíîìó t > 1.

Çâiäñè äiñòà¹ìî, ùî

〈u(t, ·), ψ〉 =

+∞∫
−∞

〈fξ, G(t, x− ξ)〉ψ(x)dx = 〈fξ,
+∞∫
−∞

G(t, x)ψ(x+ ξ)dx〉 =

= 〈fξ,
+∞∫
−∞

G(t,−y)ψ(−(y − ξ))dy〉 = 〈fξ,
+∞∫
−∞

G(t,−y)ψ̌(y − ξ)dy〉, ψ̌(z) = ψ(−z),

(òóò u(t, ·) òðàêòó¹òüñÿ ÿê ðåãóëÿðíà óçàãàëüíåíà ôóíêöiÿ ç ïðîñòîðó (S
1/ω
2 )′ ïðè êî-

æíîìó t > 0).

Îòæå, âñòàíîâèìî âëàñòèâiñòü à). Ïðè ôiêñîâàíèõ {k,m} ⊂ Z+ ìà¹ìî:

|ξkDm
ξ Ψt,R(ξ)| ≤

R∫
−R

|ξkψ(x)Dm
ξ G(t, x− ξ)|dx ≤

+∞∫
−∞

|ξkψ(ξ + η)Dm
η G(t, η)|dη.

Îñêiëüêè ψ ∈ S1/ω
2 , òî ïðè äåÿêèõ c, L,B > 0

|ξkDm
ξ ψ(ξ)| ≤ cLkBmk2kmm/ω, {k,m} ⊂ Z+.

Çâiäñè, ïðè êîæíîìó η ∈ R:

sup
ξ∈R
|ξkψ(ξ + η)| − sup

y∈R
|(y − η)kψ(y)| = sup

y∈R

∣∣∣ k∑
l=0

C l
ky

l(−η)k−lψ(y)
∣∣∣ ≤



106 Ãîðîäåöüêèé Â.Â., Øåâ÷óê Í.Ì., Êîëiñíèê Ð.Ñ.

≤
k∑
l=0

C l
k|η|k−l sup

y∈R
|ylψ(y)| ≤ c

k∑
l=0

C l
kL

ll2l|η|k−l.

Äàëi ñêîðèñòà¹ìîñÿ îöiíêàìè (17). Òîäi

|ξkDm
ξ Ψt,R(ξ)| ≤ c

k∑
l=0

C l
kL

ll2l
+∞∫
−∞

|η|k−l|Dm
η G(t, η)|dη ≤

≤ cc3B
m
t−1mm/ω

k∑
l=0

C l
kl

2lLl
+∞∫
−∞

|η|k−l exp{−a0t
−1/2|η|1/2}dη.

Çà äîïîìîãîþ áåçïîñåðåäíiõ îá÷èñëåíü çíàõîäèìî, ùî

+∞∫
−∞

|η|k−l exp{−a0t
−1/2|η|1/2}dη ≤ c4L̃

k−l(k − l)2(k−l)tk−l+1, c4, L̃ > 0.

Òàêèì ÷èíîì,

|ξkDm
ξ Ψt,R(ξ)| ≤ cc3c4B

m
mm/ω

k∑
l=0

C l
kL

lL̃k−ltk−ll2l(k − l)2(k−l) ≤

≤ cB
m
L
k
k2kmm/ω, (23)

äå c = cc3c4, L = 2 max{L, L̃t}. Îòæå, Ψt,R(ξ) ∈ S1/ω
2 ïðè êîæíîìó t > 1 i äîâiëüíîìó

R > 0. Äàëi áåçïîñåðåäíüî ïåðåêîíó¹ìîñÿ â òîìó, ùî Ψt,R(ξ) → Ψt(ξ) ïðè R → +∞
ðiâíîìiðíî ïî ξ ðàçîì ç óñiìà ñâî¨ìè ïîõiäíèìè íà êîæíîìó âiäðiçêó [a, b] ⊂ R. Êðiì
òîãî, ñóêóïíiñòü ôóíêöié {ξkDm

ξ Ψt,R(ξ)}, {k,m} ⊂ Z+, ðiâíîìiðíî îáìåæåíà (âiäíîñíî

R) ó ïðîñòîði S
1/ω
2 (öÿ âëàñòèâiñòü âèïëèâà¹ ç îöiíîê (21), ó ÿêèõ ñòàëi c, B, L > 0 íå

çàëåæàòü âiä R). Öå i îçíà÷à¹ âèêîíàííÿ óìîâè à).

Ç óìîâè à) âèïëèâà¹ óìîâà á), îñêiëüêè â äîñêîíàëîìó ïðîñòîði êîæíà îáìåæåíà

ìíîæèíà ¹ êîìïàêòíîþ.

Âèêîðèñòîâóþ÷è âëàñòèâîñòi à), á), îòðèìà¹ìî ñïiââiäíîøåííÿ

〈u(t, ·), ψ〉 =

+∞∫
−∞

G(t,−y)(f ∗ ψ̌)(y)dy.

Îñêiëüêè f � çãîðòóâà÷ ó ïðîñòîði S
1/ω
2 , òî f ∗ ψ̌ ∈ S1/ω

2 . Òîäi, âðàõóâàâøè îöiíêè (17)

(ïðè s = 0), îäåðæèìî

|〈u(t, ·), ψ〉| ≤
+∞∫
−∞

|G(t,−y)| |(f ∗ψ̌)(y)|dy ≤ ct−1/ω

+∞∫
−∞

|(f ∗ψ̌)(y)|dy ≤ c0t
−1/ω → 0, t→ +∞,

äëÿ äîâiëüíî¨ ôóíêöi¨ ψ ∈ S1/ω
2 , òîáòî u(t, ·)→ 0 ïðè t→ +∞ ó ïðîñòîði (S

1/ω
2 )′. Òåîðåìó

2 äîâåäåíî.
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ßêùî óçàãàëüíåíà ôóíêöiÿ f â óìîâi (20) ¹ ôiíiòíîþ (òîáòî íîñié f (suppf) � îáìå-

æåíà ìíîæèíà â R), òî ìîæíà ãîâîðèòè ïðî ðiâíîìiðíå ïðÿìóâàííÿ äî íóëÿ íà R ïðè

t → +∞ ðîçâ'ÿçêó u(t, x) çàäà÷i (7), (20). Çàóâàæèìî, ùî êîæíà ôiíiòíà óçàãàëüíå-

íà ôóíêöiÿ ¹ çãîðòóâà÷åì ó ïðîñòîðàõ òèïó S. Öÿ âëàñòèâiñòü âèïëèâà¹ iç çàãàëüíîãî

ðåçóëüòàòó, ÿêèé ñòîñó¹òüñÿ òåîði¨ äîñêîíàëèõ ïðîñòîðiâ (äèâ. [2, ñ. 173]): ÿêùî Φ �

äîñêîíàëèé ïðîñòið iç äèôåðåíöiéîâíîþ îïåðàöi¹þ çñóâó, òî êîæíèé ôiíiòíèé ôóíêöiî-

íàë ¹ çãîðòóâà÷åì ó ïðîñòîði Φ. Ôiíiòíi ôóíêöiîíàëè óòâîðþþòü äîñèòü øèðîêèé êëàñ.

Çîêðåìà, êîæíà îáìåæåíà çàìêíåíà ìíîæèíà ¹ íîñi¹ì äåÿêî¨ ôiíiòíî¨ óçàãàëüíåíî¨ ôóí-

êöi¨ [5].

Òåîðåìà 3. Íåõàé u(t, x) � ðîçâ'ÿçîê çàäà÷i (7), (20) ç óçàãàëüíåíîþ ôóíêöi¹þ f , ÿêà

¹ åëåìåíòîì ïðîñòîðó (S
1/ω
2,∗ )′, äå ω ∈ (0, 1). Òîäi u(t, x)→ 0 ïðè t→ +∞ ðiâíîìiðíî íà

R.

Íàâåäåìî ñõåìó äîâåäåííÿ ñôîðìóëüîâàíîãî òâåðäæåííÿ. Íåõàé supp f ⊂ [a1, b1] ⊂
[a2, b2] ⊂ R. Ðîçãëÿíåìî ôóíêöiþ ψ ∈ S

1/ω
2 òàêó, ùî ψ(x) = 1, x ∈ [a1, b1], supp ψ ⊂

[a2, b2]. Òàêà ôóíêöiÿ iñíó¹, îñêiëüêè ïðîñòið S
1/ω
2 ïðè 1/ω > 1 ìiñòèòü ôiíiòíi ôóíêöi¨

[2]. Ïîäàìî ôóíêöiþ u(t, x) ó âèãëÿäi

u(t, x) = 〈fξ, ψ(ξ)G(t, x− ξ)〉+ 〈fξ, γ(ξ)G(t, x− ξ)〉,

äå γ = 1− ψ. Îñêiëüêè

supp (γ(ξ)G(t, x− ξ)) ∩ suppf = ∅,

òî

u(t, x) = t−1/ω〈fξ, t1/ωψ(ξ)G(t, x− ξ)〉.

Äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü ïåðåêîíàòèñÿ â òîìó, ùî ñóêóïíiñòü ôóíêöié

Φt,x(ξ) = t1/ωψ(ξ)G(t, x− ξ) îáìåæåíà â ïðîñòîði S1/ω
2 ïðè âåëèêèõ çíà÷åííÿõ t, x ∈ R i

ξ ∈ R \ [a1, b1] (öÿ âëàñòèâiñòü âèïëèâà¹ ç îöiíîê (17)).

Ïðèêëàä. Ðîçãëÿíåìî ôóíêöiþ

ϕω,p(σ) =
( p∑
k=0

σ2k
)ω/(2p)

, σ ∈ R,

äå ω ∈ (0, 1], p ∈ N � äîâiëüíî ôiêñîâàíi ÷èñëà. Î÷åâèäíî, ùî ϕω,p ∈ C∞(R), ϕ(σ) > |σ|ω,
σ ∈ R. ßêùî |σ| ≤ 1, òî

ϕω,p(σ) ≤ (p+ 1)ω/(2p) ≤ (p+ 1) ≤ (p+ 1)eε|σ|
ω

äëÿ äîâiëüíî ôiêñîâàíîãî ε > 0. ßêùî |σ| > 1, òî

ϕω,p(σ) ≤ (p+ 1)|σ|ω ≤ 1

ε
(p+ 1)eε|σ|

ω

.

Îòæå,

∀ε > 0 ∀σ ∈ R : ϕω,p(σ) ≤ cεe
ε|σ|ω ,
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äå cε = (p+ 1) max{1, 1/ε}. Êðiì òîãî, áåçïîñåðåäíüî ïåðåêîíó¹ìîñÿ â òîìó, ùî ïîõiäíi

ôóíêöi¨ ϕω,p çàäîâîëüíÿþòü óìîâó

∃c0, B0 > 0 ∀n ∈ N ∀σ ∈ R : |ϕ(n)
ω,p(σ)| ≤ c0B

n
0n!

(ñòàëi c0, B0 çàëåæàòü âiä p, ω). Îòæå, ϕω,p ∈ Pω (ïðè äîâiëüíî ôiêñîâàíîìó p ∈ N).
Ñêîðèñòàâøèñü ñïåêòðàëüíîþ òåîðåìîþ äëÿ ñàìîñïðÿæåíèõ îïåðàòîðiâ òà îïåðà-

öiéíèì ÷èñëåííÿì äëÿ òàêèõ îïåðàòîðiâ îäåðæèìî

ϕω,p

(
i
∂

∂x

)
=
(
I +

p∑
k=1

(
i
∂

∂x

)2k)ω/(2p)
=
(
I +

p∑
k=1

(−1)k
∂2k

∂x2k

)ω/(2p)
(òóò I � îäèíè÷íèé îïåðàòîð). Íàïðèêëàä,

ϕ1,1

(
i
∂

∂x

)
=
(
I − ∂2

∂x2

)1/2

.

Öåé îïåðàòîð ÷àñòî âèêîðèñòîâó¹òüñÿ â òåîði¨ äðîáîâîãî iíòåãðî-äèôåðåíöiþâàííÿ i

íàçèâà¹òüñÿ îïåðàòîðîì Áåññåëÿ äðîáîâîãî äèôåðåíöiþâàííÿ ïîðÿäêó 1/2 (äèâ. [18]).

Iíøi ïðèêëàäè:

ϕ4/7,2

(
i
∂

∂x

)
=
(
I − ∂2

∂x2
+

∂4

∂x4

)1/7

,

ϕ5/6,3

(
i
∂

∂x

)
=
(
I − ∂2

∂x2
+

∂4

∂x4
− ∂6

∂x6

)5/36

,

îïåðàòîðè ϕω,p

(
i
∂

∂x

)
ïðèðîäíî íàçèâàòè îïåðàòîðàìè äðîáîâîãî äèôåðåíöiþâàííÿ. Çãi-

äíî ç òåîðåìîþ 1, íåëîêàëüíà m-òî÷êîâà çà ÷àñîì çàäà÷à äëÿ ðiâíÿííÿ (7), íàïðèêëàä,

ç îïåðàòîðîì ϕ5/6,3

(
i
∂

∂x

)
êîðåêòíî ðîçâ'ÿçíà, ÿêùî ïî÷àòêîâà ôóíêöiÿ f â óìîâi (20)

¹ åëåìåíòîì ïðîñòîðó (S
5/6
2,∗ )′.

Íàâåäåìî ùå ïðèêëàä óçàãàëüíåíî¨ ôóíêöi¨ ç ïðîñòîðó (S
1/ω
2,∗ )′. Íåõàé

fα(x) =

{
exp{|x|−α}, x ∈ [−1, 1] \ {0}, α > 0,

0, |x| > 1.

Âiäîìî [19], ùî fα äîïóñêà¹ ðåãóëÿðèçàöiþ ó ïðîñòîði (Sβ2 )′, äå 1 < β < 1 + 1/α, òîáòî

fα ¹ ðåãóëÿðíîþ óçàãàëüíåíîþ ôóíêöi¹þ ç ïðîñòîðó (Sβ2 )′. ßêùî ââàæàòè, ùî ω ∈ (0, 1)

i ïîêëàñòè β = 1/ω > 1, òî

1

α
>

1

ω
− 1 =

1− ω
ω

, α <
ω

1− ω
.

Îòæå, ÿêùî α <
ω

1− ω
, òî fα ∈ (S

1/ω
2 )′. Äëÿ ïðèêëàäó âiçüìåìî α =

ω

2(1− ω)
i ïîêëà-

äåìî ω = 1/2; òîäi α = 1/2. Îòæå, ôóíêöiÿ

f 1
2
(x) =

{
exp{|x|−1/2}, x ∈ [−1, 1] \ {0},
0, |x| > 1,
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ïîðîäæó¹ ðåãóëÿðíèé ôóíêöiîíàë ç ïðîñòîðó (S2
2)′. Îñêiëüêè íîñié (supp)f1/2 � âiäðiçîê

[−1, 1], òî f1/2 � ôiíiòíà óçàãàëüíåíà ôóíêöiÿ, à, îòæå, f1/2 � çãîðòóâà÷ ó ïðîñòîði

S2
2 . Çãiäíî ç òåîðåìàìè 1, 3, çàäà÷à (7), (20) ç îïåðàòîðîì ϕ1/2,p

(
i
∂

∂x

)
i ïî÷àòêîâîþ

ôóíêöi¹þ f1/2 ∈ (S2
2,∗)
′ � êîðåêòíî ðîçâ'ÿçíà, ïðè öüîìó u(t, x) → 0 ïðè t → +∞

ðiâíîìiðíî íà R.
Âèñíîâêè. Ôîðìàëüíîãî ðîçøèðåííÿ êëàñó ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïà-

ðàáîëi÷íîãî òèïó ìîæíà äîìîãòèñÿ, çàëó÷èâøè åâîëþöiéíi ðiâíÿííÿ ç îïåðàòîðàìè

ϕ
(
i
∂

∂x

)
, ïîáóäîâàíèìè çà ïîâíèìè ôóíêöiÿìè. Çâóæåííÿ òàêèõ îïåðàòîðiâ íà ïåâíi

ïðîñòîðè òèïó S (ïðîñòîðè Sβα) çáiãàþòüñÿ iç ïñåâäîäèôåðåíöiàëüíèìè îïåðàòîðàìè ó

òàêèõ ïðîñòîðàõ, ïîáóäîâàíèõ çà ôóíêöiÿìè ϕ, ÿêi ¹ ìóëüòèïëiêàòîðàìè ó ïðîñòîðàõ

Sαβ . Òàêèé ïiäõiä äîçâîëÿ¹ åôåêòèâíî âèêîðèñòàòè ìåòîä ïåðåòâîðåííÿ Ôóð'¹ äëÿ äîñëi-

äæåííÿ áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ åâîëþöiéíèõ ðiâíÿíü ç îïåðàòîðàìè äðîáî-

âîãî äèôåðåíöiþâàííÿ i ïî÷àòêîâîþ ôóíêöi¹þ, ÿêà ìîæå ìàòè â îäíié òî÷öi îñîáëèâiñòü

íàâiòü �åêñïîíåíöiàëüíîãî� ïîðÿäêó.
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The goal of this paper is to study evolution equations of the parabolic type with operators

ϕ
(
i
∂

∂x

)
built according to certain functions (di�erent from polynomials), in particular, with

operators of fractional di�erentiation. It is found that the restriction of such operators to

certain S-type spaces match with pseudo-di�erential operators in such spaces constructed by

these functions, which are multipliers in spaces that are Fourier transforms of S-type spaces.

The well-posedness of the nonlocal multipoint by time problem is proved for such equations with

initial functions that are elements of spaces of generalized functions of S-type. The properties

of the fundamental solutions of the speci�ed problem, the behavior of the solution at t→ +∞
in spaces of S′-type (weak stabilization) were studied. We found conditions under which the

solution stabilizes to zero uniformly on R.
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Ïåðiîäè÷íiñòü ðåêóðåíòíèõ ïîñëiäîâíîñòåé äðóãîãî i òðåòüîãî ïîðÿäêó

Îäåðæàíî íåîáõiäíi i äîñòàòíi óìîâè íà êîåôiöi¹íòè ui äëÿ ïåðiîäè÷íîñòi ðåêóðåíòíèõ

ïîñëiäîâíîñòåé, ùî çàäàþòüñÿ ñïiââiäíîøåííÿì an+k = uk−1an+k−1 + · · · + u0a0 ïðè n =

0, 1, . . . òà ui ∈ R, i = 0, . . . , k − 1, ó âèïàäêó k = 2, 3.

Êëþ÷îâi ñëîâà i ôðàçè: ðåêóðåíòíà ïîñëiäîâíiñòü k-ãî ïîðÿäêó, ïåðiîäè÷íà ïîñëiäîâ-

íiñòü, ïîñëiäîâíiñòü Ôiáîíà÷÷i.

1 ×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, Óêðà¨íà;
2 Óêðà¨íñüêèé Êàòîëèöüêèé Óíiâåðñèòåò, Óêðà¨íà;
3 Óíiâåðñèòåò ßíà Êîõàíîâñüêîãî â Êåëüöàõ, Ïîëüùà

e-mail: o.karlova@chnu.edu.ua

1 Ìîòèâàöiÿ òà iñòîðè÷íi ðåìàðêè

Ñåðåä óñiõ ÷èñëîâèõ ïîñëiäîâíîñòåé ÷èñëà Ôiáîíà÷÷i òà Ëþêà, áåçïåðå÷íî, çàéìàþòü

îäíå ç âèçíà÷íèõ ìiñöü. Íåçâàæàþ÷è íà iñòîòíó êiëüêiñòü êíèæîê òà ñòàòåé, ïðèñâÿ÷å-

íèõ ïîñëiäîâíîñòÿì Ôiáîíà÷÷i òà Ëþêà, iíòåðåñ äî íèõ íå çãàñà¹ é äîñi, ïðî ùî ñâiä÷èòü,

íàïðèêëàä, àêòèâíî äiþ÷èé æóðíàë �The Fibonacci Quarterly� [7], çîêðåìà, íàÿâíiñòü

âiäêðèòèõ ïðîáëåì ç öi¹¨ òåìàòèêè ìàéæå â êîæíîìó íîìåði æóðíàëó. Êðiì òîãî, êî-

æíèõ äâà ðîêè ïðîâîäèòüñÿ ìiæíàðîäíà êîíôåðåíöiÿ ïiä åãiäîþ Fibonacci Associati-

on [8]. Äóæå  ðóíòîâíèé îãëÿä ðàçîì ç ïðîáëåìàìè òà çàäà÷àìè ìîæíà çíàéòè â êíèçi

Òîìàñà Êîøè [4]; ðåêîìåíäó¹ìî òàêîæ ñòàòòþ Äåíà Êàëìàíà i Ðîáåðòà Ìåíè [3] i ëiòå-

ðàòóðó, çãàäàíó â öié ñòàòòi.

Ìîòèâàöi¹þ öüîãî äîñëiäæåííÿ ñòàëî òàêå ñïîñòåðåæåííÿ. ßêùî çàìiñòü êëàñè÷íî¨

ïîñëiäîâíîñòi Ôiáîíà÷÷i, ÿêà çàäà¹òüñÿ ðåêóðåíòíîþ ôîðìóëîþ

Fn+2 = Fn+1 + Fn, n = 0, 1, 2, . . .

òà ïðè ïî÷àòêîâèõ çíà÷åííÿõ F0 = 0, F1 = 1 ìà¹ âèãëÿä

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, . . .

ÓÄÊ 515.12

2010 Mathematics Subject Classi�cation: 11B37, 11B39.
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ðîçãëÿíóòè ïîñëiäîâíiñòü

Gn+2 = Gn+1 −Gn, n = 0, 1, 2, . . . ,

òî ïðè G0 = 0, G1 = 1 ïîñëiäîâíiñòü (Gn)∞n=0 ìàòèìå âèãëÿä

0, 1, 1, 0,−1,−1, 0, 1, 1, 0,−1,−1, . . . .

Iíøèìè ñëîâàìè, âîíà ¹ ïåðiîäè÷íîþ ç ïåðiîäîì 6.

Òàêèì ÷èíîì, ïðèðîäíî âèíèêàþòü ïèòàííÿ

� ßêi óìîâè ïîâèííi çàäîâîëüíÿòè êîåôiöi¹íòè ðåêóðåíòíî¨ ïîñëiäîâíîñòi äëÿ ¨¨ ïå-

ðiîäè÷íîñòi?

� ßêîþ ìîæå áóòè äîâæèíà ïåðiîäà òà ÿê âîíà çàëåæèòü âiä êîåôiöi¹íòiâ ïîñëiäîâ-

íîñòi?

� ×è çàëåæèòü ïåðiîäè÷íiñòü àáî äîâæèíà ïåðiîäà âiä ïî÷àòêîâèõ çíà÷åíü ïîñëiäîâ-

íîñòi?

Íåñêëàäíî ìîæíà ïîêàçàòè, ùî ïîñëiäîâíiñòü Ôiáîíà÷÷i çà ìîäóëåì äîâiëüíîãî íà-

òóðàëüíîãî ÷èñëà m ≥ 2 ïåðiîäè÷íà, àäæå ñåðåä ïåðøèõ (m2 + 1)-¨ ïàð ÷èñåë Ôiáîíà÷÷i

çíàéäóòüñÿ äâi ðiâíi ïàðè (Fi, Fi+1) ≡ (Fj, Fj+1) mod m äëÿ äåÿêèõ i ≤ j. Íàéìåíøå

íàòóðàëüíå ÷èñëî π(m), ÿêå ¹ äîâæèíîþ ïåðiîäà ïîñëiäîâíîñòi Ôiáîíà÷÷i çà ìîäóëåì m,

íàçèâà¹òüñÿ ïåðiîäîì Ïiçàíî. Öå ïîíÿòòÿ äîáðå âèâ÷åíå ÿê äëÿ êëàñè÷íî¨ ïîñëiäîâíîñòi

Ôiáîíà÷÷i, òàê i äëÿ ðiçíèõ ¨¨ óçàãàëüíåíü (äèâ. [9] òà öèòîâàíó òàì ëiòåðàòóðó).

Ó öié ñòàòòi ìè âèâ÷à¹ìî ïåðiîäè÷íiñòü ïîñëiäîâíîñòåé òèïó Ôiáîíà÷÷i ó çâè÷àéíîìó

ðîçóìiííi, òîáòî, çà ìîäóëåì 1. Íàñêiëüêè íàì âiäîìî, öå ïèòàííÿ íå âèâ÷àëîñÿ ðàíi-

øå. Ìè äà¹ìî âiäïîâiäi íà íàâåäåíi âèùå çàïèòàííÿ äëÿ ðåêóðåíòíèõ ïîñëiäîâíîñòåé

äðóãîãî òà òðåòüîãî ïîðÿäêiâ.

Ñïî÷àòêó â äðóãîìó ïóíêòi ìè íàâîäèìî íåîáõiäíi òà äîñòàòíi óìîâè ïåðiîäè÷íîñòi

äëÿ çàãàëüíî¨ ðåêóðåíòíî¨ ïîñëiäîâíîñòi k-ãî ïîðÿäêó.

Â òðåòüîìó ïóíêòi ìè ðîçãëÿäà¹ìî ïîñëiäîâíîñòi 2-ãî ïîðÿäêó, òîáòî, ïîñëiäîâíîñòi,

ÿêi çàäàþòüñÿ ðåêóðåíòíî ñïiââiäíîøåííÿì an+2 = u1an+1 + u0a0 ç äiéñíèìè êîåôiöi¹í-

òàìè u0, u1 ∈ R òà äiéñíèìè ïî÷àòêîâèìè çíà÷åííÿìè a0, a1 ∈ R. Íàâåäåìî òóò äåÿêi

öiêàâi ïîñëiäîâíîñòi, ùî îïèñóþòüñÿ öèì ñïiââiäíîøåííÿì. Ïîêëàäåìî a0 = 0 i a1 = 1.

Òîäi

� ïðè u0 = u1 = 1 ìè îòðèìà¹ìî êëàñè÷íó ïîñëiäîâíiñòü Ôiáîíà÷÷i (Fn)∞n=0;

� ïðè u0 = 1, u1 = −1 ìè îòðèìà¹ìî îïèñàíó âèùå ïîñëiäîâíiñòü (Gn)∞n=0, ïåðiîäè÷íó

ç ïåðiîäîì 6;

� ïðè u0 = 3, u1 = −1 îäåðæèìî ïîñëiäîâíiñòü

0, 1, 3, 8, 21, 55, . . . ,

â ÿêié âïiçíà¹ìî ïîñëiäîâíiñòü (F2n)∞n=0 ÷èñåë Ôiáîíà÷÷i ç ïàðíèìè iíäåêñàìè,
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� ïðè u0 = 3, u1 = −2 ìè îòðèìà¹ìî ïîñëiäîâíiñòü

0, 1, 3, 7, 15, 31, . . . ,

òîáòî, ïîñëiäîâíiñòü ÷èñåë Ìåðñåííà âèãëÿäó Mn = 2n − 1,

� ïðè u0 = 2, u1 = −1 îòðèìó¹òüñÿ ïîñëiäîâíiñòü óñiõ öiëèõ íåâiä'¹ìíèõ ÷èñåë

0, 1, 2, 3, 4, . . . ,

� ïðè u0 = 11, u1 = −10 ìà¹ìî ïîñëiäîâíiñòü âèãëÿäó

0, 1, 11, 111, 1111, 11111, . . . .

Òàêîæ ó òðåòüîìó ïóíêòi ñòàòòi ìè çàñòîñîâó¹ìî çàãàëüíi âëàñòèâîñòi, çíàéäåíi â

äðóãîìó ïóíêòi, äî äîñëiäæåííÿ ïåðiîäè÷íîñòi ïîñëiäîâíîñòåé äðóãîãî ïîðÿäêó. Ìè

ç'ÿñîâó¹ìî, çîêðåìà, ùî êîåôiöi¹íò u1 ó âèïàäêó ïåðiîäè÷íî¨ ïîñëiäîâíîñòi ìàéæå íiêî-

ëè íå ìîæå áóòè ðàöiîíàëüíèì ÷èñëîì, ùî âñòàíîâëåíî â ïiäïóíêòi 3.4. Òóò ñëiä çàçíà-

÷èòè, ùî Òâåðäæåííÿ 3 íå ¹ íîâèì i âiäîìå, ÿê �Òåîðåìà Íiâåíà� (äèâ. [6, Corollary 3.12]).

Ïðîòå îðèãiíàëüíå äîâåäåííÿ òåîðåìè Íiâåíà âèêîðèñòîâó¹ òåõíiêó âèùî¨ àëãåáðè, òîäi

ÿê ìè íàâîäèìî öiëêîì åëåìåíòàðíå ¨¨ äîâåäåííÿ.

Ó ÷åòâåðòîìó ïóíêòi ìè âèâ÷à¹ìî ðåêóðåíòíi ïîñëiäîâíîñòi òðåòüîãî ïîðÿäêó, òîáòî,

ïîñëiäîâíîñòi, ùî âèçíà÷àòüñÿ ñïiââiäíîøåííÿì an+3 = u2an+2+u1an+1+u0an, i çíàõîäè-

ìî íåîáõiäíi òà äîñòàòíi óìîâè íà êîåôiöi¹íòè u0, u1 òà u2 äëÿ òîãî, ùîá ïîñëiäîâíiñòü

(an)∞n=0 áóëà ïåðiîäè÷íîþ.

2 Íåîáõiäi òà äîñòàòíi óìîâè ïåðiîäè÷íîñòi ðåêóðåíòíèõ

ïîñëiäîâíîñòåé

Ïîçíà÷èìî N0 = N ∪ {0}.

Îçíà÷åííÿ 1. Ïîñëiäîâíiñòü (an)∞n=0 äiéñíèõ ÷èñåë ¹ ðåêóðåíòíîþ ïîðÿäêó k ∈ N, ÿêùî
äëÿ êîæíîãî n ∈ N0 âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

an+k = uk−1an+k−1 + uk−2an+k−2 + . . . u1an+1 + u0an (1)

äëÿ äåÿêîãî íàáîðó u = (u0, . . . , uk−1) ∈ Rk, äå u0 6= 0.

Ðîçãëÿíåìî ìàòðèöþ U ðîçìiðíîñòi k × k, âåêòîð xn

U =



0 1 0 . . . 0 0

0 0 1 . . . 0 0

. . . . . . . . . . . . . . . . . .

0 0 0 . . . 1 0

0 0 0 . . . 0 1

u0 u1 u2 . . . uk−2 uk−1


, xn =


an
an+1

. . .

an+k−1

 .
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Òîäi

Uxn =


an+1

an+2

. . .

u0an + u1an+1 + · · ·+ uk−1an+k−1

 =


an+1

an+2

. . .

an+k

 = xn+1.

Òàêèì ÷èíîì, ìà¹ ìiñöå ñïiââiäíîøåííÿ

xn+1 = Uxn

äëÿ êîæíîãî n ∈ N0, ïðè÷îìó âåêòîð x0 ñêëàäà¹òüñÿ ç k ïî÷àòêîâèõ çíà÷åíü ïîñëiäîâ-

íîñòi (an)∞n=0.

Îçíà÷åííÿ 2. ×èñëîâà ïîñëiäîâíiñòü (an)∞n=0 ¹ ïåðiîäè÷íîþ, ÿêùî iñíóþòü òàêi ÷èñëà

N ∈ N òà n0 ∈ N0, ùî

an+N = an ∀n ≥ n0.

Íàéìåíøå ç òàêèõ ÷èñåë N íàçèâà¹òüñÿ ïåðiîäîì ïîñëiäîâíîñòi (an)∞n=0.

Òâåðäæåííÿ 1. Ðåêóðåíòíà ïîñëiäîâíiñòü k-ãî ïîðÿäêó (an)∞n=0 ¹ ïåðiîäè÷íîþ ç ïåði-

îäîì N ∈ N òîäi i òiëüêè òîäi, êîëè

xN = xn ∀n ∈ N0. (2)

Äîâåäåííÿ. Íåîáõiäíiñòü î÷åâèäíà. Äîâåäåìî äîñòàòíiñòü. Áåç îáìåæåííÿ çàãàëü-

íîñòi ââàæàòèìåìî, ùî n0 ∈ N0 � íàéìåíøå ñåðåä íàòóðàëüíèõ ÷èñåë m, òàêèõ, ùî

an+N = an äëÿ âñiõ n ≥ m. Òîäi n0 < N . Îñêiëüêè ç (1) âèïëèâà¹, ùî

u0an0+N−1 = an0+N+k−1 − un0+N+k−2an0+N+k−2 − · · · − u1an0+N ,

òî çãiäíî ç ïðèïóùåííÿì

u0an0+N−1 = an0+k−1 − un0+k−2an0+k−2 − · · · − u1an0 = u0an0−1.

Òàêèì ÷èíîì, an0+N−1 = an0−1, àäæå u0 6= 0. Àíàëîãi÷íî, an0+N−2 = an0−2. Ïðîäîâæóþ÷è

öi ìiðêóâàííÿ òà âçÿâøè äî óâàãè íåðiâíiñòü n0 < N , ìè îäåðæèìî, ùî an = an+N äëÿ

âñiõ n ≥ 0.

Ðiâíÿííÿ

xk = uk−1x
k−1 + uk−2x

k−2 + · · ·+ u1x+ u0 (3)

íàçèâà¹òüñÿ õàðàêòåðèñòè÷íèì ðiâíÿííÿì ðåêóðåíòíîãî ñïiââiäíîøåííÿ (1) [2, c. 22].

ßêùî õàðàêòåðèñòè÷íå ðiâíÿííÿ (3) ìà¹ k ïîïàðíî ðiçíèõ êîðåíiâ λi ∈ C, 1 ≤ i ≤ k, òî

çàãàëüíèé ÷ëåí ïîñëiäîâíîñòi (an)∞n=0 ìà¹ âèãëÿä

an =
k∑
i=1

Aiλ
n
i (4)

äëÿ äåÿêèõ ÷èñåë A1, . . . , Ak ∈ C [2, c. 25].
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Äëÿ n ∈ N0 ðîçãëÿíåìî ìàòðèöþ Λn òà âåêòîð A

Λn =


λn1 λn2 . . . λnk
λn+1
1 λn+1

2 . . . λn+1
k

. . . . . . . . . . . .

λn+k−11 λn+k−12 . . . λn+k−1k

 , A =


A1

A2

. . .

Ak


Çàóâàæèìî, ùî âåêòîð A çíàõîäèòüñÿ ç ðiâíÿííÿ

Λ0 · A = x0, (5)

äå x0 � íàáið k çàäàíèõ ïî÷àòêîâèõ çíà÷åíü ïîñëiäîâíîñòi (an)∞n=0. Êðiì òîãî, âðàõóâàâ-

øè (4), ìà¹ìî ñïiââiäíîøåííÿ

xn = Λn · A (6)

äëÿ âñiõ n ∈ N0.

Çàóâàæåííÿ 1. Î÷åâèäíî, ùî ïðè A = 0 ìè îòðèìó¹ìî òðèâiàëüíó ïåðiîäè÷íó ïîñëi-

äîâíiñòü (0, 0, 0, . . . ). Òîìó íàäàëi ââàæàòèìåìî, ùî A 6= 0.

Äëÿ n ∈ N ïîêëàäåìî

In = {1 ≤ i ≤ k : λni = 1},

äå λ1, . . . , λk � ïîïàðíî ðiçíi êîðåíi ðiâíÿííÿ (3).

Òåîðåìà 1. Ðåêóðåíòíà ïîñëiäîâíiñòü k-ãî ïîðÿäêó (an)∞n=0 ¹ ïåðiîäè÷íîþ ç ïåðiîäîì

N ∈ N òîäi i òiëüêè òîäi, êîëè

(i) IN 6= ∅,

(ii) Ai = 0 äëÿ âñiõ i ∈ {1, . . . , k} \ IN .

Äîâåäåííÿ. Ïîêàæåìî, ùî âëàñòèâîñòi (i) òà (ii) â ñóêóïíîñòi ðiâíîñèëüíi óìîâi (2) Òâåð-

äæåííÿ 1.

Çãiäíî ç (6) ìà¹ìî

xN = x0 ⇔ ΛNA = Λ0A,

çâiäêè

xN = x0 ⇔ (ΛN − Λ0)A = 0.

Ðiâíÿííÿ (ΛN − Λ0)A = 0 ìà¹ íåíóëüîâèé ðîçâ'ÿçîê A 6= 0 òîäi i òiëüêè òîäi, êîëè

det(ΛN − Λ0) = 0.

Îñêiëüêè

ΛN − Λ0 =


λN1 − 1 λN2 − 1 . . . λNk − 1

λ1(λ
N
1 − 1) λ2(λ

N
2 − 1) . . . λk(λ

N
k − 1)

. . . . . . . . . . . .

λk−11 (λN1 − 1) λk−12 (λN2 − 1) . . . λk−1k (λNk − 1)

 =
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=


1 1 . . . 1

λ1 λ2 . . . λk
. . . . . . . . . . . . . . .

λk−11 λk−12 . . . λk−1k



λN1 − 1 0 . . . 0

0 λN2 − 1 . . . 0

. . . . . . . . . . . .

0 0 . . . λNk − 1

 =

= Λ0


λN1 − 1 0 . . . 0

0 λN2 − 1 . . . 0

. . . . . . . . . . . .

0 0 . . . λNk − 1

 ,

òî

det(ΛN − Λ0) = det Λ0 · det


λN1 − 1 0 . . . 0

0 λN2 − 1 . . . 0

. . . . . . . . . . . .

0 0 . . . λNk − 1

 =

=
∏

1≤i<j≤k

(λj − λi)
k∏
i=1

(λNi − 1).

Íàãàäà¹ìî, ùî âñi çíà÷åííÿ λi ïîïàðíî ðiçíi, òîìó

det(ΛN − Λ0) = 0 ⇔
k∏
i=1

(λNi − 1) = 0.

Ðiâíiñòü ç ïðàâîãî áîêó ðiâíîñèëüíà âëàñòèâîñòi (i).

Êðiì òîãî,

(ΛN − Λ0)A = 0 ⇔


λN1 − 1 0 . . . 0

0 λN2 − 1 . . . 0

. . . . . . . . . . . .

0 0 . . . λNk − 1

 ·

A1

A2

. . .

Ak

 = 0.

Çâiäñè ìà¹ìî, ùî [
λNi = 1,

Ai = 0

äëÿ êîæíîãî i ∈ {1, . . . , k}. Îñòàííÿ óìîâà ðiâíîñèëüíà âëàñòèâîñòi (ii).

Çàóâàæåííÿ 2. Òåîðåìà 1 äà¹ íåîáõiäíi òà äîñòàòíi óìîâè ïåðiîäè÷íîñòi òiëüêè äëÿ

âèïàäêó, êîëè ÷èñëà λi ïîïàðíî ðiçíi. Ó âèïàäêàõ, êîëè õàðàêòåðèñòè÷íå ðiâíÿííÿ ìà¹

êðàòíi êîðåíi, ìè áóäåìî äîñëiäæóâàòè ïåðiîäè÷íiñòü ïîñëiäîâíîñòi iíøèìè ñïîñîáàìè.

3 Ðåêóðåíòíi ïîñëiäîâíîñòi äðóãîãî ïîðÿäêó

Â öüîìó ïóíêòi ìè ç'ÿñó¹ìî, çà ÿêèõ óìîâ íà êîåôiöi¹íòè u0, u1 ∈ R ðåêóðåíòíà

ïîñëiäîâíiñòü äðóãîãî ïîðÿäêó ç ïî÷àòêîâèìè çíà÷åííÿìè a0, a1 ∈ R, ùî çàäà¹òüñÿ

ñïiââiäíîøåííÿì

an+2 = u1an+1 + u0an (7)
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äëÿ êîæíîãî n ∈ N0, ¹ ïåðiîäè÷íîþ.

Ìàòðèöÿ U òà âåêòîðè xn äëÿ äðóãîãî ïîðÿäêó ìàþòü âèãëÿä

U =

(
0 1

u0 u1

)
, xn =

(
an
an+1

)
.

3.1 Êîðîòêi ïåðiîäè N = 1 i N = 2

ßêùî øóêàòè ñåðåä ïîñëiäîâíîñòåé âèãëÿäó (7) ïåðiîäè÷íi ç ïåðiîäîì N = 1, òîáòî,

ñòàëi ïîñëiäîâíîñòi an = a äëÿ êîæíîãî n ∈ N, òî âîíè ïîâèííi çàäîâîëüíÿòè ðiâíiñòü

a = u1a + u0a. Çâiäñè a = 0 àáî u1 + u0 = 1. Îòæå, ñòàëà ïîñëiäîâíiñòü çàáåçïå÷ó¹òüñÿ

óìîâàìè

u1 + u0 = 1 i a1 = a0.

Íàïðèêëàä, íåõàé a1 = a0 = 7, u0 = 3 i u1 = −2. Òîäi îòðèìó¹ìî ïåðiîäè÷íó ïîñëiäîâ-

íiñòü an+2 = 3an − 2an+1 ç ïåðiîäîì N = 1 âèãëÿäó 7, 7, 7, . . . .

Øóêàòèìåìî òåïåð ïåðiîäè÷íi ïîñëiäîâíîñòi ç ïåðiîäîì N = 2. Äëÿ òàêèõ ïîñëiäîâ-

íîñòåé ìà¹ìî {
a0 = u1a1 + u0a0
a1 = u1a0 + u0a1,

çâiäêè ïiñëÿ äîäàâàííÿ ðiâíÿíü îäåðæèìî (a0 + a1)(1− u0 − u1) = 0.

ßêùî a1 = −a0, òî ç ïåðøîãî ðiâíÿííÿ ìà¹ìî u0−u1 = 1. Îòæå, ïðè âèêîíàííi óìîâ

u0 − u1 = 1 i a1 = −a0

ìè îòðèìó¹ìî ïåðiîäè÷íó ïîñëiäîâíiñòü ç ïåðiîäîì N = 2. Íàïðèêëàä, ïðè u0 = 4,

u1 = 3 ìà¹ìî ïîñëiäîâíiñòü an+2 = 4an+1 + 3an, òà ïî÷àâøè iç çíà÷åíü a0 = 2, a1 = −2,

ìè îòðèìà¹ìî ïîñëiäîâíiñòü 2,−2, 2,−2, . . . .

ßêùî æ a1 6= −a0, òî, ÿê i ó âèïàäêó ç ïåðiîäîì N = 1 ìè îäåðæó¹ìî óìîâó u0+u1 =

1. Ïiäñòàâèâøè ó ñèñòåìó, ìà¹ìî (a0−a1)(1−u0) = 0. Âèïàäîê a0 = a1 âiäêèäà¹ìî, àäæå

â òàêîìó ðàçi ïîñëiäîâíiñòü ìà¹ ïåðiîä N = 1. Îòæå,

u0 = 1, u1 = 0, a0 ∈ R

i ïîñëiäîâíiñòü ìà¹ âèãëÿä an+2 = an òà ¹ ïåðiîäè÷íîþ ç ïåðiîäîì N = 2.

3.2 Ïåðiîäè äîâiëüíî¨ äîâæèíè

Ðîçãëÿíåìî õàðàêòåðèñòè÷íå ðiâíÿííÿ

x2 − u1x− u0 = 0 (8)

òà äîñëiäèìî ïåðiîäè÷íiñòü ðåêóðåíòíî¨ ïîñëiäîâíîñòi äðóãîãî ïîðÿäêó â çàëåæíîñòi âiä

êiëüêîñòi ðîçâ'ÿçêiâ öüîãî ðiâíÿííÿ.
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3.2.1 Õàðàêòåðèñòè÷íå ðiâíÿííÿ ìà¹ äâà ðiçíi ðîçâ'ÿçêè

Ââàæàòèìåìî, ùî

u21 + 4u0 6= 0.

Íåõàé λ1, λ2 ∈ C � ðîçâ'ÿçêè ðiâíÿííÿ (8), ïðè÷îìó λ1 6= λ2. Òîäi ïîñëiäîâíiñòü

(an)n=0 ìà¹ âèãëÿä

an = A1λ
n
1 + A2λ

n
2

äëÿ äåÿêèõ äiéñíèõ A1, A2 ∈ R. Ç ïî÷àòêîâèõ óìîâ ìà¹ìî{
A1 + A2 = a0,

A1λ1 + A2λ2 = a1,

çâiäêè

A1 =
a0λ2 − a1
λ2 − λ1

, A2 =
a1 − a0λ1
λ2 − λ1

, (9)

à çàãàëüíèé ÷ëåí ïîñëiäîâíîñòi (an)∞n=0 ìà¹ âèãëÿä

an = a1 ·
λn2 − λn1
λ2 − λ1

− a0 ·
λ1λ2(λ

n−1
2 − λn−11 )

λ2 − λ1
,

ïðè n = 0, 1, . . . . Êðiì òîãî, çà òåîðåìîþ Âi¹òà, u1 = λ1 +λ2 i u0 = −λ1λ2. Òàêèì ÷èíîì,

ïîñëiäîâíiñòü (an)∞n=0 ìà¹ ðiâíîñèëüíèé âèãëÿä

an+2 = (λ1 + λ2)an+1 − λ1λ2an. (10)

Çà òåîðåìîþ 1 ïîñëiäîâíiñòü (an)∞n=0 áóäå ïåðiîäè÷íîþ ç ïåðiîäîì N òîäi i òiëüêè

òîäi, êîëè IN 6= ∅ i Ai = 0 äëÿ âñiõ i 6∈ IN .
Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê |IN | = 1. Â ñèëó ñèìåòðè÷íîñòi ìîæåìî ââàæàòè, ùî

λN1 = 1 i A2 = 0. Ïiäñòàâèâøè A2 = 0 â (9), îäåðæèìî, ùî a1 = λa0 i A1 = a0. Çâiäñè

an = a0λ
n
1 ∀n ∈ N0. (11)

Îñêiëüêè

x1 = Ux0 =

(
a1
a2

)
=

(
λ1a0
λ21a0

)
= λ1x0,

òî λ1 â öüîìó âèïàäêó ¹ âëàñíèì çíà÷åííÿì ìàòðèöi U , ùî âiäïîâiäà¹ âëàñíîìó âåêòîðó

x0.

Îñêiëüêè λ1 + λ2 ∈ R i λ1λ2 ∈ R, òî λ1,2 ∈ R àáî λ2 = λ1. Â äðóãîìó âèïàäêó λ2 òåæ

áóäå N -òèì êîðåíåì ç îäèíèöi, ùî ñóïåðå÷èòü ïðèïóùåííþ |IN | = 1. Îòæå, ðiâíÿííÿ

(8) ìà¹ äâà ðiçíi äiéñíi êîðåíi, ïðè÷îìó λ1 = ±1. Òîäi ç (11) âèïëèâà¹, ùî ïîñëiäîâíiñòü

(an)∞n=0 ìà¹ âèãëÿä

a0, a0, a0, a0, . . .

àáî

a0,−a0, a0,−a0, . . . ,

à öi âèïàäêè áóëè ðîçãëÿíóòi â ïîïåðåäíüîìó ïiäïóíêòi.

Òåïåð ïåðåéäåìî äî âèïàäêó |IN | = 2.
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Îáèäâà êîðåíi λ1,2 äiéñíi. Ïðèïóñòèìî, ùî u21 + 4u0 > 0 i

λ1 =
u1−
√
u21+4u0

2
, λ2 =

u1+
√
u21+4u0

2
.

Âðàõóâàâøè, ùî λ2 − λ1 =
√
u21 + 4u0, ìè îäåðæèìî ôîðìóëó äëÿ çàãàëüíîãî ÷ëåíà

ïîñëiäîâíîñòi

an =

(
a0
2

+
a0u1 − 2a1

2
√
u21 + 4u0

)
·

(
u1 −

√
u21 + 4u0
2

)n

+

+

(
a0
2
− a0u1 − 2a1

2
√
u21 + 4u0

)
·

(
u1 +

√
u21 + 4u0
2

)n

, n ∈ N0,

ÿêà ïðè u0 = u1 = 1 òà a0 = 0, a1 = 1 äà¹ ôîðìóëó Áiíå äëÿ êëàñè÷íî¨ ïîñëiäîâíîñòi

Ôiáîíà÷÷i:

an =
1√
5

(
1 +
√

5

2

)n

− 1√
5

(
1−
√

5

2

)n

.

Îñêiëüêè λ1 < λ2, òî λ1 = −1, λ2 = 1 i N � ïàðíå. Ç (10) îòðèìó¹ìî, ùî

u0 = −λ1λ2 = 1, u1 = λ1 + λ2 = 0,

ùî äà¹ âæå çãàäóâàíó ðàíiøå ïåðiîäè÷íó ïîñëiäîâíiñòü âèãëÿäó an+2 = an ç ïåðiîäîì

N = 2 äëÿ äîâiëüíîãî ïî÷àòêîâîãî çíà÷åííÿ a0 ∈ R.

Îáèäâà êîðåíi λ1,2 êîìïëåêñíi. Ó âèïàäêó, êîëè u21 + 4u0 < 0, ïîêëàäåìî

λ1 =
u1 − i

√
D

2
, λ2 =

u1 + i
√
D

2
,

äå

D = −(u21 + 4u0).

Ôîðìóëà äëÿ çàãàëüíîãî ÷ëåíà ïîñëiäîâíîñòi ïðè u21 + 4u0 < 0 âèãëÿäà¹ íàñòóïíèì

÷èíîì:

an =

(
a0
2
− i · a0u1 − 2a1

2
√
D

)
·

(
u1 − i

√
D

2

)n

+

+

(
a0
2

+ i · a0u1 − 2a1

2
√
D

)
·

(
u1 + i ·

√
D

2

)n

, n ∈ N0.

Îñêiëüêè λ1 i λ2 ¹ N -òèìè êîðåíÿìè ç îäèíèöi, à òàêîæ ñïðÿæåíèìè êîìïëåêñíèìè

÷èñëàìè, òî ìàþòü ìiñöå ñïiââiäíîøåííÿ{
u1−i

√
D

2
= cosϕ+ i sinϕ,

u1+i
√
D

2
= cosϕ− i sinϕ,
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äå

ϕ =
2πk

N

ïðè 0 ≤ k ≤ N − 1. Âèðàçèâøè ïîñëiäîâíî ç ñèñòåìè çíà÷åííÿ u1 òà u0, îòðèìà¹ìî, ùî

u1 = 2 cosϕ, u0 = −1.

Íàãàäà¹ìî, ùî u21 + 4u0 < 0, òîìó 4 cos2 ϕ− 4 < 0, çâiäêè cosϕ ∈ (−1, 1) i

u1 ∈ (−2, 2).

3.2.2 Âèïàäîê, êîëè õàðàêòåðèñòè÷íå ðiâíÿííÿ ìà¹ ¹äèíèé ðîçâ'ÿçîê

Íåõàé u21 + 4u0 = 0. Òîäi äëÿ n ∈ N0 âèêîíó¹òüñÿ ðåêóðåíòíå ñïiââiäíîøåííÿ

an+2 = u1an+1 −
u21
4
an.

Ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ìîæíà âñòàíîâèòè, ùî çàãàëüíèé ÷ëåí öi¹¨ ïîñëiäîâíî-

ñòi ìà¹ âèãëÿä

an =
un1

2n+1
(2na0 − u1(n− 1)a1), n ∈ N0.

Îñêiëüêè

lim
n→∞

an = lim
n→∞

(u1
2

)n
· n

2
·
(
2a0 − u1a1 · n−1n

)
=∞

ïðè |u1| ≥ 2, òî ïîñëiäîâíiñòü (an)∞n=0 ìîæå áóòè ïåðiîäè÷íîþ òiëüêè ïðè |u1| < 2.

Ïðèïóñòèìî, ùî |u1| < 2 i u1 6= 0. Ïåðåïèøåìî an ó âèãëÿäi

an =
(u1

2

)n+1

n

(
2a0
u1
− a1

)
+
(u1

2

)n+1

a1,

ïîçíà÷èìî c = u1/2 i ðîçãëÿíåìî ôóíêöiþ f : [1,+∞)→ R,

f(x) =
(a0
c
− a1

)
xcx+1 + a1c

x+1,

ââàæàþ÷è, ùî c > 0. Òîäi

f ′(x) = cx+1 ·
((a0

c
− a1

)
ln c · x+ a1 ln c+

a0
c
− a1

)
.

Ç âèãëÿäó ïîõiäíî¨ çðîçóìiëî, ùî iñíó¹ òàêå x0 ∈ R, ùî ôóíêöiÿ f(x) ñòðîãî ìîíîòîííà

íà äåÿêîìó ïðîìiæêó (x′,+∞), à, îòæå, íåïåðiîäè÷íà. �äèíà óìîâà äëÿ ïåðiîäè÷íîñòi

ôóíêöi¨ f(x) � öå ðiâíiñòü íóëåâi ïîõiäíî¨ f ′(x) = 0 íà [1,+∞). Â öüîìó âèïàäêó{
a0
c
− a1 + a1 ln c = 0,

ln c
(
a0
c
− a1

)
= 0.

Îñêiëüêè c < 1, òî ln c 6= 0. Òîìó ç äðóãîãî ðiâíÿííÿ a0 = ca1. Ïiäñòàâèâøè â ïåðøå,

îäåðæèìî, ùî a1 = 0, à çâiäñè é a0 = 0. Îòæå, ïîñëiäîâíiñòü ¹ íóëüîâîþ (0, 0, 0, . . . ).
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ßêùî æ u1 < 0, òî, ïiäñòàâèâøè v1 = −u1 > 0, îäåðæèìî

an = (−1)n+1

((v1
2

)n+1

a1 −
(v1

2

)n+1

n

(
2a0
v1

+ a1

))
.

Ïîçíà÷èìî b = v1
2
∈ (0, 1) i ðîçãëÿíåìî ôóíêöiþ g : [1,+∞)→ R,

g(x) = a1b
x+1 − bx+1x

(a0
b

+ a1

)
.

Îñêiëüêè

g′(x) = bx+1
(
a1 ln b− a0

b
− a1 −

(a0
b

+ a1

)
ln bx

)
,

òî, ÿê i â ïîïåðåäíüîìó âèïàäêó, ôóíêöiÿ g(x) ¹ ñòðîãî ìîíîòîííîþ íà äåÿêîìó ïðî-

ìiæêó (x′′,+∞). À ç ðiâíîñòi íóëåâi ïîõiäíî¨ g′(x) = 0 çíîâó âèïëèâà¹, ùî a1 = a0 = 0.

Òàêèì ÷èíîì, æîäíà ç ïîñëiäîâíîñòåé (a2n)∞n=0 ÷è (a2n+1)
∞
n=0 íå ¹ ïåðiîäè÷íîþ, îêðiì

âèïàäêó, êîëè âîíè íóëüîâi. Ïðèïóñòèìî, ùî ïîñëiäîâíiñòü (an)∞n=0 ïåðiîäè÷íà i, íàïðè-

êëàä, (a2n)∞n=0 íóëüîâà. Ëåãêî áà÷èòè, ùî òîäi é (a2n+1)
∞
n=0 ïåðiîäè÷íà, à, îòæå, íóëüîâà.

Îòæå, ïðè óìîâi u21 + 4u0 = 0 ïîñëiäîâíiñòü (an)∞n=0 ¹ ïåðiîäè÷íîþ òîäi i òiëüêè òîäi,

êîëè âîíà íóëüîâà.

3.3 Ïiäñóìêîâà òåîðåìà òà ¨¨ çàñòîñóâàííÿ

Ïiäñóìîâóþ÷è âñi âèùåíàâåäåíi ìiðêóâàííÿ, ñôîðìóëþ¹ìî êðèòåðié ïåðiîäè÷íîñòi ïî-

ñëiäîâíîñòi äðóãîãî ïîðÿäêó.

Òåîðåìà 2. Ðåêóðåíòíà íåíóëüîâà ïîñëiäîâíiñòü äðóãîãî ïîðÿäêó (an)∞n=0, ùî âèçíà-

÷à¹òüñÿ ñïiââiäíîøåííÿì an+2 = u1an+1 + u0an ç äiéñíèìè êîåôiöi¹íòàìè u0, u1 ∈ R, ¹
ïåðiîäè÷íîþ ç ïåðiîäîì

� N = 1 ⇔
{
u0 + u1 = 1,

a1 = a0;

� N = 2 ⇔
{
u0 − u1 = 1,

a1 = −a0;
àáî

{
u0 = 1, u1 = 0,

a1 6= ±a0;

� N > 2 ⇔
{
u0 = −1,

u1 = 2 cos
(
2πk
N

)
, 0 < k < N, (k,N) = 1.

Òåîðåìà 2 äà¹ ìîæëèâiñòü ëåãêî êîíñòðóþâàòè ïåðiîäè÷íi ïîñëiäîâíîñòi ÿê çàâãîäíî

âåëèêî¨ äîâæèíè N ∈ N. Äëÿ öüîãî ñëiä âèáðàòè äîâiëüíèé ïî÷àòêîâèé âåêòîð x0,

äîâiëüíå íàòóðàëüíå k ∈ (0, N) i ïîñëiäîâíî îá÷èñëèòè an+2 = 2 cos
(
2πk
N

)
an+1 − an äëÿ

n = 0, 1, . . . , N − 1.

Ïðèêëàä 1. Ïîáóäó¹ìî ïîñëiäîâíiñòü ç ïåðiîäîì N = 24. Íåõàé k = 1,

u1 = cos

(
2π

24

)
= cos

( π
12

)
=

√
6 +
√

2

4
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i ïî÷àòêîâi çíà÷åííÿ a0 = 0, a1 = 1. Òîäi ïîñëiäîâíiñòü

an+2 =

√
2 +
√

6

2
an+1 − an, n = 0, 1, . . .

¹ ïåðiîäè÷íîþ ç ïåðiîäîì 24 çà òåîðåìîþ 2. Íàâåäåìî çíà÷åííÿ öi¹¨ ïîñëiäîâíîñòi:

a0 0 a12 0 a24 0

a1 1 a13 −1 a25 1

a2
1
2
(
√

2 +
√

6) a14 −1
2
(
√

2 +
√

6) a26
1
2
(
√

2 +
√

6)

a3 1 +
√

3 a15 −1−
√

3 a27 1 +
√

3

a4
1
2
(3
√

2 +
√

6) a16 −1
2
(3
√

2 +
√

6) a28
1
2
(3
√

2 +
√

6)

a5 2 +
√

3 a17 −2−
√

3 a29 2 +
√

3

a6
√

2 +
√

6 a18 −
√

2−
√

6 a30
√

2 +
√

6

a7 2 +
√

3 a19 −2−
√

3 a31 2 +
√

3

a8
1
2
(3
√

2 +
√

6) a20 −1
2
(3
√

2 +
√

6) a32
1
2
(3
√

2 +
√

6)

a9 1 +
√

3 a21 −1−
√

3 a33 1 +
√

3

a10
1
2
(
√

2 +
√

6) a22 −1
2
(
√

2 +
√

6) a34
1
2
(
√

2 +
√

6)

a11 1 a23 −1 a35 1

Ïðè öüîìó a
i+
N
2

= −ai äëÿ êîæíîãî i ∈ N0.

Ðîçãëÿíåìî òåïåð îáåðíåíó çàäà÷ó: íåõàé ïîñëiäîâíiñòü çàäàíà ðåêóðåíòíèì ñïiââiä-

íîøåííÿì (7). Äëÿ òîãî, ùîá äiçíàòèñÿ, ÷è âîíà ïåðiîäè÷íà i ÿêà äîâæèíà ïåðiîäà (ó

âèïàäêàõ, êîëè íå ñïðàâäæóþòüñÿ ïåðøi äâi óìîâè òåîðåìè 2 äëÿ êîðîòêèõ ïåðiîäiâ),

òî â ðàçi ðiâíîñòi u0 = −1 íåîáõiäíî ïåðåâiðèòè, ÷è 1
π
arccosu1

2
¹ ðàöiîíàëüíèì ÷èñëîì.

ßêùî òàê, òî çîáðàçèòè 1
π
arccosu1

2
ó âèãëÿäi íåñêîðîòíîãî äðîáó m

n
, i ïðè ïàðíîìó m

ìàòèìåìî ïåðiîä N = n, à ïðè íåïàðíîìó m � ïåðiîä N = 2n.

Ïðèêëàä 2. Íåõàé ïîñëiäîâíiñòü (an)∞n=0 âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè

a0 = 3, a1 = −2,

an+2 =
√

2an+1 − an ∀n ∈ N0.

Îñêiëüêè
1

π
arccos

√
2

2
=

1

4
∈ Q

i ïðè öüîìó m = 1, òî ïîñëiäîâíiñòü (an)∞n=0 ¹ ïåðiîäè÷íîþ ç ïåðiîäîì N = 2n = 8 çà

òåîðåìîþ 2, â ÷îìó ìîæíà ïåðåêîíàòèñÿ é áåçïîñåðåäíüî:

3,−2,−2
√

2− 3,−3
√

2− 2,−3, 2, 2
√

2 + 3, 2 + 3
√

2, 3,−2, . . .

Ó çâ'ÿçêó iç öèì âèíèêà¹ ïèòàííÿ

Ïèòàííÿ 1. Îïèñàòè ìíîæèíó

B = {b ∈ [−1, 1] :
1

π
arccos b ∈ Q}.
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Çðîçóìiëî, ùî {0,±1
2
,±
√
2
2
,±
√
3
2
,±1} = {±

√
r : r = 0, 1

4
, 1
2
, 3
4
, 1} ⊆ B. Ïðèðîäíî

çàïèòàòè íàñòóïíå.

Ïèòàííÿ 2. Çíàéòè âñi ðàöiîíàëüíi ÷èñëà r ∈ Q, òàêi, ùî
√
r ∈ B.

ßê ìè áà÷èëè â ïðèêëàäàõ 1 i 2, êîåôiöi¹íò u1 â êîæíié ç íàâåäåíèõ ïîñëiäîâíîñòåé

¹ iððàöiîíàëüíèì ÷èñëîì. Òîìó âèíèêà¹ ïèòàííÿ, ïîâ'ÿçàíå ç âèãëÿäîì êîåôiöi¹íòiâ

ïåðiîäè÷íî¨ ïîñëiäîâíîñòi, i ÷àñòêîâî ïîâ'ÿçàíå ç ïèòàííÿìè 1 i 2.

Ïèòàííÿ 3. Îïèñàòè ïåðiîäè÷íi ïîñëiäîâíîñòi äðóãîãî ïîðÿäêó ç ðàöiîíàëüíèìè êîå-

ôiöi¹íòàìè u1 òà u0.

Âiäïîâiäi íà äðóãå i òðåò¹ ïèòàííÿ ìè äàìî â íàñòóïíîìó ïiäïóíêòi.

3.4 Ðàöiîíàëüíiñòü ôóíêöié cosx òà arccosx

Ç'ÿñó¹ìî ñïî÷àòêó, çà ÿêèõ óìîâ êîåôiöi¹íò u1 = 2 cos
(
2πk
N

)
¹ ðàöiîíàëüíèì ÷èñëîì.

Òåîðåìà 3. ßêùî r ∈ Q i cos(2πr) ∈ Q, òî cos(2πr) ∈ {0,±1
2
,±1}.

Äîâåäåííÿ. Íåõàé

cos(2πr) =
m0

n0

,

äå m0 � öiëå, n0 � íàòóðàëüíå, ïðè÷îìó ÷èñëà m0 i n0 âçà¹ìíî ïðîñòi, òîáòî, íàéáiëüøèé

ñïiëüíèé äiëüíèê (m0, n0) = 1.

Ïðèïóñòèìî, ùî cos(2πr) 6∈ {0,±1
2
,±1}. Òîäi m0 6= 0 i n0 > 2. Çà ôîðìóëîþ êîñèíóñà

ïîäâiéíîãî êóòà, ìà¹ìî

cos(4πr) =
2m2

0 − n2
0

n2
0

.

Ðîçãëÿíåìî âèïàäîê, êîëè ÷èñåëüíèê òà çíàìåííèê äðîáó â ïðàâié ÷àñòèíi ðiâíîñòi íå

¹ âçà¹ìíî ïðîñòèìè ÷èñëàìè. Íåõàé p � ïðîñòèé äiëüíèê ÷èñåë 2m2
0−n2

0 i n
2
0. Òîäi p|n0 i

p|2m2
0. Îñêiëüêè m0 i n0 âçà¹ìíî ïðîñòi, òî p|2. Îòæå, n0 = 2k äëÿ äåÿêîãî öiëîãî ÷èñëà

k. Òîäi

cos(4πr) =
m2

0 − 2k2

2k2
.

ßêùî iñíó¹ ïðîñòå ÷èñëî q, òàêå, ùî q|(m2
0− 2k2) i q|k2, òî q|k i q|m2

0. Çâiäñè q|m0 i q|n0,

ùî ñóïåðå÷èòü ïðèïóùåííþ ïðî íåñêîðîòíiñòü äðîáó m0

n0
. Êðiì òîãî, îñêiëüêè n0 > 2,

òî n2
0 > 2k20 =

n2
0

2
> n0. Òàêèì ÷èíîì,

cos(4πr) =
m1

n1

,

äå n1 > n0 i (m1, n1) = 1. Àíàëîãi÷íî,

(cos 8πr) =
m2

n2

,
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äå n2 > n1 i (m2, n2) = 1. Ïðîäîâæóþ÷è öi ìiðêóâàííÿ äî íåñêií÷åííîñòi, ìè îòðèìà¹ìî

ïîñëiäîâíiñòü ðàöiîíàëüíèõ ÷èñåë (cos(2π · 2kr))∞k=0, òàêèõ, ùî

cos(2π · 2kr) =
mk

nk
,

(mk, nk) = 1, (12)

i, êðiì òîãî,

n0 < n1 < · · · < nk < . . . . (13)

Íåõàé ðàöiîíàëüíå ÷èñëî r ìà¹ âèãëÿä r = a
b
. Âðàõóâàâøè 2π-ïåðiîäè÷íiñòü êîñèíóñà,

ìè îòðèìà¹ìî, ùî

|{cos(2π · 2kr) : k = 0, 1, . . . }| = b.

Àëå ñêií÷åííiñòü ìíîæèíè çíà÷åíü ïîñëiäîâíîñòi (cos(2π·2kr))∞k=0 ñóïåðå÷èòü âëàñòèâîñ-

òÿì (12) i (13).

Îòðèìàíà ñóïåðå÷íiñòü çàâåðøó¹ äîâåäåííÿ.

Íàñëiäîê 1. Íåõàé an+2 = u1an+1 + u0an äëÿ êîæíîãî n ∈ N0, ïðè÷îìó u0, u1 ∈ Q.
Íàñòóïíi óìîâè ðiâíîñèëüíi

(i) (an)∞n=0 ïåðiîäè÷íà ç ïåðiîäîì N > 2;

(ii) u0 = −1, u1 ∈ {0,±1}.

Äîâåäåííÿ. (i) ⇒ (ii). Ç òåîðåìè 2 âèïëèâà¹, ùî u0 = −1 i u1 = 2 cos(2πr), r ∈ Q,
ïðè÷îìó u1 6= ±2. Òîäi, çàñòîñóâàâøè òåîðåìó 3, ìè îäåðæèìî, ùî u1 ∈ {0,±1}.

(ii) ⇒ (i). Ïðè u1 = 0 ìè îòðèìó¹ìî ïîñëiäîâíiñòü an+2 = −an âèãëÿäó

a0, a1,−a0,−a1, a0, a1, . . . ,

ïåðiîäè÷íó ç ïåðiîäîì N = 4.

Ïðè u1 = 1 ìè îòðèìó¹ìî ïîñëiäîâíiñòü an+2 = an+1 − an âèãëÿäó

a0, a1, a1 − a0,−a0,−a1, a0 − a1, a0, a1, . . . ,

ïåðiîäè÷íó ç ïåðiîäîì N = 6.

Ïðè u1 = −1 ìè îòðèìó¹ìî ïîñëiäîâíiñòü an+2 = −an+1 − an âèãëÿäó

a0, a1,−a1 − a0, a0, a1, . . . ,

ïåðiîäè÷íó ç ïåðiîäîì N = 3.

Ïåðåéäåìî òåïåð äî âèâ÷åííÿ ïèòàííÿ, êîëè 1
2π

arccos b = m
n
äëÿ m ∈ Z, n ∈ N i

|m| < n.
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Â òåîðåìi 3 ìè ç'ÿñóâàëè, ùî b ∈ Q ⇔ b ∈ {0,±1,±2}. Çàóâàæèìî, ùî(
cos

(
2πm

n

)
+ i sin

(
2πm

n

))n
= 1,

òîìó n-èé êîðiíü ç îäèíèöi w = cos
(
2πm
n

)
+ i sin

(
2πm
n

)
, áóäó÷è êîðåíåì ìíîãî÷ëåíà

xn − 1 = 0, ¹ àëãåáðà¨÷íèì ÷èñëîì. Îñêiëüêè b = cos
(
2πm
n

)
= w+w

2
, òî b òàêîæ ¹ ÷èñëîì

àëãåáðà¨÷íèì. Îòæå, ïðèðîäíî äiçíàòèñÿ, ÷è ¹ ÷èñëî b àëãåáðà¨÷íèì öiëèì, à òàêîæ, ÷è

¹ âîíî àëãåáðà¨÷íèì öiëèì ÷èñëîì íåâèñîêèõ ñòåïåíiâ, íàïðèêëàä, äðóãîãî ÷è òðåòüîãî.

Äëÿ öüîãî íàì áóäå êîðèñíîþ òåîðåìà Ëåìåðà [5, Theorem 1].

Òåîðåìà 4 (Ëåìåð). Íåõàé m,n ∈ N � âçà¹ìíî ïðîñòi, n > 2. Òîäi 2 cos
(
2πm
n

)
¹ àëãå-

áðà¨÷íèì öiëèì ñòåïåíÿ 1
2
ϕ(n), äå ϕ(n) � ôóíêöiÿ Åéëåðà.

Ðîçãëÿíåìî ïåðiîäè÷íó ïîñëiäîâíiñòü (an)∞n=0 ç ïåðiîäîì N > 2, òàêó, ùî ¨¨ êîåôiöi-

¹íòè u0, u1 ∈ R ¹ àëãåáðà¨÷íèìè öiëèìè ÷èñëàìè ñòåïåíÿ k > 1. Çà òåîðåìîþ 2, u0 = −1

i u1 = 2 cos(2πm
n

), |m| < n i ÷èñëà m,n âçà¹ìíî ïðîñòi.

Çãiäíî ç òåîðåìîþ Ëåìåðà, ÿêùî u1 ¹ àëãåáðà¨÷íèì öiëèì ÷èñëîì äðóãîãî ñòåïåíÿ,

òî ϕ(n) = 4. Ðîçêëàäåìî n = pα1
1 . . . pαi

i > 1, òîäi ϕ(n) =
∏i

j=1 p
αi−1
j (pj − 1).

Íåõàé n = 2ms, äå m ≥ 1 i s � íåïàðíå. Òîäi

2ms(p2 − 1) . . . (pi − 1) = 8p2 . . . pi, (14)

äå pj ïðè 2 ≤ j ≤ i � íåïàðíå ïðîñòi ÷èñëà.

� ßêùî m = 3, òî i = 1, iíàêøå ëiâà ÷àñòèíà ðiâíîñòi (14) áóäå êðàòíà 16, à ïðàâà

� íi. Â öüîìó âèïàäêó n = 8.

� ßêùî m = 2, òî s > 1 i, êðiì òîãî, ç (14) âèïëèâà¹ ðiâíiñòü s(p2 − 1) . . . (pi − 1) =

2p2 . . . pi. Çâiäñè ìà¹ìî, ùî â ðîçêëàäi ÷èñëà n ïðèñóòí¹ òiëüêè îäíå ïðîñòå ÷èñëî

pj, j ≥ 2, â íåíóëüîâîìó ñòåïåíi. Íåõàé pj − 1 = 2q, òîäi sq = pj, ùî ìîæëèâî

òiëüêè ó âèïàäêó q = 1. Îòæå, pj = 3. Â öüîìó âèïàäêó n = 12.

� ßêùî m = 1, òî s > 1 i s(p2− 1) . . . (pi− 1) = 4p2 . . . pi. Â öié ñèòóàöi¨ ìîæëèâi äâà

âàðiàíòè � â ðîçêëàäi ÷èñëà n ïðèñóòíi ðiâíî 2 ÷èñëà pj < pl â íåíóëüîâèõ ñòåïåíÿõ,

òàêi, ùî pj ≡ pl ≡ 3 mod 4, àáî òiëüêè îäíå ÷èñëî pj â íåíóëüîâîìó ñòåïåíi,

òàêå, ùî pj ≡ 1 mod 4. Â ïåðøîìó âèïàäêó ìà¹ìî p
αj−1
j pαl−1

l (pj − 1)(pl − 1) = 4.

Ïiñëÿ ñêîðî÷åííÿ íà 4 îáèäâîõ ÷àñòèí ðiâíîñòi, ìè îäåðæèìî, ùî pj = pl = 3,

ùî ñóïåðå÷èòü ïðèïóùåííþ pj < pl. Â äðóãîìó âèïàäêó ìà¹ìî p
αj−1
j (pj − 1) = 4.

Çâiäñè αj = 1, pj = 5. Îòæå, n = 10.

Íåõàé òåïåð n � íåïàðíå ÷èñëî. Òîäi α1 = 0 i

pα2−1
2 . . . pαi−1

i (p2 − 1) . . . (pi − 1) = 4.

Àíàëîãi÷íî äî ïîïåðåäíiõ ìiðêóâàíü äëÿ âèïàäêó m = 1, òàêà ðiâíiñòü ìîæëèâà òiëüêè

äëÿ n = 5.
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Òàêèì ÷èíîì,

ϕ(n) = 4 ⇔ n ∈ {5, 8, 10, 12}.

Ïîäiáíî ìîæíà âñòàíîâèòè, ùî

ϕ(n) = 6 ⇔ n ∈ {7, 9, 14, 18}
ϕ(n) = 8 ⇔ n ∈ {15, 16, 20, 24, 30}
ϕ(n) = 10 ⇔ n ∈ {11, 22}
ϕ(n) = 12 ⇔ n ∈ {13, 21, 26, 28, 36, 42}
ϕ(n) = 14 ⇔ n ∈ ∅.

Îñêiëüêè íå iñíó¹ íàòóðàëüíîãî ÷èñëà n, òàêîãî, ùî ϕ(n) = 14, òî êîåôiöi¹íò u1 ïåðiî-

äè÷íî¨ ïîñëiäîâíîñòi (an)∞n=0 íå ìîæå áóòè êîðåíåì çâåäåíîãî ìíîãî÷ëåíà 7-ãî ñòåïåíÿ

ç öiëèìè êîåôiöi¹íòàìè.

Çíàéäåìî òåïåð âñi ìîæëèâi çíà÷åííÿ êóòiâ ϕ = 2πm/n òà êîåôiöi¹íòiâ u1 = 2 cosϕ

ó âèïàäêàõ, êîëè âîíè ¹ àëãåáðà¨÷íèìè öiëèìè ÷èñëàìè ñòåïåíiâ k = 2, 3, 4, 5.

k ïîëiíîì u1 (íóëi ïîëiíîìà) ϕ l N

2

x2 + x− 1 −1
2
±
√
5
2

2π·l
5

1, 2 5

x2 − 2 ±
√

2 π·l
4

1, 3 8

x2 − x− 1 1
2
±
√
5
2

π·l
5

1, 3 10

x2 − 3 ±
√

3 π·l
6

1, 5 12

3

x3 + x2 − 2x− 1 −1
3

+
3√49

3
3

√
1
2
(1+3i

√
3)

+ 1
3

3

√
7
2
(1 + 3i

√
3) 2π·l

7
1, 2, 3 7

x3 − 3x+ 1 1

3

√
1
2
i(
√
3+i)

+ 3

√
1
2
i(
√

3 + i) 2π·l
9

1, 2, 4 9

x2 − x2 − 2x+ 1 1
3

+
3√49

3
3

√
1
2
(−1+3i

√
3)

+ 1
3

3

√
7
2
(−1 + 3i

√
3) π·l

7
1, 3, 5 14

x3 − 3x− 1 1

3

√
1
2
(1+i

√
3)

+ 3

√
1
2
(1 + i

√
3) π·l

9
1, 5, 7 18

4

x4 − x3 − 4x2 + 4x+ 1 1
4

(
1−
√

5−
√

30 + 6
√

5
)

2π·l
15

1, 2, 4, 7 15

1
4

(
1 +
√

5−
√

30− 6
√

5
)

1
4

(
1−
√

5 +
√

30 + 6
√

5
)

1
4

(
1 +
√

5 +
√

30− 6
√

5
)

x4 − 4x2 + 2 ±
√

2±
√

2 π·l
8

1, 3, 5, 7 16

x4 − 5x2 + 5 ±
√

5
2
± 1

2

√
5 π·l

10
1, 3, 7, 9 20

x4 − 4x2 + 1 ±1
2
(
√

2±
√

6) π·l
12

1, 5, 7, 11 24

x4 + x3 − 4x2 − 4x+ 1 1
4

(
−1−

√
5−

√
30− 6

√
5
)

π·l
15

1, 7, 11, 13 30

1
4

(
−1 +

√
5−

√
30 + 6

√
5
)

1
4

(
−1−

√
5 +

√
30− 6

√
5
)

1
4

(
−1 +

√
5 +

√
30 + 6

√
5
)



Ïåðiîäè÷íiñòü ðåêóðåíòíèõ ïîñëiäîâíîñòåé 127

5
x5 + x4 − 4x3 − 3x2 + 3x+ 1 2 cosϕ 2π·l

11
1, 2, 3, 4, 5 11

x5 − x4 − 4x3 + 3x2 + 3x− 1 2 cosϕ π·l
22

1, 3, 5, 7, 9 22

Îïèøåìî çíàõîäæåííÿ íåçâiäíîãî ïîëiíîìà Pq(x) = xq + aq−1x
q−1 + · · · + a1x + a0 ç

öiëèìè êîåôiöi¹íòàìè, êîðåíåì ÿêîãî ¹ ÷èñëî u1, íàïðèêëàä, äëÿ k = 4 i u1 = 2 cos 2π
15
.

Ïîçíà÷èìî

w = cos

(
2π

15

)
+ i sin

(
2π

15

)
.

Òîäi

u1 = 2 cos

(
2π

15

)
= w + w = w + 1

w
.

Çàóâàæèìî, ùî w15 = 1 i, îñêiëüêè w 6= 1, òî w14 + w13 + · · · + w + 1 = 0. Ïîäiëèìî

îñòàííþ ðiâíiñòü íà w7 6= 0 i îòðèìà¹ìî(
w7 +

1

w7

)
+ · · ·+

(
w +

1

w

)
+ 1 = 0.

Îñêiëüêè

x2 + y2 = (x+ y)2 − 2xy,

x3 + y3 = (x+ y)3 − 3xy(x+ y),

x4 + y4 = (x+ y)4 − 4xy(x+ y)2 + 2x2y2,

x5 + y5 = (x+ y)5 − 5xy(x+ y)3 + 5x2y2(x+ y),

x6 + y6 = (x+ y)6 − 6xy(x+ y)4 + 9x2y2(x+ y)2 − 2x3y3,

x7 + y7 = (x+ y)7 − 7xy(x+ y)5 + 14x2y2(x+ y)3 − 7x3y3(x+ y),

òî, ïiäñòàâèâøè x = w, y = 1
w
òà çðîáèâøè çàìiíó t = w + 1

w
, ìè îòðèìà¹ìî ðiâíÿííÿ

t7 + t6 − 6t5 − 5t4 + 10t3 + 6t2 − 4t− 1 = 0.

Ç äîïîìîãîþ WolframAlpha ïåðåêîíó¹ìîñÿ, ùî ìíîãî÷ëåí â ëiâié ÷àñòèíi ðiâíîñòi ðîç-

êëàäà¹òüñÿ íà ìíîæíèêè

t7 + t6 − 6t5 − 5t4 + 10t3 + 6t2 − 4t− 1 = (t+ 1)(t2 + t− 1)(t4 − t3 − 4t2 + 4t+ 1).

Îñêiëüêè u1 = 2 cos
(
2π
15

)
íå ¹ êîðåíåì àíi (t+1), àíi (t2+t−1), òî u1 ¹ êîðåíåì íåçâiäíîãî

ìíîãî÷ëåíà t4 − t3 − 4t2 + 4t + 1 ç öiëèìè êîåôiöi¹íòàìè, à, îòæå, àëãåáðà¨÷íèì öiëèì

÷èñëîì ÷åòâåðòîãî ñòåïåíÿ.
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4 Ðåêóðåíòíi ïîñëiäîâíîñòi òðåòüîãî ïîðÿäêó

Ïåðåéäåìî äî ïèòàííÿ ïåðiîäè÷íîñòi ðåêóðåíòíèõ ïîñëiäîâíîñòåé òðåòüîãî ïîðÿäêó,

òîáòî, ïîñëiäîâíîñòåé (an)∞n=0, ÿêi âèçíà÷àþòüñÿ ðåêóðåíòíèì ñïiââiäíîøåííÿì

an+3 = u2an+2 + u1an+1 + u0an, (15)

äëÿ n = 0, 1, . . . iç çàäàíèìè ïî÷àòêîâèìè çíà÷åííÿìè a0, a1, a2.

Ðîçãëÿíåìî ìàòðèöþ U i âåêòîðè xn ïðè n ∈ N0

U =

 0 1 0

0 0 1

u0 u1 u2

 , xn =

 an
an+1

an+2


òà íàãàäà¹ìî, ùî xn+1 = Uxn. Êðiì òîãî, iíäóêöi¹þ ìîæíà äîâåñòè, ùî äëÿ êîæíîãî

n ∈ N0 ìà¹ ìiñöå ñïiââiäíîøåííÿ

xn = Unx0. (16)

4.1 Êîðîòêi ïåðiîäè N = 1, 2, 3

Êîåôiöi¹íòè ñòàëî¨ ïîñëiäîâíîñòi âèãëÿäó (15) ç ïî÷àòêîâèì âåêòîðîì x0 = (a, a, a)

çàäîâîëüíÿþòü ðiâíiñòü a = (u2 + u1 + u0)a, çâiäêè u2 + u1 + u0 = 1 àáî a = 0.

Íåõàé ïîñëiäîâíiñòü (15) ìà¹ ïåðiîä N = 2. Òîäi ïî÷àòêîâèé âåêòîð ìà¹ âèãëÿä

x0 = (a0, a1, a0) i a3 = a1, a4 = a0. Ïiäñòàâèâøè çíà÷åííÿ a3 i a4 â (15), îäåðæèìî

ðiâíîñòi {
a1 = u2a0 + u1a1 + u0a0,

a0 = u2a1 + u1a0 + u0a1.

Çâiäñè ìà¹ìî, ùî (a0 + a1)(u0 + u1 + u2− 1) = 0. ßêùî a1 = −a0, òî ç ïåðøîãî ðiâíÿííÿ
ñèñòåìè u1−u0−u2 = 1. Â öüîìó âèïàäêó ïîñëiäîâíiñòü ìà¹ âèãëÿä a0,−a0, a0,−a0, . . . .
ßêùî æ a1 6= −a0, òî ïiäñòàâèâøè u0 + u1 + u2 = 1 â ñèñòåìó, îäåðæèìî (a0 − a1)(1 −
u1) = 0. Ó âèïàäêó a1 = a0 ìè îòðèìó¹ìî ñòàëó ïîñëiäîâíiñòü. Òàêèì ÷íèîì, u1 = 1 i

u0 + u2 = 0, à ïîñëiäîâíiñòü âèãëÿäàòèìå íàñòóïíèì ÷èíîì: a0, a1, a0, a1, . . . .

Çíàéäåìî òåïåð óìîâè íà êîåôiöi¹íòè äëÿ ïåðiîäó N = 3. Îñêiëüêè x3 = x0, òî ç

(15) âèïëèâàþòü ðiâíîñòi 
a0 = u2a2 + u1a1 + u0a0,

a1 = u2a0 + u1a2 + u0a1,

a2 = u2a1 + u1a0 + u0a2.

Äîäàâøè öi ðiâíîñòi, ìà¹ìî a0 + a1 + a2 = 0 àáî u0 + u1 + u2 = 1. ßêùî a0 + a1 + a2 = 0,

òî, ïiäñòàâèâøè a2 = −a1− a0 â ñèñòåìó, ïiñëÿ ïåðåòâîðåíü, îòðèìà¹ìî ñïiââiäíîøåííÿ

a0+a1+a2 = 0 i u2 = u1 = u0−1. Íàïðèêëàä, ïðè x0 = (1, 2,−3) i an+3 = an+2+an+1+2an
ìà¹ìî ïåðiîäè÷íó ïîñëiäîâíiñòü 1, 2,−3, 1, 2,−3, . . . ç ïåðiîäîì N = 3. Ó âèïàäêó, êîëè

a0 + a1 + a2 6= 0, òî u0 + u1 + u2 = 1, çâiäêè ç ñèñòåìè ìà¹ìî{
u1(a1 − a2) = (a0 − a2)(1− u0)
u1(a2 − a0) = (a1 − a0)(1− u0).
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Âiäêèíóâøè ñïiââiäíîøåííÿ, ç ÿêèõ âèïëèâàþòü âèïàäêè ïåðiîäiâ N = 1 òà N = 2,

îäåðæèìî, ùî u1 = u2 = 0, u0 = 1 i âåêòîð x0 íå ñòàëèé, òîáòî, (a1 − a0)2 + (a2 − a1)2 +

(a2 − a0)2 > 0. Ïîñëiäîâíiñòü ìà¹ âèãëÿä an+3 = an, n ∈ N0, i ¹ ïåðiîäè÷íîþ ç ïåðiîäîì

N = 3.

4.2 Ïåðiîäè äîâiëüíî¨ äîâæèíè

Ðîçãëÿíåìî õàðàêòåðèñòè÷íå ðiâíÿííÿ

x3 − u2x2 − u1x− u0 = 0 (17)

ñïiââiäíîøåííÿ (15). Çðîáèìî ïiäñòàíîâêó x = y + u2
3
i ïiñëÿ ïåðåòâîðåíü îäåðæèìî

êóái÷íå ðiâíÿííÿ

y3 + py + q = 0, (18)

äå

p = −u
2
2

3
− u1, q = −2u32

27
− u2u1

3
− u0.

Çãiäíî ç [1, c. 235], êîðåíi ðiâíÿííÿ (18) ìîæóòü áóòè çíàéäåíi çà ôîðìóëîþ Êàðäàíî

y =
3

√
−q

2
+

√
q2

4
+
p3

27
+

3

√
−q

2
−
√
q2

4
+
p3

27
,

äå ç òðüîõ ðiçíèõ êîðåíiâ êóái÷íèõ

β =
3

√
−q

2
−
√
q2

4
+
p3

27
(19)

ïîòðiáíî îáèðàòè òîé, ùî çàäîâîëüíÿ¹ ðiâíiñòü αβ = −p
3
, äå

α =
3

√
−q

2
+

√
q2

4
+
p3

27
. (20)

Ïîçíà÷èìî

D = −108

(
q2

4
+
p3

27

)
= −4u32u0 + u22u

2
1 − 18u2u1u0 + 4u31 − 27u20. (21)

Çãiäíî ç [1, c. 236-237], ó âèïàäêàõ D 6= 0 ðiâíÿííÿ (17) ìà¹ òðè ïîïàðíî ðiçíi êîðåíi, à

ó âèïàäêó D = 0 � òðè êîðåíi, äâà ç ÿêèõ ðiâíi ìiæ ñîáîþ.

4.3 Õàðàêòåðèñòè÷íå ðiâíÿííÿ ìà¹ òðè ïîïàðíî ðiçíi êîðåíi

Ðîçãëÿíåìî âèïàäîê D 6= 0 i íåõàé λ1, λ2 i λ3 � ïîïàðíî ðiçíi êîðåíi ðiâíÿííÿ (17).

Çãiäíî ç (4), çàãàëüíèé ÷ëåí ïîñëiäîâíîñòi (an)∞n=0, ÿêà âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

(15), ìà¹ âèãëÿä

an = A1λ
n
1 + A2λ

n
2 + A3λ

n
3 (22)
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äëÿ êîæíîãî n = 0, 1, . . . , äå A1, A2, A3 ∈ R. Çíàéäåìî öi ÷èñëà ç ìàòðè÷íîãî ðiâíÿííÿ

Λ0A = x0, äå

Λ0 =

 1 1 1

λ1 λ2 λ3
λ21 λ22 λ23

 , A =

A1

A2

A3

 , x0 =

a0a1
a2

 .

Îñêiëüêè

Λ−10 =


λ2λ3

(λ1−λ3)(λ1−λ2)
−λ2−λ3

(λ1−λ3)(λ1−λ2)
1

(λ1−λ3)(λ1−λ2)
λ1λ3

(λ2−λ3)(λ2−λ1)
−λ1−λ3

(λ2−λ3)(λ2−λ1)
1

(λ2−λ3)(λ2−λ1)

λ1λ2
(λ3−λ1)(λ3−λ2)

−λ1−λ2
(λ3−λ1)(λ3−λ2)

1
(λ3−λ1)(λ3−λ2)

 ,

òî

A1 =
λ2λ3a0 − λ2a1 − λ3a1 + a2

(λ1 − λ3)(λ1 − λ2)
,

A2 =
λ1λ3a0 − λ1a1 − λ3a1 + a2

(λ2 − λ3)(λ2 − λ1)
,

A3 =
λ1λ2a0 − λ1a1 − λ2a1 + a2

(λ3 − λ1)(λ3 − λ2)
. (23)

Ñëiäóþ÷è òåîðåìi 1, íåîáõiäíî äîñëiäèòè óìîâè íà êîåôiöi¹íòè u0, u1 òà u2, ïðè

âèêîíàííi ÿêèõ |IN | 6= ∅ òà Ai = 0 äëÿ âñiõ i ∈ {1, 2, 3} \ IN . Îòæå, íåõàé ñïî÷àòêó

|IN | = 1. Áåç îáìåæåííÿ çàãàëüíîñòi ââàæàòèìåìî, ùî

A1 = A2 = 0, λN3 = 1.

Òîäi ç ðiâíîñòåé (23) âèïëèâà¹, ùî
λ2λ3a0 − (λ2 + λ3)a1 + a2 = 0,

λ1λ3a0 − (λ1 + λ3)a1 + a2 = 0,

λ1λ2a0 − (λ1 + λ2)a1 + a2 = A3(λ3 − λ1)(λ3 − λ2).

Âiäíÿâøè äðóãå ðiâíÿííÿ âiä ïåðøîãî òà âðàõóâàâøè, ùî λ2 6= λ1, ìè îäåðæèìî ðiâíiñòü

a1 = λ3a0. Ïiäñòàâèâøè öåé çâ'ÿçîê ó ïåðøå ðiâíÿííÿ, îòðèìà¹ìî, ùî a2 = λ23a0. Òîäi ç

òðåòüîãî ðiâíÿííÿ A3 = a0, çâiäêè îòðèìó¹ìî çàãàëüíèé âèãëÿä ïîñëiäîâíîñòi

an = λn3a0 ∀n ∈ N0. (24)

Îñêiëüêè

Ux0 = x1 =

a1a2
a3

 =

λ3a0λ23a0
λ33a0

 = λ3

 a0
λ3a0
λ23a0

 = λ3x0,

òî x0 ¹ âëàñíèì âåêòîðîì ìàòðèöi U iç âëàñíèì çíà÷åííÿì λ3.

Ïðè D > 0 âñi êîðåíi ðiâíÿííÿ (18), à çíà÷èòü, i ðiâíÿííÿ (17) äiéñíi. Òîìó λ1 = ±1.

Ç (24) âèïëèâà¹, ùî ïîñëiäîâíiñòü (an)∞n=0 ìà¹ âèãëÿä a0, a0, . . . àáî a0,−a0, a0,−a0, . . . ,
à òàêi ïîñëiäîâíîñòi ìè âæå ðîçãëÿäàëè ðàíiøå.
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Ó âèïàäêó D < 0 ðiâíÿííÿ (18) ìàòèìå îäèí äiéñíèé êîðiíü i äâà êîìïëåêñíi ñïðÿ-

æåíi êîðåíi. Çðîçóìiëî, ùî òîäi é êîðåíi ðiâíÿííÿ (17) ìàòèìóòü òàêó æ âëàñòèâiñòü.

Òîäi λ1 ∈ R, iíàêøå λ1 ìàëî á ñïðÿæåíèé êîðiíü, ÿêèé òåæ áóâ áè N -òèì êîðåíåì ç

îäèíèöi, ùî ñóïåðå÷èòü ïðèïóùåííþ |IN | = 1. Îòæå, λ1 = ±1, ùî çíîâó ïðèâîäèòü äî

âèùåíàâåäåíèõ âèïàäêiâ.

Ïðèïóñòèìî òåïåð, ùî |IN | = 2 i, íàïðèêëàä, A3 = 0, à λN1 = λN2 = 1. Òîäi, ç (23)

ìà¹ìî 
λ2λ3a0 − (λ2 + λ3)a1 + a2 = A1(λ1 − λ3)(λ1 − λ2),
λ1λ3a0 − (λ1 + λ3)a1 + a2 = A2(λ2 − λ3)(λ2 − λ1),
λ1λ2a0 − (λ1 + λ2)a1 + a2 = 0.

Ç òðåòüîãî ðiâíÿííÿ

a2 = (λ1 + λ2)a1 − λ1λ2a0.

Ïiäñòàâèâøè çíà÷åííÿ a2 â ïåðøå òà äðóãå ðiâíÿííÿ, ìè îäåðæèìî

A1 =
a0λ2 − a1
λ2 − λ1

, A2 =
a1 − a0λ1
λ2 − λ1

,

òîáòî, ÷èñëà A1 i A2 çàäîâîëüíÿþòü ðiâíîñòi (9). Çâiäñè, âèêîðèñòîâóþ÷è (22), iíäó-

êòèâíî ìîæíà âèçíà÷èòè ðåêóðåíòíèé âèãëÿä ïîñëiäîâíîñòi (an)∞n=0, à ñàìå

an+2 = (λ1 + λ2)an+1 − λ1λ2an ∀n ∈ N0. (25)

Çàóâàæèìî, ùî λ1λ2 = 1 i λ1 + λ2 = 2 cos
(
2πk
N

)
äëÿ äåÿêîãî 0 < k < N çãiäíî ç

òåîðåìîþ 2. Ç òåîðåìè Âi¹òà âèïëèâà¹, ùî λ1 + λ2 = u2 − u0. Îòæå,

u2 = 2 cos

(
2πk

N

)
+ u0.

Äàë, çà òåîðåìîþ Âi¹òà λ1λ2λ3 = u0, çâiäêè λ3 = u0. Êðiì òîãî,

u1 = −(λ1λ2 + λ1λ3 + λ2λ3) = −1− λ3(λ1 + λ2) = −1− 2u0 cos

(
2πk

N

)
.

Çàëèøèëîñÿ çíàéòè âèãëÿä êîåôiöi¹íòiâ u0, u1 òà u2 ó âèïàäêó, êîëè |IN | = 3.

4.3.1 Âèïàäîê D < 0

Â öüîìó âèïàäêó α áóäå ìàòè îäèí äiéñíèé êîðiíü, ïîçíà÷èìî éîãî ÷åðåç α1, i äâà

êîìïëåêñíi ñïðÿæåíi êîðåíi. Ïîçíà÷èìî ÷åðåç β1 âiäïîâiäíèé äiéñíèé êîðiíü β, òàêèé,

ùî

α1β1 = −p
3
. (26)

Òîäi ðiâíÿííÿ (18) ìà¹ îäèí äiéñíèé êîðiíü

y1 = α1 + β1 ∈ R

i äâà êîìïëåêñíi

y2,3 = −α1 + β1
2

± i
√

3
α1 − β1

2
.
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Ïðè öüîìó ðîçâ'ÿçêàìè ðiâíÿííÿ (17) áóäóòü ïîïàðíî ðiçíi ÷èñëà λi = yi+
u2
3
, i = 1, 2, 3.

Îñêiëüêè êîæíå λi ¹ N -òèì êîðåíåì ç îäèíèöi, à λ1 ∈ R, òî
[
α1 + β1 + u2

3
= 1,

α1 + β1 + u2
3

= −1 i N − ïàðíå
u2
3
− α1+β1

2
+ i
√

3α1−β1
2

= cos
(
2π·n
N

)
+ i sin

(
2π·n
N

)
,

u2
3
− α1+β1

2
− i
√

3α1−β1
2

= cos
(
2π·r
N

)
+ i sin

(
2π·r
N

)
äëÿ äåÿêèõ n, r ∈ {0, 1, . . . , N − 1}. Òîäi ç äðóãîãî i òðåòüîãî ðiâíÿíü ñèñòåìè ìà¹ìî, ùî

cos
(
2π·n
N

)
= cos

(
2π·r
N

)
, à sin

(
2π·n
N

)
= − sin

(
2π·r
N

)
. Ïîçíà÷èìî ϕ = 2π·n

N
.

ßêùî α1 + β1 + u2
3

= ±1, òî u2
3
− 1

2
(α1 + β1) = u2

2
∓ 1

2
. Ïiäñòàâèâøè â äðóãå ðiâíÿííÿ

ñèñòåìè, îòðèìà¹ìî ìîæëèâi âèðàçè äëÿ u2:

u2 = 2 cosϕ+ 1 àáî u2 = 2 cosϕ− 1 ïðè ïàðíîìó N. (27)

Ç äðóãîãî òà òðåòüîãî ðiâíÿíü ñèñòåìè ìà¹ìî

α1 =
u2
3
− cosϕ+

sinϕ√
3
, β1 =

u2
3
− cosϕ− sinϕ√

3
.

Òîäi

α1β1 =
(u2

3
− cosϕ

)2
− sin2 ϕ

3
=
u2

2

9
− 2u2

3
cosϕ+

4 cos2 ϕ− 1

3
,

à ç iíøîãî áîêó, ç (26)

α1β1 =
u2

2

9
+
u1
3
.

Ç öèõ ñïiââiäíîøåíü âèïëèâà¹, ùî

u1 = 4 cos2 ϕ− 2u2 cosϕ− 1.

Çâiäñè, u1 = −2 cosϕ− 1 ïðè u2 = 2 cosϕ+ 1 i u1 = 2 cosϕ− 1 = u2 ïðè u2 = 2 cosϕ− 1.

Äàëi, ÿêùî u2 = 2 cosϕ + 1, òî êîðåíåì ðiâíÿííÿ (17) ¹ λ1 = 1, òîìó â öüîìó âèïàäêó

u2 + u1 + u0 = 1, à òîäi u0 = 1. ßêùî æ u2 = 2 cosϕ − 1, òî êîðåíåì ðiâíÿííÿ (17) ¹

λ1 = −1, òîìó u1 − u0 − u2 = 1, çâiäêè u0 = −1.

4.3.2 Âèïàäîê D > 0

Â öié ñèòóàöi¨ âñi êîðåíi ðiâíÿííÿ (17) äiéñíi òà ðiçíi. Ç iíøîãî áîêó, |λi| = 1 äëÿ êîæíîãî

i = 1, 2, 3. Òîìó õî÷à á äâà çíà÷åííÿ λi ïîâèííi çáiãàòèñÿ, îòðèìó¹ìî ñóïåðå÷íiñòü.

4.4 Õàðàêòåðèñòè÷íå ðiâíÿííÿ ìà¹ êðàòíi êîðåíi

ßêùî D = 0, òî ðiâíÿííÿ (17) ìà¹ òðè äiéñíi êîðåíi, äâà ç ÿêèõ ìiæ ñîáîþ ðiâíi.

Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êîëè õàðàêòåðèñòè÷íå ðiâíÿííÿ (17) ìà¹ òðè êîðåíi,

äâà ç ÿêèõ, ñêàæiìî, λ2 i λ3 ðiâíi, ïðè÷îìó λ1 6= λ2. Òîäi çãiäíî ç [2, c. 39], çàãàëüíèé

÷ëåí ïîñëiäîâíîñòi (15) ìà¹ âèãëÿä

an = A1λ
n
1 + A2λ

n
2 + A3nλ

n
2
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äëÿ äåÿêèõ Ai ∈ R i êîæíîãî n = 0, 1, . . . . Äëÿ çíàõîäæåííÿ Ai ðîçâ'ÿæåìî âiäïîâiäíå

ìàòðè÷íå ðiâíÿííÿ M0A = x0, äå

M0 =

 1 1 0

λ1 λ2 λ2
λ21 λ22 2λ22

 .

Îñêiëüêè λ1 6= λ2, òî detM = λ2(λ1 − λ2)2 6= 0, òîäi

M−1
0 =


λ22

(λ1−λ2)2 − 2λ2
(λ1−λ2)2

1
(λ1−λ2)2

λ1(λ1−2λ2)
(λ1−λ2)2

2λ2
(λ1−λ2)2

−1
(λ1−λ2)2

− λ1
λ1−λ2

λ1+λ2
λ2(λ1−λ2)

−1
λ2(λ1−λ2) ,


çâiäêè

A1 =
λ22a0 − 2λ2a1 + a2

(λ1 − λ2)2
,

A2 =
λ21a0 − 2λ1λ2a0 + 2λ2a1 − a2

(λ1 − λ2)2
,

A3 =
λ1a1 + λ2a1 − λ1λ2a0 − a2

λ2(λ1 − λ2)
. (28)

Äëÿ n ∈ N0 ïîçíà÷èìî

Mn =

 λn1 λn2 nλn2
λn+1
1 λn+1

2 (n+ 1)λn+1
2

λn+1
1 λn+1

2 (n+ 2)λn+2
2

 .

Òîäi xn = MnA äëÿ êîæíîãî n ∈ N0. Ïåðåâiðèìî óìîâó ïåðiîäè÷íîñòi xN = x0. Ìà¹ìî

MNA = M0A ⇔ (MN −M0)A = 0 ⇔ M0 ·

λN1 − 1 0 0

0 λN2 − 1 NλN2
0 0 λN2 − 1

 · A = 0.

Îñòàííÿ ðiâíiñòü âiðíà òîäi i òiëüêè òîäi, êîëèλN1 − 1 0 0

0 λN2 − 1 NλN2
0 0 λN2 − 1

 · A = 0,

ùî ðiâíîñèëüíî óìîâàì

(I)

{
λN1 = λN2 = 1,

A3 = 0;
(II)

{
λN1 = 1,

A2 = A3 = 0;
(III)

{
λN2 = 1,

A1 = A3 = 0.

Îñêiëüêè ó âñiõ òðüîõ âèïàäêàõ A3 = 0, òî a2 = (λ1 + λ2)a1 − λ1λ2a0 ç ðiâíîñòåé (28).

Ïiäñòàâèâøè öå çíà÷åííÿ ó âèðàçè äëÿ A1 òà A2, ìè îäåðæèìî ðiâíîñòi (9). Òàêèì

÷èíîì, âèïàäêè (I)�(III) ðiâíîñèëüíi ðîçãëÿíóòèì âèùå âèïàäêàì |IN | = 1 òà |IN | = 2.
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Íàïðèêiíöi ðîçãëÿíåìî âèïàäîê, êîëè ðiâíÿííÿ (17) ìà¹ òðè îäíàêîâi êîðåíi λ1 =

λ2 = λ3 = λ. Òîäi çãiäíî ç [2, c. 39] çàãàëüíèé ÷ëåí ïîñëiäîâíîñòi (an)∞n=0 ìà¹ âèãëÿä

an = λn(A1 + A2n+ A3n
2)

äëÿ äåÿêèõ A1, A2, A3 ∈ R. Àíàëîãi÷íî ÿê ó ïiäïóíêòi 3.2.2, ìè îòðèìà¹ìî, ùî òàêà

ïîñëiäîâíiñòü ¹ ïåðiîäè÷íîþ òîäi i òiëüêè òîäi, êîëè âîíà íóëüîâà.

4.5 Ïiäñóìêîâà òåîðåìà äëÿ ïîñëiäîâíîñòåé òðåòüîãî ïîðÿäêó

Òåîðåìà 5. Ðåêóðåíòíà íåíóëüîâà ïîñëiäîâíiñòü òðåòüîãî ïîðÿäêó (an)∞n=0, ùî âè-

çíà÷à¹òüñÿ ñïiââiäíîøåííÿì an+3 = u2an+2 + u1an+1 + u0an ç äiéñíèìè êîåôiöi¹íòàìè

u0, u1, u2 ∈ R, ¹ ïåðiîäè÷íîþ ç ïåðiîäîì

� N = 1 ⇔
{
u0 + u1 + u2 = 1,

x0 = (a0, a0, a0);

� N = 2 ⇔
{
u1 − u0 − u2 = 1,

x0 = (a0,−a0, a0);
àáî

{
u0 + u2 = 0, u1 = 1,

x0 = (a0, a1, a0), a1 6= ±a0;

� N = 3 ⇔
{
u2 = u1 = u0 − 1,

x0 = (a0, a1,−a0 − a1);
àáî

{
u1 = u2 = 0, u0 = 1,

x0 − äîâiëüíèé âåêòîð;

� N > 3 ⇔


u1 = −2u0 cos

(
2πk
N

)
, u2 = u0 + 2 cos

(
2πk
N

)
,

x0 = (a0, a1, 2 cos
(
2πk
N

)
a1 − a0),

0 < k < N, (k,N) = 1;

àáî

{
u2 = −u1 = 2 cos

(
2πk
N

)
+ 1, u0 = 1,

0 < k < N, (k,N) = 1;
àáî{

u2 = u1 = 2 cos
(
2πk
N

)
− 1, u0 = −1,

N − ïàðíå.

Ïðèêëàä 3. Ïîáóäó¹ìî ïîñëiäîâíiñòü òðåòüîãî ïîðÿäêó ç ïåðiîäîì N = 12. Ñêîðèñòà-

¹ìîñÿ äðóãîþ óìîâîþ íà êîåôiöi¹íòè u0, u1, u2 äëÿ âèïàäêó N > 3. Íåõàé k = 1, òîäi

u0 = 1, u2 = −u1 = 2 cos π
6

+ 1 =
√

3 + 1,

an+3 = (
√

3 + 1)an+2 − (
√

3 + 1)an+1 + an

òà íåõàé a0 = 0, a1 = 1 i a2 = 2. Òîäi ïîñëiäîâíiñòü (an)∞n=0 ìà¹ âèãëÿä

0, 1, 2, 1 +
√

3, 3, 1 +
√

3, 2, 1, 0, 1−
√

3,−1, 1−
√

3, 0, 1, 2, . . .

ïðè÷îìó x12 = x0.

Ïðèêëàä 4. Íåõàé N = 10 i ϕ = 72◦ = 4π
10
. Ñêîðèñòà¹ìîñÿ òðåòüîþ óìîâîþ íà êîåôiöi-

¹íòè u0, u1, u2 äëÿ âèïàäêó N > 3. Çàóâàæèìî, ùî cos 2π
5

=
√
5−1
4

. Äàëi, u2 = u1 =
√
5−1
2

,

u0 = −1 i

an+3 =

√
5− 1

2
an+2 +

√
5− 1

2
an+1 − an.
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Ïîêëàäåìî a0 = 1, a1 = 1, a0 = 0. Òîäi îòðèìó¹ìî ïîñëiäîâíiñòü

1, 1, 0,

√
5− 2

2
, 1−

√
5,−1,−1, 0,

3−
√

5

2
,
√

5− 1, 1, 1, 0, . . . .

Òàêèì ÷èíîì, x10 = x0, i ïîñëiäîâíiñòü ìà¹ ïåðiîä N = 10.
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Among other sequences of integers Fibonacci numbers and Lucas numbers are cituated

in the central place. In spite of great amount of literature dedicated to Fibonacci and Lucas

sequences, there are still a lot of intriguing questions and open problems in this direction, see,

for instance, the �The Fibonacci Quarterly� journal or materials of the Biannual International

Conference organized by Fibonacci Association.
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We are motivated by the following simple observatoin. Consider the classical Fibonacci

sequence de�ned by the rule

Fn+2 = Fn+1 + Fn, n = 0, 1, 2, . . .

with the initial values F0 = 0, F1 = 1:

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, . . .

If we consider a little bit another sequence

Gn+2 = Gn+1 −Gn, n = 0, 1, 2, . . . ,

then for G0 = 0, G1 = 1 the sequence (Gn)
∞
n=0 is of the form

0, 1, 1, 0,−1,−1, 0, 1, 1, 0,−1,−1, . . . .

In other words, this sequence is periodic with period of the length 6.

Therefore, the next questions follow naturally from the previous observation: (i) under which

conditions on its coe�cients the reccurent sequence is periodic? (ii) How long may be a period

of the reccurent sequence and how it depends on coe�cients? (iii) Does the length of a period

depends on initial values of the reccurent sequence?

In the given paper we answer to these questions for the reccurent sequences of the second

and the third order. We obtain necessary and su�cient conditions on coe�cients ui for the

periodicity of a recurrent sequence de�ned by the rule an+k = uk−1an+k−1 + · · · + u0a0 for

n = 0, 1, . . . and ui ∈ R, i = 0, . . . , k − 1, in the case of k = 2, 3.
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Ðîçøèðåíèé àëãîðèòì ñòðàòåãi¨ åâîëþöi¨ àäàïòàöi¨ êîâàðiàöiéíî¨ ìàòðèöi

Â ðîáîòi ðîçãëÿíóòî ðîçøèðåííÿ àëãîðèòìó CMA-ES ç âèêîðèñòàííÿì ñóìiøåé ðîç-

ïîäiëiâ äëÿ çíàõîäæåííÿ îïòèìàëüíèõ ãiïåðïàðàìåòðiâ íåéðîííèõ ìåðåæ. Ðîçðîáëåíèé

àëãîðèòì ïîáóäîâàíî çãiäíî ïðèïóùåííÿ áàãàòîïiêîâîñòi ùiëüíîñòi ðîçïîäiëó ïàðàìåòðiâ

ñêëàäíèõ ñèñòåì. Íà îñíîâi ìåòîäó Ìîíòå Êàðëî áóëî âñòàíîâëåíî, ùî íîâèé àëãîðèòì

ïîêðàùó¹ ïîøóê îïòèìàëüíèõ ãiïåðïàðàìåòðiâ â ñåðåäíüîìó íà 12%.
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Âñòóï

Îïòèìiçàöiÿ ãiïåðïàðàìåòðiâ ñêëàäíèõ ñèñòåì, ñôîðìóëüîâàíà ÿê îïòèìiçàöiÿ ÷îð-

íî¨ ñêðèíüêè, ¹ íåîáõiäíîþ äëÿ àâòîìàòèçàöi¨ òà âèñîêî¨ ïðîäóêòèâíîñòi ïiäõîäiâ ìà-

øèííîãî íàâ÷àííÿ. Ãiïåðïàðàìåòðè íåéðîííèõ ìåðåæ ÷àñòî îïòèìiçóþòüñÿ ïîøóêîì

÷åðåç ñiòêó, âèïàäêîâèì ïîøóêîì [1] àáî Áàé¹ñiâñüêîþ îïòèìiçàöi¹þ [2]. Ç òî÷êè çîðó

Áàé¹ñiâñüêîãî ïiäõîäó [3] ïîáóäîâè ïàðàìåòðiâ íà îñíîâi ãåíåòè÷íèõ àëãîðèòìiâ [4], âà-

æëèâîþ ¹ åâîëþöiéíà ñòðàòåãiÿ [5] îöiíêè ïàðàìåòðiâ. Ïîíÿòòÿ åâîëþöiéíî¨ ñòðàòåãi¨

áåçïîñåðåäíüî ïîâ'ÿçàíå çi çìiíîþ ðîçïîäiëó ãiïåðïàðàìåòðiâ ìiæ åïîõàìè åâîëþöiéíîãî

àëãîðèòìó. Îäíèì iç íàéáiëüø âäàëèõ ìåòîäiâ åâîëþöiéíèõ ñòðàòåãié ¹ ìåòîä àäàïòàöi¨

êîâàðiàöiéíî¨ ìàòðèöi (Covariance matrix adaptation, CMA-ES) [6]. Ìåòîä CMA-ES ìà¹

äåÿêi êîðèñíi âëàñòèâîñòi iíâàðiàíòíîñòi òà çðó÷íèé ïiäõiä îïòèìiçàöi¨ ÷îðíî¨ ñêðèíüêè

ç âèñîêèì ðiâíåì ïàðàëåëiçìó, âií ïîêàçàâ áiëüø âèñîêó ïðîäóêòèâíiñòü ïîðiâíÿíî ç

ïiäõîäàìè ïåðåëi÷åíèìè âèùå.

Äàíèé ìåòîä, ÿê i ó âèïàäêó Áàé¹ñiâñüêîãî àëãîðèòìó, ïîëÿãà¹ ó ïåðåðàõóíêó êî-

âàðiàöiéíî¨ ìàòðèöi ðîçïîäiëiâ ãiïåðïàðàìåòðiâ ìiæ åïîõàìè åâîëþöiéíîãî àëãîðèòìó ç

ïîäàëüøèì âèáîðîì ïàðàìåòðiâ òà âðàõóâàííÿì äàíî¨ ìàòðèöi. Î÷åâèäíèì íåäîëiêîì

òàêîãî ìåòîäó ¹ òå, ùî ïðèïóñêà¹òüñÿ îäíîïiêîâiñòü ùiëüíîñòi ðîçïîäiëó ãiïåðïàðàìå-

òðiâ (ÿê ó íîðìàëüíîìó ðîçïîäiëi). Ïðîòå íà ïðàêòèöi, öiëüîâà ôóíêöiÿ (òî÷íîñòi ÷è

ÓÄÊ 004.021, 004.032.26, 004.852

2010 Mathematics Subject Classi�cation: 30E10, 62F10, 65E05, 68T05.
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ôóíêöi¨ âòðàò) íå ¹ îäíîïiêîâîþ, ùî ïðèâîäèòü äî çáiëüøåííÿ îáëàñòi ïîøóêó çà ðà-

õóíîê çìiíè îäíi¹¨ êîâàðiàöiéíî¨ ìàòðèöi òà âêëþ÷åííÿ â îáëàñòü ïîøóêó ãåíåòè÷íîãî

àëãîðèòìó îáëàñòü çi çíà÷åííÿìè, ùî çíà÷íî âiäðiçíÿþòüñÿ âiä ëîêàëüíèõ åêñòðåìóìiâ.

Íàñàìïåðåä CMA-ES � öå ñòîõàñòè÷íèé ìåòîä áåç ïîõiäíèõ äëÿ ÷èñåëüíî¨ îïòèìiçà-

öi¨ íåëiíiéíèõ ÷è íåîïóêëèõ çàäà÷ íåïåðåðâíî¨ îïòèìiçàöi¨. Iòåðàöiéíèé àëãîðèòì CMA-

ES ÷àñòî âèêîðèñòîâó¹ áàãàòîâèìiðíèé ðîçïîäië Ãàóññà N(m,Σ), äå m ∈ Rd, Σ ∈ Rd×d

� äîäàòíî âèçíà÷åíà ñèìåòðè÷íà ìàòðèöÿ, d - ÷èñëî çìiííèõ. CMA-ES íà êîæíié iç

ñâî¨õ iòåðàöié âèáèðà¹ λ êàíäèäàòiâ-ðiøåíü iç áàãàòîâèìiðíîãî íîðìàëüíîãî ðîçïîäi-

ëó, îöiíþ¹ öi ðiøåííÿ (ïîñëiäîâíî àáî ïàðàëåëüíî), à ïîòiì êîðèãó¹ ðîçïîäië âèáiðêè,

ùî âèêîðèñòîâó¹òüñÿ äëÿ íàñòóïíî¨ iòåðàöi¨, ùîá íàäàòè áiëüøó éìîâiðíiñòü õîðîøèì

çðàçêàì [7]. Âåêòîð ñåðåäíiõ m òà êîâàðiéíà ìàòðèöÿ Σ îíîâëþþòüñÿ âiäïîâiäíî äî

ðàíæóâàííÿ ðiøåíü â îñòàííüîìó ïîêîëiííi i CMA-ES íàâ÷à¹òüñÿ âèáèðàòè ðiøåííÿ ç

ïåðñïåêòèâíî¨ îáëàñòi.

CMA-ES, ÿê ïðàâèëî, ìà¹ òåíäåíöiþ ïðàöþâàòè íàéêðàùå äëÿ ñêëàäíèõ àëãîðèòìiâ

îöiíêè ôóíêöié; íàïðèêëàä, ó [8] ïîêàçàíî, ùî CMA-ES äàâ íàéêðàùi ðåçóëüòàòè ñåðåä

áiëüø íiæ 100 êëàñè÷íèõ òà ñó÷àñíèõ îïòèìiçàòîðiâ ó øèðîêîìó äiàïàçîíi ôóíêöié ÷îð-

íî¨ ñêðèíüêè. CMA-ES âèêîðèñòîâóâàâñÿ äëÿ íàëàøòóâàííÿ ãiïåðïàðàìåòðiâ i ðàíiøå,

íàïðèêëàä, ó ðîáîòàõ [9] àáî àâòîìàòè÷íîãî ðîçïiçíàâàííÿ ìîâè [10].

Ó çâ'ÿçêó ç öèì ïðîïîíó¹òüñÿ âèêîðèñòàòè äåÿêå ðîçøèðåííÿ CMA-ES àëãîðèòìó,

âèêîðèñòîâóþ÷è áàãàòîïiêîâi ìîäåëi. Äëÿ öüîãî áóäå âèêîðèñòàíî ïîíÿòòÿ ñóìiøi (ñóìi-

øi ðîçïîäiëiâ), çîêðåìà, íà ñóìiøi íîðìàëüíèõ ðîçïîäiëiâ, îñêiëüêè âèáið öèõ ðîçïîäiëiâ

¹ íàéáiëüø iëþñòðàòèâíèé i ëåãêî ìîæå áóòè ðåàëiçîâàíèé íà ïðàêòèöi.

1 Îöiíêà ïàðàìåòðiâ ùiëüíîñòåé ñóìiøåé

Íàäàëi áóäåìî ïðèïóñêàòè, ùî ùiëüíiñòü ñóìiøi íàëåæèòü äî îäíîãî ñiìåéñòâà ðîç-

ïîäiëiâ [11], âèçíà÷à¹òüñÿ ÿê çâàæåíà ñóìà k ùiëüíîñòåé êîìïîíåíòiâ. Ùiëüíîñòi êîì-

ïîíåíòiâ îáìåæåíi äåÿêèì ïàðàìåòðè÷íèì êëàñîì ùiëüíîñòåé, ÿêèé ââàæà¹òüñÿ ïðè-

äàòíèì äëÿ íàÿâíèõ äàíèõ òà îá÷èñëþâàëüíèõ öiëåé. Ïîçíà÷èìî p(x; θs) - ùiëüíiñòü

s-ãî êîìïîíåíòà, äå θs - ïàðàìåòðè êîìïîíåíòà; πs âàãîâèé êîåôiöi¹íò s-ãî êîìïîíåíòà

ñóìiøi. Âàãè ïîâèííi áóòè íåâiä'¹ìíèìè πs ≥ 0 òà â ñóìi äàâàòè îäèíèöþ:
∑k

s=1 πs = 1.

Âàãè πs òàêîæ âiäîìi ÿê ¾ïðîïîðöi¨ çìiøóâàííÿ¿ i ¨õ ìîæíà ðîçãëÿäàòè ÿê éìîâiðíiñòü

p(s) òîãî, ùî âèáiðêà äàíèõ áóäå âèëó÷àòèñÿ ç êîìïîíåíòiâ ñóìiøi s. Òîäi ùiëüíiñòü

ñóìiøi êîìïîíåíòiâ k âèçíà÷à¹òüñÿ ÿê:

p(x) =
k∑
s=1

πsp(x; θs), (1)

äå θ = {θ1, ..., θk, π1, ..., πk} - ïàðàìåòðè ñóìiøi.

Ùiëüíiñòü ñóìiøi ìîæíà iíòåðïðèòóâàòè ÿê ìîäåëþâàííÿ ïðîöåñó, â ÿêîìó ñïî÷à-

òêó âèáèðà¹òüñÿ ¾äæåðåëî¿ s âiäïîâiäíî äî ïîëiíîìiàëüíîãî ðîçïîäiëó π1, ..., πk, à ïîòiì

áåðåòüñÿ âèáiðêà ç âiäïîâiäíî¨ ùiëüíîñòi êîìïîíåíòiâ p(x; θs). Òàêèì ÷èíîì, ìîæëèâiñòü

âèáîðó äæåðåëà s i äàíèõ x äîðiâíþ¹ πsp(x; θs). Òîäi ãðàíè÷íà ìîæëèâiñòü âèáîðó äàíèõ
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x âèçíà÷à¹òüñÿ ôîðìóëîþ (1). Âàæëèâîþ ïîõiäíîþ âåëè÷èíîþ ¹ ¾àïîñòåðiîðíà éìîâið-

íiñòü¿ êîìïîíåíòà ñóìiøi, çàäàíîãî âåêòîðîì äàíèõ, ÿêà âèêîðèñòîâó¹òüñÿ äëÿ îöiíêè

ïàðàìåòðiâ ñóìiøi. Àïîñòåðiîðíà éìîâiðíiñòü êîìïîíåíòiâ ñóìiøi âèçíà÷à¹òüñÿ çà äî-

ïîìîãîþ ïðàâèëà Áàé¹ñà i ìà¹ âèãëÿä

p(s | x) :=
πsp(x; θs)

p(x)
=

πsp(x; θs)∑
ś πśp(x; θś)

. (2)

Ïåðøèì êðîêîì ïiä ÷àñ âèêîðèñòàííÿ ìîäåëi ñóìiøi ¹ âèçíà÷åííÿ ¨¨ àðõiòåêòóðè:

âiäïîâiäíèé êëàñ ùiëüíîñòåé êîìïîíåíòiâ i êiëüêiñòü ùiëüíîñòåé êîìïîíåíòiâ ó ñóìiøi.

Ïiñëÿ òîãî, ÿê öi âàðiàíòè äèçàéíó çðîáëåíi, îöiíþþòüñÿ âiëüíi ïàðàìåòðè â ìîäåëi

ñóìiøi òàêèì ÷èíîì, ùîá ùiëüíiñòü (2) ÿêîìîãà òî÷íiøå íàáëèæàëà ùiëüíiñòü ðåàëüíèõ

äàíèõ.

Îöiíêà ïàðàìåòðiâ ìîäåëi äëÿ çàäàíèõ äàíèõ ñòà¹ ïîøóêîì ïàðàìåòðiâ ìàêñèìàëü-

íî¨ ïðàâäîïîäiáíîñòi äëÿ äàíèõ ó íàáîði éìîâiðíiñíèõ ìîäåëåé, âèçíà÷åíèõ âèáðàíîþ

àðõiòåêòóðîþ. Ëîãàðèôì ïðàâäîïîäiáíîñòi äëÿ íàáîðó äàíèõ XN = {x1, ..., xN} ìîæíà
çàïèñàòè ÿê:

L(XN , θ) = log p(XN ; θ) = log
N∏
n=1

p(xN ; θ) =
N∑
n=1

p(xN ; θ). (3)

Çíàéòè ïàðàìåòðè ìàêñèìàëüíî¨ ïðàâäîïîäiáíîñòi äëÿ ùiëüíîñòi îäíîãî êîìïîíåí-

òà ëåãêî i ÷àñòî öå ìîæíà çðîáèòè â àíàëiòè÷íîìó âèãëÿäi. Öå ñòîñó¹òüñÿ, íàïðèêëàä,

êîìïîíåíòiâ íîðìàëüíî¨ ñóìiøi. Îäíàê, ÿêùî éìîâiðíiñíà ìîäåëü ¹ ñóìiøøþ, îöiíêà

÷àñòî ñòà¹ çíà÷íî ñêëàäíiøîþ, îñêiëüêè ëîãàðèôìi÷íà ïðàâäîïîäiáíiñòü ÿê ôóíêöiÿ

ïàðàìåòðiâ ìîæå ìàòè áàãàòî ëîêàëüíèõ åêñòðåìóìiâ. Îòæå, äëÿ îòðèìàííÿ îöiíîê ïà-

ðàìåòðiâ íåîáõiäíà äåÿêà íåòðèâiàëüíà îïòèìiçàöiÿ, i òóò äîáðå ñïðàöüîâó¹ iòåðàöiéíèé

EM-àëãîðèòì (expectation-maximization algorithm). EM-àëãîðèòì çíàõîäèòü ïàðàìåòðè

â ëîêàëüíèõ åêñòðåìóìàõ ëîãàðèôìi÷íî¨ ôóíêöi¨ ïðàâäîïîäiáíîñòi, çàäàíèõ äåÿêèìè

ïî÷àòêîâèìè çíà÷åííÿìè ïàðàìåòðiâ.

2 Âèáið áàçîâîãî ðîçïîäiëó ñóìiøi

Ñóìiø ðîçïîäiëiâ - öå ñóìiø äâîõ àáî áiëüøå éìîâiðíiñíèõ ðîçïîäiëiâ, çàçâè÷àé ç

îäíîãî ñiìåéñòâà. Âèïàäêîâi çìiííi áåðóòüñÿ ç îäíi¹¨ áàòüêiâñüêî¨ ïîïóëÿöi¨ äî ñòâîðåí-

íÿ íîâîãî ðîçïîäiëó. Áàòüêiâñüêi ïîïóëÿöi¨ ìîæóòü áóòè îäíîâèìiðíèìè àáî áàãàòîâè-

ìiðíèìè i ïîâèííi ìàòè îäíàêîâó ðîçìiðíiñòü. Ðîçïîäiëè ìîæóòü ñêëàäàòèñÿ ç ðiçíèõ

ðîçïîäiëiâ (íàïðèêëàä, íîðìàëüíèé ðîçïîäië òà ðîçïîäië Ñòüþäåíòà) àáî ç îäíîãî é

òîãî æ ðîçïîäiëó ç ðiçíèìè ïàðàìåòðàìè. Íîâi ðîçïîäiëè éìîâiðíîñòåé ðîçãëÿäàþòüñÿ

ÿê ñïðàâæíi ôóíêöi¨ ùiëüíîñòi éìîâiðíîñòi i òîìó ìîæóòü âèêîðèñòîâóâàòèñÿ äëÿ çíà-

õîäæåííÿ î÷iêóâàíèõ çíà÷åíü, îöiíîê ìàêñèìàëüíî¨ ïðàâäîïîäiáíîñòi òà iíøèõ ñòàòè-

ñòè÷íèõ äàíèõ.

Cóìiø íîðìàëüíèõ ðîçïîäiëiâ íàé÷àñòiøå âèêîðèñòîâóþòüñÿ äëÿ ìîäåëþâàííÿ íå-

ïåðåðâíèõ äàíèõ [12]. Ïåðøà ïðè÷èíà òàêî¨ ïîïóëÿðíîñòi ïîëÿãà¹ â òîìó, ùî îöiíêà
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ïàðàìåòðà ìàêñèìàëüíî¨ ïðàâäîïîäiáíîñòi ìîæå áóòè âèêîíàíà â çàêðèòié ôîðìi i âè-

ìàãà¹ ëèøå îá÷èñëåííÿ ñåðåäíüîãî çíà÷åííÿ äàíèõ i êîâàðiàöi¨. Äðóãà ïðè÷èíà ïîëÿãà¹

â òîìó, ùî ç óñiõ ùiëüíîñòåé iç ïåâíîþ äèñïåðñi¹þ ùiëüñòü Ãàóññà ìà¹ íàéáiëüøó åí-

òðîïiþ [13].

Ìîæíà âèäiëèòè îñíîâíi ñiìåéñòâà ñóìiøi ðîçïîäiëiâ.

� Ïóàñîíîâi ñóìiøi [14], [15]

Pg(x|ϕ) =

∫ ∞
0

e(−θ)θx

x!
dG(θ|ϕ).

� Ñóìiøi åêñïîíåíöiéíèõ ðîçïîäiëiâ [16], [17]

F (t) =

∫ ∞
0

(1− e−xt)dH(x).

� Cóìiøi Âåéáóëëà [18]

S(x) =
n∑
i=1

aie
(−bixci ), x > 0,

äå ai ∈ R, i = 1, ..., n òà
∑n

i=1 ai = 1.

� Cóìiø íîðìàëüíèõ ðîçïîäiëiâ [19]

p(x) =
k∑
s=1

πsp(x|µs; θs), (4)

äå p(x|µs; θs) ùiëüíiñòü áàãàòîâèìiðíîãî íîðìàëüíîãî ðîçïîäiëó ç Rd òà ïàðàìå-

òðàìè (µs; θs).

3 EM-àëãîðèòì

Îöiíêó ïàðàìåòðiâ ðîçïîäiëó ñóìiøi ëåãêî ïðîâåñòè çà äîïîìîãîþ EM-àëãîðèòìó.

Òåõíi÷íî iäåÿ àëãîðèòìó ïîëÿãà¹ â iòåðàöiéíîìó âèçíà÷åííi íèæíüî¨ ìåæi ëîãàðèôìi-

÷íî¨ éìîâiðíîñòi òà ìàêñèìiçàöi¨ öi¹¨ íèæíüî¨ ìåæi. Àëãîðèòì íà ïðèêëàäi ñóìiøi íîð-

ìàëüíèõ ðîçïîäiëiâ (4), âèêîíó¹ E-êðîê, îöiíþþ÷è äî ÿêîãî êîìïîíåíòà íàëåæèòü êî-

æíà òî÷êà äàíèõ, i M-êðîê ïåðåîöiíþ¹ ïàðàìåòðè íà îñíîâi öi¹¨ îöiíêè.

E-êðîê. Îá÷èñëåííÿ äîïîìiæíèõ âåëè÷èí:

rij =
πip(xi|µj; θi)∑k
s=1 πsp(xj|µs; θj)

, (5)

äå rij � éìîâiðíiñòü òîãî, ùî îá'¹êò xi áóâ îòðèìàíèé ç j-¨ êîìïîíåíòè ñóìiøi ïðè

ïîòî÷íîìó íàáëèæåííi ïàðàìåòðiâ πi, θi.

M-êðîê. Ïåðåîöiíêà íîâîãî íàáëèæåííÿ ïàðàìåòðiâ cóìiøi:

πj =
1

n

n∑
i=1

rij, (6)
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µi =

∑n
i=1 rij · xi∑n
i=1 rij

, (7)

θi =

∑n
i=1 rij(xi − µi)T (xi − µi)∑n

i=1 rij
. (8)

Êðèòåðié çóïèíêè. Iòåðàöi¨ ìåòîäó çäiéñíþþòüñÿ äî çáiæíîñòi âàðiàöiéíî¨ íèæíüî¨

îöiíêè íà ëîãàðèôìi÷íó ôóíêöiþ ïðàâäîïîäiáíîñòi ìîäåëi.

L(π, µ, θ, r|X) =
n∑
i=1

k∑
j=1

rij(ln πj + ln p(xi|µi; θi)−
n∑
i=1

k∑
j=1

rij ln rij). (9)

Ïiä çáiæíiñòþ ìîæíà ðîçóìiòè, íàïðèêëàä, çìiíåííÿ íå áiëüøå íiæ íà çàçäàëåãiäü çà-

äàíó òî÷íiñòü ε > 0.

Îíîâëåííÿ ñåðåäíüîãî çíà÷åííÿ âèêîðèñòîâó¹ íîâó âàãó çìiøóâàííÿ, à îíîâëåííÿ

êîâàðiàöiéíî¨ ìàòðèöi âèêîðèñòîâó¹ íîâå ñåðåäí¹ çíà÷åííÿ µ òà âàãè π.

4 Ðîçøèðåíèé àëãîðèòì CMA-ES

Íåõàé P (θ;X1:k, y1:k) � ðîçïîäië ãiïåðïàðàìåòðiâ íåéðîííî¨ ìåðåæi íà îñíîâi çíà÷åíü

öiëüîâî¨ ôóíêöi¨, îòðèìàíî¨ íà îñíîâi k åïîõ, äå Xk � çíà÷åííÿ ãiïåðïàðàìåòðiâ íà k-ìó

êðîöi, yk � çíà÷åííÿ öiëüîâî¨ ôóíêöi¨ íà k-ìó êðîöi. Òîäi àëãîðèòì åâîëþöiéíî¨ ñòðàòåãi¨

íà îñíîâi ðîçøèðåíîãî CMA ìîæíà îïèñàòè íàñòóïíèìè êðîêàìè:

1. Âèçíà÷åííÿ îáëàñòi çìiíè ãiïåðïàðàìåòðiâ (a0), ðîçìiðíîñòi ñóìiøi (n), êiëüêîñòi

ãåíiâ â ãåíåòè÷íîìó àëãîðèòìi (N), òî÷íîñòi ìåòîäó (ε).

2. Çàäàííÿ âèïàäêîâèì ÷èíîì (π(0), µ(0), θ(0)).

3. Âèáið N ãåíiâ Xk çãiäíî ðîçïîäiëó (4) òà îá÷èñëåíü çíà÷åíü öiëüîâî¨ ôóíêöi¨ yk.

4. Ïåðåðàõóíîê ïàðàìåòðiâ (π(k+1), µ(k+1), θ(k+1)) íà îñíîâi ôîðìóë (6)-(8).

5. ßêùî çàäîâîëüíÿ¹òüñÿ óìîâà âèõîäó

|Lk+1 − Lk| < ε

òî ïåðåéòè äî âèêîíàííÿ ãåíåòè÷íîãî àëãîðèòìó íà îñíîâi ðîçïîäiëó ãiïåðïàðàìåòðiâ ç

ðîçïîäiëîì

p(θ) = P (θ;X1:k, y1:k).

ßêùî,

|Lk+1 − Lk| < ε

òî ïåðåéòè äî êðîêó 3.

Ñëiä çàóâàæèòè, ùî íà êðîöi 3 âèêîíó¹òüñÿ îäíà åïîõà ãåíåòè÷íîãî àëãîðèòìó, òîìó

ïîðÿä iç îïòèìiçàöi¹þ ïàðàìåòðiâ π, µ, θ øóêà¹òüñÿ i îïòèìàëüíå çíà÷åííÿ ãiïåðïàðàìå-

òiâ.
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5 Ìîäåëþâàííÿ

ßê áóëî çàçíà÷åíî âèùå, ðîçãëÿíóòèé ðîçøèðåíèé CMA-ES àëãîðèòì äîçâîëÿ¹ óíè-

êàòè ðîçãëÿäó õðîìîñîì iç íåâèñîêèìè çíà÷åííÿìè öiëüîâî¨ ôóíêöi¨ L. Ìîäåëþâàííÿ

áàãàòîïiêîâèõ öiëüîâèõ ôóíêöié îïòèìiçàöi¨ ïîêàçàëî, ùî êiëüêiñòü åïîõ äëÿ ïîøóêó

ãëîáàëüíîãî ìiíiìóìó ìîæíà çìåíøèòè äî 60% ïðè âiðíié îöiíöi ïàðàìåòðiâ ñóìiøi.

Ñëiä çóâàæèòè, ùî ñåðiäíié âiäñîòîê ïîêðàùåííÿ äëÿ ðîçøèðåíîãî CMA-ES àëãîðèòìó

ñêëàäà¹ áëèçüêî 12%. Ïðè ìîäåëþâàííi äàíèõ òà îöiíêè ãëîáàëüíèõ ìàêñèìóìiâ áóëî

âèêîðèñòàíî ìåòîä Ìîíòå-Êàðëî.

6 Âèñíîâêè

Ó ðîáîòi ðîçãëÿíóòî ðîçøèðåííÿ CMA-ES àëãîðèòìó çà ïðèïóùåííÿ áàãàòîïiêîâî-

ñòi ðîçïîäiëó õðîìîñîì â ãåíåòè÷íîìó àëãîðèòìi. Âèêîðèñòîâóþ÷è òåîðiþ ñóìiøåé òà

îöiíêó ïàðàìåòðiâ ñóìiøåé íà îñíîâi EM-àëãîðèòìó, ðîçðîáëåíî àëãîðèòì äëÿ îöiíêè

ãiïåðïàðàìåòðiâ ñêëàäíèõ ñèñòåì íà îñíîâi ðîçøèðåíîãî CMA-ES àëãîðèòìó. Âèêîðè-

ñòîâóþþ÷è ìîäåëþâàííÿ ìåòîäîì Ìîíòå-Êàðëî âñòàíîâëåíî, ùî ðîçøèðåíèé CMA-ES

àëãîðèòì ïîêðàùó¹ ïîøóê îïòèìàëüíîãî ðîçâ'ÿçêó ñêëàäíî¨ ñèòåìè â ñåðåäíüîìó íà

12%.

Â ïîäàëüøèõ ðîáîòàõ öüîãî íàïðÿìêó ïëàíóòüñÿ ðîçãëÿíóòè åôåêòèâíiñòü ðîçðî-

áëåíîãî àëãîðèòìó íà ðåàëüíèõ äàíèõ.
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Litvinchuk Yu.A., Malyk I.V. The extended CMA-ES algorithm, Bukovinian Math. Journal.

10, 2 (2022), 137�143.

The paper considers the extension of the CMA-ES algorithm using mixtures of distributi-

ons for �nding optimal hyperparameters of neural networks. Hyperparameter optimization,

formulated as the optimization of the black box objective function, which is a necessary condi-

tion for automation and high performance of machine learning approaches. CMA-ES is an

e�cient optimization algorithm without derivatives, one of the alternatives in the combination

of hyperparameter optimization methods. The developed algorithm is based on the assumpti-

on of a multi-peak density distribution of the parameters of complex systems. Compared to

other optimization methods, CMA-ES is computationally inexpensive and supports parallel

computations. Research results show that CMA-ES can be competitive, especially in the

concurrent assessment mode. However, a much broader and more detailed comparison is still

needed, which will include more test tasks and various modi�cations, such as adding constrai-

nts. Based on the Monte Carlo method, it was shown that the new algorithm will improve the

search for optimal hyperparameters by an average of 12%.
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Ëiòîâ÷åíêî Â.A. Ãîðáàòåíêî Ì.Þ.

Íåîäíîðiäíi äèôåðåíöiàëüíi ðiâíÿííÿ âåêòîðíîãî ïîðÿäêó

ç äèñèïàòèâíîþ ïàðàáîëi÷íiñòþ é äîäàòíèì ðîäîì

Ïàðàáîëi÷íiñòü ó ñåíñi ÿê Ïåòðîñüêîãî, òàê i Øèëîâà ìà¹ ñêàëÿðíèé õàðàêòåð, âîíà íå

ñïðîìîæíà âðàõîâóâàòè ñïåöèôiêó íåîäíîðiäíîñòi ñåðåäîâèùà. Ó çâ'ÿçêó ç öèì íà ïî÷àòêó

70-õ ðîêiâ Ñ.Ä. Åéäåëüìàí çàïðîïîíóâàâ òàê çâàíó ~2b-ïàðàáîëi÷íiñòü, ÿêà ¹ ïðèðîäíèì

óçàãàëüíåííÿì ïàðàáîëi÷íîñòi çà Ïåòðîâñüêèì íà âèïàäîê àíiçîòðîïíîãî ñåðåäîâèùà. Äå-

òàëüíå äîñëiäæåííÿ çàäà÷i Êîøi äëÿ ðiâíÿíü ç òàêîþ ïàðàáîëi÷íiñòþ ïðîâåäåíî â ïðàöÿõ

Ñ.Ä. Åéäåëüìàíà, Ñ.Ä. Iâàñèøåíà, Ì.I. Ìàòié÷óêà òà ¨õ ïîñëiäîâíèêiâ.

Ðîçøèðåííÿì ïàðàáîëi÷íîñòi çà Øèëîâèì íà âèïàäîê àíiçîòðîïíèõ ñåðåäîâèù ¹ {~p,~h}-
ïàðàáîëi÷íiñòü. Êëàñ ðiâíÿíü ç òàêîþ ïàðàáîëi÷íiñòþ äîñèòü øèðîêèé, âií îõîïëþ¹ êëàñè

Åéäåëüìàíà, Ïåòðîâñüêîãî, Øèëîâà òà äîçâîëÿ¹ óíiôiêóâàòè êëàñè÷íó òåîðiþ çàäà÷i Êîøi

äëÿ ïàðàáîëi÷íèõ ðiâíÿíü.

Ó äàíié ðîáîòi äëÿ íåîäíîðiäíèõ {~p,~h}-ïàðàáîëi÷íèõ ðiâíÿíü ç âåêòîðíèì äîäàòíèì ðî-

äîì äîñëiäæóþòüñÿ óìîâè, çà ÿêèõ çàäà÷à Êîøi â êëàñi óçàãàëüíåíèõ ïî÷àòêîâèõ ôóíêöié

òèïó ðîçïîäiëiâ Ãåëüôàíäà i Øèëîâà áóäå êîðåêòíî ðîçâ'ÿçíîþ. Ïðè öüîìó, íåîäíîðiäíîñòi

ðiâíÿíü ¹ íåïåðåðâíèìè çà ñóêóïíiñòþ çìiííèõ ôóíêöiÿìè ñêií÷åííî¨ ãëàäêîñòi, ÿêi ñòî-

ñîâíî ïðîñòîðîâî¨ çìiííî¨ ñïàäàþòü, à çà ÷àñîâîþ çìiííîþ ¹ íåîáìåæåíèìè ç iíòåãðîâíîþ

îñîáëèâiñòþ.

Êëþ÷îâi ñëîâà i ôðàçè: íåîäíîðiäíà çàäà÷à Êîøi, îá'¹ìíèé ïîòåíöiàë, ïàðàáîëi÷íi

ðiâíÿííÿ âåêòîðíîãî ïîðÿäêó, ôóíäàìåíòàëüíèé ðîçâ'ÿçîê.

Yuriy Fedkovych Chernivtsi National University, Chernivtsi, Ukraine
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Âñòóï

Íà âiäìiíó âiä ~2b-ïàðàáîëi÷íèõ çà Åéäåëüìàíîì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè [1],
ó {−→p ,

−→
h }-ïàðàáîëi÷íèõ ðiâíÿííÿõ [2] âåêòîðíèé ïîðÿäîê ~p âæå ìîæå íå çáiãàòèñÿ ç âå-

êòîðíèì ïîêàçíèêîì ïàðàáîëi÷íîñòi ~h, ùî ñïðè÷èíÿ¹ åôåêò ”äèñèïàöi¨ ïàðàáîëi÷íîñòi”,
ìiðîþ ÿêî¨ ñëóãó¹ ñïåöiàëüíà õàðàêòåðèñòèêà ðiâíÿííÿ � éîãî âåêòîðíèé ðiä ~µ: ~1− (~p−
~h) ≤ ~µ ≤ ~1. Òóò i íàäàëi, çàïèñ ~α0~β, äå 0 � äåÿêå âiäíîøåííÿ, îçíà÷àòèìå, ùî öå
âiäíîøåííÿ âèêîíó¹òüñÿ äëÿ âñiõ âiäïîâiäíèõ êîîðäèíàò âåêòîðiâ ~α i ~β. Ïàðàáîëi÷íi
ðiâíÿííÿ, â ÿêèõ ~p = ~h, öå, çîêðåìà, âñi ~2b-ïàðàáîëi÷íi ðiâíÿííÿ, ìàþòü ðiä ~µ = ~1.
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À äëÿ ðiâíÿíü ç ~p 6= ~h, âçàãàëi êàæó÷è, ðiä ~µ < ~1. I ÷èì áiëüøå ïîêàçíèê ïàðàáîëi-
÷íîñòi ~h âiäõèëÿ¹òüñÿ âiä ïîðÿäêó ðiâíÿííÿ ~p, òèì áiëüøå éîãî ðiä ~µ, çìåíøóþ÷èñü,
âiääàëÿ¹òüñÿ âiä ~1. Ðiâíÿííÿ ç òàêîþ äèñèïàöi¹þ ïàðàáîëi÷íî íåñòiéêi äî çìiíè ñâî¨õ
êîåôiöi¹íòiâ, íàâiòü òèõ, ÿêi çíàõîäÿòüñÿ ïðè ìîëîäøèõ ïîõiäíèõ [3], ùî ïðèçâîäèòü äî
ïåâíèõ òðóäíîùiâ ïðè ïîáóäîâi äëÿ íèõ êëàñè÷íî¨ òåîði¨ çàäà÷i Êîøi.

Òåîðiÿ çàäà÷i Êîøi äëÿ ~2b-ïàðàáîëi÷íèõ ðiâíÿíü ðîçâèâàëàñü ó ïðàöÿõ [4�10].
Äîñëiäæåííÿ çàäà÷i Êîøi äëÿ îäíîðiäíèõ {−→p ,

−→
h }-ïàðàáîëi÷íèõ ðiâíÿíü ïðîâîäè-

ëîñü ó ïðàöÿõ [2, 11, 12]. Òóò äëÿ òàêèõ ðiâíÿíü ðîçðîáëåíî ìåòîäèêó äîñëiäæåííÿ
ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi (ÔÐÇÊ), óñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü
öi¹¨ çàäà÷i â ïðîñòîðàõ òèïó S ′ ðîçïîäiëiâ I.Ì. Ãåëüôàíäà i Ã.�. Øèëîâà, îïèñàíî ìà-
êñèìàëüíi êëàñè ¨õ ðîçâ'ÿçêiâ ó ðàìêàõ ïðîñòîðiâ òèïó S. Îäíàê íåîäíîðiäíi {−→p ,

−→
h }-

ïàðàáîëi÷íi ðiâíÿííÿ òà ñóìiæíi ç íèìè ïèòàííÿ íiêèì íå äîñëiäæóâàëèñü.
Äàíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ çàäà÷i Êîøi äëÿ íåîäíîðiäíèõ {−→p ,

−→
h }-ïàðà-

áîëi÷íèõ ðiâíÿíü ç óçàãàëüíåíèìè ïî÷àòêîâèìè äàíèìè òèïó ðîçïîäiëiâ Ãåëüôàíäà i
Øèëîâà çà óìîâè, ùî íåîäíîðiäíîñòi ðiâíÿíü ¹ íåïåðåðâíèìè çà ñóêóïíiñòþ çìiííèõ,
ñïàäíèìè çà ïðîñòîðîâîþ çìiííîþ òà íåîáìåæåíèìè çà ÷àñîì ç iíòåãðîâíîþ îñîáëèâi-
ñòþ ôóíêöiÿìè, ÿêi çà ïðîñòîðîâîþ çìiííîþ ìàþòü îáìåæåíèé ñòóïiíü ãëàäêîñòi.

Ñòðóêòóðà ðîáîòè òàêà. Ó ïåðøîìó ïóíêòi ñôîðìóëüîâàíà ïîñòàíîâêà çàäà÷i òà íà-
âåäåíî íåîáõiäíi âiäîìîñòi. Äðóãèé ïóíêò ïðèñâÿ÷åíèé äîñëiäæåííþ îá'¹ìíîãî ïîòåíöi-
àëà âiäïîâiäíî¨ çàäà÷i Êîøi. Äîñòàòíi óìîâè êîðåêòíî¨ ðîçâ'ÿçíîñòi íåîäíîðiäíî¨ çàäà÷i
Êîøi ç'ÿñîâóþòüñÿ â òðåòüîìó ïóíêòi. Îñòàííié ÷åòâåðòèé ïóíêò � âèñíîâêè.

1 Äîïîìiæíi âiäîìîñòi. Ïîñòàíîâêà çàäà÷i

Íåõàé Rn � äiéñíèé ïðîñòið ðîçìiðíîñòi n ≥ 1, R := R1; Zn+ � ìíîæèíà âñiõ n-
âèìiðíèõ ìóëüòèiíäåêñiâ, Z+ := Z1

+; i � óÿâíà îäèíèöÿ; (·, ·) � ñêàëÿðíèé äîáóòîê ó
ïðîñòîði Rn; ‖x‖ := (x, x)1/2 äëÿ x ∈ Rn; |x + iy| := (x2 + y2)1/2, ÿêùî {x, y} ⊂ R; zl :=

zl11 . . . z
ln
n , |z|l+ := |z1|l1 + . . .+ |zn|ln , ÿêùî z := (z1; . . . ; zn) ∈ Rn, l := (l1; . . . ; ln) ∈ Zn+; S �

ïðîñòið Ë.Øâàðöà íåñêií÷åííî äèôåðåíöiéîâíèõ øâèäêîñïàäíèõ ôóíêöié, âèçíà÷åíèõ
íà Rn, a S ′ � âiäïîâiäíèé òîïîëîãi÷íî ñïðÿæåíèé ç S ïðîñòið [13].

Êëàñ óñiõ íåïåðåðâíî äèôåðåíöiéîâíèõ íà Rn äî ïîðÿäêó r ∈ Zn+ âêëþ÷íî ôóíêöié,
ïîçíà÷èìî çàïèñîì Cr(Rn). I íåõàé Cr

l (Rn), l ∈ Zn+, � ñóêóïíiñòü óñiõ åëåìåíòiâ Cr(Rn)

òàêèõ, ùî

∀k ∈ Zn+, k ≤ r,∃ck > 0∀x ∈ Rn : |∂kxϕ(x)| ≤ ck(1 + ‖x‖)−|l+k|+ .

Äëÿ ~α > ~0 i ~β > ~0 ïîêëàäåìî:

S~α = {ϕ ∈ C∞(Rn)| ∃A > 0∀k ∈ Zn+∃ck > 0∀q ∈ Zn+∀x ∈ Rn : |xq∂kxϕ(x)| ≤ ckA
|q|+q~αq};

S
~β = {ϕ ∈ C∞(Rn)| ∃B > 0∀q ∈ Zn+∃cq > 0∀k ∈ Zn+∀x ∈ Rn : |xq∂kxϕ(x)| ≤ cqB

|k|+k
~βk}.

Ç âiäïîâiäíèìè òîïîëîãiÿìè ñóêóïíîñòi S~α i S~β � çëi÷åííî-íîðìîâàíi ïîâíi äîñêîíàëi
ïðîñòîðè, ÿêi ðàçîì iç S

~β
~α := S~α∩S

~β íàçèâàþòü ïðîñòîðàìè òèïó S Ãåëüôàíäà i Øèëîâà
[11,13].
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Ïðîñòið S
~β
~α íåòðèâiàëüíèé ïðè ~α + ~β ≥ ~1 i ñêëàäà¹òüñÿ ëèøå ç òèõ ôóíêöié ϕ ∈

C∞(Rn), ùî çàäîâîëüíÿþòü íåðiâíiñòü

|∂kxϕ(x)| ≤ cB|k|+k
~βke−δ|x|

~1/~α
+ , k ∈ Zn+, x ∈ Rn,

ç äîäàòíèìè ñòàëèìè c, B i δ, çàëåæíèìè òiëüêè âiä ôóíêöi¨ ϕ [11,13]. Ó ïðîñòîðàõ òèïó
S âèçíà÷åíi òà íåïåðåðâíi îïåðàöi¨ äîäàâàííÿ, ìíîæåííÿ òà çãîðòêè, à òàêîæ, îïåðàòîð
F ïåðåòâîðåííÿ Ôóð'¹, ïðè÷îìó âèêîíóþòüñÿ íàñòóïíi òîïîëîãi÷íi ðiâíîñòi: F [S~α] = S~α,

F [S
~β] = S~β, F [S

~β
~α] = S~α~β .

Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè

∂tu(t;x) = A(t; i∂x)u(t;x) + f(t;x), (t;x) ∈ Π(0;T ] := (0;T ]× Rn, (1)

â ÿêîìó
A(t; i∂x) =

∑
|k/~p|+≤1

ak(t)i
|k|+∂kx

� äèôåðåíöiàëüíèé âèðàç ïîðÿäêó ~p = (p1; . . . ; pn) > ~1 ç êîìïëåêñíî çíà÷íèìè íåïåðåðâ-
íèìè êîåôiöi¹íòàìè ak(·), ÿêèé íà ìíîæèíi Π[0;T ] ¹ ðiâíîìiðíî ïàðàáîëi÷íèì ç âåêòîð-
íèì ïîêàçíèêîì ïàðàáîëi÷íîñòi ~h, ~0 < ~h ≤ ~p, òîáòî òàêèì, ùî

∃δ1 > 0∃δ2 ≥ 0 ∀(t; ξ) ⊂ Π[0;T ] : ReA(t; ξ) ≤ −δ1|ξ|
~h
+ + δ2.

Òàêîæ ââàæàòèìåìî, ùî âåêòîðíèé ðiä ~µ ðiâíÿííÿ (1) ¹ äîäàòíèì [11,14]: ~0 < ~µ ≤ ~1.
Ïîçíà÷åìî ÷åðåç Φ′ òîïîëîãi÷íî ñïðÿæåíèé ïðîñòið ç ïðîñòîðîì Φ ∈ {S~α0 ;S~α0

~β0
}, äå

~α0 = ~1/~h, a ~β0 ≥ ~β∗ = ~1− ~µ/~p, i çàäàìî äëÿ ðiâíÿííÿ (1) ïî÷àòêîâó óìîâó

u(t; ·) −→
t→+0

g, g ∈ Φ′. (2)

Îçíà÷åííÿ. Ðîçâ'ÿçêîì çàäà÷i Êîøi (1), (2) íà ìíîæèíi Π[0;T ] íàçèâà¹òüñÿ ôóíêöiÿ u,

ÿêà íà Π(0;T ] çàäîâîëüíÿ¹ ðiâíÿííÿ (1) ó çâè÷àéíîìó ðîçóìiííi, à ïî÷àòêîâó óìîâó (2)
� ó ñåíñi çáiæíîñòi â ïðîñòîði Φ′.

ÔÐÇÊ äëÿ ðiâíÿííÿ (1) ¹ ôóíêöiÿ

G(t, τ ; ·) = F−1[θtτ (ξ)](t, τ ; ·), 0 ≤ τ < t ≤ T,

äå θtτ (ξ) = exp{
t∫
τ

A(ς; ξ)dς}.

Ç ðåçóëüòàòiâ, îäåðæàíèõ ó [11] âèïëèâà¹, ùî ïðè êîæíèõ ôiêñîâàíèõ t ∈ (τ ;T ] i
τ ∈ [0;T ) ôóíêöiÿ G(t, τ ; ·) íàëåæèòü äî ïðîñòîðó S~α0

~β∗
ó âèïàäêó, êîëè ~0 < ~µ ≤ ~1, ïðè

öüîìó ïðàâèëüíi òàêi îöiíêè:

|∂kxG(t, τ ;x)| ≤ c

n∏
j=1

(t− τ)
−

1+kj
hj Bkjk

kj
hj

j


e
−δ
(

|xj |

(t−τ)µj/pj

) pj
pj−µj

, ~0 < ~µ ≤ ~1,

e
−δ
(

|xj |

(t−τ)µj/hj

) hj
hj−µj

, ~µ ≤ 0,

(3)

ç äîäàòíèìè ñòàëèìè c, B i δ.
Êîðåêòíó ðîçâ`ÿçíiñòü çàäà÷i Êîøi (1), (2) ïðè f = 0 õàðàêòåðèçó¹ íàñòóïíå òâåð-

äæåííÿ [11].
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Òåîðåìà 1. Çàäà÷à Êîøi (1), (2) ïðè f = 0 íà ìíîæèíi Π[0;T ] ìà¹ ¹äèíèé ðîçâ'ÿçîê

u(t;x). Öåé ðîçâ'ÿçîê ¹ äèôåðåíöiéîâíîþ çà çìiííîþ t òà íåñêií÷åííî äèôåðåíöiéîâíîþ

çà çìiííîþ x ôóíêöi¹þ, ÿêèé íåïåðåðâíî çàëåæèòü âiä ïî÷àòêîâèõ äàíèõ, ïðè öüîìó

ñïðàâäæó¹òüñÿ ðiâíiñòü

u(t;x) =< g(ξ), G(t, 0;x− ξ) >, (t;x) ∈ Π(0;T ],

â ÿêié êóòîâi äóæêè <,> ïîçíà÷àþòü äiþ óçàãàëüíåíî¨ ôóíêöi¨ íà îñíîâíó.

Íàäàëi ðîçâ'ÿçîê çàäà÷i Êîøi (1), (2) ïðè f = 0 áóäåìî ïîçíà÷àòè u0.
Çâàæàþ÷è íà ëiíiéíiñòü ðiâíÿííÿ (1), ðîçâ'ÿçîê çàäà÷i (1), (2) äîöiëüíî øóêàòè ó

âèãëÿäi ñóìè u = u0 + u1, äå u1 � ðîçâ'ÿçîê ðiâíÿííÿ (1), ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâó
óìîâó (2) ïðè g = 0, òîáòî:

u1(t; ·) −→
t→+0

0. (4)

Íàøå çàâäàííÿ ïîëÿãà¹ ó ç'ÿñóâàííi óìîâ íà ôóíêöiþ f , çà ÿêèõ îá'¹ìíèé ïîòåíöiàë

u1(t;x) =

t∫
0

dτ

∫
Rn

G(t, τ ;x− ξ)f(τ ; ξ)dξ

áóäå ðîçâ'ÿçêîì çàäà÷i Êîøi (1), (4).

2 Îá'¹ìíèé ïîòåíöiàë çàäà÷i Êîøi

Ãîâîðèòèìåìî, ùî äëÿ ôóíêöi¨ f âèêîíó¹òüñÿ óìîâà (À), ÿêùî öÿ ôóíêöiÿ íåïå-
ðåðâíà íà Π(0;T ] çà ñóêóïíiñòþ çìiííèõ i f(t; ·) ∈ Cr

l (Rn), t ∈ (0;T ], ïðè öüîìó, äëÿ ¨¨
ïîõiäíèõ âèêîíó¹òüñÿ îöiíêà

|∂kxf(t;x)| ≤ ck
tα(1 + ‖x‖)|l+k|+

, k ≤ r, (t;x) ∈ Π(0;T ], (5)

ç äåÿêèì α ∈ [0; 1) òà äîäàòíîþ âåëè÷èíîþ ck, íåçàëåæíîþ âiä çìiííèõ t òà x.

Òåîðåìà 2. Íåõàé äëÿ ôóíêöi¨ f âèêîíó¹òüñÿ óìîâà (A) ïðè l = 0, à ïîðÿäîê ~p, ïîêà-

çíèê ïàðàáîëi÷íîñòi ~h i ðiä ~µ äèôåðåíöiàëüíîãî ðiâíÿííÿ (1) òàêi, ùî∣∣∣~1
~h
− ~µ

~p

∣∣∣
+
< 1, (6)

òîäi ïðè êîæíîìó ôiêñîâàíîìó t ∈ (0;T ] íà ìíîæèíi Rn âiäïîâiäíèé ïîòåíöiàë u1(t; ·)
¹ äèôåðåíöiéîâíîþ ôóíêöi¹þ äî ïîðÿäêó r âêëþ÷íî, äëÿ ïîõiäíèõ ÿêîãî ïðàâèëüíà

ôîðìóëà

∂kxu1(t;x) =

t∫
0

dτ

∫
Rn

G(t, τ ; ξ)∂kxf(τ ;x− ξ)dξ, (t;x) ∈ Π(0;T ]. (7)

Äëÿ ïîòåíöiàëó u1(t; ·) iñíóâàòèìå ïîõiäíà âèùîãî ïîðÿäêó k > r ó âèïàäêó, êîëè∣∣∣~1 + k − r
~h

− ~µ

~p

∣∣∣
+
< 1, (8)
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ïðè öüîìó, ñïðàâäæó¹òüñÿ ðiâíiñòü

∂kxu1(t;x) =

t∫
0

dτ

∫
Rn

∂k−rx G(t, τ ;x− ξ)∂rξf(τ ; ξ)dξ, (t;x) ∈ Π(0;T ]. (9)

Äîâåäåííÿ. Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êîëè k < r. Ôîðìàëüíèì äèôåðåíöiþâàííÿ
ïiä çíàêîì iíòåãðàëà ó çîáðàæåííi

u1(t;x) =

t∫
0

dτ

∫
Rn

G(t, τ ; ξ)f(τ ;x− ξ)dξ, (t;x) ∈ Π(0;T ],

îäåðæó¹ìî ôîðìóëó (7).
Äëÿ îáãðóíòóâàííÿ ïðàâèëüíîñòi öi¹¨ ôîðìóëè, äîñèòü äîâåñòè ðiâíîìiðíó çáiæíiñòü

ñòîñîâíî çìiííî¨ x íà ìíîæèíi Rn iíòåãðàëà

Ik(t;x) =

t∫
0

dτ

∫
Rn

|G(t, τ ; ξ)||∂kxf(τ ;x− ξ)|dξ.

Ïðîòå öÿ çáiæíiñòü ñòà¹ î÷åâèäíîþ, ÿêùî çâàæèòè íà îöiíêó (3), óìîâè (À) òà (6),
çãiäíî ç ÿêèìè äëÿ âñiõ (t;x) ∈ Π(0;T ] âèêîíó¹òüñÿ íåðiâíiñòü

Ik(t;x) ≤ ĉk

t∫
0

(
τ−α(t− τ)

−
∣∣~1
~h

∣∣
+

n∏
j=1

∫
R

e
−δ
(

|ξj |

(t−τ)µj/pj

) pj
pj−µj

dξj

)
dτ =

= ĉk

t∫
0

τ−α(t− τ)
−
∣∣~1
~h
− ~µ
~p

∣∣
+dτ

n∏
j=1

∫
R

e−δ|ζj |
pj

pj−µj
dζj ≡ ĉkEB

(
1−α, 1−

∣∣~1
~h
− ~µ
~p

∣∣
+

)
t
1−α−

∣∣~1
~h
− ~µ
~p

∣∣
+ ,

äå B(·, ·) � áåòà-ôóíêöiÿ,

E :=
n∏
j=1

∫
R

e−δ|ζj |
pj

pj−µj
dζj,

à äîäàòíà âåëè÷èíà ĉk çàëåæèòü ëèøå âiä k.
Íåõàé òåïåð k > r. Ó öüîìó âèïàäêó ñêîðèñòà¹ìîñü ðiâíiñòþ

∂kxG(t, τ ;x− ξ) = (−1)|r|+∂rξ∂
k−r
x G(t, τ ;x− ξ),

çãiäíî ç ÿêîþ, iíòåãðóâàííÿì ÷àñòèíàìè ïðèõîäèìî äî ôîðìàëüíîãî çàïèñó ôîðìóëè
(9). Äàëi, ÿê ó ïîïåðåäíüîìó âèïàäêó, îáãðóíòîâó¹ìî ïðàâîìiðíiñòü çäiéñíåíèõ ïåðå-
òâîðåíü.

Òåîðåìà äîâåäåíà.

Íàñëiäîê 1. Íåõàé ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâó (A) ïðè l = 0 i r ≥ ~p, à òàêîæ

âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (6), òîäi

A(t; i∂x)u1(t;x) =
∑

|k/~p|+≤1

ak(t)i
|k|+

t∫
0

dτ

∫
Rn

G(t, τ ; ξ)∂kxf(τ ;x− ξ)dξ, (t;x) ∈ Π(0;T ].
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ßêùî æ ~p > r, òî çà óìîâè âèêîíàííÿ ñïiââiäíîøåííÿ

∣∣∣~1 + ~p− r
~h

− ~µ

~p

∣∣∣
+
< 1, (10)

ïðàâèëüíîþ áóäå ðiâíiñòü

A(t; i∂x)u1(t;x) =
∑

|k/~p|+≤1 and k≤r

ak(t)i
|k|+

t∫
0

dτ

∫
Rn

G(t, τ ; ξ)∂kxf(τ ;x− ξ)dξ+

+
∑

|k/~p|+≤1 and r<k

ak(t)i
|k|+

t∫
0

dτ

∫
Rn

∂k−rx G(t, τ ;x− ξ)∂rξf(τ ; ξ)dξ, (t;x) ∈ Π(0;T ].

Íàäàëi íàì çíàäîáèòüñÿ òàêå äîïîìiæíå òâåðäæåííÿ.

Ëåìà 1. Íåõàé ϕ(·) ∈ Cr
l (Rn), òîäi ïðè |l|+ > n i |r|+ > n âèêîíó¹òüñÿ êîæíå ç íàñòóïíèõ

ãðàíè÷íèõ ñïiââiäíîøåíü:

(
G ∗ ϕ

)
(t, τ ;x)

x∈K
⇒

t→τ+0
ϕ(x);

(
G ∗ ϕ

)
(t, τ ;x)

x∈K
⇒

τ→t−0
ϕ(x) (11)

(òóò éäåòüñÿ ïðî ðiâíîìiðíó çáiæíiñòü íà êîæíié êîìïàêòíié ìíîæèíi K ⊂ Rn).

Îöiíêè (3) ÔÐÇÊ G äîçâîëÿþòü äîâåäåííÿ Ëåìè 1 ïðîâåñòè çà ñõåìîþ äîâåäåííÿ
àíàëîãi÷íî¨ Ëåìè 2 ç [15].

Äèôåðåíöiéîâíiñòü ôóíêöi¨ u1 çà çìiííîþ t õàðàêòåðèçó¹ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé äëÿ ôóíêöi¨ f âèêîíó¹òüñÿ óìîâà (A) ïðè |l|+ > n òà |r|+ > n, òîäi

âiäïîâiäíèé ïîòåíöiàë u1 íà ìíîæèíi Π(0;T ] ¹ äèôåðåíöiéîâíîþ ôóíêöi¹þ çà çìiííîþ t

çà óìîâè, ùî:

1) r ≥ ~p i âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (6), ïðè öüîìó ïðàâèëüíîþ áóäå ðiâíiñòü

∂tu1(t;x) = f(t;x) +
∑

|k/~p|+≤1

ak(t)i
|k|+

t∫
0

dτ

∫
Rn

G(t, τ ; ξ)∂kxf(τ ;x− ξ)dξ; (12)

2) ~p > r i âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (10), ïðè öüîìó ïðàâèëüíîþ áóäå ðiâíiñòü

∂tu1(t;x) = f(t;x) +
∑

|k/~p|+≤1 and k≤r

ak(t)i
|k|+

t∫
0

dτ

∫
Rn

G(t, τ ; ξ)∂kxf(τ ;x− ξ)dξ+

+
∑

|k/~p|+≤1 and r<k

ak(t)i
|k|+

t∫
0

dτ

∫
Rn

∂k−rx G(t, τ ;x− ξ)∂rξf(τ ; ξ)dξ. (13)



150 Ëiòîâ÷åíêî Â.A. Ãîðáàòåíêî Ì.Þ.

Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíî t ∈ (0;T ] i ðîçãëÿíåìî äîïîìiæíó ôóíêöiþ

uε1(t;x) =

t−ε∫
0

dτ

∫
Rn

G(t, τ ;x− ξ)f(τ ; ξ)dξ, x ∈ Rn, 0 < ε < t/2.

Î÷åâèäíî, ùî

∂tu
ε
1(t;x) =

∫
Rn

G(t, t− ε;x− ξ)f(t− ε; ξ)dξ +

t−ε∫
0

dτ

∫
Rn

∂tG(t, τ ;x− ξ)f(τ ; ξ)dξ.

Çíàéäåìî òåïåð ãðàíèöþ lim
ε→+0

∂tu
ε
1(t;x). Óðàõóâàâøè âëàñòèâîñòi ôóíêöi¨ f , áåçïî-

ñåðåäíüî ç òâåðäæåííÿ Ëåìè 1 îäåðæó¹ìî, ùî∫
Rn

G(t, t− ε;x− ξ)f(t− ε; ξ)dξ →
ε→+0

f(t;x).

Îñêiëüêè G ðîçâ'ÿçîê ðiâíÿííÿ (1) ïðè f = 0, òî

t−ε∫
0

dτ

∫
Rn

∂tG(t, τ ;x− ξ)f(τ ; ξ)dξ =
∑

|k/~p|+≤1

ak(t)i
|k|+

t−ε∫
0

dτ

∫
Rn

∂kx−ξG(t, τ ;x− ξ)f(τ ; ξ)dξ.

Íåõàé r > ~p i âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (6). Çäiéñíèâøè â îñòàííüîìó iíòåãðàëi
ïðàâî¨ ÷àñòèíè ïîïåðåäíüî¨ ðiâíîñòi çàìiíó çìiííî¨ iíòåãðóâàííÿ çà ïðàâèëîì y = x− ξ
òà çiíòåãðóâàâøè ÷àñòèíàìè k ðàçiâ, ïðèéäåìî äî òàêî¨ ðiâíîñòi:

t−ε∫
0

dτ

∫
Rn

∂kx−ξG(t, τ ;x− ξ)f(τ ; ξ)dξ =

t−ε∫
0

dτ

∫
Rn

G(t, τ ; y)∂kx−yf(τ ;x− y)dy.

Äàëi, ñêîðèñòàâøèñü îöiíêîþ (3) äëÿ ôóíêöi¨ G òà âðàõóâàâøè âèêîíàííÿ óìîâè
(À) äëÿ f , çíàéäåìî:

∣∣∣ t∫
t−ε

dτ

∫
Rn

G(t, τ ; y)∂kx−yf(τ ;x− y)dy
∣∣∣ ≤

≤ ĉk

t∫
t−ε

(
τ−α(t− τ)

−
∣∣~1
~h

∣∣
+

n∏
j=1

∫
R

e
−δ
(

|ξj |

(t−τ)µj/pj

) pj
pj−µj

dξj

)
dτ =

= ĉkE

t∫
t−ε

τ−α(t− τ)
−
∣∣~1
~h
− ~µ
~p

∣∣
+dτ ≤ ĉkE

(2

t

)α t∫
t−ε

(t− τ)
−
∣∣~1
~h
− ~µ
~p

∣∣
+dτ = bk,tε

1−
∣∣~1
~h
− ~µ
~p

∣∣
+

(òóò âåëè÷èíà bk,t íå çàëåæèòü âiä ε).
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Îäåðæàíà îöiíêà â öüîìó âèïàäêó çàáåçïå÷ó¹ ïðàâèëüíiñòü ãðàíè÷íîãî ñïiââiäíî-
øåííÿ

lim
ε→+0

t−ε∫
0

dτ

∫
Rn

∂kx−ξG(t, τ ;x− ξ)f(τ ; ξ)dξ =

t∫
0

dτ

∫
Rn

G(t, τ ; y)∂kx−yf(τ ;x− y)dy,

à âiäòàê, âèêîíàííÿ ðiâíîñòi (15).

Âèïàäîê ~p > r ðàçîì ç âèêîíàííÿì ñïiââiäíîøåííÿ (10) ðåàëiçó¹òüñÿ àíàëîãi÷íî.

Òåîðåìà äîâåäåíà.

Äàëi, ç'ÿñó¹ìî ïèòàííÿ ïðî iñíóâàííÿ ãðàíè÷íîãî çíà÷åííÿ ïîòåíöiàëó u1 íà ïî÷à-
òêîâié ãiïåðïëîùèíi t = 0.

ßêùî ïðèïóñòèòè âèêîíàííÿ óìîâè

α +
∣∣∣~1
~h
− ~µ

~p

∣∣∣
+
< 1, (14)

à òàêîæ òå, ùî ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâó (A) ïðè l = 0, òî çãiäíî ç îöiíêîþ (3), äëÿ
âñiõ (t;x) ∈ Π(0;T ] ìà¹ìî:

|u1(t;x)| ≤
t∫

0

dτ

∫
Rn

∣∣G(t, τ ;x− ξ)
∣∣|f(τ ; ξ)|dξ ≤

≤ c

t∫
0

(
τ−α(t− τ)

−
∣∣~1
~h

∣∣
+

n∏
j=1

∫
R

e
−δ
(

|ξj |

(t−τ)µj/pj

) pj
pj−µj

dξj

)
dτ =

= cE

t∫
0

τ−α(t− τ)
−
∣∣~1
~h
− ~µ
~p

∣∣
+dτ = bt

1−α−
∣∣~1
~h
− ~µ
~p

∣∣
+ .

Çâiäñè îäåðæó¹ìî âèêîíàííÿ ãðàíè÷íîãî ñïiââiäíîøåííÿ (4), ïðè öüîìó ïðÿìóâàííÿ u1
äî íóëÿ âiäáóâà¹òüñÿ ðiâíîìiðíî ñòîñîâíî çìiííî¨ x íà Rn.

Îòæå, ïðàâèëüíå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 4. Íåõàé äëÿ ôóíêöi¨ f âèêîíóþòüñÿ óìîâà (A) ïðè l = 0 i íåðiâíiñòü (14),
òîäi äëÿ âiäïîâiäíîãî ïîòåíöiàëó u1(t; ·) � ïðàâèëüíå ñïiââiäíîøåííÿ

u1(t;x)
x∈Rn
⇒
t→+0

0.

Ó íàñòóïíîìó ïóíêòi äîñëiäæó¹òüñÿ çàäà÷à Êîøi äëÿ íåîäíîðiäíîãî ðiâíÿííÿ (1).
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3 Çàäà÷à Êîøi

Îäåðæàíi ðàíiøå âiäîìîñòi ïðî îá'¹ìíèé ïîòåíöiàë u1 äîçâîëÿþòü íàì çðîáèòè ïåâíi
âèñíîâêè ïðî êîðåêòíó ðîçâ'ÿçíiñòü íåîäíîðiäíî¨ çàäà÷i Êîøi äëÿ {~p,~h}-ïàðàáîëi÷íèõ
ðiâíÿíü.

Òåîðåìà 5. Íåõàé g ∈ Φ′, à ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâó (A) ïðè |l|+ > n òà |r|+ > n,

òîäi âiäïîâiäíà çàäà÷à Êîøi (1), (2) íà ìíîæèíi Π(0;T ] áóäå êîðåêòíî ðîçâ'ÿçíîþ òà ¨¨

ðîçâ'ÿçîê çîáðàæóâàòèìåòüñÿ ôîðìóëîþ

u(t;x) =< g(ξ), G(t, 0;x− ξ) > +

t∫
0

dτ

∫
Rn

G(t, τ ;x− ξ)f(τ ; ξ)dξ, (t;x) ∈ Π(0;T ], (15)

çà óìîâè, ùî âèêîíó¹òüñÿ íåðiâíiñòü (14) ïðè r ≥ ~p àáî, íåðiâíiñòü

α +
∣∣∣~1 + ~p− r

~h
− ~µ

~p

∣∣∣
+
< 1

ïðè ~p > r. Ïðè öüîìó, ðîçâ'ÿçîê u áóäå îäèí ðàç äèôåðåíöiéîâíèé çà çìiííîþ t, à çà

çìiííîþ x - äî ïîðÿäêó max{r, ~p} âêëþ÷íî.

Äîâåäåííÿ. Çàïèøåìî ðiâíiñòü (15) ó êîìïàêòíié ôîðìi: u = u0 + u1. Ç òâåðäæåíü
Òåîðåì 1�3, âèïëèâà¹ çàçíà÷åíà ó Òåîðåìi 5 ãëàäêiñòü ôóíêöi¨ u.

Áåçïîñåðåäíüî ç Íàñëiäêó 1 i òâåðäæåíü Òåîðåì 3, 4, îäåðæó¹ìî, ùî u1 � ðîçâ'ÿçîê
çàäà÷i Êîøi (1), (3).

Îòæå, u � êëàñè÷íèé ðîçâ'ÿçîê çàäà÷i Êîøi (1), (2) íà ìíîæèíi Π(0;T ].
Îáãðóíòó¹ìî ¹äèíiñòü ðîçâ'ÿçêó öi¹¨ çàäà÷i. Ïðèïóñòèìî, ùî iñíóþòü äâà ðîçâ'ÿçêè

û i ǔ çàäà÷i Êîøi (1), (2). �õ ðiçíèöÿ u = û− ǔ áóäå ðîçâ'ÿçêîì îäíîðiäíî¨ çàäà÷i:

∂tu(t;x) = A(t; i∂x)u(t;x); u(t; ·)|t=0 = 0.

Îäíàê, çãiäíî ç Òåîðåìîþ 1, öÿ çàäà÷à ìà¹ ëèøå íóëüîâèé ðîçâ'ÿçîê: u = 0. Òîäi û =

ǔ i çàäà÷à Êîøi (1), (2) íà ìíîæèíi Π(0;T ] ìà¹ ¹äèíèé ðîçâ'ÿçîê (15). Öåé ðîçâ'ÿçîê
íåïåðåðâíî çàëåæèòü âiä ïî÷àòêîâèõ äàíèõ, îñêiëüêè òàêèì ¹ ðîçâ'ÿçîê u0 çàäà÷i Êîøi
(1), (2) ïðè f = 0.

Òåîðåìà äîâåäåíà.

ßê óæå çàçíà÷àëîñÿ, ïî÷àòêîâà óìîâà (2) ðîçóìi¹òüñÿ â ñåíñi ñëàáêî¨ çáiæíîñòi â ïðî-
ñòîði Φ′ òîìó, ùî ïî÷àòêîâà ôóíêöiÿ g � ôóíêöiîíàë ç Φ′. Ïðîòå, ÿêùî öåé ôóíêöiîíàë
ìà¹ "õîðîøi" âëàñòèâîñòi, òî ìîæå ñïîñòåðiãàòèñÿ åôåêò ïîñèëåííÿ çáiæíîñòi â óìîâi
(2). Çîêðåìà, ÿêùî g ¹ ðåãóëÿðíîþ óçàãàëüíåíîþ ôóíêöi¹þ, ïîðîäæåíîþ çâè÷àéíîþ
ôóíêöi¹þ g(·) iç êëàñó Cr

l (Rn), òî

u0(t;x) =

∫
Rn

G(t, 0;x− ξ)g(ξ)dξ, (t;x) ∈ Π(0;T ],
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i çà óìîâè, ùî |l|+ > n i |r|+ > n, ïî÷àòêîâó óìîâó (2) ìîæíà ðîçãëÿäàòè âæå ÿê
ðiâíîìiðíó çáiæíiñòü ñòîñîâíî ïðîñòîðîâî¨ çìiííî¨ x íà êîæíié êîìïàêòíié ìíîæèíi
K ⊂ Rn:

u(t;x)
x∈K
⇒
t→+0

g(x).

Öåé ôàêò ñòà¹ î÷åâèäíèì, ÿêùî çâàæèòè íà òâåðäæåííÿ Ëåìè 1, Òåîðåìè 4 i íà òå,
ùî u = u0 + u1.

Çàóâàæåííÿ. Îäåðæàíi òóò ðåçóëüòàòè ãàðìîíi÷íî äîïîâíþþòü i ðîçøèðþþòü ðåçóëü-

òàòè äîñëiäæåíü, ïðîâåäåíèõ ó [10,15].

4 Âèñíîâêè

Çíàéäåíî äîñòàòíi óìîâè íà íåîäíîðiäíîñòi {~p,~h}-ïàðàáîëi÷íèõ ðiâíÿíü çi çìiííèìè
êîåôiöi¹íòàìè, çà ÿêèõ çàäà÷à Êîøi äëÿ òàêèõ ðiâíÿíü ó êëàñi óçàãàëüíåíèõ ïî÷àòêî-
âèõ äàíèõ òèïó ðîçïîäiëiâ Ãåëüôàíäà i Øèëîâà ìà¹ ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê, ÿêèé
íåïåðåðâíî çàëåæèòü âiä ïî÷àòêîâèõ äàíèõ.
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Litovchenko V.À. Gorbatenko M.Y. Inhomogeneous di�erential equations of vector order with

dissipative parabolicity and positive genus, Bukovinian Math. Journal. 10, 2 (2022), 144�155.

Parabolicity in the sense of both Petrosky and Shilov has a scalar character. It is not able

to take into account the speci�city of the heterogeneity of the environment. In this regard,

in the early 70-s, S.D. Eidelman proposed the so-called ~2b-parabolicity, which is a natural

generalization of the Petrovsky parabolicity for the case of an anisotropic medium. A detailed

study of the Cauchy problem for equations with such parabolicity was carried out in the works

of S.D. Eidelman, S.D. Ivasishena, M.I. Matiichuk and their students.

An extension of parabolicity according to Shilov for the case of anisotropic media is {~p,~h}-
parabolicity. The class of equations with such parabolicity is quite broad, it includes the classes

of Eidelman, Petrovskii, and Shilov and allows unifying the classical theory of the Cauchy

problem for parabolic equations.

In this work, for inhomogeneous {~p,~h}-parabolic equations with vector positive genus, the

conditions under which the Cauchy problem in the class of generalized initial functions of the

type of Gelfand and Shilov distributions will be correctly solvable are investigated. At the same

time, the inhomogeneities of the equations are continuous functions of �nite smoothness with

respect to the set of variables, which decrease with respect to the spatial variable, and are

unbounded with the integrable feature with respect to the time variable.
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Ëîïóøàíñüêà Ã.Ï.

Îáåðíåíà çàäà÷à ç íåâiäîìîþ ïðàâîþ ÷àñòèíîþ ó ïiâëiíiéíîìó

äèôóçiéíî-õâèëüîâîìó ðiâíÿííi ç äðîáîâîþ ïîõiäíîþ ïðè iíòåãðàëüíié çà

÷àñîì óìîâi

Âèâ÷à¹ìî îáåðíåíó êðàéîâó çàäà÷ó âèçíà÷åííÿ çàëåæíî¨ âiä ïðîñòîðîâèõ çìiííèõ êîì-

ïîíåíòè ïðàâî¨ ÷àñòèíè ïiâëiíiéíîãî äèôóçiéíî-õâèëüîâîãî ðiâíÿííÿ ç äðîáîâîþ ïîõiäíîþ

çà ÷àñîì. Çíàõîäèìî äîñòàòíi óìîâè ëîêàëüíî¨ çà ÷àñîì ¹äèíîñòi ðîçâ'ÿçêó ïðè iíòåãðàëü-

íié çà ÷àñîì äîäàòêîâié óìîâi

1

T

∫ T

0

u(x, t)η1(t)dt = Φ1(x), x ∈ Ω ⊂ Rn,

äå u � íåâiäîìèé ðîçâ'ÿçîê ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ òàêîãî ðiâíÿííÿ, η1 i Φ1 � çàäàíi

ôóíêöi¨. Âèêîðèñòîâó¹ìî ìåòîä ôóíêöi¨ Ãðiíà.

Êëþ÷îâi ñëîâà i ôðàçè: ïiâëiíiéíå ðiâíÿííÿ äèôóçi¨, ïîõiäíà äðîáîâîãî ïîðÿäêó, îáåð-

íåíà çàäà÷à, iíòåãðàëüíà çà ÷àñîì óìîâà.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ, Óêðà¨íà

e-mail: lhp@ukr.net

Âñòóï

Îáåðíåíi çàäà÷i äëÿ ðiâíÿíü iç äðîáîâèìè ïîõiäíèìè âèíèêàþòü ó ðiçíèõ ãàëóçÿõ íà-

óêè i òåõíiêè. Íàéáiëüøå ðîáiò ïî îáåðíåíèõ çàäà÷àõ äëÿ ðiâíÿíü iç äðîáîâèìè ïîõiäíè-

ìè çà ÷àñîì, ÿê i äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè öiëèõ ïîðÿäêiâ ïðèñâÿ÷åíî çàäà-

÷àì iç íåâiäîìèìè ïðàâèìè ÷àñòèíàìè ó ðiâíÿííÿõ (äèâ., íàïðèêëàä, [1,4,6,15,16,19�21]

i áiáëiîãðàôiþ). Âèêîðèñòîâóþòü ðiçíi äîäàòêîâi óìîâè (óìîâè ïåðåâèçíà÷åííÿ). Ó öié

ïðàöi, âèêîðèñòîâóþ÷è iíòåãðàëüíó çà ÷àñîì óìîâó ïåðåâèçíà÷åííÿ, âèâ÷à¹ìî îáåðíå-

íó çàäà÷ó çíàõîäæåííÿ çàëåæíî¨ âiä ïðîñòîðîâèõ çìiííèõ ôóíêöi¨ ó ïðàâié ÷àñòèíi

ïiâëiíiéíîãî äèôóçiéíî-õâèëüîâîãî ðiâíÿííÿ ç äðîáîâîþ ïîõiäíîþ Êàïóòî-Äæðáàøÿ-

íà-Íåðñåñÿíà (ðåãóëÿðèçîâàíîþ ïîõiäíîþ äðîáîâîãî ïîðÿäêó).

Çàóâàæèìî, ùî ç âèêîðèñòàííÿì iíòåãðàëüíî¨ çà ÷àñîì óìîâè ïåðåâèçíà÷åííÿ ó ði-

çíèõ ôóíêöiéíèõ ïðîñòîðàõ îäåðæàíi äîñòàòíi óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi äåÿêèõ

ÓÄÊ 517.95

2010 Mathematics Subject Classi�cation: 80A23,35S10.
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îáåðíåíèõ çàäà÷ äëÿ ëiíiéíîãî ðiâíÿííÿ äðîáîâî¨ äèôóçi¨: ó [8, 9] ç íåâiäîìèì, çàëåæ-

íèì âiä ÷àñó, ìíîæíèêîì ó ïðàâié ÷àñòèíi ðiâíÿííÿ, ó [3] � ç íåâiäîìèì ìîëîäøèì

êîåôiöi¹íòîì, ó [10] � ç íåâiäîìèìè ïî÷àòêîâèìè äàíèìè ðîçâ'ÿçêó.

Äîñòàòíi óìîâè ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ êðàéîâî¨ çàäà÷i äëÿ ïiâëiíiéíîãî ðiâ-

íÿííÿ äðîáîâî¨ äèôóçi¨ ç íåâiäîìèì ìíîæíèêîì, ùî çàëåæèòü âiä ÷àñó, çíàéäåíî â [11]

ïðè iíòåãðàëüíié çà ïðîñòîðîâèìè çìiííèìè óìîâi ïåðåâèçíà÷åííÿ. Òàêîæ ïðè òàêîãî

âèãëÿäó äîäàòêîâié óìîâi â [12] îäåðæàíî äîñòàòíi óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi îáåð-

íåíî¨ çàäà÷i ç íåâiäîìèì ìîëîäøèì, çàëåæíèì âiä ÷àñó, êîåôiöi¹íòîì äëÿ ïiâëiíiéíîãî

òåëåãðàôíîãî ðiâíÿííÿ.

Ó öié ïðàöi çíàõîäèìî äîñòàòíi óìîâè ¹äèíîñòi ðîçâ'ÿçêó (u, g) îáåðíåíî¨ çàäà÷i

Dα
t u−∆u = g(x)F0(x, t, u), (x, t) ∈ Ω× (0, T ] := Q, (1)

u(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ] := ∂Q, (2)

u(x, 0) = F1(x), ut(x, 0) = F2(x), x ∈ Ω̄, (3)

1

T

∫ T

0

u(x, t)η1(t)dt = Φ1(x), x ∈ Ω̄ (4)

äå Dα
t u � ðåãóëÿðèçîâàíà ïîõiäíà ïîðÿäêó α ∈ (1, 2), Ω � îáìåæåíà îáëàñòü â Rn, n ∈ N

ç ìåæåþ ∂Ω êëàñó C1+γ, γ ∈ (0, 1), F0, F1, F2, Φ1, η1 � çàäàíi ôóíêöi¨.

Âèêîðèñòîâó¹ìî ìåòîä ôóíêöi¨ Ãðiíà [2, 13,17,18,20].

1 Îñíîâíi ïîçíà÷åííÿ, îçíà÷åííÿ i äîïîìiæíi ðåçóëüòàòè

×åðåç f ∗ g ïîçíà÷à¹ìî çãîðòêó ôóíêöié f i g, âèêîðèñòîâó¹ìî ôóíêöiþ

fλ(t) =

{
θ(t)tλ−1

Γ(λ)
, λ > 0

fλ(t) = f ′1+λ(t), λ ≤ 0
,

äå Γ(t) � ãàìà-ôóíêöiÿ, θ(t) � îäèíè÷íà ôóíêöiÿ Õåâiñàéäà. Çàóâàæèìî, ùî

fλ ∗ fµ = fλ+µ,

ïîõiäíà Ðiìàíà-Ëióâiëÿ v(α)(t) ïîðÿäêó α > 0 âèçíà÷à¹òüñÿ ôîðìóëîþ

v(α)(t) = f−α(t) ∗ v(t),

ðåãóëÿðèçîâàíà ïîõiäíà äðîáîâîãî ïîðÿäêó α ïðè m− 1 < α < m, m ∈ N âèçíà÷à¹òüñÿ

ôîðìóëîþ

Dαv(t) =
1

Γ(m− α)

t∫
0

(t− τ)m−α−1v(m)(τ)dτ,

i òîäi

Dαv(t) = v(α)(t)−
m−1∑
j=0

fj+1−α(t)v(j)(0).
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Íåõàé Cm+γ(Ω) (Cm+γ(Q), Cm+γ(Q × R)) � ïðîñòið ôóíêöié iç Cm(Ω) (âiäïîâiäíî ç

Cm(Q), Cm(Q × R)), ïîõiäíi ïîðÿäêiâ m ÿêèõ çàäîâîëüíÿþòü óìîâó Ãåëüäåðà ç ïîêàç-

íèêîì γ ∈ (0, 1) (âiäïîâiäíî, çà ïðîñòîðîâèìè çìiííèìè äëÿ êîæíîãî t ∈ (0, T ]),

C2,α(Q) = {v ∈ C(Q) : ∆u, Dα
t v ∈ C(Q)}, C2,α(Q̄) = C2,α(Q) ∩ C(Q̄).

Îçíà÷åííÿ 1. Ïàðà ôóíêöié (u, g) ∈ C2,α(Q̄)×C(Ω̄), ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (1) â Q

i óìîâè (2)-(4), íàçèâà¹òüñÿ êëàñè÷íèì ðîçâ'ÿçêîì çàäà÷i (1)-(4).

Ç îçíà÷åííÿ îäåðæó¹ìî íåîáõiäíiñòü óìîâ ïîãîäæåííÿ äàíèõ çàäà÷i

Fj|∂Ω = 0, j = 1, 2, Φ1|∂Ω = 0.

Ïîçíà÷à¹ìî (Lregv)(x, t) = Dα
t v(x, t)−∆v(x, t), (x, t) ∈ Q, v ∈ C2,α(Q).

Îçíà÷åííÿ 2. Âåêòîð-ôóíêöiÿ (G0(x, t, y, τ), G1(x, t, y), G2(x, t, y)) íàçèâà¹òüñÿ âåêòîð-

ôóíêöi¹þ Ãðiíà çàäà÷i

(Lregu)(x, t) = g0(x, t), (x, t) ∈ Q, (5)

u|∂Ω×[0,T ] = 0, u(x, 0) = g1(x), ut(x, 0) = g2(x), x ∈ Ω, (6)

ÿêùî ïðè äîñòàòíüî ðåãóëÿðíèõ g0, g1, g2 ôóíêöiÿ

u(x, t) =

t∫
0

dτ

∫
Ω

G0(x, t, y, τ)g0(y, τ)dy +
2∑
j=1

∫
Ω

Gj(x, t, y)gj(y)dy, (x, t) ∈ Q (7)

¹ êëàñè÷íèì (iç C2,α(Q̄)) ðîçâ'ÿçêîì çàäà÷i (5), (6).

Âiäîìî (íàïðèêëàä [7, 13, 14, 17, 18]), ùî âåêòîð-ôóíêöiÿ Ãðiíà çàäà÷i (5)�(6) iñíó¹.

Çãiäíî ç [7],

|Dκ
xG0(x, t, y, τ)| ≤ Ct−α

n+|κ|
2

+α−1e−c(|x|t
−α2 )

2
2−α

Ψn+|κ|−2(|x|t−
α
2 ),

äå Ψk(z) =


1, k < 0

1 + |ln|z||, k = 0

|z|−k, k > 0

ïðè |z| < 1, Ψk(z) = Ψk(1) ïðè |z| > 1, i ïîäiáíi

îöiíêè ïðàâèëüíi äëÿ iíøèõ êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà.

Òóò i äàëi c0, Ci (i ∈ Z+) � äîäàòíi ñòàëi.

Òàêîæ çãiäíî ç [2, 7], ôóíêöi¨ Gj çàäîâîëüíÿþòü óìîâó Ãåëüäåðà

|G0(x+ ∆x, t+ ∆t, y, τ)−G0(x, t, y, τ)| ≤ A0(x, t, y, τ)[|∆x|+ |∆t|α/2]γ,

|Gj(x+ ∆x, t+ ∆t, y)−Gj(x, t, y, τ)| ≤ Aj(x, t, y)[|∆x|+ |∆t|α/2]γ, j = 1, 2

∀(x, t), (x+ ∆x, t+ ∆t) ∈ Q̄, (y, τ) ∈ Q̄,

äå íåâiä'¹ìíi ôóíêöi¨ Aj ìàþòü òàêîãî æ âèãëÿäó îöiíêè, ÿê Gj, j = 0, 1, 2. Ïîäiáíi

îöiíêè ïðàâèëüíi i äëÿ ïîõiäíèõ âåêòîð-ôóíêöi¨ Ãðiíà.
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Ç ðåçóëüòàòiâ [2, 7, 13] âèïëèâà¹, ùî ïðè îáìåæåíèõ g0 ∈ Cγ(Q), gj ∈ Cγ(Ω), j = 1, 2

iñíó¹ ¹äèíèé ðîçâ'ÿçîê u ∈ C2,α(Q̄) çàäà÷i (5)�(6). Âií âèçíà÷åíèé ôîðìóëîþ (7).

Ó [5] ïðè n = 2 òà n = 3 çíàéäåíî äîñòàòíi óìîâè ðîçâ'ÿçíîñòi ïåðøî¨ êðàéîâî¨ çàäà÷i

äëÿ ïiâëiíiéíîãî ðiâíÿííÿ äðîáîâî¨ äèôóçi¨ ç ïðàâîþ ÷àñòèíîþ f(u) ïðè f ∈ C1(R),

f(0) = 0 i |f ′(u)| ≤ C|u|b−1 äëÿ äåÿêèõ b > 1.

Ïåðåõîäèìî äî îáåðíåíî¨ çàäà÷i (1)�(4).

2 �äèíiñòü ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i

Òåîðåìà 1. Íåõàé α ∈ (1, 2), η1 ∈ C2[0, T ], η1(T ) = η′1(T ) = 0, F0 ∈ C1+γ(Q × R) i

îáìåæåíà,

Pv(x, T ) :=
1

T

T∫
0

F0(x, t, v)η1(t)dt 6= 0 ∀x ∈ Ω̄, T > 0, v ∈ R, (8)

|F0(x, t, v)

Pv(x, T )
| ≤ B(T ) ∀(x, t) ∈ Q, v ∈ R (9)

i B(T ) îáìåæåíà àáî ôóíêöiÿ TαB(T ) ìîíîòîííî íåñïàäíà. Òîäi ðîçâ'ÿçîê (u, g) ∈
C2,α(Q̄)× C(Ω̄) çàäà÷i (1)-(4) ¹äèíèé ïðè äåÿêîìó T > 0.

Äîâåäåííÿ. Íåõàé (u1, g1), (u2, g2) ∈ C2,α(Q̄) × C(Ω̄) � äâà ðîçâ'ÿçêè çàäà÷i (1)-(4).

Ïîçíà÷àþ÷è u = u1 − u2, g = g1 − g2, îäåðæèìî ðiâíÿííÿ

Dα
t u−∆u = g1(x)F0(x, t, u1)− g2(x)F0(x, t, u2).

Çà ëåìîþ Àäàìàðà

F0(x, t, u1)− F0(x, t, u2) = F01(x, t)u

ç âiäîìîþ, çàëåæíîþ âiä u1, u2, ôóíêöi¹þ F01 ∈ Cγ(Q) i îáìåæåíîþ.

Ïîïåðåäí¹ ðiâíÿííÿ íàáóâà¹ âèãëÿäó

Dα
t u−∆u = g2(x)F01(x, t)u+ g(x)F0(x, t, u1(x, t)), (x, t) ∈ Q. (10)

Ç óìîâ (2) i (3) îäåðæó¹ìî

u|∂Ω×[0,T ] = 0, u(x, 0) = 0, ut(x, 0) = 0 x ∈ Ω̄, (11)

à ç óìîâè (4)
T∫

0

u(x, t)η1(t)dt = 0, x ∈ Ω̄. (12)

Çàóâàæèìî, ùî çà óìîâè (12)

T∫
0

∆u(x, t)η1(t)dt = ∆

T∫
0

u(x, t)η1(t)dt = 0,
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à çà ïðèïóùåíü ùîäî η1, âðàõîâóþ÷è (11), äëÿ âñiõ x ∈ Ω̄ ìàòèìåìî

T∫
0

Dα
t u(x, t)η1(t)dt =

T∫
0

[f2−α(t) ∗ utt(x, t)]η1(t)dt =

T∫
0

( t∫
0

f2−α(t− s)uss(x, s)ds
)
η1(t)dt

=

T∫
0

uss(x, s)
( T∫
s

f2−α(t− s)η1(t)dt
)
ds =

T∫
0

uss(x, s)
( T−s∫

0

f2−α(τ)η1(τ + s)dτ
)
ds

= −
T∫

0

us(x, s)
( T−s∫

0

f2−α(τ)η′1(τ + s)dτ
)
ds = −

T∫
0

us(x, s)
( T∫
s

f2−α(t− s)η′1(t)dt
)
ds

=

T∫
0

u(x, t)(f2−α∗̂η
′′

1 )(t)dt.

Òóò ïîçíà÷åíî (f2−α∗̂η
′′
1 )(t) =

T∫
t

f2−α(s− t)η′′1 (s)ds.

Çà ïðèïóùåíü òåîðåìè, âðàõîâóþ÷è âëàñòèâîñòi ôóíêöi¨ G0 i ðåçóëüòàòè [2], îäåð-

æó¹ìî, ùî u ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (10), (11) òîäi é òiëüêè òîäi, êîëè âîíà çàäî-

âîëüíÿ¹ ó C(Q̄) iíòåãðàëüíå ðiâíÿííÿ

u(x, t) =

t∫
0

dτ

∫
Ω

G0(x, t, y, τ)
[
g2(y)F01(y, τ)u(y, τ)

+g(y)F0(y, τ, u1(y, τ))
]
dy, (x, t) ∈ Ω̄.

(13)

Çàñòîñîâóþ÷è äî îáîõ ÷àñòèí ðiâíÿííÿ (10) óìîâó ïåðåâèçíà÷åííÿ (12), îäåðæó¹ìî

T∫
0

u(x, t)(f2−α∗̂η
′′

1 )(t)dt

= g(x)

T∫
0

F0(x, t, u1(x, t))η1(t)dt+ g2(x)

T∫
0

F01(x, t)u(x, t)η1(t)dt, x ∈ Ω̄.

Çâiäñè, âðàõîâóþ÷è ïðèïóùåííÿ (8) i ïîçíà÷àþ÷è Pu1(x, T ) = P1(x, T ), çíàõîäèìî

íåâiäîìó ôóíêöiþ

g(x) =
1

TP1(x, T )

T∫
0

u(x, t)
[
f2−α(t)∗̂η′′1 (t)− g2(x)F01(x, t)η1(t)

]
dt, x ∈ Ω̄. (14)
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Ïiäñòàâëÿþ÷è çíàéäåíèé âèðàç äëÿ g(x) (÷åðåç u) â (13), îäåðæó¹ìî

u(x, t) =

t∫
0

dτ

∫
Ω

G0(x, t, y, τ)g2(y)F01(y, τ)u(y, τ)dy

+

t∫
0

dτ

∫
Ω

G0(x, t, y, τ)
F0(y, τ, u1(y, τ))

TP1(y, T )
dy

T∫
0

[
(f2−α∗̂η

′′

1 )(s)

−g2(y)F01(y, s)η1(s)
]
u(y, s)ds, (x, t) ∈ Q̄,

ùî åêâiâàëåíòíî ðiâíÿííþ

u(x, t) =

T∫
0

ds

∫
Ω

{
θ(t− s)G0(x, t, y, s)g2(y)F01(y, s)

+

t∫
0

G0(x, t, y, τ)
[
(f2−α∗̂η

′′

1 )(s)

−g2(y)F01(y, s)η1(s)
]F0(y, τ, u1(y, τ))

TP1(y, T )
dτ
}
u(y, s)dy, (x, t) ∈ Q.

Öå ëiíiéíå îäíîðiäíå iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó

u(x, t) =

T∫
0

ds

∫
Ω

K1(x, t, y, s)u(y, s)dy, (x, t) ∈ Q̄ (15)

ç ÿäðîì

K1(x, t, y, s) = θ(t− s)G0(x, t, y, s)g2(y)F01(y, s)

+

t∫
0

G0(x, t, y, τ)
[
(f2−α∗̂η

′′

1 )(s)− g2(y)F01(y, s)η1(s)
]F0(y, τ, u1(y, τ))

TP1(y, T )
dτ.

Òóò g2(y)F01(y, s) i (f2−α∗̂η
′′
1 )(s)− g2(y)F01(y, s)η1(s) � âiäîìi íåïåðåðâíi é îáìå-

æåíi â Q̄ ïåâíîþ ñòàëîþ M > 0 ôóíêöi¨.

Çíàéäåìî îöiíêó ÿäðà K1(x, t, y, s), âèêîðèñòîâóþ÷è íàâåäåíi âèùå îöiíêè ôóíêöi¨
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G0(x, t, y, τ). Ïðè n ≥ 3 ìà¹ìî

|K1(x, t, y, s)| ≤M
[
|G0(x, t, y, s)|+ B(T )

T

t∫
0

|G0(x, t, y, τ)|dτ
]
,

∫
Ω

|K1(x, t, y, s)|dy ≤MC0

{
θ(t− s)

[ ∫
y∈Ω: |y−x|2<(t−s)α

|x− y|2−n

t− s
e−c0

(
|x−y|2
(t−s)α

) 1
2−α

dy

+

∫
y∈Ω: |y−x|2>(t−s)α

(t− τ)
α(2−n)

2
−1e−c0

(
|x−y|2
(t−τ)α

) 1
2−α

dy
]

+
B(T )

T

t∫
0

[ ∫
y∈Ω: |y−x|2<(t−τ)α

|x− y|2−n

t− τ
e−c0

(
|x−y|2
(t−τ)α

) 1
2−α

dy

+

∫
y∈Ω: |y−x|2>(t−τ)α

(t− τ)
α(2−n)

2
−1e−c0

(
|x−y|2
(t−τ)α

) 1
2−α

dy
]
dτ
}

≤ C1

{
θ(t− s)

[
(t− s)α−1

1∫
0

ze−c0z
2

2−α
dz + (t− s)α−1

∞∫
1

zn−1e−c0z
2

2−α
dz
]

+
B(T )

T

t∫
0

[
(t− τ)α−1

1∫
0

ze−c0z
2

2−α
dz + (t− τ)α−1

∞∫
1

zn−1e−c0z
2

2−α
dz
]dτ
T

}
≤ C2

[
θ(t− s)(t− s)α−1 +B(T )

tα

T

]
,

T∫
0

ds

∫
Ω

|K1(x, t, y, s)|dy ≤ C3

[ t∫
0

(t− s)α−1ds+B(T )tα
]
≤ C3 max{ 1

α
,B(T )}Tα,

i ïîäiáíî ó âèïàäêó n = 1, 2.

Îòîæ, ÿäðî K1(x, t, y, s) ëiíiéíîãî îäíîðiäíîãî iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà

(15) iíòåãðîâíå, i ïðè äîñòàòíüî ìàëèõ T > 0 iñíó¹ ¹äèíèé éîãî ðîçâ'ÿçîê u(x, t) = 0,

(x, t) ∈ Q̄ ó ïðîñòîði C(Q̄). Òîäi ç (14) îäåðæó¹ìî g(t) = 0, t ∈ [0, T ].

Òàêîæ

|K1(x+ ∆x, t+ ∆t, y, τ)−K1(x, t, y, τ)| ≤M |G0(x+ ∆x, t+ ∆t, y, τ)−G0(x, t, y, τ)|

+
MB(T )

T

t∫
0

|G0(x+ ∆x, t+ ∆t, y, τ)−G0(x, t, y, τ)|dτ

≤MA0(x, t, y, τ)[|∆x|+ |∆t|α/2]γ +
MB(T )

T

t∫
0

A0(x, t, y, τ)dτ [|∆x|+ |∆t|α/2]γ

≤MA01(x, t, y, τ)[|∆x|+ |∆t|α/2]γ,
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äå A01(x, t, y, τ) = A0(x, t, y, τ) + B(T )
T

t∫
0

A0(x, t, y, τ)dτ , à òîìó ìà¹ òàêîãî æ âèãëÿäó

îöiíêè, ÿê G0(x, t, y, τ). Ïîäiáíî îäåðæó¹ìî, ùî é ïîõiäíi ÿäðà K1(x, t, y, τ) çàäîâîëüíÿ-

þòü óìîâó Ãåëüäåðà.

Âðàõîâóþ÷è ðåçóëüòàòè [2], îäåðæó¹ìî, ùî êîæíèé íåïåðåðâíèé â Q̄ ðîçâ'ÿçîê iíòå-

ãðàëüíîãî ðiâíÿííÿ (15) (ó íàøîìó âèïàäêó òðèâiàëüíèé) ¹ ðîçâ'ÿçêîì iç C2,α(Q̄) çàäà÷i

(10), (11). Î÷åâèäíî, âií çàäîâîëüíÿ¹ óìîâó ïåðåâèçíà÷åííÿ (12).

2

Âèñíîâêè

Çíàéäåíî äîñòàòíi óìîâè ëîêàëüíî¨ çà ÷àñîì ¹äèíîñòi êëàñè÷íîãî ðîçâ'ÿçêó îáåð-

íåíî¨ êðàéîâî¨ çàäà÷i âiäíîâëåííÿ çàëåæíîãî âiä ïðîñòîðîâèõ çìiííèõ íåïåðåðâíîãî

ìíîæíèêà ó ïðàâié ÷àñòèíi ïiâëiíiéíîãî äèôóçiéíî-õâèëüîâîãî ðiâíÿííÿ ç äðîáîâîþ

ïîõiäíîþ çà ÷àñîì ïðè iíòåãðàëüíié çà ÷àñîì óìîâi ïåðåâèçíà÷åííÿ.

Îäåðæàíèé ðåçóëüòàò ïîøèðþ¹òüñÿ íà âèïàäîê çàãàëüíiøîãî ðiâíÿííÿ ç åëiïòè÷íèì

äèôåðåíöiàëüíèì âèðàçîì, ùî ìà¹ äîñòàòíüî ãëàäêi, çàëåæíi âiä ïðîñòîðîâèõ çìiííèõ

êîåôiöi¹íòè.
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Lopushanska H.P. Inverse source problem for a semilinear fractional di�usion-wave equation

under a time-integral condition, Bukovinian Math. Journal. 10, 2 (2022), 156�164.

We study the inverse boundary value problem on determining a space-dependent component

in the right-hand side of semilinear time fractional di�usion-wave equation. We �nd su�cient

conditions for a time-local uniqueness of the solution under the time-integral additional condi-

tion
1

T

∫ T

0

u(x, t)η1(t)dt = Φ1(x), x ∈ Ω ⊂ Rn

where u is the unknown solution of the �rst boundary value problem for such equation, η1 and

Φ1 are the given functions. We use the method of the Green's function.
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Ðîçãëÿíóòî äèñêðåòíó ëîãiñòè÷íó ìîäåëü òà ìîäåëü Ðiêåðà çi çáîðîì óðîæàþ. Äëÿ

íèõ çíàéäåíî ñòàöiîíàðíi òà ïåðiîäè÷íi ðîçâ'ÿçêè, äîñëiäæåíî ¨õ ñòiéêîñòi. Ç ìîäåëÿìè

ïðîâåäåíî ðÿä ÷èñëîâèõ åêñïåðèìåíòiâ.
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Ðiêåðà.
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Âñòóï

Ñó÷àñíi äîñÿãíåííÿ â åêîëîãi¨ ñòàëè ìîæëèâèìè çàâäÿêè âèêîðèñòàííþ ìåòîäiâ
ìàòåìàòè÷íîãî ìîäåëþâàííÿ. Ìàòåìàòè÷íi ìîäåëi ñëóãóþòü îñíîâíèì iíñòðóìåíòîì
ðîçâ'ÿçàííÿ åêîëîãi÷íèõ, åêîëîãî-åêîíîìi÷íèõ ïðîáëåì. Âîíè äàþòü ìîæëèâiñòü áiëüø
ãëèáîêî çðîçóìiòè ñóòü åêîëîãi÷íèõ ïðîöåñiâ, îöiíèòè ¨õ ñòiéêiñòü òà çäiéñíèòè ïðîãíîç
ðîçâèòêó åêîñèñòåìè ïðè ðiçíèõ çîâíiøíiõ âïëèâàõ i ñïîñîáàõ óïðàâëiííÿ. Íàéáiëüøå
ìàòåìàòè÷íi ìåòîäè ïðîíèêëè â äîñëiäæåííÿ äèíàìiêè ÷èñåëüíîñòi áiîëîãi÷íèõ ïîïó-
ëÿöié [1].

Áiëüøiñòü ìàòåìàòè÷íèõ ìîäåëåé åêîëîãi÷íèõ ñèñòåì ôîðìóëþ¹òüñÿ ó âèãëÿäi äèôå-
ðåíöiàëüíèõ òà ðiçíèöåâèõ ðiâíÿíü, ÿêi äîçâîëÿþòü âèâ÷àòè äèíàìiêó ïðîöåñiâ ó ðåæèìi
ðåàëüíîãî ÷àñó.

Ïiäõiä, ùî áàçó¹òüñÿ íà àïàðàòi äèôåðåíöiàëüíèõ ðiâíÿíü, çàñòîñîâó¹òüñÿ äëÿ ìîäå-
ëþâàííÿ äèíàìiêè ïîïóëÿöié iç ïåðåêðèâíèìè ïîêîëiííÿìè. Îäíàê äëÿ áàãàòüîõ áiîëî-
ãi÷íèõ ïîïóëÿöié ïîñëiäîâíi ïîêîëiííÿ íå ïåðåêðèâàþòüñÿ i ðiñò ÷èñåëüíîñòi ïîïóëÿöié
âiäáóâà¹òüñÿ â äèñêðåòíi ìîìåíòè ÷àñó. Öÿ ñèòóàöiÿ ìà¹ ìiñöå äëÿ ïîïóëÿöié áåç äîâãèõ
äiàïàóç ó æèòò¹âîìó öèêëi. Äî òàêèõ ïîïóëÿöié ìîæíà âiäíåñòè áàãàòî âèäiâ êîìàõ. �õ
äîðîñëi îñîáèíè æèâóòü íåäîâãî, âiäêëàäàþòü ÿéöÿ i äî ìîìåíòó ïîÿâè íà ñâiò íîâîãî
ïîêîëiííÿ ïðèïèíÿþòü ñâî¹ iñíóâàííÿ.

ÓÄÊ 519.87:574.3
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Òîìó òàêi ìîäåëi ïîâ'ÿçóþòü ÷èñåëüíiñòüNt+1 ó ìîìåíò ÷àñó t+1 iç ÷èñåëüíiñòþ â ïî-
ïåðåäíi ìîìåíòè ÷àñó. Öå ïðèâîäèòü äî ðîçãëÿäó ðiçíèöåâèõ ðiâíÿíü, ÿêi â ïðîñòiøîìó
âèïàäêó ìàþòü âèãëÿä

Nt+1 = F (Nt), Nt ∈ R+, F : R+ → R+, R+ = [0,∞), (1)

äå F � ãëàäêà äiéñíà ôóíêöiÿ äiéñíîãî àðãóìåíòó.
Ìàòåìàòè÷íà çàäà÷à ïîëÿãà¹ â ïîáóäîâi âiäîáðàæåííÿ i çíàõîäæåííi òðà¹êòîði¨ íå-

ëiíiéíèõ âiäîáðàæåíü ïðè çàäàíîìó N0 > 0. Ç ïðàêòè÷íî¨ òî÷êè çîðó, ÿêùî âiäîìèé
âèãëÿä ôóíêöi¨ F (Nt), òî âèçíà÷åííÿ ÷èñåëüíîñòi íàñòóïíèõ ïîêîëiíü ïîëÿãà¹ â ïîñëi-
äîâíîìó âèêîðèñòàííi ôîðìóëè (1), òîáòî øëÿõîì iòåðóâàííÿ.

Â àíàëiòè÷íîìó âèãëÿäi, ÿê ïðàâèëî, ðiâíÿííÿ (1) íå âäà¹òüñÿ ðîçâ'ÿçàòè, ïðîòå
ìîæíà çíàéòè ñòàöiîíàðíi òà ïåðiîäè÷íi ðîçâ'ÿçêè i äîñëiäèòè ¨õ íà ñòiéêiñòü.

Ñòàöiîíàðíi ðîçâ'ÿçêè N∗ = const ¹ íåðóõîìèìè òî÷êàìè âiäîáðàæåííÿ F i çíàõî-
äÿòüñÿ ç ðiâíÿííÿ

N∗ = F (N∗). (2)

Ëiíåàðèçàöiÿ ðiâíÿííÿ (1) â îêîëi ðiâíîâàãè N∗ ìà¹ âèãëÿä

xt+1 =
dF

dN

∣∣∣∣
N∗
xt.

Âåëè÷èíó λ =
dF

dN

∣∣∣∣
N∗

íàçèâàþòü ìóëüòèïëiêàòîðîì íåðóõîìî¨ òî÷êè äèíàìi÷íî¨ ñè-

ñòåìè ç äèñêðåòíèì ÷àñîì. Âií âèçíà÷à¹ õàðàêòåð ñòiéêîñòi ðîçâ'ÿçêó N∗. ßêùî |λ| < 1,
òî N∗ ñòiéêèé (àñèìïòîòè÷íî), ÿêùî |λ| > 1, òî � íåñòiéêèé. Îêðiì ñòàöiîíàðíèõ
ðîçâ'ÿçêiâ, âàæëèâi ùå ïåðiîäè÷íi ðîçâ'ÿçêè ðiâíÿííÿ (1).

Îçíà÷åííÿ 1. Ðîçâ'ÿçîê Nt íàçèâà¹òüñÿ ïåðiîäè÷íèì iç ïåðiîäîì T (iç äîâæèíîþ T àáî

T -öèêëîì), ÿêùî Nt+T = Nt äëÿ âñiõ t = 0, 1, 2, . . . i Nt+j 6= Nt äëÿ j = 1, 2, . . . , T − 1.

Îñîáëèâó ðîëü ñåðåä ïåðiîäè÷íèõ ðîçâ'çêiâ âiäiãðàþòü ðîçâ'ÿçêè ç ïåðiîäàìè T = 2

òà T = 3, îñêiëüêè, çà òåîðåìîþ Øàðêîâñüêîãî, ç ¨õ iñíóâàííÿ ìîæíà îäåðæàòè iíôîð-
ìàöiþ ïðî iñíóâàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ iíøèõ ïåðiîäiâ [7]

Öèêëè äîâæèíîþ T = 2 iñíóþòü, ÿêùî ñèñòåìà

N2 = F (N1), N1 = F (N2),

ìà¹ äâà ðiçíèõ äîäàòíèõ ðîçâ'ÿçêè: N∗
1 i N∗

2 .
Óìîâà ñòiéêîñòi ïåðiîäè÷íîãî ðîçâ'ÿçêó ç ïåðiîäîì T = 2 ìà¹ âèãëÿä∣∣∣∣∣ dFdN

∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

∣∣∣∣∣ < 1.

Äëÿ çíàõîäæåííÿ öèêëiâ äîâæèíîþ 3 (äëÿ íèõ âèêîíó¹òüñÿ óìîâà Nt+3 = Nt) ìà¹ìî
ñèñòåìó

N3 = F (N2), N2 = F (N1), N1 = F (N3).
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Ñòiéêiñòü ïåðiîäè÷íîãî ðîçâ'ÿçêó N∗
1 , N

∗
2 , N

∗
3 ç ïåðiîäîì 3 âèçíà÷à¹òüñÿ óìîâîþ∣∣∣∣∣ dFdN

∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

· dF
dN

∣∣∣∣
N∗

3

∣∣∣∣∣ < 1.

Ó öié ðîáîòi ðîçãëÿäàþòüñÿ äèñêðåòíi ìîäåëi ïîïóëÿöié çi çáîðîì óðîæàþ, îñêiëüêè
ó ñâî¨é äiÿëüíîñòi ëþäèíà âèêîðèñòîâó¹ ðiçíi ïðèðîäíi ðåñóðñè. Ïðè öüîìó âàæëèâî íå
çíèùèòè áiîëîãi÷íó ïîïóëÿöiþ. Òîìó íàäçâè÷àéíî âàæëèâèé åêîëîãi÷íî îá ðóíòîâàíèé
ïiäõiä äî ðàöiîíàëüíîãî âèêîðèñòàííÿ âiäíîâëþâàëüíîãî ðåñóðñó.

Íåõàé ç äåÿêî¨ ïîïóëÿöi¨ âiäëîâëþ¹òüñÿ ïåâíà êiëüêiñòü îñîáèí, ïðè öüîìó ââàæà-
òèìåìî, ùî iíòåíñèâíiñòü ïðîìèñëó íå çàëåæèòü âiä ÷àñó. Â öüîìó âèïàäêó ðiâíÿííÿ,
ÿêå îïèñó¹ çìiíó ÷èñåëüíîñòi ïîïóëÿöi¨, ìà¹ âèãëÿä

Nt+1 = F (Nt)− C(Nt, α),

äå C(Nt, α) � iíòåíñèâíiñòü âiäëîâó îñîáèí iç ïîïóëÿöi¨, ïàðàìåòð α õàðàêòåðèçó¹ öþ
iíòåíñèâíiñòü.

Çàäà÷à ìîäåëþâàííÿ ïîëÿãà¹ â òîìó, ùîá óñòàíîâèòè òàêó øâèäêiñòü çáîðó óðîæàþ,
ÿêà áóäå ïiäòðèìóâàòè ïîïóëÿöiþ â ñòàíi ïðèðîñòó.

Ðîçãëÿíåìî ìîäåëi çáîðó óðîæàþ â ïîïóëÿöiÿõ, äèíàìiêà ÷èñåëüíîñòi ÿêèõ îïèñó¹-
òüñÿ äèñêðåòíèì ëîãiñòè÷íèì ðiâíÿííÿì òà ðiâíÿííÿì Ðiêåðà. Öi äâà ïðèêëàäè äèíà-
ìi÷íèõ ñèñòåì íàé÷àñòiøå âèêîðèñòîâóþòüñÿ íà ïðàêòèöi [1].

Ìîäåëü ëîãiñòè÷íîãî ðîñòó äåìîíñòðó¹ ñêëàäíó äèíàìiêó ÷èñåëüíîñòi ïîïóëÿöi¨ i
äîçâîëÿ¹ äîáðå àïðîêñèìóâàòè äèíàìiêó áàãàòüîõ áiîëîãi÷íèõ ïðîöåñiâ. Äîñëiäæåííþ
äèñêðåòíî¨ ëîãiñòè÷íî¨ ìîäåëi ïðèñâÿ÷åíî áàãàòî ïðàöü, íàïðèêëàä, [2], [3], [4]. Â íèõ
âèâ÷àþòüñÿ ïèòàííÿ iñíóâàííÿ ñòàöiîíàðíèõ ñòàíiâ, ïåðiîäè÷íèõ ðîçâ'ÿçêiâ òà ¨õ ñòié-
êiñòü, à òàêîæ âèíèêíåííÿ õàîòè÷íèõ ïîâåäiíîê ðîçâ'ÿçêó.

Ìîäåëü Ðiêåðà (ïðåäñòàâëåíà â 1954 ðîöi) âèâ÷àëàñü, çîêðåìà, â ïðàöÿõ [5], [6].

1 Àíàëiç ëîãiñòè÷íî¨ ìîäåëi çi çáîðîì óðîæàþ

Äèñêðåòíå ëîãiñòè÷íå ðiâíÿííÿ ïîñòiéíîãî çáîðó âðîæàþ ìà¹ âèãëÿä

Nt+1 = rNt(1−Nt)− c. (3)

Äëÿ (3) òî÷êà ðiâíîâàãè N = N∗ = const øóêà¹òüñÿ ç ðiâíÿííÿ

N = rN(1−N)− c,

àáî

rN2 − (r − 1)N + c = 0.

Çâiäêè çíàõîäèìî

N∗
1,2 =

r − 1±
√

(r − 1)2 − 4rc

2r
.
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Äëÿ iñíóâàííÿ äîäàòíèõ òî÷îê ñïîêîþ ñòàâèìî óìîâè r > 1 i (r − 1)2 − 4rc > 0. Öå
òå ñàìå, ùî c < (r − 1)2/4r.

Çi ñïiââiäíîøåííÿ

∣∣∣∣∣ dFdN
∣∣∣∣
N∗

1,2

∣∣∣∣∣ < 1 çíàõîäèìî óìîâè ñòiéêîñòi ñòàöiîíàðíèõ ñòàíiâ.

Ìà¹ìî
dF

dN

∣∣∣∣
N∗

1

= r(1− 2N∗
1 ) = 1 +

√
(r − 1)2 − 4rc > 1,

òîáòî ðîçâ'ÿçîê N = N∗
1 � íåñòiéêèé.

Äëÿ N = N∗
2

dF

dN

∣∣∣∣
N∗

2

= r(1− 2N∗
2 ) = 1−

√
(r − 1)2 − 4rc.

Ç óìîâè ñòiéêîñòi
∣∣∣1−√(r − 1)2 − 4rc

∣∣∣ < 1 îäåðæó¹ìî ñïiââiäíîøåííÿ r2−2r−4rc < 3.

Çíàéäåìî çíà÷åííÿ N∗
1 , N

∗
2 , ùî ñêëàäàþòü öèêë äîâæèíîþ 2. Âîíè âèçíà÷àþòüñÿ ç

óìîâè Nt+2 = Nt, òîáòî ç ðiâíÿííÿ

N = r
[
(rN − rN2 − c)− (rN − rN2 − c)2

]
− c,

àáî òå ñàìå, ùî ç ðiâíÿííÿ

r3N4 − 2r3N3 + (r3 + r2 + 2r2c)N2 + (1− r2 − 2r2c)N + rc+ rc2 + c = 0. (4)

Îñêiëüêè çíàéäåíi çíà÷åííÿ äëÿ ñòàöiîíàðíèõ ðîâ'ÿçêiâ çàäîâîëüíÿþòü ðiâíÿííÿ (4),
âèðàç rN2−(r−1)N+c ¹ äiëüíèêîì ëiâî¨ ÷àñòèíè (4). Âèêîíàâøè öå äiëåííÿ, îäåðæó¹ìî
ðiâíÿííÿ äëÿ çíàõîäæåííÿ N∗

1 , N
∗
2 . ùî ñêëàäàþòü öèêë äîâæèíîþ 2.

Ìà¹ìî
r2N2 − r(r + 1)N + (r + rc+ 1) = 0.

Çâiäñè

N∗
1,2 =

r + 1±
√

(r + 1)2 − 4(r + rc+ 1)

2r
.

Äîäàòíi N∗
1,2 iñíóþòü, ÿêùî

(r + 1)2 − 4(r + rc+ 1) > 0,

àáî
r > 1 + 2c+

√
(1 + 2c)2 + 3.

Ñòiéêiñòü ïåðiîäè÷íîãî ðîçâ'ÿçêó ïðè T = 2 äîñëiäæó¹ìî øëÿõîì ïåðåâiðêè íåðiâ-
íîñòi ∣∣∣∣∣ dFdN

∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

∣∣∣∣∣ = r2 |(1− 2N∗
1 )(1− 2N∗

2 )| < 1,

çâiäêè îäåðæó¹ìî óìîâó ñòiéêîñòi â ïàðàìåòðàõ r, c ó âèãëÿäi

|4 + 2r + 4rc− r2| < 1
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àáî

1 + 2c+
√
(1 + 2c)2 + 3 < r < 1 + 2c+

√
(1 + 2c)2 + 5.

Ïðè c = 0 ìà¹ìî 3 < r < 1+
√
6, ùî çáiãà¹òüñÿ ç óìîâîþ ñòiéêîñòi ïåðiîäè÷íîãî ðîçâ'ÿçêó

ìîäåëi áåç çáîðó âðîæàþ.
Äëÿ çíàõîäæåííÿ öèêëiâ äîâæèíîþ 3 (óìîâà Nt+3 = Nt) íåîáõiäíî çíàéòè ðîçâ'ÿçêè

ñèñòåìè

Nt = rNt+2(1−Nt+2)− c,

Nt+2 = rNt+1(1−Nt+1)− c,

Nt+1 = rNt(1−Nt)− c.

Öå àíàëîãi÷íå îá÷èñëåííþ êîðåíiâ ðiâíÿííÿ

N = r (−r(c+ r(N − 1)N)(c+ r(N − 1)N + 1)− c)×

× (r(c+ r(N − 1)N)(c+ r(N − 1)N + 1) + c+ 1)− c.

Äâà êîðåíi öüîãî ðiâíÿííÿ

N∗
1 =

r − 1 +
√
r2 − 2r + 1− 4rc

2r
,

N∗
2 =

r − 1−
√
r2 − 2r + 1− 4rc

2r

âiäîìi i çàäàþòü äâà ñòàöiîíàðíi ñòàíè ðiâíÿííÿ (3).
Iíøi êîðåíi âäà¹òüñÿ çíàéòè ëèøå íà êîìï'þòåði.
Ç ìîäåëëþ (3) áóëè ïðîâåäåíi ÷èñëîâi åêñïåðèìåíòè.
Ïðè r = 2, c = 0, 1 îäåðæóþòüñÿ ñòàöiîíàðíi çíà÷åííÿN∗

1 = 0, 361803,N∗
2 = 0, 138197,

ïðè÷îìó N∗
1 ñòiéêèé, N∗

2 íåñòiéêèé (ðèñ. 1).

Ðèñ. 1. Ãðàôiêè ñòàöiîíàðíèõ ñòàíiâ ïðè r = 2, c = 0, 1, N∗ = 0, 361803
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Ïðè r = 3, 4, c = 0, 1 iñíóþòü äâà íåñòiéêèõ ñòàöiîíàðíèõ ñòàíè N∗
1 = 0, 661414, N∗

2 =

0, 044468 i ç'ÿâëÿ¹òüñÿ ïåðiîäè÷íèé ðîçâ'ÿçîê iç ïåðiîäîì 2 (ðèñ. 2). Éîãî ñêëàäàþòü
÷èñëà N∗

1 = 0, 740067 òà N∗
2 = 0, 5540501. Ïðè÷îìó öåé ðîçâ'ÿçîê ñòiéêèé, îñêiëüêè

r2 |(1− 2N∗
1 )(1− 2N∗

2 )| = 0, 6 < 1.

Ðèñ. 2. Ãðàôiê ñòiéêîãî ïåðiîäè÷íîãî ðîçâ'ÿçêó ç ïåðiîäîì T = 2 ïðè r = 3, 4, c = 0, 1

Ïðè r = 4, c = 0, 0625 iñíóþòü äâà ñòàöiîíàðíèõ ðîçâ'ÿçêè: N∗
1 = 0, 0214466, N∗

2 =

0, 728554, ïðè÷îìó i N∗
1 , i N

∗
2 íåñòiéêi. Ó öüîìó âèïàäêó, êðiì ñòàöiîíàðíèõ ñòàíiâ, iñíó¹

ùå ïåðiîäè÷íèé ðîçâ'ÿçîê iç ïåðiîäîì T = 3. Éîãî ñêëàäàþòü òðè ÷èñëà: N∗
1 = 0, 174516,

N∗
2 = 0, 51374, N∗

3 = 0, 936744.
Öåé ðîçâ'ÿçîê íåñòiéêèé (ðèñ. 3), îñêiëüêè∣∣∣∣∣ dFdN

∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

· dF
dN

∣∣∣∣
N∗

3

∣∣∣∣∣ = 1, 00003 > 1.

Ðèñ. 3. Ãðàôiê íåñòiéêîãî ïåðiîäè÷íîãî ðîçâ'ÿçêó iç ïåðiîäîì T = 3 ïðè r = 4,
c = 0, 0625

Çà òåîðåìîþ Øàðêîâñüêîãî [7], äëÿ ðiâíÿííÿ (3) ç óìîâè iñíóâàííÿ T -öèêëiâ ïðè
T = 3 âèïëèâà¹ iñíóâàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ áóäü-ÿêîãî ïåðiîäó.
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Çîêðåìà, ïðè r = 3, 8, c = 0, 1 çíàõîäèìî äâà íåñòiéêèõ ñòàöiîíàðíèõ ñòàíè N∗
1 =

0, 0376367, N∗
2 = 0, 6992059, îäèí íåñòiéêèé ïåðiîäè÷íèé ðîçâ'ÿçîê iç ïåðiîäîì 2 (N∗

1 =

0, 431164, N∗
2 = 0, 831994) i ïåðiîäè÷íèé ðîçâ'ÿçîê ç ïåðiîäîì T = 4, ùî âèçíà÷à¹òüñÿ

÷èñëàìè N∗
1 = 0, 385182, N∗

2 = 0, 799904, N∗
3 = 0, 508219, N∗

4 = 0, 849745 (ðèñ. 4).

Ðèñ. 4. Ãðàôiê ñòiéêîãî ïåðiîäè÷íîãî ðîçâ'ÿçêó ç ïåðiîäîì T = 4 ïðè r = 3, 8, c = 0, 1

Öåé ðîçâ'ÿçîê ñòiéêèé, îñêiëüêè∣∣∣∣∣ dFdN
∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

· dF
dN

∣∣∣∣
N∗

3

· dF
dN

∣∣∣∣
N∗

4

∣∣∣∣∣ = 0, 3302 < 1.

À ïðè r = 4, c = 0, 1, êðiì äâîõ íåñòiéêèõ ñòàöiîíàðíèõ ðîçâ'ÿçêiâ, îäíîãî íåñòiéêîãî
ðîçâ'ÿçêó ç ïåðiîäîì T = 2, îäåðæó¹ìî ùå íåñòiéêèé ðîçâ'ÿçîê iç ïåðiîäîì T = 4.
Éîãî çàäàþòü òàêi ÷èñëîâi çíà÷åííÿ: N∗

1 = 0, 330399, N∗
2 = 0, 784942, N∗

3 = 0, 575233,
N∗

4 = 0, 87736.

2 Ìîäåëü Ðiêåðà çi çáîðîì óðîæàþ

Ìîäåëü Ðiêåðà çi çáîðîì ïîñòiéíîãî âðîæàþ ìà¹ âèãëÿä

Nt+1 = Nt exp

(
r

(
1− Nt

K

))
− c, (5)

äå Nt � ÷èñåëüíiñòü îñîáèí ó ìîìåíò ÷àñó t; r � êîåôiöi¹íò ïðèðîäíîãî ïðèðîñòó; K �
ïàðàìåòð ¹ìíîñòi ñåðåäîâèùà; c � iíòåíñèâíiñòü çáîðó âðîæàþ.

Ñòàíè ðiâíîâàãè ÷èñåëüíîñòi N∗ â ìîäåëi (5) çíàõîäÿòüñÿ ç ðiâíÿííÿ

exp

(
r

(
1− N∗

K

))
= 1 +

c

N∗ ,

ÿêå ìîæíà ðîçâ'ÿçàòè ëèøå ÷èñåëüíî. Çîêðåìà, ïðè K = 10, r = 1 i ðiçíèõ çíà÷åííÿõ c
çíàéäåíî êîðåíi, íàâåäåíi â òàáë. 1.
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Òàáëèöÿ 1

c 0,1 0,2 0,3 0,4
N∗

1 9,89949 9,79793 9,69526 9,59142
N∗

2 0,058742 0,118608 0,179653 0,24194

Ïðè÷îìó ñòàöiîíàðíèé ðîçâ'ÿçîê N∗
1 � ñòiéêèé, à N∗

2 � íåñòiéêèé, îñêiëüêè∣∣∣∣∣ dFdN
∣∣∣∣
N∗

1

∣∣∣∣∣ < 1, à

∣∣∣∣∣ dFdN
∣∣∣∣
N∗

2

∣∣∣∣∣ > 1,

äå F (N) = N exp

(
r

(
1− N

K

))
− c.

Ãðàôiêè ðîçâ'ÿçêiâ Nt ðiâíÿííÿ (5) ïðè K = 10, r = 1, c = 0, 3 ïîäàíi íà ðèñ. 5.

Ðèñ. 5. Ãðàôiêè ñòiéêîãî òà íåñòiéêîãî ñòàöiîíàðíèõ ñòàíiâ ðiâíÿííÿ (5)

Çíàéäåìî ïåðiîäè÷íi ðîçâ'ÿçêè ðiâíÿííÿ (5) iç ïåðiîäîì T = 2.
Ç óìîâè Nt+2 = Nt i (5) ìà¹ìî

Nt = Nt exp

[
r

(
2− Nt

K

(
1 + exp

(
r

(
1− Nt

K

))
+

c

K

))]
−

−c exp

(
r

(
1−

Nt exp
(
r
(
1− Nt

K

))
− c

K

))
− c. (6)

ßêùî öå ðiâíÿííÿ äîïóñêà¹ äâà ðiçíèõ ðîçâ'ÿçêè N∗
1 i N∗

2 , âiäìiííi âiä ñòàöiîíàðíèõ
çíà÷åíü, òî iñíó¹ ñòàöiîíàðíèé ðîçâ'ÿçîê iç ïåðiîäîì 2.

Êîìï'þòåðíèé àíàëiç ðiâíÿííÿ (6) ïðè K = 10, r = 2, 2, c = 0, 5 ïîêàçàâ iñíóâàííÿ
òàêîãî ïåðiîäè÷íîãî ðîçâ'ÿçêó: N∗

1 = 4, 838006, N∗
2 = 14, 561492.

Öåé ïåðiîäè÷íèé ðîçâ'ÿçîê ñòiéêèé, îñêiëüêè∣∣∣∣∣ dFdN
∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

∣∣∣∣∣ < 1.

Êðiì ïåðiîäè÷íîãî ðîçâ'ÿçêó ç T = 2 iñíóþòü i äâà ñòàöiîíàðíèõ ñòàíèN∗ = 0, 0632894,
N∗ = 9, 77321, àëå îáèäâà âîíè íåñòiéêi.

Ãðàôiêè ðîçâ'ÿçêiâ (5) ïðè K = 10, r = 2, 2, c = 0, 5 çîáðàæåíi íà ðèñ. 6.
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Ðèñ. 6. Ãðàôiê ñòiéêîãî ïåðiîäè÷íîãî ðîçâ'ÿçêó ç ïåðiîäîì T = 2 äëÿ ðiâíÿííÿ (5)

Íàòîìiñòü ïðè r = 3, K = 10, c = 0, 5 iñíóþ÷èé ïåðiîäè÷íèé ðîçâ'ÿçîê ç ïåðiîäîì
T = 2 (N∗

1 = 1, 34045, N∗
2 = 17, 50897) íåñòiéêèé, îñêiëüêè∣∣∣∣∣ dFdN

∣∣∣∣
N∗

1

· dF
dN

∣∣∣∣
N∗

2

∣∣∣∣∣ = 3, 59 > 1.

Òàê æå ñàìî íåñòiéêi é ñòàöiîíàðíi ðîçâ'ÿçêè N∗ = 0, 0264173 i N∗ = 9, 8346.
Ïåðiîäè÷íi ðîçâ'ÿçêè ç ïåðiîäîì T = 3 çíàõîäÿòüñÿ iç ñèñòåìè

Nt = Nt+2 exp

(
r

(
1− Nt+2

K

))
− c,

Nt+2 = Nt+1 exp

(
r

(
1− Nt+1

K

))
− c, (7)

Nt+1 = Nt exp

(
r

(
1− Nt

K

))
− c.

ßêùî ñèñòåìà äîïóñêà¹ òðè ðiçíi ðîçâ'ÿçêè N∗
1 = Nt, N∗

2 = Nt+1, N∗
3 = Nt+2, âiäìiííi

âiä ñòàöiîíàðíèõ ñòàíiâ, òî iñíó¹ ïåðiîäè÷íèé ðîçâ'ÿçîê iç ïåðiîäîì T = 3.
×èñëîâèé àíàëiç ñèñòåìè (7) ïðè K = 10, r = 3, 2, c = 0, 4 ïîêàçàâ, ùî ðiâíÿííÿ

(5) ìà¹ äâà ïåðiîäè÷íèõ ðîçâ'ÿçêè ç ïåðiîäîì T = 3. Öi ðîçâ'ÿçêè çàäàþòüñÿ ÷èñëàìè:
N∗

1 = 6, 177487, N∗
2 = 20, 591458, N∗

3 = 0, 294620 i N∗
1 = 1, 449938, N∗

2 = 21, 965970,
N∗

3 = 0, 0773078.
Çíàõîäÿ÷è äîáóòîê ïîõiäíèõ ïðàâî¨ ÷àñòèíè (5) â öèõ òî÷êàõ, âñòàíîâëþ¹ìî, ùî öi

ðîçâ'ÿçêè ç ïåðiîäîì 3 íåñòiéêi.
Ïðè iñíóâàííi ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ç ïåðiîäîì T = 3 çãiäíî ç òåîðåìîþ Li Yorke [8]

iñíóþòü õàîòè÷íi ðîçâ'ÿçêè.
Ñòàöiîíàðíi ðîçâ'ÿçêè, ÿêi iñíóþòü ïðè öüîìó, òåæ íåñòiéêi. Ãðàôiêè ðîçâ'ÿçêiâ ðiâ-

íÿííÿ (5) ïðè K = 10, r = 3, 2, c = 0, 4 íàâåäåíi íà ðèñ. 7, à õàîòè÷íèé ðîçâ'ÿçîê ïðè
r = 3 � íà ðèñ. 8.
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Ðèñ. 7. Ïåðiîäè÷íi ðîçâ'ÿçêè ðiâíÿííÿ (5) ç ïåðiîäîì T = 3 i ñòàöiîíàðíèé ðîçâ'ÿçîê

Ðèñ. 8. Õàîòè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ (5)
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Íàäiéøëî 15.11.2022

Matsenko V.G.Modeling harvesting processes for populations with non-overlapping generations,

Bukovinian Math. Journal. 10, 2 (2022), 165�175.

Di�erence equations are used in order to model the dynamics of populations with non-

overlapping generations, since the growth of such populations occurs only at discrete points in

time.

In the simplest case such equations have the form Nt+1 = F (Nt), where Nt > 0 is the

population size at a moment of time t, and F is a smooth function.

Among such equations the discrete logistic equation and Ricker's equation are most often

used in practice.

In the given paper, these equations are considered width taking into account an e�ect of

harvesting, that is, the equations of the form below are studied Nt+1 = rNt(1 − Nt) − c and

Nt+1 = Nt exp(r(1−Nt/K))−c, where the parameters r, K > 0, c > 0 are harvesting intensity.

Positive equilibrium points and conditions for their stability for these equations were found.

These kinds of states are often realized in nature.

For practice, periodic solutions are also important, especially with periods T = 2(Nt+2 =

Nt) and T = 3(Nt+3 = Nt), since, with their existence, by Sharkovskii's theorem, one can do

conclusions about the existence of periodic solutions of other periods.

For the discrete logistic equation in analytical form, the values that make up the periodic

solution with period T = 2 were found. We used numerical methods in order to �nd solutions

with period T = 3. For Ricker's model, the question of the existence of periodic solutions can

be investigated by computer analysis only.

In the paper, a number of computer experiments were conducted in which periodic solutions

were found and their stability was studied. For Ricker's model with harvesting, chaotic solutions

were also found.

As we can see, the study of di�erence equations gives many unexpected results.
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Ìåëüíè÷óê Ë.Ì.

Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ

äðóãîãî ïîðÿäêó çi çðîñòàþ÷èìè êîåôiöi¹íòàìè òà ç îïåðàòîðàìè Áåññåëÿ

ðiçíèõ ïîðÿäêiâ

Çíàéäåíî â ÿâíîìó âèãëÿäi ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ îäíîãî êëàñó

ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó ç êîåôiöi¹íòàìè ïðè ìîëîäøèõ ïîõiäíèõ, ÿêi çðî-

ñòàþòü íà íåñêií÷åíîñòi çà îäíi¹þ ãðóïîþ çìiííèõ, òà ç îïåðàòîðàìè Áåññåëÿ ðiçíèõ ïî-

ðÿäêiâ çà iíøîþ ãðóïîþ çìiííèõ. Âèâ÷åíî äåÿêi âëàñòèâîñòi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó.

Êëþ÷îâi ñëîâà i ôðàçè: ïàðàáîëi÷íi ðiâíÿííÿ, çàäà÷à Êîøi, ôóíäàìåíòàëüíèé ðîçâ'ÿçîê,

îïåðàòîð Áåññåëÿ.

Óêðà¨íà, ×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

e-mail: l.melnuchuk@chnu.edu.ua

Òåîðiÿ çàäà÷i Êîøi äëÿ ðiâíîìiðíî ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó ç îáìå-

æåíèìè êîåôiöi¹íòàìè äîñòàòíüî ïîâíî äîñëiäæåíà [1, 2], íà âiäìiíó âiä òàêèõ ðiâíÿíü

ç íåîáìåæåíèìè êîåôiöi¹íòàìè. Îäíèì ç íàïðÿìêiâ äîñëiäæåíü ïðîôåñîðà Ñ.Ä. Iâà-

ñèøåíà òà ó÷íiâ éîãî íàóêîâî¨ øêîëè ¹ çíàõîäæåííÿ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ òà

äîñëiäæåííÿ êîðåêòíîñòi çàäà÷i Êîøi äëÿ êëàñiâ âèðîäæåíèõ ðiâíÿíü, ÿêi ¹ óçàãàëüíåí-

íÿìè êëàñè÷íîãî ðiâíÿííÿ äèôóçi¨ ç iíåðöi¹þ À.Ì. Êîëìîãîðîâà i ìiñòÿòü çà îñíîâíèìè

çìiííèìè äèôåðåíöiàëüíi âèðàçè, ïàðàáîëi÷íi çà I.Ã. Ïåòðîâñüêèì òà çà Ñ.Ä. Åéäåëü-

ìàíîì (Ñ.Ä. Iâàñèøåí, Ë.Ì. Àíäðîñîâà, I.Ï. Ìåäèíñüêèé, Î.Ã. Âîçíÿê, Â.Ñ. Äðîíü,

Â.Â. Ëàþê, Ã.Ñ. Ïàñi÷íèê òà iíøi). Òàêîæ äîñëiäæóâàëèñÿ ïàðàáîëi÷íi çà I.Ã. Ïåòðîâ-

ñüêèì ðiâíÿííÿ i ñèñòåìè ç îïåðàòîðîì Áåññåëÿ (Ñ.Ä. Iâàñèøåí, Â.Ï. Ëàâðåí÷óê, Ò.Ì.

Áàëàáóøåíêî, Ë.Ì. Ìåëüíè÷óê). Äåÿêi ðåçóëüòàòè öèõ äîñëiäæåíü íàâåäåíi â [3�6,8].

Çîêðåìà, ó ñòàòòi [5] çíàéäåíî ÿâíèé âèãëÿä òà âñòàíîâëåíî âëàñòèâîñòi ôóíäàìåí-

òàëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó âiäíîñíî

ôóíêöi¨ u = u(t, x, y)

∂tu =
n∑

j,l=1

∂xj∂xl(ajlu) +
n∑
j=1

∂xj(xju) +Byu, t > 0, x ∈ Rn, y > 0,

ÓÄÊ 517.5, 519.21, 511.72
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äå âñi ajl ñòàëi, à ìàòðèöÿ (ajl)
n
j,l=1 ñèìåòðè÷íà i äîäàòíî âèçíà÷åíà; By ≡ ∂2y+

2ν + 1

y
∂y �

îïåðàòîð Áåññåëÿ ïîðÿäêó ν ≥ 0. Ó ñòàòòi [6] ðiâíÿííÿ ìiñòèòü ñóìó îïåðàòîðiâ Áåññåëÿ

ïî çìiííèõ yj îäíàêîâîãî ïîðÿäêó ν.

Ó äàíié ñòàòòi äåÿêi âêàçàíi ðåçóëüòàòè ïîøèðþþòüñÿ íà êëàñ ðiâíÿíü iç çðîñòàþ-

÷èìè êîåôiöi¹íòàìè ó ìîëîäøèõ äîäàíêàõ, ÿêi ìiñòÿòü îïåðàòîðè Áåññåëÿ ïî êàëüêàõ

çìiííèõ yj ðiçíèõ ïîðÿäêiâ νj.

Íåõàé n, k,m � çàäàíi íàòóðàëüíi ÷èñëà, k ≤ m; x′ ≡ (x1, . . . , xk) ∈ Rk , x′′ ≡
(xk+1, . . . , xn) ∈ Rn−k, x ≡ (x′, x′′), y ≡ (y1, . . . , ym) ⊂ Rm

+ , äå Rm
+ := {y ∈ Rm | yj >

0, j ∈ {1, . . . ,m}}; Rn+m
+ := Rn × Rm

+ .

Ðîçãëÿíåìî çàäà÷ó Êîøi

∂tu(t, x, y) = a2
n∑
j=1

∂2xju+ b
k∑
j=1

∂xj(xju) + p
m∑
j=1

Byju,

t > 0, (x, y) ∈ Rn+m
+ , (1)

u(t, x, y)
∣∣∣
t=0

= ϕ(x, y), (x, y) ∈ Rn+m
+ , (2)

∂yju(t, x, y)
∣∣∣
yj=0

= 0, t > 0, x ∈ Rn, yl > 0(l 6= j), j ∈ {1, . . . ,m}, (3)

äå a, b, p (p > 0) � çàäàíi äiéñíi ÷èñëà, Byj ≡ ∂2yj +
2νj + 1

yj
∂yj � îïåðàòîðè Áåññåëÿ çà

çìiííèìè yj ïîðÿäêiâ νj ≥ 0, j ∈ {1, . . . ,m}.
Íåõàé ðiâíÿííÿ (1) ¹ ïàðàáîëi÷íèì. Âîíî ìà¹ íåîáìåæåíi ïðè |x| → ∞ êîåôiöi¹íòè

áiëÿ ïåðøèõ ïîõiäíèõ ∂xju òà íåîáìåæåíi â îêîëi òî÷êè y = 0 êîåôiöi¹íòè ïðè ïîõiäíèõ

∂yju.

Ïîçíà÷èìî |ν| := ν1 +ν2 + · · ·+νm. Âèçíà÷èìî îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹-Áåññåëÿ

ôóíêöi¨ w: Rn+m
+ → R ðiâíiñòþ

F−1σ→xF
−1
B,η→y[w(σ, η)] ≡ F−1σ→x[F

−1
B,η→y[w(σ, η)]],

äå

F−1σ→x[f(σ)] =
1

(2π)n

∫
Rn

ei(x,σ)f(σ)dσ, x ∈ Rn,

F−1B,η→y[f(η)] =
1

22|ν|
m∏
l=1

Γ2(νl + 1)

∫
Rm
+

f(η)Jyη dη, y ∈ Rm
+ ,

äå i � óÿâíà îäèíèöÿ; (x, σ) =
n∑
j=1

xjσj; Γ(α) =

+∞∫
0

xα−1e−xdx � ãàìà-ôóíêöiÿ Åéëåðà;

Jyη :=
m∏
l=1

jνl(ηlyl)η
2νl+1
l ; jνl(z) ≡ 2νlΓ(νl + 1)z−νlJνl(z) � íîðìîâàíà ôóíêöiÿ Áåññåëÿ, à

Jνl(z) � ôóíêöiÿ Áåññåëÿ ïåðøîãî ðîäó ïîðÿäêó νl [7].
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Ïðÿìå ïåðåòâîðåííÿ Ôóð'¹-Áåññåëÿ ôóíêöi¨ w òàêå:

Fx→σFB,y→η[w(x, y)] ≡
∫

Rn+m
+

e−i(x,σ)w(x, y)Jηy dxdy.

Ðîçâ'ÿçîê çàäà÷i Êîøi (1) � (3) øóêà¹ìî ó âèãëÿäi îáåðíåíîãî ïåðåòâîðåííÿ Ôóð'¹-

Áåññåëÿ äåÿêî¨ ôóíêöi¨ v

u(t, x, y) = F−1σ→xF
−1
B,η→y[v(t, σ, η)] = A(n, ν)

∫
Rn+m
+

ei(x,σ)v(t, σ, η)Jyη dσdη,

t > 0, (x, y) ∈ Rn+n
+ , (4)

äå A(n, ν) :=
1

(2π)n22|ν|

m∏
l=1

Γ2(νl + 1).

Ââàæàþ÷è, ùî âñi îïåðàöi¨ çàêîííi, çíàéäåìî ïîõiäíi:

∂tu = A(n, ν)

∫
Rn+m
+

ei(x,σ)∂tv(t, σ, η)Jyη dσdη; (5)

∂2xju = A(n, ν)

∫
Rn+m
+

(−σ2
j )e

i(x,σ)v(t, σ, η)Jyη dσdη; (6)

∂xj(xju) = u+ xj∂xju = u+ A(n, ν)

∫
Rn+m
+

ixjσje
i(x,σ)v(t, σ, η)Jyη dσdη =

= u+ A(n, ν)

∫
Rn+m
+

σj∂σj(e
i(x,σ))v(t, σ, η)Jyη dσdη.

Iíòåãðóþ÷è ÷àñòèíàìè iíòåãðàë ïî σj i ââàæàþ÷è v òàêîþ, ùî lim
σj→∞

ei(x,σ)σjv = 0 (íà-

ïðèêëàä, ôiíiòíîþ), îäåðæèìî

∂xj(xju) = A(n, ν)

∫
Rn+m
+

ei(x,σ)(−σj)∂σjvJyη dσdη. (7)

Byju = A(n, ν)

∫
Rn+m
+

ei(x,σ)v(t, σ, η)Byj [J
y
η ]dσdη = A(n, ν)

∫
Rn+m
+

ei(x,σ)v(t, σ, η)×

×
( m∏

l=1
l6=j

jνl(ηlyl)η
2νl+1
l

)
Byj [jνj(ηjyj)]η

2νj+1
j dσdη.

Îñêiëüêè çà [7] By[jν(ηy)] = −η2jν(ηy), òî

Byju = A(n, ν)

∫
Rn+m
+

ei(x,σ)v(t, σ, η)Jyη (−η2j )dσdη. (8)
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Ïiäñòàâèâøè (5)�(8) â (1) i ïðèðiâíÿâøè ïiäiíòåãðàëüíi ôóíêöi¨, îäåðæèìî ðiâíÿííÿ

äëÿ v

∂tv(t, σ, η) + b
k∑
j=1

σj∂σjv(t, σ, η) = (−a2|σ|2 − p|η|2)v(t, σ, η), t > 0, (σ, η) ∈ Rn+m
+ , (9)

äå |σ|2 =
n∑
j=1

σ2
j , |η|2 =

m∑
j=1

η2j .

Ïiäñòàâèìî (4) â ïî÷àòêîâó óìîâó (2):

u(t, x, y)|t=0 = F−1σ→xF
−1
B,η→y[v(0, σ, η)] = ϕ(x, y), (x, y) ∈ Rn+m

+ .

Íåõàé ïî÷àòêîâà ôóíêöiÿ ϕ òàêà, ùî äëÿ íå¨ iñíó¹ ïåðåòâîðåííÿ Ôóð'¹-Áåññåëÿ Ψ. Òîäi

ìà¹ìî

v(t, σ, η)|t=0 = Fx→σFB,y→η[ϕ(x, y)] ≡ Ψ(σ, η), (σ, η) ∈ Rn+m
+ . (10)

Óìîâè (3) âèêîíóþòüñÿ, áî çà âëàñòèâiñòþ íîðìîâàíî¨ ôóíêöi¨ Áåññåëÿ ç [7]: ∂yljνl(ηlyl) =

0, l ∈ {1, . . . ,m}.
Çàäà÷ó (9), (10) äëÿ ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó ðîçâ'ÿæåìî

ìåòîäîì õàðàêòåðèñòèê. Âiäïîâiäíà ñèñòåìà õàðàêòåðèñòè÷íèõ ðiâíÿíü òàêà:

dt

1
=
dσ1
bσ1

= · · · = dσk
bσk

=
dσk+1

0
= · · · =

=
dσn
0

=
dη1
0

= · · · = dηm
0

=
dv

(−a2|σ|2 − p|η|2)v
. (11)

Ðîçâ'ÿæåìî öþ ñèñòåìó. Ðiâíÿííÿ bdt =
dσj
σj

ìàþòü ðîçâ'ÿçêè σj = Cje
bt, j ∈

{1, · · · k}; ðiâíÿííÿ dσj = 0 òà dηj = 0 ìàþòü ðîçâ'ÿçêè âiäïîâiäíî σj = Cj, j ∈
{k + 1, . . . , n}, òà ηj = Ĉj, j ∈ {1, . . . ,m}, âñi ñòàëi Cj, Ĉj � äîâiëüíi. Ùîá ðîçâ'ÿçàòè

îñòàíí¹ ðiâíÿííÿ ñèñòåìè (11), òîáòî ðiâíÿííÿ

(−a2|σ|2 − p|η|2)dt =
dv

v
,

ïiäñòàâèìî çíàéäåíi âèùå çíà÷åííÿ çìiííèõ σj òà ηj:

(−a2(C2
1 + · · ·+ C2

k)e2bt − a2(C2
k+1 + · · ·+ C2

n)− p(Ĉ2
1 + · · ·+ Ĉ2

m))dt =
dv

v
.

Çiíòåãðóâàâøè öå ðiâíÿííÿ, îäåðæèìî

−a
2

2b
(C2

1 + · · ·+ C2
k)e2bt − a2(C2

k+1 + · · ·+ C2
n)t− p(Ĉ2

1 + · · ·+ Ĉ2
m)t = ln

∣∣∣ v

Cn+1

∣∣∣.
Ïiäñòàâëÿþ÷è ñþäè Cj = σje

−bt, j ∈ {1, . . . , k}, Cj = σj, j ∈ {k + 1, . . . , n}, Ĉj = ηj,

j ∈ {1, . . . ,m}, îäåðæèìî

v = Cn+1 exp
{
− a2

2b
|σ′|2 − a2|σ′′|2t− p|η|2t

}
,
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äå σ′ = (σ1, . . . , σk), σ
′′ = (σk+1, . . . , σn).

Îòæå, ïåðøi iíòåãðàëè ñèñòåìè (11) òàêi:
Cj = σje

−bt, j ∈ {1, . . . , k},
Cj = σj, j ∈ {k + 1, . . . , n},
Ĉj = ηj, j ∈ {1, . . . ,m},

Cn+1 = v exp
{a2

2b
|σ′|2 + a2|σ′′|2t+ p|η|2t

}
.

(12)

Çàäîâîëüíèìî óìîâó (10):

v|t=0 = Cn+1 exp
{
− a2

2b
|σ′|2

}
= Ψ(σ, η).

Îñêiëüêè ç (12) ïðè t = 0 ìà¹ìî, ùî σj = Cj, j ∈ {1, . . . , n}, ηj = Ĉj, j ∈ {1, . . . ,m}, òî
ç îñòàííüî¨ ðiâíîñòi îäåðæèìî

Ψ(C1, . . . , Cn, Ĉ1, . . . , Ĉm) = Cn+1 exp
{
− a2

2b
(C2

1 + · · ·+ C2
k)
}
.

Ïiäñòàâèâøè òóò çàìiñòü ñòàëèõ âèðàçè ç (12), îäåðæèìî

v(t, σ, η) = exp
{
− a2

2b
|σ′|2(1− e−2bt)− a2|σ′′|2t− p|η|2t

}
Ψ(σ′e−bt, σ′′, η) ≡

≡ W (t, σ, η)Ψ(σ′e−bt, σ′′, η), t > 0, (σ, η) ∈ Rn+m
+ , (13)

� ðîçâ'ÿçîê çàäà÷i (9), (10).

Äàëi áóäåìî âèêîðèñòîâóâàòè òàêó âëàñòèâiñòü îáåðíåíîãî ïåðåòâîðåííÿ Ôóð'¹-Áåññåëÿ:

F−1σ→xF
−1
B,η→y[f1 · f2] = F−1σ→xF

−1
B,η→y[f1]⊗ F

−1
σ→xF

−1
B,η→y[f2], (14)

äå çãîðòêà ⊗ âèçíà÷à¹òüñÿ ðiâíiñòþ

(g1 ⊗ g2)(x, y) ≡
∫

Rn+m
+

T ηy [g1(x− σ, y)]g2(σ, η)
m∏
j=1

η
2νj+1
j dσdη, (15)

à îïåðàòîð óçàãàëüíåíîãî çñóâó âèçíà÷èìî ÿê ñóïåðïîçèöiþ òàêèõ îïåðàòîðiâ ïî êîæíié

êîìïîíåíòi çìiííî¨ y, òîáòî

T ηy [f(y)] ≡ T η1y1 [T η2y2 [. . . [T ηmym [f(y)]] . . . ]], {y, η} ⊂ Rm
+ ,

òóò

T ηjyj [fj(yj)] ≡
Γ(νj + 1)√
πΓ(νj + 1

2
)

π∫
0

fj(
√
y2j + η2j − 2yjηj cosϕ) sin2νj ϕdϕ.

Çîêðåìà, ÿêùî f(y) =
m∏
j=1

fj(yj), òî T
η
y [f(y)] =

m∏
j=1

T ηjyj [fj(yj)].
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Ùîá çíàéòè ðîçâ'ÿçîê u çàäà÷i (1)� (3), ïiäñòàâèìî (13) ó (4). Íà ïiäñòàâi (15) îäåð-

æèìî

u(t, x, y) = F−1σ→xF
−1
B,η→y[W (t, σ, η)]⊗ F−1σ→xF

−1
B,η→y[Ψ(σ′e−bt, σ′′, η)]. (16)

Ïîçíà÷èìî

F−1σ→xF
−1
B,η→y[W (t, σ, η)] = F−1σ→x

[
exp

{
− a2

2b
|σ′|2(1− e−2bt)− a2|σ′′|2t

}]
×

×F−1B,η→y[exp{−p|η|2t}] ≡ W1(t, x)W2(t, y). (17)

Äëÿ îá÷èñëåííÿ W1 âèêîðèñòà¹ìî iíòåãðàë Ïóàññîíà

+∞∫
−∞

e−z
2

dz =
√
π. Ìà¹ìî

W1(t, x) =
1

(2π)n

∫
Rn

exp
{
i(x, σ)− a2

2b
|σ′|2(1− e−2bt)− a2|σ′′|2t

}
dσ =

=
1

(2π)n

( k∏
j=1

exp
{
−

bx2j
2a2(1− e−2bt)

} +∞∫
−∞

exp
{
−
(a√1− e−2bt√

2b
σj− i

√
2bxj

2a
√

1− e−2bt
)2}

dσj

)
×

×
( n∏
j=k+1

exp
{
−

x2j
4a2t

} +∞∫
−∞

exp
{
−
(
a
√
tσj −

ixj

2a
√
t

)2}
dσj

)
=

=
1

(2π)n
exp

{
− b|x′|2

2a2(1− e−2bt)

}( √
2bπ

a
√

1− e−2bt
)k

exp
{
− |x

′′|2

4a2t

}(√π
a
√
t

)n−k
=

=
(
√
b)k

(a
√

2π)k(
√

1− e−2bt)k
exp

{
− b|x′|2

2a2(1− e−2bt)

} 1

(2a
√
πt)n−k

exp
{
− |x

′′|2

4a2t

}
. (18)

Îá÷èñëèìî W2, âèêîðèñòàâøè âiäîìèé iíòåãðàë Âåáåðà ç [7], çàïèñàíèé äëÿ íîðìî-

âàíî¨ ôóíêöi¨ Áåññåëÿ:

+∞∫
0

exp{−η2t}jν(ηy)η2ν+1dη =
Γ(ν + 1)

2tν+1
exp

{
− y2

4t

}
.

Òîäi îäåðæèìî

W2(t, y) =
1

22|ν|
m∏
l=1

Γ2(νl + 1)

∫
Rm
+

exp{−p|η|2t}
m∏
l=1

jνl(ηlyl)η
2νl+1
l dη =

=
1

22|ν|

m∏
l=1

1

Γ2(νl + 1)

+∞∫
0

exp{−pη2l t}jνl(ηlyl)η
2νl+1
l dηl =

=
1

22|ν|

m∏
l=1

1

Γ2(νl + 1)

Γ(νl + 1)

2(pt)νl+1
exp

{
− y2l

4pt

}
=
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=
1

22|ν|+m(pt)|ν|+m
m∏
l=1

Γ(νl + 1)
exp

{
− |y|

2

4pt

}
. (19)

Òåïåð îá÷èñëèìî äðóãèé åëåìåíò ó çãîðòöi (16), çäiéñíèâøè â iíòåãðàëi ïî σ çàìiíó

β′ = σ′e−bt, β′′ = σ′′:

F−1σ→xF
−1
B,η→y[Ψ(σ′e−bt, σ′′, η)] = A(n, ν)

∫
Rm
+

(∫
Rn

exp{i(x′, β′ebt)+i(x′′, β′′)}Ψ(β, η)ekbtdβ
)
Jηy dη =

= ekbtϕ(x′ebt, x′′, y), t > 0, (x, y) ∈ Rn+m
+ . (20)

Ïiäñòàâèâøè (17) � (20) ó (16) i óðàõóâàâøè îçíà÷åííÿ çãîðòêè (15), îäåðæèìî

u(t, x, y) =

∫
Rn+m
+

W1(t, x− σ)T ηy [W2(t, y)]ekbtϕ(σ′ebt, σ′′, η)
m∏
l=1

η2νl+1
l dσdη.

Çäiéñíèìî â iíòåãðàëàõ ïî σ çàìiíó ξ′ = σ′ebt, ξ′′ = σ′′, òîäi dσ = e−kbtdξ, òîìó ìà¹ìî

ðîçâ'ÿçîê çàäà÷i (1) � (3):

u(t, x, y) =

∫
Rn+m
+

W1(t, x
′ − ξ′e−bt, x′′ − ξ′′)T ηy [W2(t, y)]ϕ(ξ, η)

m∏
l=1

η2νl+1
l dξdη ≡

≡
∫

Rn+m
+

G(t, x, y; 0, ξ, η)ϕ(ξ, η)
m∏
l=1

η2νl+1
l dξdη, t > 0, (x, y) ∈ Rn+m

+ , (21)

äå

G(t, x, y; 0, ξ, η) ≡ G1(t, x
′, ξ′)G2(t, x

′′, ξ′′)G3(t, y, η), (22)

G1(t, x
′, ξ′) ≡

√
bk

(a
√

2π)k(
√

1− e−2bt)k
exp

{
− b|x′ − ξ′e−bt|2

2a2(1− e−2bt)

}
, t > 0, {x′, ξ′} ⊂ Rk, (23)

G2(t, x
′′, ξ′′) ≡ 1

(2a
√
πt)n−k

exp
{
− |x

′′ − ξ′′|2

4a2t

}
, t > 0, {x′′, ξ′′} ⊂ Rn−k, (24)

G3(t, y, η) ≡ 1

22|ν|+m(pt)|ν|+m
m∏
l=1

Γ(νl + 1)
T ηy

[
exp

{
− |y|

2

4pt

}]
, t > 0, {y, η} ⊂ Rm

+ . (25)

Îá÷èñëèâøè, ÿê ó [8], îïåðàòîð óçàãàëüíåíîãî çñóâó

T ηy

[
exp

{
− |y|

2

4pt

}]
=

m∏
l=1

T ηlyl

[
exp

{
− y2l

4pt

}]
=

m∏
l=1

exp
{
− y2l + η2l

4pt

}
jνl

(
− iηlyl

2pt

)
=

= exp
{
− |y|

2 + |η|2

4pt

} m∏
l=1

jνl

(
− iηlyl

2pt

)
,
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îäåðæèìî iíøå çîáðàæåííÿ äëÿ G3:

G3(t, y, η) =
1

22|ν|+m(pt)|ν|+m
m∏
l=1

Γ(νl + 1)
exp

{
− |y|

2 + |η|2

4pt

} m∏
l=1

jνl

(
− iηlyl

2pt

)
.

Ïðèïóñêàþ÷è, ùî ïî÷àòêîâà ôóíêöiÿ ϕ � íåïåðåðâíà i îáìåæåíà íà Rn+m
+ , ìîæíà

ïåðåêîíàòèñÿ, ùî (21) ñïðàâäi ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (1) � (3), òîáòî ùî G ¹ ôóíäà-

ìåíòàëüíèì ðîçâ'ÿçêîì öi¹¨ çàäà÷i. Öå òàêîæ âèïëèâà¹ ç òîãî, ùî G1, G2, G3 ¹ ôóíäà-

ìåíòàëüíèì ðîçâ'ÿçêîì çàäà÷ Êîøi âiäïîâiäíî äëÿ ðiâíÿíü

∂tu(t, x′) = a2
k∑
j=1

∂2xju(t, x′) + b

k∑
j=1

∂xj(xju(t, x′)), t > 0, x′ ∈ Rk,

∂tu(t, x′′) = a2
n∑

j=k+1

∂2xju(t, x′′), t > 0, x′′ ∈ Rn−k,

∂tu(t, y) = p
m∑
j=1

Byju(t, y), t > 0, y ∈ Rm
+ .

Iç çîáðàæåíü (22) � (25) âèïëèâàþòü òàêi îöiíêè ïîõiäíèõ ôóíäàìåíòàëüíîãî ðîç-

â'ÿçêó G:

|∂sxG(t, x, y; 0, ξ, η)| ≤ Cs(1− e−2bt)−
k+|s′|

2 t−
n−k+|s′′|

2
−|ν|−m×

× exp
{
− c1
|x′ − ξ′e−bt|2

1− e−2bt
− c2
|x′′ − ξ′′|2

t
− c3
|y − η|2

t

}
T ηy

[
exp

{
−
(1

4
− c3

)y2
pt

}]
,

äå s = (s′, s′′), s′ = (s1, . . . , sk), s
′′ = (sk+1, . . . , sn), |s′| = s1 + · · ·+sk, |s′′| = sk+1 + · · ·+sn,

Cs, c1, c2, c3 � äîäàòíi ñòàëi, c3 < 1/4.

Áåçïîñåðåäíüî îá÷èñëþþ÷è iíòåãðàëè çà äîïîìîãîþ (22) � (25), îäåðæó¹ìî âëàñòè-

âiñòü ∫
Rn+m
+

G(t, x, y; 0, ξ, η)
m∏
l=1

η2νl+1
l dξdη = ekbt.
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Íàäiéøëî 19.12.2022

Melnychuk L.M. Fundamental solution of the Cauchy problem for parabolic equation of the

second order with increasing coe�cients and with Bessel operators of di�erent orders, Bukovi-

nian Math. Journal. 10, 2 (2022), 176�184.

The theory of the Cauchy problem for uniformly parabolic equations of the second order with

limited coe�cients is su�ciently fully investigated, for example, in the works of S.D. Eidelman

and S.D. Ivasyshen, in contrast to such equations with unlimited coe�cients. One of the areas of

research of Professor S.D. Ivasyshen and students of his scienti�c school are �nding fundamental

solutions and investigating the correctness of the Cauchy problem for classes of degenerate

equations, which are generalizations of the classical Kolmogorov equation of di�usion with

inertia and contain for the main variables di�erential expressions, parabolic according to I.G.

Petrovskyi and according to S.D. Eidelman (S.D. Ivasyshen, L.M. Androsova, I.P. Medynskyi,

O.G. Wozniak, V.S. Dron, V.V. Layuk, G.S. Pasichnyk and others). Parabolic Petrovskii

equations with the Bessel operator were also studied (S.D. Ivasyshen, V.P. Lavrenchuk, T.M.

Balabushenko, L.M. Melnychuk).

The article considers a parabolic equation of the second order with increasing coe�cients

and Bessel operators. In this equation, the some of coe�cients for the lower derivatives of one

group of spatial variables x ∈ Rn are components of these variables, therefore, grow to in�nity.

In addition, the equation contains Bessel operators of di�erent orders in another group of

spatial variables y ∈ Rm
+ , due to which the coe�cients in the �rst derivatives of these variables

are unbounded around the point y = 0.

The paper de�nes a modi�ed Fourier-Bessel transform that takes into account di�erent

orders of Bessel operators on di�erent variables. With the help of this transformation and the

method of characteristics, the solution of the Cauchy problem of the speci�ed equation is found

in the form of the Poisson integral, and its kernel, which is the fundamental solution of the

Cauchy problem, is written out in an explicit form. Some properties of the found fundamental

solution, in particular, estimates of its derivatives, have been established. They will be used to

establish the correctness of the Cauchy problem.
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Çàëåæíiñòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò íàðiçíî íåïåðåðâíèõ ôóíêöié

òðüîõ êîìïàêòíèõ çìiííèõ

Îäåðæàíî íåîáõiäíi i äîñòàòíi óìîâè çàëåæíîñòi âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò äëÿ

ôóíêöié òðüîõ çìiííèõ, êîæíà ç ÿêèõ ¹ äîáóòêîì êîìïàêòíèõ ïðîñòîðiâ Êåìïiñòîãî.

Êëþ÷îâi ñëîâà i ôðàçè: íàðiçíî íåïåðåðâíi ôóíêöi¨, çàëåæíiñòü âiä çëi÷åííî¨ êiëüêîñòi

êîîðäèíàò, ïðîñòîðè Êåìïiñòîãî, êîìïàêòíi ïðîñòîðè.

1 ×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, Óêðà¨íà;
2 Óíiâåðñèòåò ßíà Êîõàíîâñüêîãî â Êåëüöàõ, Ïîëüùà

e-mail: v.mykhaylyuk@chnu.edu.ua

1 Âñòóï

Çàëåæíiñòü íåïåðåðâíèõ âiäîáðàæåíü íà äîáóòêàõ âiä ïåâíî¨ êiëüêîñòi êîîðäèíàò

iíòåíñèâíî âèâ÷àëèñü ìàòåìàòèêàìè ñåðåäèíè ÕÕ ñòîëiòòÿ (I. Ìiáó, Ñ. Ìàçóð, Ã. Êîðñîí

i Äæ. Içáåëë, Ê. Ðîññ i À. Ñòîóí, Ð. Åí åëüêií , À. Ìiùåíêî, Í. Íîáë i Ì. Óëüìåð) i

ñòàëà çðó÷íèì iíñòðóìåíòîì äëÿ äîñëiäæåíü âëàñòèâîñòåé íåïåðåðâíèõ âiäîáðàæåíü.

Íàéáiëüø çàãàëüíi ðåçóëüòàòè ó öüîìó íàïðÿìêó áóëè îòðèìàíi ó ðîáîòi [5], äå, çîêðåìà,

áóëè îäåðæàíi íåîáõiäíi i äîñòàòíi óìîâè çàëåæíîñòi íàðiçíî íåïåðåðâíèõ ôóíêöié íà

äîáóòêàõ âiä ïåâíî¨ êiëüêîñòi êîîðäèíàò.

Àíàëîãi÷íi ïèòàííÿ çàëåæíîñòi äëÿ íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü âïðîäîâæ

êiëüêîõ äåñÿòèëiòü çàëèøàëèñü ïîçà óâàãîþ äîñëiäíèêiâ ïèòàíü òåîði¨ íàðiçíî íåïå-

ðåðâíèõ âiäîáðàæåíü. Ïî÷èíàþ÷è ç ðîáîòè [8] çàëåæíiñòü íàðiçíî íåïåðåðâíèõ ôóíêöié

âiä ïåâíî¨ êiëüêîñòi êîîðäèíàò ñòàëà ïðåäìåòîì äîñëiäæåíü ó ×åðíiâåöüêîìó óíiâåðñè-

òåòi i äëÿ ôóíêöié äâîõ çìiííèõ íàéçàãàëüíiøi ðåçóëüòàòè áóëè îäåðæàíi â [10]. Ñëiä

çàóâàæèòè, ùî, çàçâè÷àé ó áàãàòüîõ çàäà÷àõ òåîði¨ íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü ïå-

ðåõiä âiä äâîõ çìiííèõ äî òðüîõ çìiííèõ ìiñòèòü çíà÷íi òðóäíîùi. Çàëåæíiñòü âiä ïåâíî¨

êiëüêîñòi êîîðäèíàò íàðiçíî íåïåðåðâíèõ ôóíêöié òðüîõ i áiëüøå çìiííèõ âèâ÷àëàñü â

ðîáîòi [7], äå áóëè îòðèìàíi íåîáõiäíi i äîñòàòíi óìîâè ëèøå ó âèïàäêó ìåòðèçîâíîñòi

âñiõ ìíîæíèêiâ, ùî çàëèøà¹ âåëèêèé ïðîñòið äëÿ ïîäàëüøèõ äîñëiäæåíü.

ÓÄÊ 517.51

2010 Mathematics Subject Classi�cation: 54C08, 54C30, 54D30.
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Ó äàíié ðîáîòi ìè âèâ÷àòèìåìî çàëåæíiñòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò íàðiçíî

íåïåðåðâíèõ ôóíêöié áàãàòüîõ çìiííèõ, ÿêi ¹ äîáóòêàìè êîìïàêòíèõ ïðîñòîðiâ, i îäåð-

æèìî íåîáõiäíi i äîñòàòíi óìîâè òàêî¨ çàëåæíîñòi äëÿ ôóíêöié òðüîõ çìiííèõ, êîæíà ç

ÿêèõ ¹ äîáóòêîì êîìïàêòíèõ ïðîñòîðiâ Êåìïiñòîãî.

2 Íåîáõiäíi óìîâè çàëåæíîñòi

Ñïî÷àòêó îçíà÷èìî äåÿêi ïîíÿòòÿ i ââåäåìî ïîçíà÷åííÿ.

Íåõàé (Xs)s∈S � ñiì'ÿ ìíîæèí, X =
∏
s∈S

Xs, Y � ìíîæèíà i f : X → Y � âiäîáðàæåííÿ.

Êàçàòèìåìî, ùî âiäîáðàæåííÿ f çîñåðåäæåíå íà ìíîæèíi T ⊆ S, ÿêùî f(x′) = f(x′′),

ÿê òiëüêè x′, x′′ ∈ X i x′|T = x′′|T . ßêùî ìíîæèíà T � íå áiëüø, íiæ çëi÷åííà, òî êàæóòü,

ùî f çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò.

Íåõàé X1, . . . , Xn−1, Y � ìíîæèíè, (Ps)s∈S � ñiì'ÿ ìíîæèí, Xn =
∏
s∈S

Ps i f : X1×· · ·×

Xn → Y � âiäîáðàæåííÿ. Êàæåìî, ùî âiäîáðàæåííÿ f çîñåðåäæåíå íà ìíîæèíi T ⊆ S

âiäíîñíî n-òî¨ çìiííî¨, ÿêùî

f(x1, . . . , xn−1, x
′
n) = f(x1, . . . , xn−1, x

′′
n)

äëÿ äîâiëüíèõ x1 ∈ X1, . . . , xn−1 ∈ Xn−1 i x′n, x
′′
n ∈ Xn ç x′n|T = x′′n|T . ßêùî ìíîæèíà

T � íå áiëüø, íiæ çëi÷åííà, òî êàæåìî, ùî f çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîð-

äèíàò âiäíîñíî n-òî¨ çìiííî¨. Àíàëîãi÷íî ââîäèòüñÿ ïîíÿòòÿ çàëåæíîñòi âiä çëi÷åííî¨

êiëüêîñòi êîîðäèíàò âiäíîñíî i-òî¨ çìiííî¨, äå 1 ≤ i ≤ n− 1.

Ñiì'þ ìíîæèí (As : s ∈ S) íàçèâàòèìåìî ñêií÷åííîþ, ÿêùî ìíîæèíà

{s ∈ S : As 6= ∅}

¹ ñêií÷åííîþ.

Äëÿ äîâiëüíèõ ïiäìíîæèíè A äîáóòêó
n∏
k=1

Xk, iíäåêñà i ∈ {1, . . . , n} i òî÷êè

p = (x1, . . . , xi−1, xi+1, . . . , xn) ∈
i−1∏
k=1

Xk ×
n∏

k=i+1

Xk

ïîêëàäåìî

A(i)
p = {x ∈ Xi : (x1, . . . , xi−1, x, xi+1, . . . , xn) ∈ A}.

Ñiì'þ ìíîæèí (As : s ∈ S) â äîáóòêó
n∏
k=1

Xk òîïîëîãi÷íèõ ïðîñòîðiâ Xk íàçèâàòèìå-

ìî (ëîêàëüíî) ñêií÷åííîþ âiäíîñíî i-òî¨ çìiííî¨, ÿêùî äëÿ äîâiëüíî¨ òî÷êè

p = (x1, . . . , xi−1, xi+1, . . . , xn) ∈
i−1∏
k=1

Xk ×
n∏

k=i+1

Xk

ñiì'ÿ (Bs : s ∈ S) ìíîæèí Bs = (As)
(i)
p ¹ (ëîêàëüíî) ñêií÷åííîþ â ïðîñòîði Xi. Ñiì'þ

(As : s ∈ S) â äîáóòêó
n∏
k=1

Xk, ÿêà ¹ (ëîêàëüíî) ñêií÷åííîþ âiäíîñíî êîæíî¨ çìiííî¨
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íàçèâàòèìåìî íàðiçíî (ëîêàëüíî) ñêií÷åííîþ. Çðîçóìiëî, ùî êîæíà íàðiçíî ñêií÷åííà

ñiì'ÿ ìíîæèí ¹ íàðiçíî ëîêàëüíî ñêií÷åííîþ.

Äëÿ òîïîëîãi÷íîãî ïðîñòîðó X i ôóíêöi¨ f : X → R ÷åðåç supp f ìè ïîçíà÷à¹ìî

ìíîæèíó

{x ∈ X : f(x) 6= 0},

ÿêà íàçèâà¹òüñÿ íîñi¹ì ôóíêöi¨ f .

Äëÿ áàçèñíî¨ âiäêðèòî¨ ìíîæèíè U =
∏
s∈S

Us â òîïîëîãi÷íîìó äîáóòêó X =
∏
s∈S

Xs

÷åðåç R(U) ìè ïîçíà÷à¹ìî ñêií÷åííó ìíîæèíó {s ∈ S : Us 6= Xs}. Äàëi, ÿêùî B ⊆ S, òî

÷åðåç U |B ïîçíà÷àòèìåìî ìíîæèíó
∏
s∈B

Us â äîáóòêó
∏
s∈B

Xs.

Òîïîëîãi÷íèé ïðîñòið X íàçèâàòèìåìî íåòðèâiàëüíèì, ÿêùî |X| ≥ 2.

Òâåðäæåííÿ 1. Íåõàé X � äîáóòîê ñiì'¨ (Xs : s ∈ S) öiëêîì ðåãóëÿðíèõ ïðîñòîðiâ

Xs, t ∈ S, ïðîñòið Xt � íåòðèâiàëüíèé i U � íåïîðîæíÿ áàçèñíà âiäêðèòà ìíîæèíà â

ïðîñòîði X. Òîäi i ñíó¹ íåïåðåðâíà ôóíêöiÿ f : X → R òàêà, ùî supp f ⊆ U , ôóíêöiÿ f

çîñåðåäæåíà íà ìíîæèíi R(U) ∪ {t} i f íå çîñåðåäæåíà íà ìíîæèíi S \ {t}.

Äîâåäåííÿ. Âiçüìåìî äîâiëüíó íåïåðåðâíó ôóíêöiþ g : X → R òàêó, ùî ∅ 6= supp g ⊆ U

i f çîñåðåäæåíà íà ìíîæèíi R(U). ßêùî g íå çîñåðåäæåíà íà ìíîæèíi S \ {t}, òî
ïîêëàäåìî f = g.

Íåõàé ôóíêöiÿ g çîñåðåäæåíà íà ìíîæèíi S \ {t}. Âiçüìåìî äîâiëüíó íåïåðåðâíó

íåñòàëó ôóíêöiþ ϕ : Xt → R i ðîçãëÿíåìî íåïåðåðâíó ôóíêöiþ f : X → R,

f((xs)s∈S) = g((xs)s∈S) · ϕ(xt).

Çðîçóìiëî, ùî f çîñåðåäæåíà íà ìíîæèíi R(U) ∪ {t}. Ïîêàæåìî, ùî f íå çîñåðåäæåíà

íà ìíîæèíi S \ {t}. Âiçüìåìî äîâiëüíó òî÷êó x = (xs)s∈S ∈ X òàêó, ùî g(x) 6= 0, à

òàêîæ âèáåðåìî òî÷êè a, b ∈ Xt òàêi, ùî ϕ(a) 6= ϕ(b). Ðîçãëÿíåìî òî÷êè y, z ∈ X, ÿêi

îçíà÷àþòüñÿ íàñòóïíèì ÷èíîì:

y(s) =

{
x(s), ÿêùî s 6= t;

a, ÿêùî s = t,
i z(s) =

{
x(s), ÿêùî s 6= t;

b, ÿêùî s = t.

Çðîçóìiëî, ùî y|S\{t} = x|S\{t} = z|S\{t} i, çîêðåìà, g(y) = g(z) = g(x) 6= 0. Êðiì òîãî,

f(y)− f(z) = g(x)(ϕ(a)− ϕ(b)) 6= 0.

Íà çàâåðøàëüíîìó åòàïi ïîáóäîâ ìè áóäåìî âèêîðèñòîâóâàòè íàñòóïíèé äîïîìiæíèé

ôàêò.

Òâåðäæåííÿ 2. Íåõàé (Xk)
n
k=1 � ñiì'ÿ òîïîëîãi÷íèõ ïðîñòîðiâ Xk,

(f1,s : s ∈ S), . . . , (fn,s : s ∈ S)
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� ñiì'¨ íåïåðåðâíèõ ôóíêöié fk,s : Xk → R òàêi, ùî ñiì'ÿ (Us : s ∈ S) ìíîæèí

Us = supp f1,s × · · · × supp fn,s

¹ íàðiçíî ëîêàëüíî ñêií÷åííîþ â ïðîñòîði X =
n∏
k=1

Xk. Òîäi ôóíêöiÿ f :
n∏
k=1

Xk → R,

îçíà÷åíà ôîðìóëîþ

f(x1, . . . , xn) =
∑
s∈S

n∏
k=1

fk,s(xk),

¹ íàðiçíî íåïåðåðâíîþ.

Äîâåäåííÿ. Çàôiêñó¹ìî iíäåêñ i ∈ {1, . . . , n} i òî÷êó

p = (x1, . . . , xi−1, xi+1, . . . , xn) ∈
i−1∏
k=1

Xk ×
n∏

k=i+1

Xk.

Îñêiëüêè ñiì'ÿ (Vs : s ∈ S) ìíîæèí Vs = (Us)
(i)
p ¹ ëîêàëüíî ñêií÷åííîþ â ïðîñòîði Xi, òî

ôóíêöiÿ g : Xi → R,
g(t) = f(x1, . . . , xi−1, t, xi+1, . . . , xn),

¹ íåïåðåîðâíîþ. Îòæå, ôóíêöiÿ f ¹ íåïåðåðâíîþ âiäíîñíî i-òî¨ çìiííî¨.

Íàì áóäå ïîòðiáíèé íàñòóïíèé äîïîìiæíèé ðåçóëüòàò, ÿêèé òðàäèöiéíî âèêîðèñòî-

âó¹òüñÿ ïðè äîñëiäæåííi çàëåæíîñòi âiäîáðàæåíü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò (äè-

âèñü [1, c. 185], [2, ëåìà VII] i [8, ëåìà 10]).

Òâåðäæåííÿ 3 (Ëåìà Øàíiíà). Íåõàé I � íåçëi÷åííà ìíîæèíà i (Ai : i ∈ I) � ñiì'ÿ

ñêií÷åííèõ ìíîæèí. Òîäi iñíóþòü ñêií÷åííà ìíîæèíà B i íåçëi÷åííà ìíîæèíà J ⊆ I

òàêi, ùî Ai ∩ Aj = B äëÿ äîâiëüíèõ ðiçíèõ i, j ∈ J .

Íåîáõiäíi óìîâè çàëåæíîñòi íàðiçíî íåïåðåðâíèõ ôóíêöié âiä çëi÷åííî¨ êiëüêîñòi

êîîðäèíàò äà¹ íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 1. Íåõàé X1, . . . , Xn−1 � öiëêîì ðåãóëÿðíi ïðîñòîðè, Xn � äîáóòîê ñiì'¨ (Yt :

t ∈ T ) öiëêîì ðåãóëÿðíèõ íåòðèâiàëüíèõ ïðîñòîðiâ Yt, ìíîæèíà T � íåçëi÷åííà i (Gi :

i ∈ I) � íåçëi÷åííà íàðiçíî ëîêàëüíî ñêií÷åííà ñiì'ÿ âiäêðèòèõ íåïîðîæíiõ ìíîæèí

Gi ⊆ X1 × · · · ×Xn. Òîäi iñíó¹ íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X1 × · · · ×Xn → R, ÿêà
íå çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò âiäíîñíî n-òî¨ çìiííî¨.

Äîâåäåííÿ. Äëÿ êîæíîãî i ∈ I âèáåðåìî ôóíêöiîíàëüíî âiäêðèòi íåïîðîæíi ìíîæèíè

U1,i, . . . , Un−1,i â öiëêîì ðåãóëÿðíèõ ïðîñòîðàõ X1, . . . , Xn−1 âiäïîâiäíî, à òàêîæ áàçèñíó

âiäêðèòó ìíîæèíó Un,i â ïðîñòîði Xn òàê, ùî

U1,i × · · · × Un,i ⊆ Gi.

Äî ñiì'¨ (Ai : i ∈ I) ñêií÷åííèõ ìíîæèí Ai = R(Un,i) çàñòîñó¹ìî òâåðäæåííÿ 3 i çíàéäåìî

íîìåð n ∈ N, ñêií÷åííó ìíîæèíó B ⊆ T i ìíîæèíó J ⊆ I ïîòóæíîñòi ℵ1 òàêi, ùî âñi

ìíîæèíè Ai ¹ n-åëåìåíòíèìè i Ai ∩ Aj = B äëÿ äîâiëüíèõ ðiçíèõ i, j ∈ J .
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Çàóâàæèìî, ùî iñíó¹ ciì'ÿ (tj : j ∈ J) ðiçíèõ iíäåêñiâ tj ∈ T \B òàêà, ùî

(Ai ∪ {ti}) ∩ (Aj ∪ {tj}) = B

äëÿ äîâiëüíèõ ðiçíèõ i, j ∈ J . Ñïðàâäi, ÿêùî |B| < n, òî Aj \ B 6= ∅ i äîñòàòíüî âçÿòè

äîâiëüíó òî÷êó tj ∈ Aj \ B äëÿ êîæíîãî j ∈ J . ßêùî æ |B| = n, òîáòî Aj = B äëÿ

êîæíîãî j ∈ J , òî äîñòàòíüî âèáðàòè äîâiëüíó ciì'þ (tj : j ∈ J) ðiçíèõ iíäåêñiâ tj ∈ T \B.
Ïîêëàäåìî S = {tj : j ∈ J}. Êðiì òîãî, äëÿ êîæíîãî s ∈ S ïîçíà÷èìî ÷åðåç js iíäåêñ

j ∈ J òàêèé, ùî s = tj, i ïîêëàäåìî Bs = Ajs ∪ {s} i Vk,s = Uk,js äëÿ âñiõ k = 1, . . . , n.

Íåõàé

(f1,s : s ∈ S), . . . , (fn−1,s : s ∈ S)

� ñiì'¨ íåïåðåðâíèõ ôóíêöié fk,s : Xk → R òàêi, ùî supp fk,s = Vk,s äëÿ äîâiëüíèõ

k ≤ n − 1 i s ∈ S. Êðiì òîãî, ç äîïîìîãîþ òâåðäæåííÿ 1 âèáåðåìî ñiì'þ (fn,s : s ∈ S)

íåïåðåðâíèõ ôóíêöié fn,s : Xn → R òàêi, ùî supp fn,s = Vn,s, ôóíêöiÿ fn,s çîñåðåäæåíà

íà ìíîæèíi Bs i íå çîñåðåäæåíà íà ìíîæèíi T \ {s} äëÿ êîæíîãî s ∈ S.

Ðîçãëÿíåìî ôóíêöiþ f :
n∏
k=1

Xk → R,

f(x1, . . . , xn) =
∑
s∈S

n∏
k=1

fk,s(xk),

ÿêà çà òâåðäæåííÿì 2 ¹ íàðiçíî íåïåðåðâíîþ.

Çàëèøèëîñü äîâåñòè, ùî ôóíêöiÿ f íå çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò

âiäíîñíî n-òî¨ çìiííî¨. Íåõàé T̃ � äîâiëüíà ìíîæèíà, íà ÿêié çîñåðåäæåíà ôóíêöiÿ f

âiäíîñíî n-òî¨ çìiííî¨. Äîñòàòíüî ïîêàçàòè, ùî S ⊆ T̃ . Çàôiêñó¹ìî s ∈ S i âiçüìåìî

äîâiëüíi òî÷êè

x1 ∈ V1,s, . . . , xn−1 ∈ Vn−1,s.

Êðiì òîãî, âèáåðåìî òî÷êè y, z ∈ Xn òàêi, ùî y|T\{s} = z|T\{s} i fn,s(y) 6= fn,s(z). Çàóâà-

æèìî, ùî fn,t(y) = fn,t(z) äëÿ êîæíîãî t ∈ S\{s}, àäæå êîæíà ôóíêöiÿ fn,t çîñåðåäæåíà

íà ìíîæèíi Bt, ÿêà íå ìiñòèòü s. Òåïåð ìà¹ìî

f(x1, . . . , xn−1, y)− f(x1, . . . , xn−1, z) =
∑
t∈S

(
n−1∏
k=1

fk,t(xk)× (fn,t(y)− fn,t(z))

)
=

=
n−1∏
k=1

fk,s(xk)× (fn,s(y)− fn,s(z)) 6= 0.

Îòæå, T̃ 6⊆ S \ {s}, òîáòî s ∈ T̃ .

3 Äîñòàòíi óìîâè çàëåæíîñòi

Íàñòóïíèé ôàêò ëåãêî âèïëèâà¹ ç òåîðåìè Òèõîíîâà ïðî êîìïàêòíiñòü äîáóòêó êîì-

ïàêòíèõ ïðîñòîðiâ.
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Òâåðäæåííÿ 4. Íåõàé (Xs)s∈S � ñiì'ÿ êîìïàêòíèõ ïðîñòîðiâ, X =
∏
s∈S

Xs, f : X → R

i ε > 0. Òîäi iñíó¹ ñêií÷åííà ìíîæèíà T ⊆ S òàêà, ùî |f(x) − f(y)| < ε äëÿ äîâiëüíèõ

x, y ∈ X ç x|T = y|T .

Íàñòóïíå òâåðäæåííÿ âiäiãðà¹ âàæëèâó ðîëü ïðè ïåðåõîäi âiä âiäîáðàæåíü òðüîõ

çìiííèõ äî âiäîáðàæåíü äâîõ çìiííèõ.

Òâåðäæåííÿ 5. ÍåõàéX, Y � êîìïàêòíi ïðîñòîðè,A ⊆ X×Y � âñþäè ùiëüíà ìíîæèíà,

Z � äîáóòîê ñiì'¨ (Zt : t ∈ T ) òîïîëîãi÷íèõ ïðîñòîðiâ Zt i f : X × Y × Z → R � íàðiçíî

íåïåðåðâíà ôóíêöiÿ òàêà, ùî çâóæåííÿ g = f |A×Z çîñåðåäæåíå íà ìíîæèíi S ⊆ T

âiäíîñíî çìiííî¨ z. Òîäi ôóíêöiÿ f òàêîæ çîñåðåäæåíà íà ìíîæèíi S âiäíîñíî çìiííî¨

z.

Äîâåäåííÿ. Íåõàé u, v ∈ Z � òàêi, ùî u|S = v|S. Îñêiëüêè ôóíêöiÿ g çîñåðåäæåíà íà

ìíîæèíi S, òî g(a, u) = g(a, v) äëÿ êîæíîãî a ∈ A, òîáòî íàðiçíî íåïåðåðâíi ôóíêöi¨

fu : X × Y → R, fu(x, y) = f(x, y, u), i fv : X × Y → R, fv(x, y) = f(x, y, v), çáiãàþòüñÿ

íà âñþäè ùiëüíié ìíîæèíi A. Òîìó çãiäíî ç [6, íàñëiäîê 4], fu = fv, òîáòî f(x, y, u) =

f(x, y, v) äëÿ âñiõ x ∈ X i y ∈ Y .

Òîïîëîãi÷íèé ïðîñòið Y íàçèâà¹òüñÿ ïðîñòîðîì Êåìïiñòîãî, ÿêùî äëÿ äîâiëüíîãî

áåðiâñüêîãî ïðîñòîðó X i êîæíî¨ ôóíêöi¨ f : X × Y → R, ÿêà êâàçiíåïåðåðâíà âiäíîñíî
ïåðøî¨ çìiííî¨ i íåïåðåðâíà âiäíîñíî äðóãî¨ çìiííî¨, iñíó¹ âñþäè ùiëüíà Gδ-ìíîæèíà A

â ïðîñòîði X òàêà, ùî ôóíêöiÿ f ñóêóïíî íåïåðåðâíà â êîæíié òî÷öi ìíîæèíè A× Y .

Çàóâàæèìî, â [3] áóëî ïîêàçàíî, ùî äîâiëüíèé êîìïàêò Âàëäiâià ¹ ïðîñòîðîì Êåìïiñòî-

ãî, i ùî äîáóòîê äîâiëüíî¨ ñiì'¨ êîìïàêòíèõ ïðîñòîðiâ Êåìïiñòîãî òàêîæ ¹ ïðîñòîðîì

Êåìïiñòîãî.

Íàñòóïíà òåîðåìà çàéìà¹ öåíòðàëüíå ìiñöå ó äàíîìó ïóíêòi i äà¹ äîñòàòíi óìîâè

çàëåæíîñòi äëÿ íàðiçíî íåïåðåðâíèõ ôóíêöié òðüîõ çìiííèõ.

Òåîðåìà 2. ÍåõàéX, Y � êîìïàêòíi ïðîñòîðè, Z � äîáóòîê ñiì'¨ (Zt : t ∈ T ) êîìïàêòíèõ

ïðîñòîðiâ Êåìïiñòîãî Zt òàêi, ùî êîæíà íàðiçíî ñêií÷åííà ñiì'ÿ âiäêðèòèõ íåïîðîæíiõ

ìíîæèí â äîáóòêó X × Y ×Z ¹ íå áiëüø, íiæ çëi÷åííîþ. Òîäi êîæíà íàðiçíî íåïåðåðâ-

íà ôóíêöiÿ f : X × Y × Z → R çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò âiäíîñíî

çìiííî¨ z.

Äîâåäåííÿ. Íåõàé f : X × Y × Z → R � íàðiçíî íåïåðåðâíà ôóíêöiÿ. Çàóâàæèìî, ùî ç

òåîðåìè Íàìiîêè [4] âèïëèâà¹, ùî êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ íà äîáóòêó X×Y

¹ êâàçiíåïåðåðâíîþ íà P = X×Y . Òîìó ôóíêöiÿ g : P×Z → R, g((x, y), z) = f(x, y, z), ¹

êâàçiíåïåðåðâíîþ âiäíîñíî ïåðøî¨ çìiííî¨ i íåïåðåðâíîþ âiäíîñíî äðóãî¨ çìiííî¨. Êðiì

òîãî, çãiäíî ç [3, òåîðåìà 4.6], ïðîñòið Z ¹ ïðîñòîðîì Êåìïiñòîãî. Òîìó iñíó¹ âñþäè

ùiëüíà Gδ-ìíîæèíà A â ïðîñòîði P òàêà, ùî ôóíêöiÿ g, à îòæå, i ôóíêöiÿ f , ¹ ñóêóïíî

íåïåðåðâíèìè â êîæíié òî÷öi ìíîæèíè A × Z. Òåïåð ç òâåðäæåííÿ 5 âèïëèâà¹, ùî

äîñòàòíüî ïîêàçàòè, ùî ôóíêöiÿ h = g|A×Z çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò

âiäíîñíî çìiííî¨ z.
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Ìiðêóâàòèìåìî âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî íåïåðåðâíà ôóíêöiÿ h íå çàëå-

æèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò âiäíîñíî çìiííî¨ z. Òîäi çãiäíî ç [9, íàñëiäîê],

ìíîæèíà

T̃ = {t ∈ T : (∃at ∈ A)(∃ut, vt ∈ Z)(ut|T\{t} = vt|T\{t} i h(at, ut) 6= h(at, vt)}

¹ íåçëi÷åííîþ. Òîìó iñíó¹ ε > 0 òàêå, ùî ìíîæèíà

S = {t ∈ T̃ : |h(at, ut)− (at, vt)| > 4ε}

¹ íåçëi÷åííîþ. Äëÿ êîæíîãî s ∈ S, âèêîðèñòîâóþ÷è ñóêóïíó íåïåðåðâíiñòü ôóíêöi¨ f â

òî÷êàõ (xs, ys, us) i (xs, ys, vs), äå (xs, ys) = as, âèáåðåìî âiäêðèòi îêîëè Gs i Hs òî÷îê xs
i ys â ïðîñòîðàõ X i Y âiäïîâiäíî, à òàêîæ áàçèñíi âiäêðèòi îêîëè

Us =
∏
t∈T

U
(s)
t i Vs =

∏
t∈T

V
(s)
t

òî÷îê us i vs âiäïîâiäíî òàêi, ùî

R(Us) = R(Vs), U
(s)
t = V

(s)
t

äëÿ êîæíîãî t 6= s,

|f(x, y, u)− f(x, y, v)| > 2ε

äëÿ äîâiëüíèõ x ∈ Gs, y ∈ Hs, u ∈ Us i v ∈ Vs.

Äî ñiì'¨ (Rs : s ∈ S) ñêií÷åííèõ ìíîæèí Rs = R(Us) çàñòîñó¹ìî òâåðäæåííÿ 3 i

çíàéäåìî ñêií÷åííó ìíîæèíó B ⊆ T i íåçëi÷åííó ìíîæèíó S0 ⊆ S òàêi, ùî Rs ∩Rt = B

äëÿ äîâiëüíèõ ðiçíèõ s, t ∈ S0. Äëÿ îäåðæàííÿ ïîòðiáíî¨ íàì ñóïåðå÷íîñòi çàëèøèëîñü

ïîêàçàòè, ùî ñiì'ÿ (Ws : s ∈ S0) âiäêðèòèõ íåïîðîæíiõ ìíîæèí Ws = Gs × Hs × Us ¹

íàðiçíî ñêií÷åííîþ â X × Y × Z.

Ñïî÷àòêó ïîêàæåìî, ùî ñiì'ÿ (Ws : s ∈ S0) ¹ ñêií÷åííîþ âiäíîñíî çìiííî¨ z. Çàôi-

êñó¹ìî òî÷êó p = (x, y) ∈ X × Y i ïîêëàäåìî

Sp = {s ∈ S0 : p ∈ Gs ×Hs}.

Äî íåïåðåðâíî¨ ôóíêöi¨ fp : Z → R, fp(z) = f(x, y, z), çàñòîñó¹ìî òâåðäæåííÿ 4 i çíà-

éäåìî ñêií÷åííó ìíîæèíó Tp ⊆ T òàêó, ùî

|fp(u)− fp(v)| < ε

äëÿ äîâiëüíèõ u, v ∈ Z ç u|Tp = v|Tp . Îñêiëüêè

|f(x, y, us)− f(x, y, vs)| > 2ε

i us|T\{s} = vs|T\{s} äëÿ êîæíîãî s ∈ Sp, òî Sp ⊆ Tp, i òîìó, ìíîæèíà Sp � ñêií÷åííà.

Òåïåð ïîêàæåìî, ùî ñiì'ÿ (Ws : s ∈ S0) ¹ ñêií÷åííîþ âiäíîñíî çìiííî¨ x. Çàôiêñó¹ìî

òî÷êó q = (y, u) ∈ Y × Z i ïîêëàäåìî

Sq = {s ∈ S0 : q ∈ Hs × Us}.
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Ïðèïóñòèìî, ùî ìíîæèíà Sq íåñêií÷åííà. Òîäi ñiì'ÿ (xs : s ∈ Sq) ó êîìïàêòíîìó ïðî-

ñòîði X ìà¹ õî÷à á îäíó òî÷êó íàêîïè÷åííÿ x̃, òîáòî òî÷êó, êîæíèé îêië ÿêî¨, ìiñòèòü

íåñêií÷åííó êiëüêiñòü åëåìåíòiâ öi¹¨ ñiì'¨. Ïîêëàäåìî p̃ = (x̃, y) i äî íåïåðåðâíî¨ ôóíêöi¨

fp̃ : Z → R, fp̃(z) = f(x̃, y, z), çàñòîñó¹ìî òâåðäæåííÿ 4 i çíàéäåìî ñêií÷åííó ìíîæèíó

Tp̃ ⊆ T òàêó, ùî

|fp̃(u)− fp̃(v)| < ε

äëÿ äîâiëüíîãî v ∈ Z ç u|Tp̃ = v|Tp̃ . Ïîçíà÷èìî T0 = Sq \ (B ∪ Tp̃) i çàóâàæèìî, ùî x̃ ¹

òî÷êîþ íàêîïè÷åííÿ ñiì'¨ (xs : s ∈ T0), àäæå ìíîæèíà B ∪ Tp̃ � ñêií÷åííà.

Ðîçãëÿíåìî òî÷êó ṽ ∈ Z, ÿêà îçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì:

ṽ(t) =

{
vt(t), ÿêùî t ∈ T0;

u(t), ÿêùî t ∈ T \ T0.

Çàóâàæèìî, ùî u|Tp̃ = ṽ|Tp̃ i òîìó,

|f(x̃, y, u)− f(x̃, y, ṽ)| = |fp̃(u)− fp̃(ṽ)| < ε.

Çàôiêñó¹ìî s ∈ T0 i ïåðåêîíàéìîñÿ, ùî ṽ ∈ Vs. Äëÿ öüîãî äîñòàòíüî ïåðåâiðèòè, ùî

ṽ(t) ∈ V
(s)
t äëÿ êîæíîãî t ∈ R(Vs) = R(Us) = Rs. Íåõàé t ∈ R(Vs) \ T0. Îñêiëüêè u ∈ Us i

U
(s)
t = V

(s)
t , àäæå t 6= s, òî

ṽ(t) = u(t) ∈ U
(s)
t = V

(s)
t .

Òåïåð íåõàé t ∈ R(Vs) ∩ T0. Çàóâàæèìî, ùî U
(t)
t 6= V

(t)
t i òîìó, t ∈ R(Vt). Îòæå,

t ∈ R(Vs) ∩R(Vt) ∩ T0.

Òîäi t = s, àäæå iíàêøå ïðè t 6= s ìà¹ìî, ùî

R(Vs) ∩R(Vt) ∩ T0 = B ∩ T0 = ∅.

Òàêèì ÷èíîì,

ṽ(t) = ṽ(s) = vs(s) ∈ V (s)
s = V

(s)
t .

Îòæå, ṽ ∈ Vs äëÿ êîæíîãî s ∈ T0. Êðiì òîãî, y ∈ Hs i u ∈ Us, i òîìó,

|f(xs, y, u)− f(xs, y, ṽ)| > 2ε

äëÿ êîæíîãî s ∈ T0. Îñêiëüêè òî÷êà x̃ ¹ òî÷êîþ íàêîïè÷åííÿ ñiì'¨ (xs : s ∈ T0) i ôóíêöiÿ

f ¹ íåïåðåðâíîþ âiäíîñíî çìiííî¨ x, òî

|f(x̃, y, u)− f(x̃, y, ṽ)| ≥ 2ε,

ùî äà¹ íàì ñóïåðå÷íiñòü.

Àíàëîãi÷íî äîâîäèòüñÿ, ùî ñiì'ÿ (Ws : s ∈ S0) ¹ ñêií÷åííîþ âiäíîñíî çìiííî¨ y.

Òåïåð ç òåîðåì 1 i 2 íåãàéíî âèïëèâà¹ íàñòóïíèé ðåçóëüòàò.
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Òåîðåìà 3. Íåõàé X, Y i Z � äîáóòêè ñiìåé (Xs : s ∈ S), (Yt : t ∈ T ) i (Zr : r ∈
R) íåòðèâiàëüíèõ ãàóñäîðôîâèõ êîìïàêòíèõ ïðîñòîðiâ Êåìïiñòîãî Xs, Yt i Zr òàêi, ùî

ìíîæèíà S ∪ T ∪R ¹ íåçëi÷åííîþ. Òîäi íàñòóïíi óìîâè ¹ ðiâíîñèëüíèìè:

(i) êîæíà íàðiçíî ñêií÷åííà ñiì'ÿ âiäêðèòèõ íåïîðîæíiõ ìíîæèí â äîáóòêóX×Y ×Z
¹ íå áiëüø, íiæ çëi÷åííîþ;

(ii) êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X × Y × Z → R çàëåæèòü âiä çëi÷åííî¨

êiëüêîñòi êîîðäèíàò.

Ó çâ'ÿçêó ç öi¹þ òåîðåìîþ ïðèðîäíî âèíèêà¹ íàñòóïíå ïèòàííÿ.

Ïèòàííÿ 1. Íåõàé X, Y i Z � äîáóòêè ñiìåé (Xs : s ∈ S), (Yt : t ∈ T ) i (Zr : r ∈ R)

íåòðèâiàëüíèõ ãàóñäîðôîâèõ êîìïàêòíèõ ïðîñòîðiâ Xs, Yt i Zr òàêi, ùî êîæíà íàði-

çíî ñêií÷åííà ñiì'ÿ âiäêðèòèõ íåïîðîæíiõ ìíîæèí â äîáóòêó X × Y × Z ¹ íå áiëüø,

íiæ çëi÷åííîþ. ×è îáîâ'ÿçêîâî êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X × Y × Z → R
çàëåæèòü âiä çëi÷åííî¨ êiëüêîñòi êîîðäèíàò?
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Mykhaylyuk V.V.Dependence on countable many of coordinates of separately continuous functi-

ons of three variables, Bukovinian Math. Journal. 10, 2 (2022), 185�194.

The dependence of continuous mappings on a certain number of coordinates was intensively

studied in the works of many mathematicians in the middle of the 20th century. It has become

a convenient tool in the study of properties of continuous mappings. The most general results

in this direction were obtained in [5], where the necessary and su�cient conditions for the

dependence of continuous functions on products from a certain number of coordinates were

obtained.

Starting with [8] the dependence of separately continuous mappings on a certain number of

coordinates became the subject of research at the Chernivtsi University. For functions of two

variables the most general results were obtained in [10]. The dependence on a certain number

of coordinates of separately continuous functions of three or more variables was studied in [7],

where the necessary and su�cient conditions were established only in the case of metrizability

of all factors, which leaves a lot of room for further research.

We obtain necessary and su�cient conditions of dependence on countable many of coordi-

nates of functions on the product of three spaces each of which is the product of a family of

compact Kempisty spaces.
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Ìíîæèíà íåïîâíèõ ñóì ìîäèôiêîâàíîãî ðÿäó Ãàòði-Íiìàíà

Ó ðîáîòi âèâ÷àþòüñÿ òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ìíîæèíè íåïîâíèõ ñóì äîäàòíîãî

ðÿäó
∑
ak, äå a2n−1 = 3/4n+3/4in òà a2n = 2/4n+2/4in, n ∈ N , çàëåæíîãî âiä íàòóðàëüíî-

ãî ïàðàìåòðà i ≥ 2, ÿêèé ¹ ïåâíèì çáóðåííÿì âiäîìîãî ðÿäó Ãàòði-Íiìàíà. Âñòàíîâëåíî,

ùî ìíîæèíà íåïîâíèõ ñóì òàêîãî ðÿäó ¹ êàíòîðâàëîì (ùî ¹ ñïåöèôi÷íèì îá'¹äíàííÿì

äîñêîíàëî¨ íiäå íå ùiëüíî¨ ìíîæèíè íóëüîâî¨ ìiðè ëåáåãà i íåñêií÷åííîãî îá'¹äíàííÿ ií-

òâåðâàëiâ), ìiðà Ëåáåãà ÿêîãî îá÷èñëþ¹òüñÿ çà ôîðìóëîþ: λ(X+
i ) = 1+ 1

4i−3 . Îñíîâíà iäåÿ

äîâåäåííÿ òâåäæåííÿ ãðóíòó¹òüñÿ íà âiäîìié òåîðåìi Êàêåÿ, çàìêíåíîñòi ìíîæèí íåïîâ-

íèõ ñóì ðÿäó i âñþäè ùiëüíîñòi ìíîæèíè ó ïåâíîìó âiäðiçêó. Ó ðîáîòi íàâîäèòüñÿ ïîâíå

îáãðóíòóâàííÿ ôàêòiâ äëÿ âèïàäêó i = 2. Äëÿ îáãðóíòóâàííÿ îñíîâíèõ ôàêòiâ âèêîðèñòî-

âó¹òüñÿ ñïiââiäíîøåííÿ ìiæ ÷ëåíàìè òà çàëèøêàìè ðÿäó. Äëÿ i = 2 ìà¹ìî r0 =
∑
ak = 2,

a2n − r2n = 1
3 ·

1
4n + 5

3 ·
1

16n r2n−1 − a2n−1 = 2
3 ·

1
4n −

2
3 ·

1
16n . Àêòóàëüíiñòü âèâ÷åííÿ îá'¹êòà

ïðîäèêòîâàíà çàäà÷àìè ãåîìåòði¨ ÷èñëîâèõ ðÿäiâ, ôðàêòàëüíîãî àíàëiçó òà ôðàêòàëüíî¨

ãåîìåòði¨ îäíîâèìiðíèõ îá'¹êòiâ i òåîði¨ íåñêií÷åííèõ çãîðòîê Áåðíóëëi, îäíi¹¨ ç ïðîáëåì

ÿêî¨ ¹ ïðîáëåìà ñèíãóëÿðíîñòi çãîðòêè äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ.

Êëþ÷îâi ñëîâà i ôðàçè: ïiäñóìà ÷èñëîâîãî ðÿäó, ìíîæèíà íåïîâíèõ ñóì ðÿäó, ðÿä

Ãàòði-Íiìàíà, ìíîæèíà êàíòîðiâñüêîãî òèïó, êàíòîðâàë, àðèôìåòè÷íà ñóìà ÷èñëîâèõ ìíî-

æèí, ìiðà Ëåáåãà.
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Âñòóï

Ðîçãëÿäà¹òüñÿ àáñîëþòíî çáiæíèé ÷èñëîâèé ðÿä:

r0 = u1 + u2 + ...+ un + ... = u1 + u2 + ...+ un + rn = sn + rn. (1)

Íàãàäà¹ìî, ùî ÷èñëî

x = x (M) =
∑

n∈M⊆N

un =
∞∑
n=1

εnun, εn =

{
1 ïðè n ∈M,

0 ïðè n /∈M,
(2)

íàçèâà¹òüñÿ íåïîâíîþ ñóìîþ (ïiäñóìîþ) ðÿäó (1), âèçíà÷åíîþ ìíîæèíîþM . Ìíîæèíà

E = E[un] óñiõ ÷èñåë âèäó (2) íàçèâà¹òüñÿ ìíîæèíîþ íåïîâíèõ ñóì (ïiäñóì) ðÿäó (1).
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Î÷åâèäíî, ùî 0 ∈ E[un] ⊂ [0; r0], r0 ∈ E, âñi ÷ëåíè ðÿäó (un), ïîñëiäîâíiñòü éîãî ÷à-

ñòèííèõ ñóì (Sn) i ïîñëiäîâíiñòü çàëèøêiâ ðÿäó (rn) íàëåæàòü ìíîæèíi E[un]. Ïðîñòî

äîâîäèòüñÿ êîíòèíóàëüíiñòü òà çàìêíåíiñòü ìíîæèíè íåïîâíèõ ñóì ðÿäó. Ðîáîòà Êà-

êåÿ [5] ïîêëàëà ïî÷àòîê äîñëiäæåííÿì òîïîëîãî-ìåòðè÷íèõ âëàñòèâîñòåé ìíîæèí íå-

ïîâíèõ ñóì àáñîëþòíî çáiæíèõ ÷èñëîâèõ ðÿäiâ. Íà äàíèé ìîìåíò çàãàëüíà òåîðiÿ (à ìè

¨¨ íàçèâà¹ìî ãåîìåòði¹þ ÷èñëîâèõ ðÿäiâ) ¹ äîñòàòíüî áiäíîþ. Ñåðåä ôàêòiâ öi¹¨ òåîði¨

òåîðåìà Êàêåÿ i òåîðåìà ïðî òîïîëîãi÷íó ñòðóêòóðó ìíîæèíè íåïîâíèõ ñóì. Ðàçîì ç

öèì äëÿ îêðåìèõ êëàñiâ ðÿäiâ îòðèìàíî ïîâíi ðîçâ'ÿçêè òîïîëîãî-ìåòðè÷íèõ çàäà÷ i

çàäà÷ ïðî ôðàêòàëüíi âëàñòèâîñòi ìíîæèíè íåïîâíèõ ñóì [10,11,13].

Ó 1988 ðîöi Äæ. Ãàòði òà Äæ. Íiìàí [4] äîâåëè, ùî ìíîæèíà íåïîâíèõ ñóì ðÿäó

3

4
+

2

4
+

3

42
+

2

42
+ · · ·+ 3

4n
+

2

4n
+ . . . (3)

ìiñòèòü âiäðiçîê [3/4, 1], ïðîòå íå ¹ ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ. Òàêi ìíîæèíè

ñòàëè íàçèâàòè êàíòîðâàëàìè (Ì-êàíòîðâàëàìè), âîíè òàêîæ çóñòði÷àþòüñÿ ïðè âè-

â÷åííi àðèôìåòè÷íèõ ñóì äâîõ ìíîæèí êàíòîðiâñüêîãî òèïó [7].

Òàêîæ êàíòîðâàë ìîæíà îçíà÷èòè ÿê

X ≡ C ∪
∞⋃
n=1

G2n−1 = [0, 1] \
∞⋃
n=1

G2n,

äå C � êëàñè÷íà ìíîæèíà Êàíòîðà, Gk � îá'¹äíàííÿ óñiõ öåíòðàëüíèõ òðåòèí, ÿêi âè-

ëó÷àþòüñÿ iç âiäðiçêà [0, 1] íà k-îìó êðîöi ïîáóäîâè ìíîæèíè C.

Ó ðîáîòàõ [4] òà [6] âñòàíîâëåíî, ùî ìíîæèíà íåïîâíèõ ñóì äîâiëüíîãî çáiæíîãî

äîäàòíîãî ðÿäó íàëåæèòü îäíîìó ç òðüîõ òèïiâ: ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ; ãî-

ìåîìîðôíîþ ìíîæèíi Êàíòîðà; M-êàíòîðâàëîì (ñèìåòðè÷íèì êàíòîðâàëîì).

Íà ñüîãîäíiøíié äåíü íåîáõiäíi i äîñòàòíi óìîâè òîãî, ùî ìíîæèíà íåïîâíèõ ñóì

çáiæíîãî äîäàòíîãî ðÿäó ¹ êàíòîðâàëîì àáî ¹ ãîìåîìîðôíîþ ìíîæèíi Êàíòîðà (ç äî-

äàòíîþ ìiðîþ Ëåáåãà àáî íóëüîâî¨ ìiðè Ëåáåãà òà äðîáîâî¨ ðîçìiðíîñòi Ãàóñäîðôà-

Áåçèêîâè÷à) çàëèøàþòüñÿ íåâiäîìèìè. Òîìó íàóêîâöi ðîçâ'ÿçóþòü öþ çàäà÷ó äëÿ ïåâ-

íèõ êëàñiâ ðÿäiâ (áiãåîìåòðè÷íèõ, ìóëüòèãåîìåòðè÷íèõ [1], ðÿäiâ ç óçàãàëüíåíèõ ÷èñåë

Ôiáîíà÷÷i [12], ðÿäiâ ç ïåâíîþ óìîâîþ îäíîðiäíîñòi [8, 9]) òîùî.

Îñêiëüêè êàíòîðâàë ìiñòèòü öiëi âiäðiçêè, òî ïðèðîäíüîþ ¹ çàäà÷à ïðî ìiðó Ëåáåãà

òàêî¨ ìíîæèíè. Ñòðóêòóðà êàíòîðâàëó X, ùî ¹ ìíîæèíîþ íåïîâíèõ ñóì ðÿäó Ãàòði-

Íiìàíà (3), âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè ìiæX-iíòåðâàëàìè òàX-ùiëèíàìè (äåòàëü-

íiøå ó [2]). Äëÿ òàêîãî êàíòîðâàëó äîáðå âèâ÷åíi òîïîëîãi÷íi òà ìåòðè÷íi âëàñòèâîñòi.

Çîêðåìà âñòàíîâëåíî, ùî ÷àñòèíè ìíîæèíè ïîäiáíi ñàìié ìíîæèíi X ç êîåôiöi¹íòîì ïî-

äiáíîñòi 1/4n. Íà îñíîâi öüîãî áóëà îá÷èñëåíà ìiðà Ëåáåãà òàêîãî êàíòîðâàëà X. Âîíà

äîðiâíþ¹ 1 [2].

Ùå îäíèì öiêàâèì íàïðÿìîì äîñëiäæåííÿ ó öié îáëàñòi ¹ âèâ÷åííÿ âëàñòèâîñòi ïiä-

ìíîæèíè U ⊂ X óñiõ ÷èñåë, ÿêi ìàþòü ¹äèíå ïðåäñòàâëåííÿ çà äîïîìîãîþ íåïîâíî¨ ñóìè

ðÿäó (3). Äëÿ ðÿäó Ãàòði-Íiìàíà âñòàíîâëåíi êðèòåði¨ ïðèíàëåæíîñòi ÷èñëà ïiäìíîæèíi

U . Äîâåäåíî, ùî ìíîæèíà U ¹ âñþäè ùiëüíîþ â X òà âèâ÷åíi äåÿêi ¨¨ âëàñòèâîñòi [3].
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Îêðiì êàíòîðâàëóX, ÿêèé ìà¹ âiäíîñíî ïðîñòó òîïîëîãi÷íó ñòðóêòóðó, çàðóáiæíèìè

òà âiò÷èçíÿíèìè ìàòåìàòèêàìè àêòèâíî âèâ÷àþòüñÿ êàíòîðâàëè, ùî ïîðîäæåíi ðÿäàìè

ç ïåâíèìè óìîâàìè îäíîðiäíîñòi. Ó ðîáîòi [1] âèâ÷àþòüñÿ êàíòîðâàëè, ùî ¹ ìíîæèíàìè

íåïîâíèõ ñóì ðÿäó k1+k2+ · · ·+km+k1q+k2q+ · · ·+kmq+ · · ·+k1q
n+ · · ·+kmq

n+ . . . , äå

k1, k2, . . . , km � ôiêñîâàíi íàòóðàëüíi ÷èñëà, q ∈ (0, 1/2). ×ëåíè òàêîãî ðÿäó óòâîðþþòü

ìóëüòèãåîìåòðè÷íó ïðîãðåñiþ çi çíàìåííèêîì q.

Ñòàòòÿ [9] ïðèñâÿ÷åíà äîñëiäæåííþ êàíòîðâàëiâ, ÿêi ¹ ìíîæèíàìè íåïîâíèõ ñóì

ðÿäiâ
∑
an, äëÿ ÿêèõ

∞∑
n=1

an = 1 òà lim
n→∞

an
an+k

= +∞.

Âñòàíîâëåíî, ùî äëÿ áóäü-ÿêîãî ε > 0 â òàêié ñiì'¨ iñíó¹ ðÿä, ìiðà Ëåáåãà ìíîæèíè

íåïîâíèõ ñóì ÿêîãî ¹ áiëüøîþ çà 1− ε.
Ïiäñóìîâóþ÷è ðåçóëüòàòè öüîãî ðîçäiëó iíòåðåñ äî âèâ÷åííÿ êàíòîðâàëiâ çàðàç äî-

ñèòü âèñîêèé. Çîêðåìà, äëÿ êàíòîðâàëóX, ùî ïîðîäæåíèé ðÿäîì Ãàòði-Íiìàíà ðîçâ'ÿçàíèé

ðÿä òîïîëîãi÷íèõ, ìåòðè÷íèõ òà éìîâiðíiñíèõ çàäà÷. Ó öüîìó êîíòåêñòi áóäü-ÿêi ìî-

äèôiêàöi¨ ðÿäó (3) ïîòåíöiéíî ìîæíà âèêîðèñòàòè äëÿ ìîäåëþâàííÿ êàíòîðâàëiâ òà

ïîäàëüøîãî ¨õ äîñëiäæåííÿ.

1 Çáóðåíèé ðÿä Ãàòði-Íiìàíà

Ðîçãëÿäà¹òüñÿ çáiæíèé äîäàòíèé ðÿä(
3

4
+

3

16

)
+

(
2

4
+

2

16

)
+

(
3

42
+

3

162

)
+ · · ·+

(
3

4n
+

3

16n

)
+

(
2

4n
+

2

16n

)
+ . . . , (4)

ÿêèé ¹ ïåâíîþ ìîäèôiêàöi¹þ ðÿäó Ãàòði-Íiìàíà. ×è çáåðåæå ðÿä ïðè öüîìó ñâî¨ òîïîëîãî-

ìåòðè÷íi âëàñòèâîñòi? Äëÿ ÷ëåíiâ òà çàëèøêiâ ðÿäó (4) âèêîíóþòüñÿ íàñòóïíi ñïiââiä-

íîøåííÿ:

r0 =
∞∑
n=1

an =
∞∑
n=1

(
5

4n
+

5

16n

)
= 2,

r2n =
∞∑

k=n+1

(
5

4k
+

5

16k

)
=

5

3
· 1

4n
+

1

3
· 1

16n
<

2

4n
+

2

16n
= a2n,

r2n−1 =
2

4n
+

2

16n
+

∞∑
k=n+1

(
5

4k
+

5

16k

)
=

11

3
· 1

4n
+

7

3
· 1

16n
>

3

4n
+

3

16n
= a2n−1.

äëÿ äîâiëüíîãî n ∈ N . Âðàõîâóþ÷è íåðiâíîñòi a2n > r2n òà a2n−1 < r2n−1, äîõîäèìî äî

âèñíîâêó, ùî ìíîæèíà íåïîâíèõ ñóì ðÿäó (4) íå ¹ ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ (íå

âèêîíóþòüñÿ íåîáõiäíi òà äîñòàòíi óìîâè äëÿ öüîãî). Òàêèì ÷èíîì, E[an] ¹ êàíòîðâàëîì

àáî ìíîæèíîþ êàíòîðiâñüêîãî òèïó. Êîíêðåòèçó¹ âèñíîâîê íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1. Ìíîæèíà E íåïîâíèõ ñóì ðÿäó (4) ¹ êàíòîðâàëîì, ïðè÷îìó âîíà ìiñòèòü

âiäðiçîê
[
15
16
, 1
]
.
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Äîâåäåííÿ. Î÷åâèäíî, ùî ìíîæèíà âñiõ ÷èñåë âèäó

∆∗α1α2α3...αn... =
∞∑
n=1

(αn
4n

+
αn
16n

)
, (5)

äå αn ∈ {0, 2, 3, 5}, çáiãà¹òüñÿ ç ìíîæèíîþ íåïîâíèõ ñóì ðÿäó (4). Ïîêàæåìî, ùî âîíà

âñþäè ùiëüíà ó ÷åòâiðêîâîìó öèëiíäði äðóãîãî ðàíãó ∆4
33 =

[
15
16
, 1
]
, òîáòî ìíîæèíi

÷èñåë, ÿêi ìàþòü âèãëÿä ÷åòâiðêîâîãî ïðåäñòàâëåííÿ (çîáðàæåííÿ):

x = ∆4
33c3c4...

=
3

4
+

3

42
+
∞∑
n=3

cn
4n
, äå ci ∈ {0, 1, 2, 3}.

Ç öi¹þ ìåòîþ ñêîðèñòà¹ìîñü îçíà÷åííÿì âñþäè ùiëüíî¨ ìíîæèíè. Ïîêàæåìî, ùî

(∀ε > 0) (∀x = ∆4
33c3c4...cn(0)

) (∃y = ∆∗α1α2...αm(0)) |x− y| < ε.

Ïîáóäó¹ìî ÷èñëî y = ∆∗α1α2α3...αn(0)
çà íàñòóïíèì àëãîðèòìîì:

αn =

{
cn, ÿêùî cn ∈ {0, 2, 3},
5, ÿêùî cn = 1,

αn−1 =


cn−1, ÿêùî cn, cn−1 ∈ {0, 2, 3},
cn−1 − 1, ÿêùî cn = 1, cn−1 6= 2,

5, ÿêùî cn = 1, cn−1 = 2,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

α1 =

{
c1, ÿêùî c2 ∈ {0, 2, 3},
c1 − 1, ÿêùî c2 = 1.

Öå ÷èñëî y = ∆∗α1α2...αn(0)
íàçèâàòèìåìî ïåðøèì íàáëèæåííÿì äî ÷èñëà x òà ïîçíà-

÷àòèìåìî ÷åðåç ∆∗(1). Ìàòèìåìî ïðè y = ∆∗(1)

x− y = ∆4
33c3c4...cn(0)

−∆∗α1α2...αn(0) = −
n∑
i=1

αi
16i

.

Ó ñâîþ ÷åðãó òàêó ðiçíèöþ ìîæíà ïîäàòè ó âèãëÿäi
n∑
i=1

αi

16i
= ∆4

0α10α2...0αn(0)
òà àíàëîãi-

÷íèì ÷èíîì ïîáóäóâàòè äî íüîãî íàáëèæåííÿ ∆∗0α10α2...0αn(0)
. ×èñëî

∆∗α1α2...αn(0) −∆∗0α10α2...0αn(0) = ∆∗α1(α2 − α1)α3(α4 − α2) . . . 0αn︸ ︷︷ ︸
2n

(0)

áóäåìî íàçèâàòè 2-èì íàáëèæåííÿì äî ÷èñëà x òà ïîçíà÷àòèìåìî ÷åðåç ∆∗(2).

Íàáëèæåííÿì k-îãî ïîðÿäêó äî ÷èñëà x íàçèâàòèìåìî ÷èñëî ∆∗(k) = ∆∗γ1γ2γ3γ4...γ2kn
(0),

äå öèôðè γi, i = 1, 2kn âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì:

γ1 = α1, γ2 = α2 − α1, γ3 = α3, γ4 = α4 − α2 + α1,

γ5 = α5, γ6 = α6 − α3, γ7 = α7, γ8 = α8 − α4 + α2 − α1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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γi = αi + (−1)i−1µi, äå µn =

{
0, ÿêùî i 6= 2m,

α i
2

+ µ i
2
, ÿêùî i = 2m.

Ëåãêî áà÷èòè, ùî

|x−∆∗(k)| =
n∑
i=k

αi
162i
→ 0 ïðè k →∞.

Âàðòî çàóâàæèòè, ùî γi íå çàâæäè ¹ öèôðàìè àëôàâiòó {0, 2, 3, 5}. Òîìó çàëèøà¹òüñÿ
ïðèâåñòè çîáðàæåííÿ ÷èñëà ∆∗(k) äî ôîðìè (5). Îñêiëüêè

4

4n
+

4

16n
=

(
1

4n−1
+

1

16n−1

)
− 3

42n−1 ,
1

4n
+

1

16n
=

(
4

4n+1
+

4

16n+1

)
+

3

42n+1
,

òî ñïðàâåäëèâèìè áóäóòü ðiâíîñòi

∆∗γ1γ2...γn−14γn+1...
= ∆∗γ1γ2...(γn−1+1)0γn+1...γ2n−2(γ2n−1+3)γ2n...(γ4n−1−3)...,

∆∗γ1γ2γ3...γn−11γn+1...
= ∆∗γ1γ2γ3...γn−10(γn+1+4)...γ2n(γ2n+1−3)...γ4n(γ4n+1+3)....

Âðàõîâóþ÷è ¨õ, áà÷èìî, ùî äîâiëüíå ÷èñëî ∆∗(k) = ∆∗γ1γ2γ3γ4...γ2kn
(0) ìîæíà ïåðåòâîðèòè

(ç òî÷íiñòþ äî ε) ó ÷èñëî âèäó (5). Òàêèì ÷èíîì ìíîæèíà E ¹ âñþäè ùiëüíîþ ó ìíîæèíi

÷èñåë ∆4
33, òîáòî âñþäè ùiëüíîþ ó âiäðiçêó

[
15
16
, 1
]
. Âðàõîâóþ÷è çàìêíåíiñòü ìíîæèíè

íåïîâíèõ ñóì ðÿäó, ïiäñóìîâó¹ìî
[
15
16
, 1
]
⊂ E. Îòæå, E êàíòîðâàë.

Íàñëiäîê 1. Ìíîæèíà E íåïîâíèõ ñóì ðÿäó (4) ìiñòèòü âiäðiçîê
[
1; 17

16

]
.

Òâåðäæåííÿ âèïëèâà¹ ç òîãî, ùî ìíîæèíà íåïîâíèõ ñóì ðÿäó (4) ñèìåòðè÷íà âiä-

íîñíî ñåðåäèíè âiäðiçêà [0; 2] � ìiíiìàëüíîãî âiäðiçêà, ùî ¨¨ ìiñòèòü.

2 Ìiðà Ëåáåãà êàíòîðâàëà

Äëÿ çðó÷íîñòi ïîçíà÷èìî êàíòîðâàë, ÿêèé ¹ ìíîæèíîþ íåïîâíèõ ñóì ðÿäó (4) ÷åðåç

X+. Âðàõîâóþ÷è ñïiââiäíîøåííÿ ìiæ ÷ëåíàìè òà çàëèøêàìè ðÿäó

a2n − r2n =
1

3
· 1

4n
+

5

3
· 1

16n
òà r2n−1 − a2n−1 =

2

3
· 1

4n
− 2

3
· 1

16n

ìíîæèíó X+ ìîæíà ëåãêî âèïèñàòè ïîñëiäîâíiñòü ñóìiæíèõ iíòåðâàëiâ.

Ñóìiæíèìè ìíîæèíi ¹ iíòåðâàëè
(

7
16
, 10
16

)
òà
(
22
16
, 25
16

)
, ÿêi ìàþòü äîâæèíè 3

16
òà ïî-

ðîäæåíi íåðiâíiñòþ a2 > r2. Íàñòóïíi øiñòü iíòåðâàëiâ
(

27
256
, 34
256

)
,
(

78
256
, 85
256

)
,
(
187
256
, 194
256

)
,(

318
256
, 325
256

)
,
(
427
256
, 434
256

)
òà
(
478
256
, 485
256

)
ìàþòü äîâæèíó 7

256
òà ïîðîäæåíi íåðiâíiñòþ a4 > r4.

Íàñòóïíi iíòåðâàëè ïîðîäæåíi íåðiâíiñòþ a2n > r2n òà ìàþòü äîâæèíó, ùî íå ïåðåâè-

ùó¹ âåëè÷èíó 1/4n. I ò.ä.

Ââåäåìî ïîçíà÷åííÿ

A(n) =
∑
k>n

(
2

4k
+

2

16k

)
=

2

3
· 1

4n
+

2

15
· 1

16n
òà A(0) =

2

3
+

2

15
=

4

5
,

B(n) =
∑
k>n

(
3

4k
+

3

16k

)
=

1

4n
+

1

5
· 1

16n
òà B(0) = 1 +

1

5
=

6

5
,
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C(n) =
∑
k>n

(
5

4k
+

5

16k

)
=

5

3
· 1

4n
+

1

3
· 1

16n
òà C(0) = 2.

Äëÿ îïèñó âiäðiçêiâ, ùî íàëåæàòü êàíòîðâàëó X+ ðîçãëÿíåìî íàñòóïíi ìíîæèíè

Kn =

[
4

5
,
6

5

]⋂{
n∑
i=1

(αi
4i

+
αi
16i

)
: αi ∈ {0, 2, 3, 5}, i = 1, n

}
.

Íå âàæêî ïåðåêîíàòèñÿ, ùî K1 =
{

15
16

}
òà K2 =

{
211
256
, 15
16
, 245
256
, 274
256
, 291
256

}
. Ó çàãàëüíîìó æ

âèïàäêó âðàõîâóþ÷è, ùî A(0) = 4
5
òà A(n) < 1

4n
+ 1

16n
ðîáèìî âèñíîâîê, ùî ÷èñëî

fn1 =

(
3

4n
+

3

16n

)
+

n−1∑
i=1

(
2

4i
+

2

16i

)
¹ íàéìåíøèì ó ìíîæèíi Kn. Ç iíøîãî áîêó, âðàõîâóþ÷è C(n) = 5

3
· 1
4n

+ 1
3
· 1
16n

< 2
4n

+ 2
16n

òà B(0) = 6
5
ðîáèìî âèñíîâîê, ùî

fn|Kn| =
n∑
i=1

(
3

4i
+

3

16i

)
<

6

5

¹ íàéáiëüøèì äiéñíèì ÷èñëîì ó ìíîæèíi Kn (|Kn| � êiëüêiñòü åëåìåíòiâ ìíîæèíè).

Òåîðåìà 2. Âiäñòàíü ìiæ åëåìåíòàìè ìíîæèíè Kn íå ïåðåâèùó¹ âåëè÷èíó d(n) = 2
4n
,

à êiëüêiñòü åëåìåíòiâ ìíîæèíè Kn îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

|Kn| =
1

3
(4n − 1) òà |Kn+1| = 4|Kn|+ 1.

Äîâåäåííÿ. Îñêiëüêè |K1| = 1 òà |K2| = 5, òî òåîðåìà ñïðàâåäëèâà äëÿ n = 1, 2. Ïðè-

ïóñòèìî, ùî Kn−1 =
{
fn−11 , fn−12 , . . . , fn−1|Kn|

}
, äå

fn−11 =

(
3

4n−1
+

3

16n−1

)
+

n−2∑
i=1

(
2

4i
+

2

16i

)
, fn−1j+1 − fn−1j <

2

4n−1
+

2

16n−1

äëÿ 0 < j < |Kn−1|−1, ïðè÷îìó fn−1|Kn| =
∑n−1

i=1

(
3
4n

+ 3
16n

)
. Ðîçãëÿíåìî îá'¹äíàííÿ ìíîæèí

Kn−1
⋃(

2

4n
+

2

16n
+Kn−1

)⋃(
3

4n
+

3

16n
+Kn−1

)⋃(
5

4n
+

5

16n
+Kn−1

)
.

Âèäàëèìî ç öi¹¨ ìíîæèíè ÷èñëî(
5

4n
+

5

16n

)
+

n−1∑
i=1

(
3

4i
+

3

16i

)
>

4

5

i äîäàìî äî íå¨ ÷èñëà

fn1 =

(
3

4n
+

3

16n

)
+

n−1∑
i=1

(
2

4i
+

2

16i

)
, fn3 =

(
5

4n
+

5

16n

)
+

n−1∑
i=1

(
2

4i
+

2

16i

)
.

Â ðåçóëüòàòi îòðèìà¹ìî øóêàíó ìíîæèíó

Kn =
{
fn1 , f

n
2 , . . . , f

n
1
3
(4n−1)

}
.
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Íàñëiäîê 2. Âiäðiçîê
[
4
5
, 6
5

]
ìiñòèòüñÿ â êàíòîðâàëi X.

Äîâåäåííÿ. Ïîêàæåìî, ùî (∀ε > 0) (∀x ∈ [4/5, 6/5]) (∃n ∈ N) (∃y ∈ Kn) |x− y| < ε.

Äiéñíî, ÿêùî âèáðàòè n > (1 − log2 ε)/2, òî çãiäíî ç òåîðåìîþ 2 åëåìåíòè ìíîæèíè

Kn áóäóòü çíàõîäèòèñÿ íà âiäñòàíi, ùî íå ïåðåâèùó¹ 2/4n. Îòæå, ìíîæèíà Kn âñþäè

ùiëüíà íà âiäðiçêó [4/5, 6/5] . Îñêiëüêè
⋃
Kn ⊂ X+, òî i âiäðiçîê [4/5, 6/5] íàëåæàòü

öüîìó êàíòîðâàëó.

Ëåãêî äîâåñòè íàñòóïíå òâåðäæåííÿ.

Ëåìà 1. Ìíîæèíà X+ \
[
4
5
, 6
5

]
¹ îá'¹äíàííÿì äâîõ íåïåðåòèííèõ içîìåòðè÷íèõ ôiãóð,

ïîäiáíèõ ìíîæèíi X+. Ìíîæèíà X+\
((

4
5
, 6
5

)⋃
( 7
40
, 21
80

)
⋃

(139
80
, 73
40

)
)
¹ îá'¹äíàííÿì øåñòè

íåïåðåòèííèõ içîìåòðè÷íèõ êîïié D =
[
0, 7

40

]⋂
X+, ÿêi ïîäiáíi ìíîæèíi X+.

Òåîðåìà 3. Ìiðà Ëåáåãà êàíòîðâàëà X+ ðiâíà 14/13.

Äîâåäåííÿ. Âðàõîâóþ÷è ëåìó 1, ïiäðàõó¹ìî ñóìó äîâæèí óñiõ ñóìiæíèõ X+ iíòåðâàëiâ

l =
∞∑
n=1

2 · 3n−1(a2n − r2n) =
∞∑
n=1

2 · 3n−1
(

1

3
· 1

4n
+

5

3
· 1

16n

)
=

2

3
+

10

39
=

12

13
.

Îòæå, λ(X+) = 2− l = 14
13
.

Ç iíøîãî áîêó, ñóìà äîâæèí óñiõ ñóìiæíèê ìíîæèíi X+ iíòåðâàëiâ äîðiâíþ¹

I = B(0)− A(0) +
∞∑
n=1

2 · 3n−1 (B(n)− A(n)) =

=

(
1

3
+

1

15

)
+
∞∑
n=1

2 · 3n−1 ·
(

1

3
· 1

4n
+

1

15
· 1

16n

)
=

14

13
.

Çàóâàæåííÿ 1. Àíàëîãi÷íî ÷èíîì ìîæíà äîâåñòè, ùî ìíîæèíà íåïîâíèõ ñóì ðÿäó

(
3

4
+

3

4i

)
+

(
2

4
+

2

4i

)
+

(
3

42
+

3

42i

)
+ · · ·+

(
3

4n
+

3

4ni

)
+

(
2

4n
+

2

4ni

)
+ . . . ,

n ∈ N , ¹ äåÿêèì êàíòîðâàëîì X+
i (X+ ≡ X+

2 ) òà îá÷èñëèòè éîãî ìiðó Ëåáåãà âèêîðè-

ñòîâóþ÷è ìiðêóâàííÿ, ðîçãëÿíóòi âèùå. Ìàòèìåìî λ(X+
i ) = 1 + 1

4i−3 .
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Pratsiovytyi M.V., Karvatsky D.M. The set of incomplete sums of the modi�ed Guthrie-Nymann

series, Bukovinian Math. Journal. 10, 2 (2022), 195�203.

In this paper we study topological and metric properties of the set of incomplete sums for

positive series
∑
ak, where a2n−1 = 3/4n + 3/4in and a2n = 2/4n + 2/4in, n ∈ N . The series

depends on positive integer parameter i ≥ 2 and it is some perturbation of the known Guthrie-

Nymann series. We prove that the set of incomplete sums of this series is a Cantorval (which is

a speci�c union of a perfect nowhere dense set of zero Lebesgue measure and an in�nite union

of intervals), and its Lebesgue measure is given by formula: λ(X+
i ) = 1 + 1

4i−3 . The main idea

of ??proving the theorem is based on the well-known Kakey theorem, the closedness of sets

of incomplete sums of the series and the density of the set everywhere in a certain segment.

The work provides a full justi�cation of the facts for the case i = 2. To justify the main facts,

the ratio between the members and the remainders of the series is used. For i = 2 we have

r0 =
∑
ak = 2, a2n − r2n = 1

3 ·
1
4n + 5

3 ·
1

16n r2n−1 − a2n−1 = 2
3 ·

1
4n −

2
3 ·

1
16n . The relevance of

the study of the object is dictated by the problems of the geometry of numerical series, fractal

analysis and fractal geometry of one-dimensional objects and the theory of in�nite Bernoulli

convolutions, one of the problems of which is the problem of the singularity of the convolution

of two singular distributions.
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Ïðàöüîâèòèé Ì.Â.1, Ðàòóøíÿê Ñ.Ï.2, Ñèìîíåíêî Þ.Î.3, Øïèòþê Ä.Ñ.4

Çãîðòêà äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ: êëàñè÷íîãî êàíòîðiâñüêîãî i

âèïàäêîâî¨ âåëè÷èíè ç íåçàëåæíèìè äåâ'ÿòiðêîâèìè öèôðàìè

Âèâ÷à¹òüñÿ ðîçïîäië âèïàäêîâî¨ âåëè÷èíè ξ = τ + η, äå τ i η íåçàëåæíi âèïàäêîâi âå-

ëè÷èíè, ïðè÷îìó τ ìà¹ êëàñè÷íèé êàíòîðiâñüêèé ðîçïîäië, à η ¹ âèïàäêîâîþ âåëè÷èíîþ ç

íåçàëåæíèìè îäíàêîâî ðîçïîäiëåíèìè öèôðàìè äåâ'ÿòiðêîâîãî çîáðàæåííÿ. Ïðè äîäàòêî-

âèõ óìîâàõ íà ðîçïîäiëè öèôð η âêàçóþòüñÿ äîñòàòíi óìîâè ñèíãóëÿðíîñòi êàíòîðiâñüêîãî

òèïó ðîçïîäiëó ξ . Äëÿ îáãðóíòóâàííÿ òâåðäæåíü çäiéñíþ¹òüñÿ òîïîëîãî-ìåòðè÷íèé àíàëiç

çîáðàæåííÿ ÷èñåë x ∈ [0; 2] ó ñèñòåìi ÷èñëåííÿ ç îñíîâîþ 9 òà ñiìíàäöÿòèñèìâîëüíèì àë-

ôàâiòîì (íàáîðîì öèôð). Ãåîìåòðiþ (ïîçèöiéíó òà ìåòðè÷íó) öüîãî çîáðàæåííÿ îïèñóþòü

âëàñòèâîñòi âiäïîâiäíèõ öèëiíäðè÷íèõ ìíîæèí.

Êëþ÷îâi ñëîâà i ôðàçè: s-êîâå çîáðàæåííÿ ÷èñåë, ñèñòåìà ÷èñëåííÿ ç íàäëèøêîâèì

àëôàâiòîì, ìíîæèíà Êàíòîðà, ìíîæèíà êàíòîðiâñüêîãî òèïó, ñèíãóëÿðíî ðîçïîäiëåíà âè-

ïàäêîâà âåëè÷èíà, ñïåêòð ðîçïîäiëó, àðèôìåòè÷íà ñóìà ìíîæèí.

National Pedagogical Dragomanov University1,3,4, Institution of mathematics of NAS Ukraine1,2,

Kyiv, Ukraine

e-mail: 1pras4444@gmail.com, 2ratush404@gmail.com,
3yu.o.symonenko@npu.edu.ua, 4darina.shpytyuk@gmail.com

Âñòóï

Íåõàé As = {0, 1, ..., s − 1} � àëôàâiò (íàáið öèôð), Ls = As × As × ... � ïðîñòið
ïîñëiäîâíîñòåé åëåìåíòiâ àëôàâiòó, ∆s

α1α2...αn... � s-êîâå çîáðàæåííÿ ÷èñëà x ∈ [0; 1],

òîáòî x = ∆s
α1α2...αn... =

∞∑
n=1

αn

sn
, äå (αn) ∈ Ls. Âiäîìî, ùî àðèôìåòè÷íîþ ñóìîþ äâîõ

÷èñëîâèõ ìíîæèí A i B íàçèâà¹òüñÿ ìíîæèíà C = A ⊕ B = {x : x = a + b, a ∈
A, b ∈ B}. Öÿ îïåðàöiÿ íàä ÷èñëîâèìè ìíîæèíàìè ¹ äîñòàòíüî ïðîäóêòèâíîþ ó òåîði¨
íåñêií÷åííèõ çãîðòîê Áåðíóëëi [8], òåîði¨ ôðàêòàëiâ òà ãåîìåòði¨ ÷èñëîâèõ ðÿäiâ [3�5,7,
10].

Âiäîìî, ùî ìíîæèíà Êàíòîðà C = C[3; {0; 2}] = {x =
∞∑
k=1

2αn

3n
, (αn) ∈ L2} ¹ äîñêî-

íàëîþ íiäå íå ùiëüíîþ ìíîæèíîþ, íóëüîâî¨ ìiðè Ëåáåãà; àðèôìåòè÷íîþ ñóìîþ äâîõ
ìíîæèí Êàíòîðà ¹ âiäðiçîê [0; 2], à äâîõ ìíîæèí êàíòîðiâñüîãî òèïó

ÓÄÊ 511.7+519.21
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C[4; {0; 3}] = {x =
∞∑
k=1

3αk

4k
, (αk) ∈ L2}, C[4; {0, 2}] = {x =

∞∑
k=1

2αk

4k
, (αk) ∈ L2}

¹ êàíòîðâàë [3] � ñïåöèôi÷íå îá'¹äíàííÿ íåñêií÷åííî¨ êiëüêîñòi iíòåðâàëiâ i ìíîæèíè
êàíòîðiâñüêîãî òèïó (äîñêîíàëî¨, íiäå íå ùiëüíî¨ ìíîæèíè íóëüîâî¨ ìiðè Ëåáåãà) [11].

Êëàñè÷íèì êàíòîðiâñüêèì ðîçïîäiëîì íàçèâà¹òüñÿ ðîçïîäië âèïàäêîâî¨ âåëè÷èíè

τ =
θ1
3

+
θ2
32

+ ...+
θn
3n

+ ... = ∆3
θ1θ2...θn...

,

äå (θn) � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí ç ðîçïîäiëàìè P{θn = 0} =
1
2

= P{θn = 2}, P{θn = 1} = 0. Âèïàäêîâà âåëè÷èíà τ ìà¹ ñèíãóëÿðíèé ðîçïîäië
(ôóíêöiÿ ðîçïîäiëó ¹ íåïåðåðíîþ i ìà¹ ïîõiäíó ðiâíó íóëþ ìàéæå ñêðiçü ó ðîçóìiííi
ìiðè Ëåáåãà). Éîãî ñïåêòðîì (ìíîæèíîþ òî÷îê ðîñòó ôóíêöi¨ ðîçïîäiëó) ¹ êëàñè÷íà
ìíîæèíà Êàíòîðà.

Çãîðòêà äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí (öå ðîçïîäië ñóìè äâîõ
íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí) ìà¹ ñâî¨ì ñïåêòðîì (ìiíiìàëüíèì çàìêíåíèì íîñi-
¹ì) ìíîæèíó, ÿêà ¹ àðèôìåòè÷íîþ ñóìîþ ñïåêòðiâ êîìïîíåíò çãîðòêè. Îñêiëüêè äîñi
íåâiäîìi êðèòåði¨ ñèíãóëÿðíîñòi (àáñîëþòíî¨ íåïåðåðâíîñòi) çãîðòêè äâîõ ñèíãóëÿðíèõ
ðîçïîäiëiâ, òî îêðåìi ÷àñòèííi âèïàäêè iíîäi ïðåäñòàâëÿþòü íàóêîâèé iíòåðåñ [1,2,8,9].

Êàæóòü, ùî âèïàäêîâà âåëè÷èíà X ìà¹ ñèíãóëÿðíèé ðîçïîäië êàíòîðiâñüêîãî òèïó,
ÿêùî ¨¨ ñïåêòð ¹ ìíîæèíîþ íóëüîâî¨ ìiðè Ëåáåãà.

Ó äàíié ðîáîòi ìè ðîçãëÿäà¹ìî çãîðòêó äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ êàíòîðiâñüêîãî
òèïó, äðóãà êîìïîíåíòà ÿêî¨ òåõíi÷íî çðó÷íà äëÿ êëàñè÷íîãî êàíòîðiâñüêîãî ðîçïîäiëó,
à ñàìå ðîçïîäië âèïàäêîâî¨ âëè÷èíè ξ = τ + η, äå τ , η � íåçàëåæíi âèïàäêîâi âårëè-
÷èíè, ïðè÷îìó τ ìà¹ êëàñè÷íèé êàíòîðiâñüèé ðîçïîäië, à η � âèïàäêîâà âåëè÷èíà ç
ñèíãóëÿðíèì ðîçïîäiëîì êàíòîðiâñüêîãî òèïó, öèôðè äåâ'ÿòiðêîâîãî çîáðàæåííÿ ÿêî¨ ¹
íåçàëåæíèìè îäíàêîâî ðîçïîäiëåíèìè âèïàäêîâèìè âåëè÷èíàìè. Íàñ öiêàâëÿòü óìîâè,
ïðè ÿêèõ ξ ìà¹ ñèíãóëÿðíèé ðîçïîäië êàíòîðiâñüêîãî òèïó.

Âèïåðåäæàþ÷è âèâ÷åííÿ îñíîâíèõ îá'¹êòiâ äîñëiäæåííÿ, ðîçãëÿíåìî ïðåäñòàâëåííÿ
÷èñåë ó ñèñòåìi ç îñíîâîþ 9 ñiìíàäöÿòèñèìâîëüíèì àëôàâiòîì: A17 = {0, 1, ..., 16}.

1 Ñèñòåìà çîáðàæåííÿ äiéñíèõ ÷èñåë ç íàäëèøêîâèì àëôàâiòîì

Äëÿ äîâiëüíîãî x ∈ [0; 2] iñíó¹ ïîñëiäîâíiñòü (γn) ∈ L17 òàêà, ùî

x =
γ1
9

+
γ2
92

+
γ3
93

+ ...+
γn
9n

+ ... ≡ ∆γ1,γ2,γ3,...,γn,.... (1)

Îáãðóíòóâàííÿ öüîãî òâåðäæåííÿ i àëãîðèòì ðîçêëàä ÷èñëà â ðÿä (1) ïðîâîäèòüñÿ àíà-
ëîãi÷íî äî ìiðêóâàíü, íàâåäåíèõ ó ðîáîòi [6]. Ðÿä (1) íàçèâà¹òüñÿ äåâ'ÿòiðêîâèì ïðåä-

ñòàâëåííÿì ç íàäëèøêîâèì ñiìíàäöÿòèñèìâîëüíèì àëôàâiòîì ÷èñëà x, à ñêîðî÷åí-
íèé çàïèñ ∆γ1,γ2,γ3,...,γn,... � éîãî äåâ'ÿòiðêîâèì çîáðàæåííÿì ç àëôàâiòîì A17 (êîðîòêî
(17/9)-çîáðàæåííÿì). Ãåîìåòðiþ (17/9)-çîáðàæåííÿ ÷àñòêîâî ðîçêðèâàþòü âëàñòèâîñòi
öèëiíäðè÷íèõ ìíîæèí.

Îçíà÷åííÿ 1. (17/9)-öèëiíäðîì ðàíãó m ç îñíîâîþ γ1, γ2, γ3, ..., γm íàçèâà¹òüñÿ ìíî-

æèíà ∆γ1,γ2,γ3,...,γm = {x ∈ [0; 2] : x = ∆γ1,γ2,γ3,...,γm,α1,α2,....∀(αn) ∈ L17.}
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Äëÿ (17/9)-öèëiíäðiâ ñïðàâåäëèâi íàñòóïíi âëàñòèâîñòi:

1) ∆γ1,...,γm =
16⋃
i=0

∆γ1,...,γm,i;

2) ∆γ1,γ2,γ3,...,γm = [a; a+ 2
9m

], äå a =
m∑
i=1

γi
9i
;

3) |∆γ1,γ2,γ3,...,γm| =
2

9m
;
|∆γ1,γ2,γ3,...,γm,i|
|∆γ1,γ2,γ3,...,γm|

=
1

9
;

4) äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi (γm) ∈ L17

∞⋂
m=1

∆γ1,γ2,...,γm = x = ∆γ1,γ2,...,γm,...;

5) äëÿ äîâiëüíèõ òðüîõ ïîñëiäîâíèõ öèëiíäðiâ ∆γ1,γ2,...,γm−1,i−1, ∆γ1,γ2,...,γm−1,i i
∆γ1,γ2,...,γm−1,i+1, i ∈ A17 \ {0, 16} ìà¹ ìiñöå ðiâíiñòü:

∆γ1,γ2,...,γm−1,i ⊂ ∆γ1,γ2,...,γm−1,i−1 ∪∆γ1,γ2,...,γm−1,i+1. (2)

Ñïðàâäi, îñêiëüêè

∆γ1,γ2,...,γm−1,i−1 = [a+
i− 1

9m
; a+

i− 1

9m
+

2

9m
] = [a+

i− 1

9m
; a+

i+ 1

9m
],

∆γ1,γ2,...,γm−1,i = [a+
i

9m
; a+

γi
9m

+
2

9m
] = [a+

i

9m
; a+

γi+2

9m
],

∆γ1,γ2,...,γm−1,i+1 = [a+
i+ 1

9m
; a+

γi+1

9m
+

2

9m
] = [a+

i+ 1

9m
; a+

γi+3

9m
],

äå a =
m−1∑
k=1

γk
9k
, i max ∆γ1,γ2,...,γm−1,i−1 = min ∆γ1,γ2,...,γm−1,i+1, òî ðiâíiñòü (2) ¹ î÷åâèäíîþ.

6) Äëÿ öèëiíäðiâ (17/9)-çîáðàæåííÿ ìàþòü ìiñöå ðiâíîñòi:

8⋃
i=0

∆γ1,...,γm−1,2i = ∆γ1,...,γm−1 ; (3)

∆γ1,...,γm−1,0 ∪∆γ1,...,γm−1,16 ∪
8⋃
i=1

∆γ1,...,γm−1,2i−1 = ∆γ1,...,γm−1 . (4)

Ñïðàâäi, îñêiëüêè ìà¹ ìiñöå (2), òî ñïðàâåäëèâèìè ¹ ðiâíîñòi:

∆γ1,...,γm−1 =
16⋃
i=0

∆γ1,...,γm−1,i =
16⋃
i=0

∆γ1,...,γm−1,i \
8⋃
i=1

∆γ1,...,γm−1,2i−1 =
8⋃
i=0

∆γ1,...,γm−1,2i,

∆γ1,...,γm−1 =
16⋃
i=0

∆γ1,...,γm−1,i\
7⋃
i=1

∆γ1,...,γm−1,2i = ∆γ1,...,γm−1,0∪∆γ1,...,γm−1,16∪
8⋃
i=1

∆γ1,...,γm−1,2i−1.

7) ∆γ1,...,γm,i∩∆γ1,...,γm,i+1 =
8⋃
j=5

∆γ1,...,γm,i,2j−1∪∆γ1,...,γm,i,16 =
3⋃
j=0

∆γ1,...,γm,i,2j∪∆γ1,...,γm,i+1,7.

Ëåìà 1. ßêùî a, b, a+ 1, b− 9 íàëåæàòü àëôàâiòó A17, òî çàìiíà ïàðè a, b ïîñëiäîâíèõ

öèôð ó (17/9)-çîáðàæåííi ÷èñëà íà ïàðó öèôð a+ 1, b− 9 íå çìiíþ¹ éîãî çíà÷åííÿ.
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Äîâåäåííÿ. Òâåðäæåííÿ âèïëèâà¹ ç ðiâíîñòi

a

9m
+

b

9m+1
=
a+ 1

9m
+
b− 9

9m+1
,

ÿêà âèêîíó¹òüñÿ äëÿ âêàçàíèõ öèôð àëôàâiòó A17.

Íàñëiäîê 1. Äëÿ öèëiíäðiâ m-ãî ðàíãó ìàþòü ìiñöå ðiâíîñòi:

∆α1,α2,...,αm−2,i,9 = ∆α1,α2,...,αm−2,i+1,0, ∆α1,α2,...,αm−2,i,10 = ∆α1,α2,...,αm−2,i+1,1,

∆α1,α2,...,αm−2,i,11 = ∆α1,α2,...,αm−2,i+1,2, ∆α1,α2,...,αm−2,i,12 = ∆α1,α2,...,αm−2,i+1,3,

∆α1,α2,...,αm−2,i,13 = ∆α1,α2,...,αm−2,i+1,4, ∆α1,α2,...,αm−2,i,14 = ∆α1,α2,...,αm−2,i+1,5,

∆α1,α2,...,αm−2,i,15 = ∆α1,α2,...,αm−2,i+1,6, ∆α1,α2,...,αm−2,i,16 = ∆α1,α2,...,αm−2,i+1,7. (5)

Ëåìà 2. Öèëiíäð (m+ 1)-ãî ðàíãó ìà¹ íå áiëüøå 2m àëüòåðíàòèâíèõ çîáðàæåíü.

Äîâåäåííÿ. Î÷åâèäíî, ùî öèëiíäð ∆0...0 ìà¹ ¹äèíå çîáðàæåííÿ. Êiëüêiñòü ôîðìàëüíî
ðiçíèõ çîáðàæåíü îäíîãî i òîãî æ öèëiíäðà çàëåæèòü âiä íàÿâíîñòi ó éîãî çîáðàæåííi
ïàð ïîñëiäîâíèõ öèôð äëÿ ÿêèõ iñíóþòü åêâiâàëåíòíi çàìiíè. Ðîçãëÿíåìî âèïàäîê, êîëè
¨õ ìàêñèìàëüíà êiëüêiñòü. Ñêîðèñòà¹ìîñÿ ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨. Íåõàé m = 1.
Ðîçãëÿíåìî öèëiíäð ∆c1,c2 . Òîäi ∆c1,c2 = ∆c1−1,c2+9, ÿêùî c2 < 9 àáî ∆c1,c2 = ∆c1+1,c2−9,
ÿêùî c2 ≥ 9. Òàêèì ÷èíîì êiëüêiñòü çîáðàæåíü äîðiâíþ¹ 21.

Ïðèïóñòèìî, ùî ðiâíiñòü âèêîíó¹òüñÿ ïðè m = k, òîáòî êiëüêiñòü çîáðàæåíü äëÿ öè-
ëiíäðà (k+1)-ãî ðàíãó äîðiâíþ¹ 2k. Ðîçãëÿíåìî öèëiíäð (k+2)-ãî ðàíãó ∆c1,c2,...,ck+1,ck+2

.
Öèëiíäð ∆c1,c2,...,ck+1,ck+2

ìà¹ 2k ðiçíå çîáðàæåííÿ çîáðàæåííÿ:

∆c1,c2,...,ck+1,ck+2
= ∆c11,c

1
2,...,c

1
k+1,c

1
k+2

= ... = ∆
c2

k−1
1 ,c2

k−1
2 ,...,c1k+1,c

2k−1
k+2

,

äå cj1, c
j
2, ..., c

j
k+1, c

j
k+2 � j-òà êîìáiíàöiÿ j-òîãî çîáðàæåííÿ öèëiíäðà, j = 1, 2k − 1. Òîäi

çîáðàæåííÿ öèëiíäðiâ (k + 2)-ãî ðàíãó ìîæíà çàïèñàòè íàñòóïíèì ÷èíîì

∆0,c1,c2,...,ck+1,ck+2
= ∆

0,c11,c
1
2,...,c

1
k+1,c

1
k+2

= ... = ∆
0,c

2k−1
1 ,c2

k−1
2 ,...,c1k+1,c

2k−1
k+2

.

Äëÿ êîæíîãî iç çîáðàæåíü iñíó¹ àëüòåðíàòèâíå: ∆
0,c

j
1,c

j
2,...,c

j
k+1,c

j
k+2

= ∆
0−1,c11+9,c12,...,c

1
k+1,c

1
k+2

.

Òîäi êîæåí öèëiíäð (k+2)-ãî ðàíãó ìà¹ 2 ·2k çîáðàæåíü. Çãiäíî ïðèíöèïó ìàòåìàòè÷íî¨
iíäóêöi¨ óìîâè ëåìè âèêîíóþòüñÿ äëÿ áóäü-ÿêîãî íàòóðàëüíîãî k.

2 Àðèôìåòè÷íà ñóìà äâîõ ìíîæèí êàíòîðiâñüêîãî òèïó

Ðîçãëÿäà¹òüñÿ ìíîæèíà Êàíòîðà C = C[3; {0, 2}] i ìíîæèíà êàíòîðiâñüêîãî òèïó
C[9;V ] = {x ∈ [0; 1] : x = ∆9

β1β2...βn...
, βn ∈ V ⊂ A9}.

Òåîðåìà 1. Àðèôìåòè÷íà ñóìà ìíîæèí C i C1 = C[9; {0, 8}] ¹ ñàìîïîäiáíîþ ìíîæèíîþ

êàíòîðiâñüêîãîãî òèïó íóëüîâî¨ ìiðè Ëåáåãà ç ñàìîïîäiáíîþ ðîçìiðíiñòþ α = log9 7.
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Äîâåäåííÿ. Ïåðåêîäó¹ìî x ∈ C ó òðiéêîâié ñèñòåìi ÷èñëåííÿ, à ñàìå:

C 3 x =
α1

3
+
α2

32
+ ...+

α2k−1

32k−1 +
α2k

32k
+ ... =

3α1 + α2

9
+ ...+

3α2k−1 + α2k

32k
+ ... = ∆9

γ1...γk...
,

äå γk = 3α2k−1 + α2k =


0, ÿêùî (α2k−1, α2k) = (0, 0),

2, ÿêùî (α2k−1, α2k) = (0, 2),

6, ÿêùî (α2k−1, α2k) = (2, 0),

8, ÿêùî (α2k−1, α2k) = (2, 2).

Òàêèì ÷èíîì, C[3; {0, 2}] = C[9; {0, 2, 6, 8}]. Òîäi àðèôìåòè÷íà ñóìà C i C1

C ⊕ C1 = {x : x =
γ1 + β1

9
+
γ2 + β2

92
+ ...+

γn + βn
9n

+ ... = ∆9
d1d2...dn...

, }

äå dn = γn + βn =



0 ïðè γn = 0, βn = 0,

2 ïðè γn = 0, βn = 2,

6 ïðè γn = 0, βn = 6,

8 ïðè γn = 0, βn = 8 àáî γn = 8, βn = 0,

10 ïðè γn = 8, βn = 2,

14 ïðè γn = 8, βn = 6,

16 ïðè γn = 8, βn = 8.

Îñêiëüêè dn = 2cn, äå cn ∈ {0, 1, 3, 4, 5, 7, 8}, òî C⊕C1 = 2�C[9; {0, 1, 3, 4, 5, 7, 8}]. ßê
âiäîìî, ìíîæèíà C[9; {0, 1, 3, 4, 5, 7, 8}] ¹ ñàìîïîäiáíîþ ìíîæèíîþ êàíòîðiâñüêîãî òèïó
íóëüîâî¨ ìiðè Ëåáåãà ç ñàìîïîäiáíîþ ðîçìiðíiñòþ, ùî ¹ ðîçâ'ÿçêîì ðiâíÿííÿ 7 ·(1

9
)x = 1,

òîáòî x = log9 7. Îñêiëüêè ñàìîïîäiáíà ðîçìiðíiñòü ïîäiáíèõ ìíîæèí çáiãà¹òüñÿ, òî
ñàìîïîäiáíà ðîçìiðíiñòü ìíîæèíè C ⊕ C1 ðiâíà α = log9 7.

3 Çãîðòêà äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ êàíòîðiâñüêîãî òèïó

Íåõàé τ = ∆9
τ1τ2...τn...

i η = ∆9
η1η2...ηn...

� âèïàäêîâi âåëè÷èíè, äåâ'ÿòiðêîâi öèôðè τn
i ηn ÿêèõ ¹ íåçàëåæíèìè âèïàäêîâèìè âåëè÷èíàìè ç ðîçïîäiëàìè P{τn = i} = pi ≥ 0,

p21 + p23 + p24 + p25 + p26 = 0 i P{ηn = j} = qi ≥ 0, j ∈ 0, 16,
16∑
j=0

qj = 1, max
i
{qi} 6= 1.

Î÷åâèäíî, ùî ñïåêòðîì ôóíêöi¨ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè τ ¹ êëàñè÷íà ìíî-
æèíà Êàíòîðà, ìiðà Ëåáåãà ÿêî¨ ðiâíà 0. Âèïàäêîâà âåëè÷èíà η ìà¹ íåïåðåðâíèé ðîç-

ïîäië, îñêiëüêè
∞∏
k=1

max
i
{P{τk = i}} = 0. �¨ ñïåêòðîì ðîçïîäiëó ¹ ìíîæèíà íóëüîâî¨ ìiðè

Ëåáåãà. Îòæå η ìà¹ ñèíãóëÿðíèé ðîçïîäië êàíòîðiâñüêîãî òèïó.
Ðîçãëÿäà¹òüñÿ âèïàäêîâà âåëè÷èíà ξ = τ + η. Î÷åâèäíî, ùî

ξ =
τ1 + η1

9
+
τ2 + η2

92
+ ...+

τn + ηn
9n

+ ... =
ξ1
9

+
ξ2
92

+ ...+
ξn
9n

+ ...,

äå ξn ≡ τn + ηn ∈ {ηn, ηn + 2, ηn + 6, ηn + 8}. Ñïåêòðîì Sξ âèïàäêîâî¨ âåëè÷èíè ξ ¹
àðèôìåòè÷íà ñóìà ñïåêòðiâ âèïàäêîâèõ âåëè÷èíè η i τ , òîáòî Sξ = Sη ⊕ Sτ .
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Ïðèêëàä 1. ßêùî η = ∆9
η1η2...ηn...

� âèïàäêîâà âåëè÷èíà, äåâ'ÿòiðêîâi öèôðè ηn
ÿêî¨ ¹ íåçàëåæíèìè âèïàäêîâèìè âåëè÷èíàìè ç ðîçïîäiëàìè: P{ηn = 0} = q0 > 0,

P{ηn = 8} = q8 > 0, P{ηn = i} = qi = 0, i = 1, 7,
8∑
i=0

qi = 1, òî ðîçïîäië öèôð âèïàäêîâî¨

âåëè÷èíè ξ = τ + η = ∆ξ1ξ2...ξn..., äå ξn ∈ {0, 2, 6, 8, 10, 14, 18} âèçíà÷à¹òüñÿ ðiâíîñòÿìè:
P{ξn = 0} = P{τn = 0 ∧ ηn = 0} = p0q0, P{ξn = 2} = P{τn = 2 ∧ ηn = 0} = p2q0,

P{ξn = 6} = P{τn = 6 ∧ ηn = 0} = p6q0,

P{ξn = 8} = P{τn = 8 ∧ ηn = 0}+ P{τn = 0 ∧ ηn = 8} = p8q0 + p0q8,

P{ξn = 10} = P{τn = 2 ∧ ηn = 8} = p2q8, P{ξn = 14} = P{τn = 6 ∧ ηn = 8} = p6q8,

P{ξn = 16} = P{τn = 8 ∧ ηn = 8} = p8q8, P{ξn = i} = 0, äå i ∈ {1, 3, 5, 7, 9, 11, 13, 15},
îñêiëüêè âèïàäêîâi âåëè÷èíè τn i ηn íåçàëåæíi.

Ââiâøè ïîçíà÷åííÿ äëÿ âèïàäêîâî¨ âåëè÷èíè: ξ = 2ζ, ìàòèìåìî, ùî ζ = ∆9
ζ1ζ2...ζn...

�
âèïàäêîâà âåëè÷èíà äåâ'ÿòiðêîâi öèôðè ÿêî¨ ¹ âèïàäêîâèìè âåëè÷èíàìè, ùî íàáóâàþòü
çíà÷åíü {0, 1, 3, 5, 7, 8} ç ðîçïîäiëàìè:

P{ζn = 0} = P{ξn = 0} = p0q0, P{ζn = 1} = P{ξn = 2} = p2q0 ≡ r0,
P{ζn = 3} = P{ξn = 6} = p6q0 ≡ r3, P{ζn = 4} = P{ξn = 8} = p8q0 + p0q8 ≡ r4,
P{ζn = 5} = P{ξn = 10} = p2q8 ≡ r5, P{ζn = 7} = P{ξn = 14} = p6q8 ≡ r7,
P{ζn = 8} = P{ξn = 16} = p8q8 ≡ r8, P{ζn = i} = 0, i ∈ {2, 6}.

Ëåìà 3. Âèïàäêîâà âåëè÷èíà ζ ìà¹ ñèíãóëÿðíî íåïåðåðâíèé ðîçïîäië êàíòîðiâñüêîãî

òèïó, ñïåêòðîì ÿêîãî ¹ äîñêîíàëà, íiäå íå ùiëüíà ìíîæèíà íóëüîâî¨ ìiðè Ëåáåãà C[9;A9\
{2, 6}].

Äîâåäåííÿ. Äîâåäåìî, ùî ζ ¹ íåïåðåðâíî ðîçïîäiëåíîþ âèïàäêîâîþ âåëè÷èíîþ. Äëÿ
öüîãî ïîêàæåìî, ùî éìîâiðíiñòü êîæíî¨ îäíîòî÷êîâî¨ ìíîæèíè ðiâíà íóëþ. Ðîçãëÿ-
íåìî öèëiíäð m-ãî ðàíãó äåâ'ÿòiðêîâî¨ ñèñòåìè çîáðàæåííÿ. Çãiäíî ç âëàñòèâîñòÿìè

öèëiíäðiâ
∞⋂
m=1

∆9
c1c2....cm

= x0 = ∆9
c1c2...cm...

. Éìîâiðíiñòü òîãî, ùî âèïàäêîâà âåëè÷íà ζ

íàáóâà¹ çíà÷åííÿ ç öèëiíäðà ∆9
c1c2...cm

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ:

P{ζ ∈ ∆9
c1c2...cm

} = P{ζ1 = c1 ∧ ζ2 = c2 ∧ ... ∧ ζm = cm} =
m∏
i=1

P{ζi = ci} =
m∏
i=1

rci .

Òîäi

P{ζ = x0} = lim
m→∞

P{ζ ∈ ∆9
c1c2...cm

} =
∞∏
i=1

rci ≤
∞∏
i=1

max
i=0,3,4,5,7,8

{rci} = 0.

Îñêiëüêè ìíîæèíà C[9; {0, 1, 3, 5, 7, 8}] ¹ çàìêíåíîþ äîñêîíàëîþ ìíîæèíîþ, íà ÿêié çî-
ñåðåäæåíà éìîâiðíiñíà ìiðà, òî âîíà ¹ ñïåêòðîì Sζ âèïàäêîâî¨ âåëè÷èíè ζ. Ç óðàõóâà-
ííÿì íóëü-ìiðíiñòü ñïåêòðà âèïëèâà¹, ùî ζ ñèíãóëÿðíî ðîçïîäiëåíà. Îñêiëüêè P{ζn =

2} = P{ζn = 4} = P{ζn = 6} = 0 äëÿ n ∈ N , òî ζ ìà¹ êàíòîðiâñüêèé òèï ðîçïîäiëó.

Íàñëiäîê 2. Âèïàäêîâà âåëè÷èíà ξ = η + τ ìà¹ ñèíãóëÿðíî íåïåðåðâíèé ðîçïîäië

êàíòîðiâñüêîãî òèïó, ñïåêòðîì ÿêîãî ¹ ìíîæèíà Sη ⊕ Sτ = C2[9; {0, 2, 6, 8, 10, 14, 16}].

Ïðèêëàä 2. ßêùî η = ∆9
η1η2...ηn...

âèïàäêîâà âåëè÷èíà, äåâ'ÿòiðêîâi öèôðè ηn ÿêî¨
¹ íåçàëåæíèìè âèïàäêîâèìè âåëè÷èíàìè ç ðîçïîäiëàìè P{ηn = i} = qi ≥ 0, i = 0, 8,
8∑
i=0

qi = q0 +q1 +q7 +q8 = 1, òî ðîçïîäië öèôð âèïàäêîâî¨ âåëè÷èíè ξ = τ+η = ∆9
ξ1ξ2...ξn...

,
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äå ξn ∈ A17 \ {4, 5, 11, 12}} âèçíà÷à¹òüñÿ ç ñèñòåìè ðiâíîñòåé:
P{ξn = 0} = P{τn = 0 ∧ ηn = 0} = p0q0 ≡ p′0,

P{ξn = 1} = P{τn = 0 ∧ ηn = 1} = p0q1 ≡ p′1,

P{ξn = 2} = P{τn = 2 ∧ ηn = 0} = p2q0 ≡ p′2,

P{ξn = 3} = P{τn = 2 ∧ ηn = 1} = p2q1 ≡ p′3,

P{ξn = 6} = P{τn = 6 ∧ ηn = 0} = p6q0 ≡ p′6,

P{ξn = 7} = P{τn = 0 ∧ ηn = 7}+ P{τn = 6 ∧ ηn = 1} = p0q7 + p6q1 ≡ p′7,

P{ξn = 8} = P{τn = 8 ∧ ηn = 0}+ P{τn = 0 ∧ ηn = 8} = p8q0 + p0q8 ≡ p′8,

P{ξn = 9} = P{τn = 2 ∧ ηn = 7} = p2q7 ≡ p′9,

P{ξn = 10} = P{τn = 2 ∧ ηn = 8} = p2q8 ≡ p′10,

P{ξn = 13} = P{τn = 6 ∧ ηn = 7} = p6q7 ≡ p′13,

P{ξn = 14} = P{τn = 6 ∧ ηn = 8} = p6q8 ≡ p′14,

P{ξn = 15} = P{τn = 8 ∧ ηn = 7} = p8q7 ≡ p′15,

P{ξn = 16} = P{τn = 8 ∧ ηn = 8} = p8q8 ≡ p′16,

P{ξn = 4} = P{τn = 2 ∧ ηn = 2} = P{τn = 4 ∧ ηn = 0} = P{τn = 0 ∧ ηn = 4} = 0 ≡ p′4,

P{ξn = 5} = 0 ≡ p′5, P{ξn = 11} = 0 ≡ p′11, P{ξn = 12} = 0 ≡ p′12.

Ëåìà 4. ßêùî äëÿ (17/9)-çîáðàæåííÿ ÷èñëà x = ∆c1,c2,...,cm,cm+1,cm+2,... âèêîíóþòüñÿ óìî-

âè ci ∈ {0, 6, 13}, à ci+1 ∈ {0, 3, 6}, i ∈ N àáî ci ∈ {3, 10, 16}, à ci+1 ∈ {10, 13, 16}, i ∈ N
òà iñíó¹ öèôðà ck ∈ V = {4, 5, 11, 12}, òî êîæíå çîáðàæåííÿ ÷èñëà x ìiñòèòü öèôðè

ìíîæèíè V .

Äîâåäåííÿ. Íå ïîðóøóþ÷è çàãàëüíîñòi, íåõàé cm+1 ∈ V , cm+1 = 4. Òîäi ÷èñëî x ìà¹ äâà
çîáðàæåííÿ: ∆c1,c2,...,cm,4,cm+2,... = ∆c1,c2,...,cm−1,13,cm+2,.... Öèôðà cm − 1 ∈ V , ÿêùî cm = 0,
cm = 6, cm = 13. Ðîçãëÿíåìî iíøi çîáðàæåííÿ ÷èñëà, áåðó÷è äî óâàãè çíà÷åííÿ m-î¨
öèôðè:

1) ÿêùî cm < 9, òî cm = 0, 3, 6, òî

∆c1,c2,...,cm−1,cm,4,cm+2,... = ∆c1,c2,...,cm−1,cm−1,13,cm+2,....

Öèôðà cm−1 − 1 ∈ V , ÿêùî cm−1 = 0 (ó öüîìó âèïàäêó àëüòåðíàòèâíîãî çîáðàæåííÿ íå
iñíó¹), cm−1 = 6, cm−1 = 13;

2) ÿêùî cm > 9, òî cm = 10, 13, 16, òî

∆c1,c2,...,cm−1,cm,4,cm+2,... = ∆c1,c2,...,cm−1,cm−1,13,cm+2,....

Öèôðà cm−1 + 1 ∈ V , ÿêùî cm−1 = 3, cm−1 = 10, cm−1 = 16 (ó öüîìó âèïàäêó àëüòåðíà-
òèâíîãî çîáðàæåííÿ íå iñíó¹).

Áåðó÷è äî óâàãè çíà÷åííÿ m− 1-î¨ öèôðè, ïðîàíàëiçó¹ìî iíøi çîáðàæåííÿ ÷èñëà:
1) ÿêùî cm−1 < 9, òîáòî cm−1 = 0, 3, 6

∆c1,c2,...,cm−2,cm−1,cm,4,cm+2,... = ∆c1,c2,...,cm−2−1,cm−1+9,cm−1,13,cm+2,....

Öèôðà cm−2 − 1 ∈ V , ÿêùî cm−2 = 0 (ó öüîìó âèïàäêó àëüòåðíàòèâíîãî çîáðàæåííÿ íå
iñíó¹), cm−2 = 6, cm−2 = 13;
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2) ÿêùî cm−1 > 9, òî cm−1 = 10, 13, 16, òî

∆c1,c2,...,cm−2,cm−1,cm,4,cm+2,... = ∆c1,c2,...,cm−2+1,cm−1−9,cm−1,13,cm+2,....

Öèôðà cm−2 + 1 ∈ V , ÿêùî cm−2 = 3, cm−2 = 10, cm−2 = 16 (ó öüîìó âèïàäêó àëüòåðíà-
òèâíîãî çîáðàæåííÿ íå iñíó¹).

Àíàëîãi÷íî ïðîàíàëiçóâàâøè âñi çíà÷åííÿ öèôð cm−3,...,c2, c1 îòðèìà¹ìî òå, ùî äëÿ
òîãî, ùîá êîæíå çîáðàæåííÿ ÷èñëà x ìiñòèëî öèôðè ìíîæèíè V , íåîáõiäíî ùîá öèôðè
çîáðàæåííÿ x = ∆c1,c2,...,cm,cm+1,cm+2,... çàäîâîëüíÿëè óìîâó ëåìó. Ó âèïàäêó, êîëè cm+1 =

5 àáî cm+1 = 11 àáî cm+1 = 12 ìiðêóâàííÿ àíàëîãi÷íi.

Ëåìà 5. Öèëiíäðiâ m-ãî ðàíãó ∆c1,c2,...,cm−1,i, äå i ∈ {4, 5, 11, 12}, óñi àëüòåðíàòèâíi çî-
áðàæåííÿ ÿêèõ ìiñòÿòü öèôðè ìíîæèíè V = {4, 5, 11, 12} iñíó¹ 2 · 3m−1.
Äîâåäåííÿ. Çãiäíî ç ëåìîþ 4 äëÿ òîãî, ùîá êîæíå àëüòåðíàòèâíå çîáðàæåííÿ öèëiíäðà
∆c1,c2,...,cm−1,i ìiñòèëî öèôðó ç ìíîæèíè íåîáõiäíî, ùî öèôðè ci ∈ {0, 3, 6, 10, 13, 16},
ïðè÷îìó, ÿêùî ci = 0, 6, 13, òî ci+1 = 0, 3, 6 àáî, ÿêùî ci = 3, 10, 16, òî ci+1 = 10, 13, 16

i = 1, 2, ...,m− 2. Òîäi çà ïðàâèëîì äîáóòêó òàêèõ öèëiíäðiâ ∆c1,c2,...,cm−1,i ç ôiêñîâàíèì
çíà÷åííÿì öèôðè i áóäå 6 · 3 · ... · 3 = 2 · 3m−1.
Òåîðåìà 2. Ñïåêòðó Sξ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ íàëåæèòü çëi÷åííà êiëüêiñòü

âiäðiçêiâ, çàãàëüíî¨ äîâæèíè 5
3
, à ñàìå: C[9;A17 \ V }] ⊂ Sξ.

Äîâåäåííÿ. Ç óðàõóâàííÿì ëåìè 4 i ñèñòåìè ðiâíîñòåé öèëiíäðiâ:
∆4,a = ∆5,a−9 i ∆3,a = ∆4,a−9,∆5,a = ∆6,a−9, äå a ∈ {9, 10, 11, 12, 13, 14, 15, 16};

àíàëîãi÷íî
∆11,a = ∆12,a−9 i ∆10,a = ∆11,a−9,∆11,a = ∆12,a−9, äå a ∈ {9, 10, 11, 12, 13, 14, 15, 16},

ìíîæèíà Sξ ìîæå áóòè îòðèìàíà ÿê ðiçíèöÿ âiäðiçêà [0; 2] i ñèñòåìè ïåðåòèíiâ
∞⋃
m=1

∆c1,c2,...,cm−1,4 ∩∆c1,c2,...,cm−1,5,
∞⋃
m=1

∆c1,c2,...,cm−1,11 ∩∆c1,c2,...,cm−1,12,

äå ci ∈ {0, 3, 6, 10, 13, 16}, ïðè÷îìó, ÿêùî ci ∈ {0, 6, 13}, òî ci+1 ∈ {0, 3, 6} àáî, ÿêùî
ci ∈ {3, 10, 16}, òî ci+1 ∈ {10, 13, 16}, i = 1, 2, ...,m− 2, òîáòî

Sξ = [0; 2] \ {
∞⋃
m=1

∆c1,c2,...,cm−1,4 ∩∆c1,c2,...,cm−1,5 ∪
∞⋃
m=1

∆c1,c2,...,cm−1,11 ∩∆c1,c2,...,cm−1,12}.

Òîäi

λ(Sξ) = λ([0; 2])− λ(
∞⋃
m=1

∆c1,...,cm−1,4 ∩∆c1,...,cm−1,5)− λ(
∞⋃
m=1

∆c1,...,cm−1,11 ∩∆c1,...,cm−1,12).

Îñêiëüêè, λ(∆c1,...,cm−1,4 ∩∆c1,...,cm−1,5) = 1
9m

= λ(∆c1,...,cm−1,11 ∩∆c1,...,cm−1,12), òî

λ(Sξ) = 2− (
2

91
− 2 · 3

92
− 2 · 32

93
− 2 · 33

94
− ...) = 2−

2
9

1− 3
9

=
5

3
.

Íàñëiäîê 3. Âèïàäîâà âåëè÷èíà ξ ¹ íåïåðåðâíîþ âèïàäêîâîþ âåëè÷èíîþ, ðîçïîäië

ÿêî¨ çîñåðåäæåíèé íà ìíîæèíi Sξ = C[9;A17 \ {4, 5, 11, 12}].

Çàóâàæåííÿ 1. Ñïåêòð Sξ ¹ ìíîæèíîþ íåïîâíèõ ñóì ðÿäó
∞∑
n=1

un, äå u4k−3 = 1
9k
, u4k−2 =

2
9k
, u4k−1 = 6

9k
, u4k = 7

9k
, k ∈ N .
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Процах Н.П.1, Iвасюк Г.П.2, Фратавчан Т.М.2

ПРО ЗАДАЧI ДЛЯ РIВНЯНЬ ТА СИСТЕМ РIВНЯНЬ ТИПУ

ЕЙДЕЛЬМАНА

У статтi розглянуто задачi для систем рiвнянь та рiвнянь типу Ейдельмана, якi бу-
ли великою частиною наукових дослiджень С.Д. Iвасишена. Наведено огляд результатiв
дослiджень задач Кошi, мiшаних та обернених задач для такого типу рiвнянь в обмеже-
них та необмежених областях. Результатами є оцiнки розв’язкiв, iнтегральнi зображення
розв’язкiв, теореми iснування, єдиностi та стiйкостi розв’язкiв.

Ключовi слова i фрази: параболiчна за Ейдельманом система рiвнянь, матриця Ґрiна,
задача Кошi, мiшана задача, обернена задача, простiр Гельдера, простiр Соболєва, iсну-
вання та єдинiсть розв’язкiв, стiйкiсть розв’язкiв.
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Вступ

У 1960 роцi проф. С.Д. Ейдельман у працi [22] узагальнив рiвняння, параболiчнi за
Петровським, ввiвши новий клас систем рiвнянь
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має коренi λi(t, x, σ), дiйснi частини яких задовольняють нерiвностi Reλi(t, x, σ)<−δ,
x = (x1, x2, . . . , xn), σ = (σ1, σ2, . . . , σn), ~2b = (2b1, 2b2, . . . , 2bn), δ > 0.

У 1968 р. з’явилась фундаментальна в теорiї ~2b-параболiчних систем праця С.Д. Iва-
сишена та С.Д. Ейдельмана [8], в якiй проведено досить повне та точне дослiдження
властивостей фундаментальної матрицi розв’язкiв (ФМР) задачi Кошi та породжених
нею потенцiалiв, знайдено класи коректностi задачi Кошi для лiнiйних систем при рi-
зних припущеннях щодо неоднорiдностi систем i початкових функцiй, встановлено ло-
кальну розв’язнiсть нелiнiйних систем i вивчено питання про продовження їх розв’язкiв
на ширший часовий iнтервал, одержано внутрiшнi оцiнки розв’язкiв та доведено гiпое-
лiптичнiсть ~2b-параболiчних систем. Детальний огляд таких систем та результатiв для
них є у монографiї [23].

Пiзнiше сиcтеми рiвнянь (1) узагальнювалися багатьма вченими. Зокрема, С.Д. Iва-
сишеним та Г.П. Iвасюк розглянуто новий клас систем диференцiальних рiвнянь з ча-
стинними похiдними, який поєднує у собi структури систем, параболiчних за Солон-
никовим i Ейдельманом [12]. У цих системах порядок оператора, який дiє на невiдому
функцiю uj у рiвняннi з номером k, може залежати вiд j та вiд k, крiм того дифе-
ренцiювання за рiзними просторовими змiнними мають загалом рiзну вагу стосовно
диференцiювання за часовою змiнною. Для таких систем рiвнянь доведено теореми
про коректну розв’язнiсть параболiчних початкових задач Солонникова-Ейдельмана
у просторах Гельдера швидкозростаючих функцiй, а також у вiдповiдних просторах
Соболєва-Слободецького для дещо вужчого класу [13].

1 Про лiнiйнi ~2b-параболiчнi системи рiвнянь

~2b-параболiчнi системи рiвнянь в обмежених за часом областях

У працях С.Д. Iвасишена [6], [7] знайдено необхiднi i достатнi умови, за яких розв’яз-
ки однорiдних ~2b-параболiчних систем зображаються у виглядi iнтегралiв Пуассона
функцiй або узагальнених мiр зi спецiальних вагових просторiв. Сукупностi цих фун-
кцiй та узагальнених мiр є множинами початкових значень дослiджуваних розв’язкiв.
У цих працях з’ясовано також, в якому сенсi цi розв’язки задовольняють початковi
умови. Доповнено властивостi фундаментальної матрицi розв’язкiв задачi Кошi для
загальних ~2b-параболiчних систем першого порядку за часовою змiнною, зокрема, зна-
йдено формули, якi виражають коефiцiєнти системи через ФМР, у працi С.Д. Iвасишена
та Г.П. Iвасюк [11].

~2b-параболiчнi системи довiльних порядкiв диференцiювання за часовою змiнною
розглядалися у працi С.Д. Iвасишена та О.С. Кондур [9]. Зокрема, там описана стру-
ктура матрицi Грiна задачi Кошi для загальних ~2b-параболiчних систем та охарактери-
зованi деякi класи розв’язкiв таких систем як класи вiдповiдних iнтегралiв Пуассона
функцiй зi спецiальних вагових просторiв Соболєва. У працi Г.П.Iвасюк [14] одержа-
но оцiнки пiвнорм у просторах Гельдера швидко зростаючих функцiй об’ємного по-
тенцiалу та iнтеграла Пуассона, породжених фундаментальним розв’язком модельного
~2b-параболiчного рiвняння довiльного порядку за всiма змiнними.
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С.Д. Iвасишен та Г.С.Пасiчник займалися випадком ~2b-параболiчних систем зi зро-
стаючими коефiцiєнтами [10]. На системи, що ними розглядалися, накладалися два на-
бори умов, перший з яких вимагає певної гладкостi коефiцiєнтiв системи, а другий –
гельдеровiсть вiдносно ~2b-параболiчної вiдстанi коефiцiєнтiв та спецiальнi обмеження
на характеристику дисипацiї. Для таких систем побудована фундаментальна матриця
розв’язкiв задачi Кошi та одержанi її оцiнки. У цих працях також розглянутий клас ~2b-
параболiчних систем зi зростаючими коефiцiєнтами, якi можна звести до дисипативних
i для яких також iснує фундаментальна матриця розв’язкiв задачi Кошi. Встановленi
її оцiнки, властивiсть нормальностi та формула згортки.

~2b-параболiчнi системи рiвнянь в необмежених за часом областях

У спiльних роботах Iвасишена С.Д., Балабушенко (Фратавчан) Т.М. розглядалися−→
2b-параболiчнi системи рiвнянь в областях, необмежених за часовою змiнною. Для них
були одержанi такi результати:

- введенi спецiальнi Λm,r
δ -умови в термiнах оцiнок фундаментальної матрицi розв’яз-

кiв (ФМР) i матрицi Грiна задачi Кошi ( працi [2]− [3]);
- наведенi приклади класiв систем як першого, так i довiльних порядкiв, якi задо-

вольняють Λm,r
δ -умови (працi [2]− [3]);

- встановленi iнтегральнi зображення та оцiнки розв’язкiв, а також коректна розв’я-
знiсть задачi Кошi i задачi без початкових умов вiдповiдно у пiвпросторах t > 0 i t ≤ T

(працi [1]− [4]);
- доведенi теореми про стiйкiсть розв’язкiв задачi Кошi та теореми типу Лiувiлля

(працi [1]− [4]);
- здiйснена побудова та одержанi оцiнки ФМР полiномiальної в’язки

−→
2b-елiптичних

систем, породженої
−→
2b-параболiчною системою (праця [5]).

Для короткого формулювання результатiв будемо використовувати такi позначення.
Нехай n, b1, . . . , bn – заданi натуральнi числа, причому n ≥ 2, b – найменше спiльне
кратне чисел b1, . . . , bn; mj := b/bj, j ∈ {1, . . . , n}; Zn+ – сукупнiсть усiх n-вимiрних

мультиiндексiв k := (k1, . . . , kn); ‖k‖ :=
n∑
j=1

mjkj, якщо k ∈ Zn+; ‖k̄‖ := 2bk0 + ‖k‖, якщо

k̄ := (k0, k), де k0 ∈ Z1
+, k ∈ Zn+.

Нехай далi N, n1, ..., nN – заданi натуральнi числа, ak0k(t, x) = (aljk0k(t, x))Nl,j=1 – ма-
трицi порядку N , елементами яких є комплекснозначнi функцiї, залежнi вiд часової
та просторової змiнних t ∈ R i x := (x1, . . . , xn) ∈ Rn вiдповiдно, i нехай u(t, x) =

col(u1(t, x), ..., uN(t, x)) – невiдомий, а f(t, x) = col(f1(t, x), ..., fN(t, x)) – заданий стов-
пцi.

Позначимо через Πm := {(t, x) ∈ Rn+1|t ∈ Hm, x ∈ Rn}, m ∈ {1, 2}, де H1 = (0,∞),
H2 = (−∞, T ]. Розглянемо в Πm,m ∈ {1, 2},

−→
2b-параболiчну систему рiвнянь довiльних

порядкiв вигляду

A(t, x, ∂t, ∂x)u(t, x) = f(t, x), (2)

де A(t, x, ∂t, ∂x) := (Alj(t, x, ∂t, ∂x))
N
l,j=1 i
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Alj(t, x, ∂t, ∂x) := δlj∂
nl
t −

∑
2bk0+‖k‖≤2bnj

(k0<nj)

aljk0k(t, x)∂k0t ∂
k
x .

У працях [2], [3] було введено означення Λm,r
δ -умов для систем вигляду (2).

Означення 1. Система (2) задовольняє Λm,r
δ -умову, δ ∈ R,m ∈ N2, r ∈ Z1

+

⋃
{∞},

якщо для неї iснує в Πm матриця Грiна задачi Кошi G = (G0, G1, ..., GN), елементи якої
мають похiднi ∂k0t ∂kxG

lj
0 , ∂

k0
t ∂

k
xG

lµ
j , 2bk0 + ||k|| ≤ 2bnl + r, k0 ≤ nl, µ ∈ Nnj , {l, j} ⊂ NN , i

справджуються оцiнки

|∂k0t ∂kxG
lj
0 (t, x, τ, ξ)| ≤ Ck0k

n∏
ν=1

(αν(t− τ))−1−kν+2bplj0k0
(t−τ)/Meδ(t−τ)Êc(t− τ, x− ξ),

|∂k0t ∂kxG
lµ
j (t, x, τ, ξ)| ≤ Ck0k

n∏
ν=1

(αν(t− τ))−1−kν+2bplµjk0
(t−τ)/Meδ(t−τ)Êc(t− τ, x− ξ),

{t, τ} ⊂ Hm, τ < t, {x, ξ} ⊂ Rn, 2bk0 + ||k|| ≤ 2bnl + r, k0 ≤ nl − 1,

µ ∈ Nnj , {l, j} ⊂ NN , (3)

де Ck0k > 0, c > 0, αν , ν ∈ Nn – невiд’ємнi неспаднi функцiї такi, що αν(0) = 0 i

αν(t) → ∞ при t → ∞, Êc(t, x) := exp

{
−c

n∑
j=1

(αj(t))
−qj |xj|qj

}
, а plj0k0 i plµjk0 – деякi

кусково-сталi функцiї.

Отриманi оцiнки ФМР мали своє застосування до дослiдження властивостей розв’яз-
кiв
−→
2b - параболiчних систем в необмежених за часом областях. Зокрема у працях [1], [4],

встановленi iнтегральнi зображення та оцiнки розв’язкiв в необмежених за часом обла-
стях. Наведемо їх в теоремах 1 i 2.

Для будь-яких t ≥ 0, p ∈ [1,∞] i η := (η1, ..., ηn) з ην ≥ 0, ν ∈ Nn, означимо норми

||v(t, ·)||p,η := ||v(t, ·)Φη(·)||Lp(Rn),

де

Φη(x) := exp

{
−

n∑
ν=1

ην |xν |

}
, x ∈ Rn.

Теорема 1. Нехай система (2) задовольняє Λ1,0
δ -умову зi сталими c > 0, δ ∈ R, фун-

кцiями αν , ν ∈ Nn, p
lj
0k0

i plµjk0 , k0 ∈ Nnl−1, µ ∈ Nnj , {l, j} ⊂ NN , i нехай u = col(u1, ..., uN) –
такий регулярний розв’язок цiєї системи, що для фiксованих p i η виконуються умови:

1) ∀T0 > 0 ∃C > 0 ∀t ∈ [0, T0] ∀j ∈ NN ∀µ ∈ Nnj : ||∂µ−1
t uj(t, ·)||p,η ≤ C,

2) ∀ {l, j} ⊂ NN ∀t ∈ H1 :

||fj(t, ·)||p,η <∞,
∞∫

0

n∏
ν=1

(αν(t− τ))
2b
M
plj00(t−τ)||fj(τ, ·)||p,ηe−δτdτ <∞.
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Тодi для компонент розв’язку u в Π1 правильнi зображення

ul(t, x) =
N∑
j=1

 t∫
0

dτ

∫
Rn

Glj
0 (t, x; τ, ξ)fj(τ, ξ)dξ +

nj∑
µ=1

∫
Rn

Glµ
j (t, x; 0, ξ)ϕµj (ξ)dξ

 , l ∈ NN ,

де ϕµj (x) := ∂µ−1
t uj(0, x), x ∈ Rn, та оцiнки

||ul(t, ·)||p,η ≤ C exp

{
δt+

n∑
ν=1

(ηναν(t))
2bν

2bν(c0qν)2bν−1

}
×

×

 N∑
j=1

t∫
0

n∏
ν=1

(αν(t− τ))
2b
M
plj00(t−τ)||fj(τ, ·)||p,ηe−δτdτ +

N∑
j=1

nj∑
µ=1

n∏
ν=1

(αν(t))
2b
M
plµj0(t)||ϕµj (·)||p,η

 ,

де c0 – фiксована стала з промiжку (0,c).

Розглянемо набiр функцiй

k̂ν(t, aν) :=

{
c0aν(c

2bν−1
0 − (αν(t))

2bνa2bν−1
ν )1−qν , 0 ≤ t ≤ T,

c0aν(c
2bν−1
0 + (αν(|t|))2bνa2bν−1

ν )1−qν , t < 0, ν ∈ Nn,

де c0 ∈ (0, c), стала c i функцiї αν , ν ∈ Nn, з Λ2,0
δ -умови, aν , ν ∈ Nn, – невiд’ємнi числа

такi, що αν(T ) <
(
c0
aν

)1/qν
, i означимо для будь-яких t ∈ H2 i p ∈ [1,∞] норми

||v(t, ·)||k̂(t,a)
p := ||v(t, ·)Ψ̂−1(t, ·)||Lp(Rn),

де k̂(t, a) := (k̂1(t, a1), ..., k̂n(t, an)), Ψ̂z(t, x) := exp

{
z

n∑
ν=1

k̂ν(t, aν)|xν |qν
}
,

t ∈ H2, x ∈ Rn, z ∈ R.

Теорема 2. Нехай система (2) задовольняє Λ2,0
δ -умову зi сталими c > 0, δ ∈ R, фун-

кцiями αν , ν ∈ Nn, та функцiями plj0k0 i plµjk0 . Далi, нехай u = col(u1, ..., uN) – такий
регулярний розв’язок цiєї системи, що для фiксованого p ∈ [1,∞] виконуються умови:

1) ∃C > 0 ∀µ ∈ Nnj ∀{l, j} ⊂ NN ∀{t, t0} ⊂ H2, t0 < t :

Rlµ
j (t, t0) :=

n∏
ν=1

(αν(t− t0))
2b
M
plµj0(t−t0)e−δt0||∂µ−1

t0 uj(t0, ·)||k̂(t0,a)
p ≤ C,

причому для p =∞ Rlµ
j (t, t0)→ 0 при t0 → −∞;

2) функцiї fj :=
N∑
l=1

Ajl(t, x, ∂t, ∂x)uj, l ∈ NN , наперервнi та задовольняють умови

∀{l, j} ⊂ NN ∀t ∈ H2 : ||fj(t, ·)||k̂(t,a)
p <∞,

t∫
−∞

n∏
ν=1

(αν(t− τ))
2b
M
plj00(t−τ)e−δτ ||fj(τ, ·)||k̂(τ,a)

p dτ <∞.
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Тодi для ul, l ∈ NN правильнi зображення

ul(t, x) =
N∑
j=1

t∫
−∞

dτ

∫
Rn

Glj
0 (t, x; τ, ξ)fj(τ, ξ)dξ, (t, x) ∈ Π2,

та оцiнки

||ul(t, ·)||k̂(t,a)
p ≤ Ceδt

N∑
j=1

t∫
−∞

e−δτ
n∏
ν=1

(αν(t− τ))
2b
M
plj00(t−τ)||fj(τ, ·)||k̂(τ,a)

p dτ, t ∈ H2.

У тих же працях [1] − [4] доведено теорему про стiйкiсть розв’язкiв задачi Кошi
для системи (2). Для її формулювання розглянемо в Π2 однорiдну систему (2), тобто
систему вигляду

A(t, x, ∂t, ∂x)u(t, x) = 0. (4)

Для неперервних функцiй v : Π1 → C означимо норми

||v||g(·)p,η := sup
t≥0

(g(t)||v(t, ·)||p,η),

де p ∈ [1,∞], η := (η1, ..., ηn), ην ≥ 0, ν ∈ Nn i g : H1 → H1 – деяка неперервна функцiя.
Розглядатимемо розв’язки u := col(u1, ..., uN) системи (4) у Π1, якi задовольняють

умову

∀T0 > 0 ∃C > 0 ∀t ∈ [0, T0] : |||u(t, ·)|||p,η := max
µ∈Nnj ,j∈NN

||∂µ−1
t uj(t, ·)||p,η ≤ C. (5)

Означення 2. Нульовий розв’язок системи (4) називатимемо Eg(·)
p,η − стiйким, якщо для

довiльного ε > 0 iснує таке ∆ > 0, що для будь-якого розв’язку u цiєї системи, який задо-
вольняє умову (5) та умову |||u(0, ·)|||p,η < ∆, справджується нерiвнiсть max

l∈NN
||ul||g(·)p,η < ε.

Теорема 3. Нехай система (4) задовольняє Λ1,0
δ -умову зi сталими c > 0, δ ∈ R, фун-

кцiями αν , i plµjk0 . Тодi її нульовий розв’язок є Eg(·)
p,η − стiйким з довiльним p ∈ [1,∞] i

ην ≥ 0, ν ∈ Nn та функцiєю

g(t) := exp

{
−

(
δt+

n∑
ν=1

(ηναν(t))
2bν

2bν(c0qν)2bν−1

)}
N∑
j=1

nj∑
µ=1

n∏
ν=1

(αν(t))
− 2b
M
plµj0(t), t > 0,

де c0 ∈ (0, c), сталi c i δ з Λ1,0
δ - умови.

У працях [1] − [4] доведенi теореми типу Лiувiлля для розв’язкiв систем, якi задо-
вольняють Λ2,r

δ - умови. Наведемо одну з них.

Теорема 4. Нехай система (4) задовольняє Λ2,r
0 -умову з досить великим r ≥ 0 i нехай

u := col(u1, ..., uN) – розв’язок цiєї системи, для компонент якого виконується умова

∃C > 0 ∀(t, x) ∈ Π2 ∀µ ∈ Nnl ∀l ∈ NN : |∂µ−1
t ul(t, x)| ≤ C

n∏
ν=1

(1 + |xν |)βν , (6)

де βν ≥ 0, ν ∈ Nn. Тодi ul, як функцiя xν , є многочленом степеня, не вищого βν .
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У працi [5] наведенi результати побудови та оцiнки фундаментальної матрицi
розв’язкiв полiномiальної в’язки

−→
2b-елiптичних систем, породженої

−→
2b-параболiчною си-

стемою.
Розглядаються стацiонарнi

−→
2b-параболiчнi системи вигляду

A(x, ∂t, ∂x)u(t, x) = f(t, x), (7)

i

A(x, ∂t + µ, ∂x)u(t, x) = f(t, x), (8)

де µ -комплексний параметр.
Цим системам вiдповiдає полiномiальна в’язка

−→
2b-елiптичних систем

N∑
j=1

Lµlj(x, ∂x)uj(x) :=
N∑
j=1

− ∑
2bk0+‖k‖≤2bnj

(0≤k0<nj)

aljk0k(x)µk0∂kxuj(x) + δljµ
njul(x)

 =

= gl(x), x ∈ Rn, µ ∈ C, l ∈ NN . (9)

Теорема 5. Нехай Z(t, x, ξ) = (Z(t, x, ξ))Nl,j=1, t > 0, {x, ξ} ⊂ Rn, – фундаментальна
матриця розв’язкiв задачi Кошi для системи (7), яка задовольняє Λ1,r

δ -умову з δ ∈ R,

функцiями αν = t1/(2bν), t > 0, i plj00 =

{
plj1 , t ≤ 1,

plj2 , t > 1.
. Тодi формулою

Eµ(x, ξ) =

∞∫
0

e−µβZ(β, x, ξ)dβ, {x, ξ} ⊂ Rn, x 6= ξ, (10)

визначається фундаментальна матриця розв’язкiв системи (9) з µ ∈ C таким, що
Reµ > δ. Для елементiв Eµ

lj, {l, j} ⊂ NN , матрицi Eµ справджуються оцiнки

|∂kxE
µ
lj(x, ξ)| ≤


C, M + ||k|| < 2b(plj1 + 1),

Cln[x− ξ]−1
q + C1, M + ||k|| = 2b(plj1 + 1),

C[x− ξ]2b(p
lj
1 +1)−M−||k||

q , M + ||k|| > 2b(plj1 + 1),

[x− ξ]q ≤ 1, (11)

|∂kxE
µ
lj(x, ξ)| ≤ C exp{−hµ[x− ξ]q/q′′q }, [x− ξ]q > 1, (12)

{x, ξ} ⊂ Rn, x 6= ξ, ||k|| ≤ 2bnl + r, {l, j} ⊂ NN ,

де C > 0, C1 > 0, hµ > 0, q := 2b/(2b− 1), q′′ := 2b′′/(2b′′ − 1), b′′ := min
ν∈Nn

bν ,

[x]q :=

(
n∑
j=1

|xj|qj
)1/q

.
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У випадку, коли Reµ = δ iнтеграл (10), взагалi кажучи, розбiгається. У цьому ви-
падку регуляризацiю iнтеграла (10) можна здiйснювати за допомогою многочленiв, якi
є частинними сумами рядiв Тейлора для функцiй Zlj, {l, j} ⊂ NN :

Eµ
lj(x, ξ) =

∞∫
0

e−µβ(Zlj(β, x, ξ)− P2b(plj01+1)−M(Zlj)(β, x, ξ))dβ, (13)

де для функцiї h : Rn → C i l >= 0

Pα(h)(x) :=
∑
||k||≤α

(x− ξ)k

k!
∂kyh(y), x ∈ Rn.

Теорема 6. Нехай система (7) задовольняє Λ1,r
δ -умову з δ ∈ R, αν(t) = t1/(2bν), t > 0, i

plj0k0(t) =

{
plj1 , t ≤ 1,

plj2 , t > 1,
такими, що plj1 > plj2 , {l, j} ⊂ NN , а Z(t, x, ξ) = (Zlj(t, x, ξ))

n
l,j=1,

t > 0, {x, ξ} ⊂ Rn – її фундаментальна матриця розв’язкiв. Тодi формулою (13) визна-
чаються елементи фундаментальної матрицi розв’язкiв Eµ системи (9) з µ ∈ C таким,
що Reµ = δ. При цьому для елементiв Eµ

lj виконуються при [x − ξ]q ≤ 1 оцiнки (11), а
при [x− ξ]q > 1 i M + ||k|| > 2b(plj1 + 1) – оцiнки

|∂kxE
µ
lj(x, ξ)| ≤ C[x− ξ]2b(p

lj
2 +1)−M−||k||

q , {l, j} ⊂ NN .

2 Про нелiнiйнi рiвняння типу Ейдельмана

Використовуючи iдеї С.Д. Iвасишена, львiвська наукова школа проф. С.П. Лавре-
нюка розпочала вивчення задач для нелiнiйних рiвнянь типу Ейдельмана (в (1) числа
N = 1, j = 1, k0 = 0). Для задачi Кошi, мiшаних та обернених задач для таких ти-
пiв рiвнянь встановлювалися умови iснування та єдиностi узагальнених розв’язкiв в
проcторах Соболєва та Лебега, знаходилися оцiнки цих розв’язкiв. Нижче наведемо їх
огляд.

Нехай Dx ⊂ Rk i Dy ⊂ Rm – областi, причому ∂Dx ∈ C1 i ∂Dy ∈ C1, k, m ∈ N.
Введемо позначення: Ω = Dx × Dy, Qτ = Ω × (0, τ), Sτ = ∂Ω × (0, τ), де τ ∈ (0, T ],

T <∞.
Мiшанi задачi для нелiнiйних рiвнянь типу Ейдельмана

В областi QT розглянемо мiшану задачу

ut +
k∑

i,j=1

(aij(z, t)|uxixj |p−2uxixj)xixj −
n∑
i=1

(bi(z, t)|uzi |q−2uzi)zi+

+c(z, t)|u|r−2u+ g(z, t, u) = f(z, t), (14)

u|ST = 0,
∂u

∂ν

∣∣∣∣
∂Dx×Dy×(0,T )

= 0, (15)
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u(z, 0) = u0(z), z ∈ Ω, (16)

де z = (x, y) ∈ Rn, x ∈ Dx, y ∈ Dy, n = k+m, ν – одиничний вектор зовнiшньої нормалi
до ∂Dx × Dy × (0, T ), числа p > 1, q > 1, r > 1, а g – нелiнiйна функцiя, яка може
мiстити степеневi нелiнiйностi.

Припустимо, що для коефiцiєнтiв рiвняння (14) виконуються умови:

(A): aij ∈ L∞(QT ), aij(z, t) ≥ a0 > 0 майже для всiх (z, t) ∈ QT , i, j ∈ {1, . . . , k};

(B): bi ∈ L∞(QT ), bi(z, t) ≥ b0 > 0 майже для всiх (z, t) ∈ QT , i ∈ {1, . . . , n};

(C): c ∈ L∞(QT ), c(z, t) ≥ c0 > 0 майже для всiх (z, t) ∈ QT ;

(F): f ∈ C(QT );

(U): u0 ∈ H1
0 (Ω), u0xixj ∈ L2(Dx), i, j ∈ {1, . . . , k}.

Означення 3. Функцiю u ∈ V (QT ), яка задовольняє iнтегральну рiвнiсть

∫
Qτ

[
utv +

k∑
i,j=1

aij(z, t)|uxixj |p−2uxixjvxixj +
n∑

i,j=1

bij(z, t)|uzi |q−2uzivzj + c(z, t)|u|r−2uv+

+g(z, t, u)v − f(z, t)v] dxdt = 0

для всiх τ ∈ (0, T ], для всiх функцiй v ∈ C([0, T ];C2
0(Ω)), i початкову умову (16), назвемо

узагальненим розв’язком задачi (14)–(16). Простiр V означено пiзнiше щодо кожної
задачi.

Нехай q > 1, p > 1, r > 1, функцiя g ≡ 0, а областi Dx, Dy – обмеженi. У працi [18]
вcтановлено, що за умов (A), (B), (C), (F), (U) iснує узагальнений розв’язок задачi (14)–
(16), такий, що u ∈ L∞((0, T );L2(Ω)), u ∈ Lp((0, T );V 2

0 (Ω))∩Lq((0, T );V 1
0 (Ω))∩Lr0(QT ),

де V 1
0 (Ω) = W 1,q

0 (Ω)∩L2(Ω), V 2
0 (Ω) = Lp(Dy;W 2,p

0 (Dx))∩L2(Ω). Якщо ж p ≥ 2 i q ≥ 2n
n+2

,

то u ∈ C([0, T ];L2(Ω)).

Для розв’язкiв u цiєї задачi виконуються такi оцiнки:

Теорема 7. Нехай p ≥ 2, а f(z, t) ≡ 0. Тодi:
1) якщо q > 2, то ∫

Ω

|u|2 dz ≤ µ1

(
Rθ0

t

) 2
q−2

,

де стала µ1 залежить вiд q, n, b0 та радiуса R найменшої кулi, яка мiстить область Ω,

θ0 = qn+2(q−n)
2

;

2) якщо 2n
n+2
≤ q < 2, то u(z, t) = 0 майже для всiх (z, t) ∈ QT\Qt0 , де

t0 = µ2

(∫
Ω

|u(z, 0)|2 dz
) 2−q

2

, а стала µ2 залежить вiд q, n, b0, Ω.
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У працi [16] в обмеженiй областi QT розглянуто мiшану задачу для рiвняння (14) з

q = 2, p = 2, r > 1 та iнтегральним доданком g(z, t, u) =
t∫

0

g(t− s)
n∑
i=1

uzizi(z, s)ds, де

g ∈ C1([0, T ]). Встановлено, що за умов b0 −
∫∞

0
g(ξ)dξ > 0, aijt, bijt, ct ∈ L∞(QT ) iснує

єдиний узагальнений розв’язок задачi (14)–(16). Для цього розв’язку u виконуються
такi оцiнки:

Теорема 8. Нехай коефiцiєнти aij, bij, c не залежать вiд t, а f ≡ 0. Тодi
1) якщо iснує така стала c > 0, що g(t) ≤ g(0)e−ct, то∫

Ωt

[u2 + u2
t ]dz ≤

∫
Ω0

[u2 + u2
t ]dz +

M

δ|µ− 2c|

 e−κt,

де

κ = min{2c;µ}, M =

∫
Ωτ

n∑
i=1

(u0zi)
2dz,

µ =
2a0

c2
2

+
1

c1

(
2b0 − 2

∫ ∞
0

g(ξ)dξ − δ
)
,

δ – мале число, таке, що µ > 0,

κ = min{2c;µ},

сталi c1, c2 залежать тiльки вiд n та Ω, i визначаються нерiвностями Фрiдрiхса:∫
Ωτ

u dz ≤ c1

∫
Ωτ

n∑
i=1

uzi dz,

∫
Ωτ

k∑
i=1

(uxi)
2 dz ≤ c2

∫
Ωτ

k∑
i=1

(uNxixi)
2 dz.

2) якщо g′(t) ≤ −c3[g(t)]1+ 1
s , s ≥ 1, c3 > 0, то iснує така стала c4 ≥ 0, що для

розв’язку задачi (14)–(16) виконується оцiнка∫
Ωt

[u2 + u2
t ]dz ≤

c4

(t+ 1)2s−1
.

Нехай q > 1, p = 2, r = 2, областi Dx, Dy – обмеженi, а функцiя g(z, t, u) =

−g(z, t)|u|s−2u. У працi [21] вcтановлено умови iснування та єдиностi локального уза-
гальненого розв’язку задачi (14)–(16), а також умови, за яких глобальний розв’язок
задачi не iснує:

Теорема 9. Нехай u0 ∈ L2(s−1)(Ω) ∩ L2(Dy; H2
0 (Dx) ∩ H4(Dx)) ∩ W

1,2(q−1)
0 (Ω),

|u0,zi |q−2u0,zi ∈ H1(Ω) для всiх i ∈ {1, . . . , n}, 2 < q < s ≤ 2n+2
n

при n > 2 i 2 < q < s при
n ∈ {1, 2}, n ≤ qs

s−q , f, ft ∈ L
2(Qt0) для довiльного t0 > 0. Тодi знайдеться таке T > 0,

що в областi QT iснує узагальнений розв’язок задачi (14)–(16), причому T залежить вiд
коефiцiєнтiв, вiльного члена i початкової умови задачi.
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Теорема 10. Нехай коефiцiєнти задачi не залежать вiд t, а f ≡ 0. Виконуються умови
u0 ∈ L2(s−1)(Ω) ∩ L2(Dy;H2

0 (Dx) ∩H4(Dx)) ∩W 1,2(q−1)
0 (Ω), |u0,zi |q−2u0,zi ∈ H1(Ω) для всiх

i ∈ {1, . . . , n}. Тодi якщо 2 < q < s, n ≤ qs
s−q i

∫
Ω0

[
1

2

k∑
i,j=1

aij(z)(uxixj)
2 +

1

2
c(z)u2 +

1

q

n∑
i=1

bi(z)|uzi |q −
1

s
g(z)|u|s

]
dz < 0

то не iснує глобального розв’язку задачi (14)–(16) та

lim
t→T−0

∫
Qt

|u|s dz = +∞.

Нехай g(z, t, u) ≡ 0, q = 2, p ∈ (1, 2], r > 2, а областi Dx, Dy – необмеженi. У працi
[17] встановлено умови однозначної розв’язностi задачi (14)–(16) в необмеженiй областi:

Теорема 11. Нехай u0 ∈ L2
loc(Ω), f ∈ L2((0, T ), L2

loc(Ω)), n < min
{

2p
2−p ,

2pr
r−p ,

2r
r−2

}
. Тодi

iснує єдиний узагальнений розв’язок задачi (14)–(16) такий, що u ∈ C([0, T ];

L2
loc(Ω)) ∩ L2(0, T ;H1,0

loc (Ω)) ∩ Lp((0, T );V p
loc(Ω)) ∩ Lr((0, T );Lrloc(Ω)). Тут

V p
loc(Ω) =

{
u : uxixj ∈ Lp(ΩR), i, j ∈ {1, . . . , k}, u|(∂Dx∩DRx )×Dy = 0, ∂u

∂ν

∣∣
(∂Dx∩DRx )×Dy

= 0,

R>0} , ΩR = DRx ×DRy , DRx = Dx ∩ {x ∈ Rk : |x| < R}, DRy = Dy ∩ {y ∈ Rm : |y| < R}.

Оберненi задачi для слабко нелiнiйних рiвнянь типу Ейдельмана

Нехай Dx i Dy — обмеженi областi, p = 2, q = 2, r = 2, а функцiя g задовольняє
умову Лiпшиця за змiнною u. У працях [20, 24] в областi QT розглянуто такi зада-
чi: встановити достатнi умови iснування та єдиностi пари функцiй (u(z, t), c(t)), (або
(u(z, t), f2(t))), яка задовольняє рiвняння

ut +
k∑

i,j=1

(aij(z, t)uxixj)xixj −
n∑

i,j=1

(bij(z, t)uzi)zj+

+(c(t) + q(z))u+ g(z, t, u) = f1(z)f2(t), (17)

а також початковi i крайовi умови

u(z, 0) = u0(z), z ∈ Ω, (18)

u|ST = 0,
∂u

∂ν

∣∣∣∣
∂Dx×Dy×(0,T )

= 0 (19)

та умову перевизначення∫
Ω

K(z)u(z, t) dz = E(t), t ∈ [0, T ]. (20)
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Означення 4. Пару функцiй (u(z, t), c(t)) (чи (u(z, t), f2(t))) назвемо узагальненим
розв’язком задачi (17) – (20), якщо u ∈ L2(0, T ;V1(Ω)) ∩ C([0, T ];L2(Ω)), ut ∈ L2(QT ),

c ∈ C([0, T ]) (чи f2 ∈ C([0, T ])), вона задовольняє рiвнiсть∫
Qτ

(
utv +

k∑
i,j=1

aij(z, t)uxixjvxixj +
n∑

i,j=1

bij(z, t)uzivzj + (c(t) + q(z))uv+

+g(z, t, u)v) dz dt =

∫
Qτ

(f1(z)f2(t))v dz dt

для всiх τ ∈ (0, T ], i всiх функцiй v ∈ L2(0, T ;V1(Ω)), та виконуються умови (18), (20).
Тут V1(Ω) =

{
u : u ∈ W 1,2

0 (Ω), uxixj ∈ L2(Ω), i, j ∈ {1, . . . , k}, ∂u
∂ν

∣∣
∂Dx×Dy

= 0
}
.

Нехай коефiцiєнти рiвняння (17) i початковi умови задовольняють умови:

(A 1): aij ∈ C([0, T ];L∞(Ω)), aij,t ∈ L∞(QT ), aij(z, t) ≥ a0 > 0 для майже всiх

(z, t) ∈ QT , i, j ∈ {1, . . . , k};
(B 1): bij ∈ C([0, T ];L∞(Ω)), bij,t ∈ L∞(QT ), i, j ∈ {1, . . . , n};

n∑
i,j=1

bij(z, t)ξiξj ≥ b0|ξ|2 для всiх ξ ∈ Rn i для майже всiх (z, t) ∈ QT , b0 > 0;

(C 1): c ∈ C([0, T ]), c(t) ≥ c0 для всiх t ∈ [0, T ], де c0 – стала;

(Q 1): q ∈ L∞(Ω), q(z) ≥ q0 для майже всiх z ∈ Ω, де q0 – стала;

(G 1): g(z, t, ξ) – вимiрна за змiнними (z, t) в QT для всiх ξ ∈ R1

i неперервна за змiнною ξ для майже всiх (z, t) ∈ QT , крiм того, iснує така

додатна стала g0,що |g(z, t, ξ)− g(z, t, η)| ≤ g0|ξ − η|
для майже всiх (z, t) ∈ QT i всiх ξ, η ∈ R1;

(F 1): f1 ∈ C([0, T ]);

(F 2): f2 ∈ L2(Ω);

(U 1): u0 ∈ V1(Ω);

(K): K∈V1(Ω), Kxixixjxj ∈L2(Ω), Kzrzs∈L2(Ω), i, j∈{1, . . . , k}, r, s∈{1, . . . , n};

(E): E ∈ W 1,2(0, T ), E(0) =

∫
Ω

K(z)u0(z) dz.

Теорема 12. Нехай c(t) – задана функцiя i виконуються умови (A 1), (B 1), (C 1), (Q 1),
(G 1), (F 1), (U 1), (K), (E) та

∫
Ω

K(z)f1(z) dz 6= 0. Тодi iснує єдиний узагальнений розв’я-

зок (u(z, t), f2(t)) задачi (17) – (20) в областi QT .

Теорема 13. Нехай f2(t) – задана функцiя, виконуються умови (A 1), (B 1), (Q 1),
(F 1), (F 2), (U 1), (K), (E) та aij,xixj ∈ C([0, T ];L2(Ω)), brs,zr ∈ C([0, T ];L2(Ω)), i, j ∈
{1, . . . , k}, r, s∈{1, . . . , n}, а функцiя E(t) 6= 0 для всiх t ∈ [0, T ]. Тодi iснує таке число
0 < T0 ≤ T , що узагальнений розв’язок (u(z, t), c(t)) задачi (17) – (20) в областi QT0 iснує
та єдиний.
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Задача Кошi для напiвлiнiйного параболiчного за Ейдельманом рiвняння
Нехай теперQT = Rn×(0, T ). У працях [19, 15] розглянуто задачу Кошi для рiвняння

(14), в якому функцiя g(z, t, u) ≡ 0, з початковою умовою

u(z, 0) = u0(z), z ∈ Rn. (21)

За умов (A), (B), (C), (F), (U) отримано умови iснування та єдиностi узагальненого
розв’язку в класi Тихонова (у працi [15] p = q = 2, r ∈ (1, 2], а в [19] p ≥ 2, q ≥ 2, r ≥ 1).
Крiм того, встановлено умови компактностi носiя розв’язку.

Позначимо ωk(T ) = sup
xk∈R
{z ∈ suppu(·, T )}, Sk,f (T ) = sup

xk∈R
{z ∈ supp f, t ∈ (0, T )},

Sk(T ) = sup{Sk,f (T )k(0)}, Ek(ξ) =
∫

QT∩{xk>ξ}
(

k∑
i,j=1

|uxixj |q +
n∑
i=1

|uxi |q)(xk − ξ)s dz dt,

a = q−2
2q

(
q−2
2q

+ 1
n+|q|+1

)−1
.

Теорема 14. Нехай виконуються умови (A), (B), (C), (F), (U), Sm(t) < +∞, p = q. Тодi
iснує таке число x0

k, що

E0(ξ) ≤ µ exp

[
− ξ − x0

k

µ(1 + T 1−α)1/q

]
при ξ ≥ max{(1 + T 1−α)1/q;x0

k}, де стала µ залежить вiд коефiцiєнтiв задачi.

Для отримання умов однозначної розв’язностi задачi Кошi для нелiнiйних рiвнянь
Ейдельмана, мiшаних та обернених задач, викориcтано влаcтивоcтi функцiй з проcторiв
Соболєва, методи монотонностi, компактностi, послiдовних наближень.

3 Висновки

У статтi проведено огляд результатiв, отриманих С.Д. Iвасишеним та його учнями,
при дослiдженнi задачi Кошi для лiнiйних ~2b-параболiчних систем рiвнянь. Цi резуль-
тати знайшли своє продовження у дослiдженнях нелiнiйних узагальнень рiвнянь типу
Ейдельмана львiвськими математиками.
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The problems for Eidelman type equations and systems of equations are considered in this
paper. They were the large part of scientific interests for Prof. Ivasyshen S.D. The results of
investigations of Cauchy problem, initial-boundary and the inverse problems for this type of
equations in bounded or unbounded domains are given. The results are represented as the
estimates of the solutions, the integral representations of solutions, theorems of the existence,
uniqueness and stability of solutions.



Bukovinian Math. Journal. 2022, 10, 2, 229�239 Áóêîâèíñüêè�è ìàòåì. æóðíàë 2022, Ò.10, �2, 229�239

Ïóêàëüñüêèé I.Ä., ßøàí Á.Î.

Áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ 2b-ïàðàáîëi÷íîãî ðiâíÿííÿ ç

âèðîäæåííÿì

Äîñëiäæó¹òüñÿ áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ íåðiâíîìiðíî 2b-ïàðàáîëi÷íîãî ðiâ-
íÿííÿ ç âèðîäæåííÿì. Êîåôiöi¹íòè ïàðàáîëi÷íîãî ðiâíÿííÿ ïîðÿäêó 2b äîïóñêàþòü ñòå-
ïåíåâi îñîáëèâîñòi äîâiëüíîãî ïîðÿäêó ÿê çà ÷àñîâîþ çìiííîþ òàê i çà ïðîñòîðîâèìè çìií-
íèìè íà äåÿêié ìíîæèíi òî÷îê. Äëÿ ðîçâ'ÿçàííÿ ïîñòàâëåíî¨ çàäà÷i âèâ÷àþòüñÿ ðîçâ'ÿçêè
äîïîìiæíèõ çàäà÷ ç ãëàäêèìè êîåôiöi¹íòàìè. Çà äîïîìîãîþ àïðiîðíèõ îöiíîê âñòàíîâëþ-
þòüñÿ íåðiâíîñòi äëÿ ðîçâ'ÿçêó çàäà÷ i ¨õ ïîõiäíèõ ó ñïåöiàëüíèõ ãåëüäåðîâèõ ïðîñòîðàõ.
Âèêîðèñòîâóþ÷è òåîðåìè Àð÷åëà i Ðiññà, ç êîìïàêòíî¨ ïîñëiäîâíîñòi ðîçâ'ÿçêiâ äîïîìi-
æíèõ çàäà÷ âèäiëÿ¹òüñÿ çáiæíà ïîñëiäîâíiñòü, ãðàíè÷íå çíà÷åííÿ ÿêî¨ áóäå ðîçâ'ÿçêîì
ïîñòàâëåíî¨ çàäà÷i. Îöiíêè ðîçâ'ÿçêó áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ 2b-ïàðàáîëi÷íîãî
ðiâíÿííÿ âñòàíîâëåíi â ãåëüäåðîâèõ ïðîñòîðàõ çi ñòåïåíåâîþ âàãîþ. Ïîðÿäîê ñòåïåíåâî¨
âàãè âèçíà÷à¹òüñÿ ïîðÿäêîì âèðîäæåííÿ êîåôiöi¹íòiâ ãðóï ñòàðøèõ äîäàíêiâ òà ñòåïåíå-
âèìè îñîáëèâîñòÿìè êîåôiöi¹íòiâ ìîëîäøèõ äîäàíêiâ ïàðàáîëi÷íîãî ðiâíÿííÿ. Ïðè ïåâíèõ
îáìåæåííÿõ íà ïðàâó ÷àñòèíó ðiâíÿííÿ îäåðæàíî iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêó ïî-
ñòàâëåíî¨ çàäà÷i.

Êëþ÷îâi ñëîâà i ôðàçè: çàäà÷à Êîøi, ñòåïåíåâi îñîáëèâîñòi, iíòåðïîëÿöiéíi íåðiâíîñòi,
àïðiîðíi îöiíêè, ãåëüäåðîâi ïðîñòîðè, òåîðåìà Àð÷åëà.
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Âñòóï

Îñîáëèâà óâàãà â îñòàííi äåñÿòèëiòòÿ ïðèäiëÿ¹òüñÿ çàäà÷àì ç íåëîêàëüíèìè óìî-
âàìè äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. Òàêèé iíòåðåñ äî òàêèõ çàäà÷ çóìîâëåíèé
ÿê ïîòðåáàìè çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷, òàê i áàãàòèì ïðàêòè÷íèì ¨õ çàñòîñó-
âàííÿì (ïðîöåñ äèôóçi¨, êîëèâàíü, ñîëå- òà âîëîãîïåðåíîñó â ãðóíòàõ, ôiçèêà ïëàçìè,
ìàòåìàòè÷íà áiîëîãiÿ òîùî). Âñòàíîâëåíî, ùî íåëîêàëüíi óìîâè ìîæíà âèêîðèñòîâó-
âàòè äëÿ îïèñó ðîçâ'ÿçíèõ ðîçøèðåíü äèôåðåíöiàëüíèõ îïåðàòîðiâ. Ó ðîáîòàõ øêîëè
Á.É. Ïòàøíèêà òà éîãî ó÷íiâ [1�4] âèêîðèñòàíî ìåòðè÷íèé ïiäõiä äëÿ äîñëiäæåííÿ
óìîâíî êîðåêòíèõ çàäà÷ ç áàãàòîòî÷êîâèìè óìîâàìè çà âèäiëåíîþ çìiííîþ äëÿ ëiíié-
íèõ ãiïåðáîëi÷íèõ òà áåçòèïîâèõ ðiâíÿíü, à òàêîæ äåÿêèõ êëàñiâ ïàðàáîëi÷íèõ ðiâíÿíü
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çi ñòàëèìè êîåôiöi¹íòàìè. Áóëî äîâåäåíî ìåòðè÷íi òâåðäæåííÿ ïðî îöiíêó çíèçó ìà-
ëèõ çíàìåííèêiâ, ùî âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêiâ ðîçãëÿäóâàíèõ çàäà÷, ç ÿêèõ
âèïëèâà¹ êîðåêòíiñòü çàäà÷ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) ïàðàìåòðiâ çàäà÷.

Ó ìîíîãðàôi¨ [5] äîñëiäæåíî ó íîðìîâàíèõ ïðîñòîðàõ Äiíi ïàðàáîëi÷íi ñèñòåìè ç
îïåðàòîðîì Áåññåëÿ, ÿêi âèðîäæóþòüñÿ íà ìåæi îáëàñòi òà áëèçüêi çà âíóòðiøíiìè âëà-
ñòèâîñòÿìè äî ðiâíîìiðíî ïàðàáîëi÷íèõ ñèñòåì. Äëÿ öèõ ñèñòåì âèâ÷åíî çàäà÷ó Êîøi,
çàãàëüíó B-ïàðàáîëi÷íó êðàéîâó çàäà÷ó â êîìïàêòíié îáëàñòi, çàäà÷ó ç âàãîâèìè êðà-
éîâèìè óìîâàìè â ïiâïðîñòîði. Ïðàöÿ [6] â îñíîâíîìó ïðèñâÿ÷åíà äîñëiäæåííþ çàäà÷i
Êîøi òà êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü i ñèñòåì ðiâíÿíü ïàðàáîëi÷íîãî òèïó, êîåôiöi¹íòè
ÿêèõ ìàþòü ñòåïåíåâi îñîáëèâîñòi ïåâíîãî ïîðÿäêó.

Äîñëiäæåííþ âëàñòèâîñòåé ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó i âñòàíîâëåííþ êîðåêòíî¨
ðîçâ'ÿçíîñòi çàäà÷i Êîøi äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç âèðîäæåííÿì çà äåÿêèìè çìiííèìè
ïðèñâÿ÷åíî ïðàöi [7�9].

Ó ðîáîòàõ [10�13] â îáìåæåíèõ öèëiíäðè÷íèõ îáëàñòÿõ âèâ÷åíî çàäà÷i ç íåëîêàëü-
íèìè òà iìïóëüñíèìè óìîâàìè çà ÷àñîâîþ çìiííîþ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi ñòåïå-
íåâèìè îñîáëèâîñòÿìè äîâiëüíîãî ïîðÿäêó â êîåôiöi¹íòàõ ðiâíÿííÿ i êðàéîâî¨ óìîâè çà
áóäü-ÿêèìè çìiííèìè íà äåÿêié ìíîæèíi òî÷îê.

Ó öié ñòàòòi ðîçãëÿäà¹òüñÿ áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ 2b-ïàðàáîëi÷íîãî ðiâ-
íÿííÿ çi ñòåïåíåâèìè îñîáëèâîñòÿìè äîâiëüíîãî ïîðÿäêó â êîåôiöi¹íòàõ çà áóäü-ÿêèìè
çìiííèìè íà äåÿêié ìíîæèíi òî÷îê. Çà äîïîìîãîþ àïðiîðíèõ îöiíîê i òåîðåìè Àð÷åëà
äîâåäåíî iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó ïîñòàâëåíî¨ çàäà÷i òà âñòàíîâëåíî îöiíöè éîãî
ïîõiäíèõ ó ãåëüäåðåâèõ ïðîñòîðàõ çi ñòåïåíåâîþ âàãîþ.

1 Ïîñòàíîâêà çàäà÷i òà îñíîâíi îáìåæåííÿ

Íåõàé t0, t1, . . . , tN+1, η � ôiêñîâàíi äîäàòíi ÷èñëà, 0 ≤ t0 < t1 < . . . < tN+1, η ∈
(t0, tN+1), Ω � äåÿêà îáìåæåíà îáëàñòü, dim Ω ≤ n − 1. Ïîçíà÷èìî ÷åðåç Π0 = {(t, x)|
t ∈ [t0, tN+1), x ∈ Ω

}
∪ {(t, x)|t = η, x ∈ Rn}. Â îáëàñòi Π = [t0, tN+1) × Rn ðîçãëÿíåìî

çàäà÷ó çíàõîäæåííÿ ôóíêöi¨ u(t, x), ÿêà ïðè t 6= tλ, λ ∈ {0, 1, . . . , N}, t 6= η, x ∈ Rn \ Ω

çàäîâîëüíÿ¹ ðiâíÿííÿ

(Lu)(t, x) =

∂t − ∑
|k|=2b

Ak(t, x)∂kx −
∑

|p|≤2b−1

Ap(t, x)∂px

u(t, x) = f(t, x) (1)

i óìîâè çà çìiííîþ t

u(tλ + 0, x) = ϕλ(x), x ∈ Rn \ Ω, (2)

∂kx = ∂k1x1∂
k2
x2
. . . ∂knxn , |k| = k1 + k2 + . . .+ kn.

Ñòåïåíåâi îñîáëèâîñòi êîåôiöi¹íòiâ äèôåðåíöiàëüíîãî âèðàçó L ó òî÷öi P (t, x) ∈
Π\Π0 õàðàêòåðèçóâàòèìóòü ôóíêöi¨ s1

(
β

(1)
i , t

)
i s2

(
β

(2)
i , x

)
: s1

(
β

(1)
i , t

)
= |t− η|β

(1)
i ïðè

|t− η| ≤ 1, s1

(
β

(1)
i , t

)
= 1 ïðè |t− η| ≥ 1; s2

(
β

(2)
i , x

)
= ρβ

(2)
i (x) ïðè ρ(x) ≤ 1, s2

(
β

(2)
i , x

)
=

1 ïðè ρ(x) ≥ 1, ρ(x) = inf
z∈Ω
|x − z|, β(ν)

i ∈ (−∞,∞), ν ∈ {1, 2}, β(ν) =
(
β

(ν)
1 , . . . , β

(ν)
n

)
,

β =
(
β(1), β(2)

)
.
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Ïîçíà÷èìî ÷åðåç l, q(ν), γ(ν), µ(ν)
pi , µ

(ν)
0 � äiéñíi íåâiä'¹ìíi ÷èñëà, [l] � öiëà ÷àñòèíà ÷è-

ñëà l, {l} = l−[l],
(
k, µ

(ν)
p

)
=

n∑
i=1

kiµ
(ν)
pi
,
(
k, γ(ν) − β(ν)

)
=

n∑
i=1

ki

(
γ(ν) − β(ν)

i

)
, P1

(
t(1), x(1)

)
,

P2

(
t(2), x(1)

)
, Rr

(
t(2), x(2)

)
� äîâiëüíi òî÷êè iç Π(λ) = {(t, x)|t ∈ [tλ, tλ+1)×Rn}, x(1) =(

x
(1)
1 , . . . , x

(1)
n

)
, x(2) =

(
x

(1)
1 , . . . , x

(1)
r−1, x

(2)
r , x

(1)
r+1, . . . , x

(1)
n

)
, Qλ = [tλ, tλ+1)×D, D � äîâiëü-

íà çàìêíåíà îáëàñòü iç Rn, α ∈ (0, 1).
Îçíà÷èìî ïðîñòîðè, â ÿêèõ âèâ÷à¹òüñÿ çàäà÷à (1), (2). H l(γ; β; q; Π) � ìíîæèíà ôóí-

êöié u(t, x), ÿêi ìàþòü íåïåðåðâíi ÷àñòèííi ïîõiäíi â Π(λ)\Π0 ïðè t 6= tλ âèãëÿäó ∂
j
t ∂

k
xu,

2bj + |k| ≤ [l], äëÿ ÿêèõ ñêií÷åííà íîðìà

‖u; γ; β; q; Π‖l = sup
λ

 ∑
2bj+|k|≤[l]

‖u; γ; β; q; Πλ‖2bj+|k| + 〈u; γ; β; q; Πλ〉l

 ,

äå

‖u; γ; β; 0; Π‖0 = sup
λ

{
sup
Qλ

|u|

}
≡ sup

λ
‖u;Qλ‖0,

‖u; γ; β; q; Π‖2bj+|k| = sup
λ

{
sup
P∈Qλ

[
s1(q1 + (2bj + |k|)γ(1), t)s2(q2 + (2bj + |k|)γ(2), x)×

×S(s1, s2; t, x)|∂jt ∂kxu(P )|
]}
,

〈u; γ; β; q; Π〉l = sup
λ

{ ∑
2bj+|k|=[l]

n∑
r=1

sup
(P1,Hr)⊂Qλ

[
s1

(
q(1) + [l]γ(1), t(1)

)
s2

(
q(2) + [l]γ(2), x̃

)
×

×S(s1, s2; t(1), x̃)s1

(
{l}
(
γ(1) − β(1)

r

)
, t(1)

)
s2

(
{l}
(
γ(2) − β(2)

r

)
, x̃
) ∣∣x(1)

r − x(2)
r

∣∣−{l}×
×
∣∣∂jt ∂kxu (P1)− ∂jt ∂kxu (Hr)

∣∣]+
∑

2bj+|k|=[l]

sup
(P1,P2)∈Qλ

[
s1

(
q(1) + lγ(1), t̃

)
×

×s2

(
q(2) + lγ(2), x(1)

)
S(s1, s2; t̃, x(1))|t(1) − t(2)|−{

l
2b} ∣∣∂jt ∂kxu (P1)− ∂jt ∂kxu (P2)

∣∣]},
S(s1, s2; t, x) ≡

n∏
i=1

s1

(
−kiβ(1)

i , t
)
s2

(
−kiβ(2)

i , x
)
,

s1(a, t̃) = min
{
s1

(
a, t(1)

)
, s1

(
a, t(2)

)}
, s2(a, x̃) = min

{
s2

(
a, x(1)

)
, s2

(
a, x(2)

)}
.

Ùîäî çàäà÷i (1)-(2), ââàæà¹ìî âèêîíàíèìè óìîâè:

à) êîåôiöi¹íòè ðiâíÿííÿ (1) Ak(t, x)
n∏
i=1

s1

(
kiβ

(1)
i , t

)
s2

(
kiβ

(2)
i , x

)
∈ Cα(γ; β; 0; Π),

Ap(t, x)
n∏
i=1

s1

(
piµ

(1)
pi
, t
)
s2

(
piµ

(2)
pi
, x
)
∈ Cα(γ; β; 0; Π), 1 ≤ |p| ≤ 2b− 1, A0(t, x)s1

(
µ

(1)
0 , t

)
×
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×s2

(
µ

(2)
0 , x

)
∈ Cα(γ; β; 0; Π), A0(t, x) ≤ K < ∞ i âèêîíó¹òüñÿ óìîâà ðiâíîìiðíî¨ ïàðà-

áîëi÷íîñòi äëÿ ðiâíÿííÿ∂t − ∑
|k|=2b

Ak(t, x)
n∏
i=1

s1

(
kiβ

(1)
i , t

)
s2

(
kiβ

(2)
i , x

)u(t, x) = f̃(t, x),

á) ôóíêöi¨ f(t, x) ∈ Cα(γ; β; 2bγ; Π), ϕk(x) ∈ C2b+α
(
γ̃; β̃; 0; Π ∩ {t = tk}

)
, γ̃ =

(
0, γ(2)

)
,

β̃ =
(
0, β(2)

)
, γ(v) = max

max
i
β(v),max

i,pi

pi

(
µ

(v)
pi − β

(v)
i

)
2b− |p|

,
µ

(v)
0

2b

, v ∈ {1, 2}.

Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé äëÿ çàäà÷i (1), (2) âèêîíàíi óìîâè à), á). Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê

çàäà÷i (1), (2) iç ïðîñòîðó H2b+α(γ; β; 0; Π) i ñïðàâäæó¹òüñÿ íåðiâíiñòü

‖u; γ; β; 0; Π‖2b+α ≤ c sup
λ

(
‖f ; γ; β; 2bγ; Πλ‖α +

∥∥∥ϕλ; γ̃; β̃; 0; Πλ ∩ {t = tλ}
∥∥∥

2b+α

)
. (3)

ßêùî f ∈ Hα(γ; β; 0; Π) i äëÿ çàäà÷i (1), (2) âèêîíàíi óìîâè a), á), òî ¹äèíèé

ðîçâ'ÿçîê çàäà÷i (1), (2) â îáëàñòi Π(λ) âèçíà÷à¹òüñÿ iíòåãðàëîì Ñòiëòü¹ñà ç äåÿêîþ

áîðåëiâñüêîþ ìiðîþ Z(λ)

u(t, x) =

∫
Π(λ)

Z(λ)(t, x; dτ, dξ)f(τ, ξ) +

∫
Π(λ)∩{t=tλ}

Z(λ) (tλ, x; dξ)ϕλ(ξ), (4)

äå Z(λ)(t, x;M) âèçíà÷à¹òüñÿ íà σ-àëãåáði ïiäìíîæèí G îáëàñòi Πλ, âêëþ÷àþ÷è Πλ i âñi

¨¨ âiäêðèòi ïiäìíîæèíè.

Äëÿ äîâåäåííÿ òåîðåìè 1 âñòàíîâèìî ñïî÷àòêó ðîçâ'ÿçíiñòü äîïîìiæíèõ çàäà÷ ç
ãëàäêèìè êîåôiöi¹íòàìè. Ç ìíîæèíè îäåðæàíèõ ðîçâ'ÿçêiâ âèäiëèìî çáiæíó ïiäïîñëi-
äîâíiñòü, ãðàíè÷íå çíà÷åííÿ ÿêî¨ áóäå ðîçâ'ÿçêîì çàäà÷i (1), (2).

2 Îöiíêà ðîçâ'ÿçêiâ äîïîìiæíèõ çàäà÷ ç ãëàäêèìè êîåôiöi¹íòàìè

Íåõàé Π
(λ)
m = Π(λ) ∩

{
(t, x) ∈ Π(λ) | s1(1, t) ≥ m−1

1 , s2(1, x) ≥ m−1
2

}
, m1 ≥ 1, m2 ≥ 1,

m = (m1,m2) ïîñëiäîâíiñòü îáëàñòåé, ÿêà ïðè m1 →∞, m2 →∞ çáiãà¹òüñÿ äî Π(λ).
Ðîçãëÿíåìî â îáëàñòi Π çàäà÷ó çíàõîäæåííÿ ðîçâ'ÿçêiâ ðiâíÿííÿ

(L1um) (t, x) ≡

∂t − ∑
|k|=2b

ak(t, x)∂kx +
∑

|p|≤2b−1

ap(t, x)∂px

um(t, x) = Fm(t, x), (5)

ÿêi çàäîâîëüíÿþòü óìîâè çà çìiííîþ t

um(tλ + 0, x) = ϕ(λ)
m (x). (6)
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Òóò êîåôiöi¹íòè ak, ap, ôóíêöi¨ Fm, ϕ
(λ)
m â îáëàñòi Π

(λ)
m ñïiâïàäàþòü ç Ak, Ap, f , ϕλ

âiäïîâiäíî, à â îáëàñòi Π(λ)\Π(λ)
m ¹ íåïåðåðâíèì ïðîäîâæåííÿì êîåôiöi¹íòiâ Ak, Ap i

ôóíêöié f , ϕλ iç îáëàñòi Π
(λ)
m â îáëàñòü Π(λ)\Π(λ)

m iç çáåðåæåííÿì ãëàäêîñòi i íîðì ( [15],
ñ. 82).

Ïîçíà÷èìî ÷åðåç C l(γ; β; q; Π) ñóêóïíiñòü ôóíêöié ïðîñòîðó C l(Π) ç íîðìîþ
‖um; γ; β; q; Π‖l, åêâiâàëåíòíó ïðè êîæíîìó m1, m2 ãåëüäåðîâié íîðìi, ÿêà âèçíà÷à¹-
òüñÿ òàê ñàìî, ÿê i ‖u; γ; β; q; Π‖l, òiëüêè çàìiñòü ôóíêöié s1

(
a(1), t

)
, s2

(
a(2), x

)
áåðåìî

âiäïîâiäíî e1

(
a(1), t

)
, e2

(
a(2), x

)
, äå e1

(
a(1), t

)
= max

(
s1

(
a(1), t

)
,m−a

(1)

1

)
ïðè a(1) ≥ 0 i

e1

(
a(1), t

)
= min

(
s1

(
a(1), t

)
,m−a

(1)

1

)
ïðè a(1) ≤ 0; e2

(
a(2), x

)
= max

(
s2

(
a(2), x

)
,m−a

(2)

2

)
ïðè a(2) ≥ 0 i e2

(
a(2), x

)
= min

(
s2

(
a(2), x

)
,m−a

(2)

2

)
ïðè a(2) ≤ 0.

Äëÿ íîðì ‖um; γ; β; q; Πλ‖l ïðàâèëüíi iíòåðïîëÿöiéíi íåðiâíîñòi.

Ëåìà 1. Íåõàé um ∈ C l(γ; β; q,Π). Òîäi äëÿ äîâiëüíîãî 0 < ε < 1 iñíó¹ òàêà ñòàëà c(ε),

ùî âèêîíóþòüñÿ íåðiâíîñòi

‖um; γ; β; 0; Πλ‖[l] ≤ εα 〈um; γ; β; 0; Πλ〉l + c(ε) ‖um; Πλ‖0 , (7)

‖um; γ; β; 0; Πλ‖|k| ≤ ε ‖um; γ; β; q; Πλ‖|k|+1 +
c

ε
‖um; γ; β; q; Πλ‖|k|−1 , (8)

|k| ≤ [l]− 1, l = [l] + {l}, l > [l].

Íåðiâíîñòi (7), (8) îäåðæóþòüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè iç [16].
Âñòàíîâèìî îöiíêó íîðìè ‖um; γ; β; 0; Π‖2b+α.
Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 2. ßêùî âèêîíàíi óìîâè à), á), òî äëÿ ðîçâ'ÿçêó çàäà÷i (5), (6) ïðàâèëüíà

îöiíêà

‖um; γ; β; 0; Πλ‖2b+α ≤ c sup
λ

(∥∥ϕ(λ)
m ; γ; β; 0; Πλ ∩ (t = tλ)

∥∥
2b+α

+ ‖um; Πλ‖0 +

+ ‖Fm; γ; β; 2bγ; Πλ‖α) . (9)

Ñòàëà c íå çàëåæèòü âiä m.

Äîâåäåííÿ. Â îáëàñòi Πλ ðîçãëÿíåìî çàäà÷ó

(L1um) (t, x) = Fm(t, x), um(tλ + 0, x) = ϕ(λ)
m (x). (10)

Ïðè âèêîíàííi óìîâ à), á) iñíó¹ ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê çàäà÷i (10) â ïðîñòîði
C2b+α(γ; β; 0; Πλ) [6,14]. Çíàéäåìî éîãî îöiíêó. Âèêîðèñòîâóþ÷è iíòåðïîëÿöiéíi íåðiâíî-
ñòi (7), (8), ìà¹ìî

‖um; γ; β; 0; Πλ‖2b+α ≤ (1 + εα) 〈um; γ; β; 0; Πλ〉2b+α + c(ε) ‖um; Πλ‖0 .

Òîìó äîñèòü îöiíèòè ïiâíîðìó 〈um; γ; β; 0; Πλ〉2b+α. Iç âèçíà÷åííÿ 〈um; γ; β; 0; Πλ〉2b+α âè-
ïëèâà¹ iñíóâàííÿ â Πλ òî÷îê P1, P2, Rr, äëÿ ÿêèõ ïðàâèëüíà íåðiâíiñòü

1

2
‖um; γ; β; 0; Πλ‖2b+α ≤ E1 + E2, (11)
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äå

E1 =
∑

2bj+|k|=2b

n∑
r=1

[
e1

(
2bγ(1), t(1)

)
e2

(
2bγ(2), x̃

)
S(e1, e2; t(1), x̃)

∣∣x(1)
r − x(2)

r

∣∣−α×
×e1

(
α
(
γ(1) − β(1)

r

)
, t(1)

)
e2

(
α
(
γ(2) − β(2)

r

)
, x̃
) ∣∣∂jt ∂kxum (P1)− ∂jt ∂kxum (Hr)

∣∣] ,
E2 =

∑
2bj+|k|=2b

e1

(
(2b+ α)γ(1), t̃

)
e2

(
(2b+ α)γ(2), x(2)

)
S(e1, e2; t̃, x(2))

∣∣t(1) − t(2)
∣∣− α

2b ×

×
∣∣∂jt ∂kxum (P2)− ∂jt ∂kxum (P1)

∣∣ .
ßêùî

∣∣∣x(1)
r − x(2)

r

∣∣∣ ≥ ε

4
n−1e1

(
γ(1) − β(1)

r , t̃
)
e2

(
γ(2) − β(2)

r , x̃
)
≡ N1, ε � äîâiëüíå äiéñíå

÷èñëî iç (0, 1), òî
E1 ≤ 2ε−α ‖um; γ; β; 0; Πλ‖2b . (12)

ßêùî
∣∣t(1) − t(2)

∣∣ ≥ ε2b

2b
e1

(
2bγ(1), t̃

)
e2

(
2bγ(2), x̃

)
≡ N2, òî

E2 ≤ 2ε−α ‖um; γ; β; 0; Πλ‖2b . (13)

Çàñòîñîâóþ÷è iíòåðïîëÿöiéíi íåðiâíîñòi (7) äî (12), (13), çíàõîäèìî

E1 + E2 ≤ 2εα1 ‖um; γ; β; 0; Πλ‖2b+α + c(ε) ‖um; Πλ‖0 . (14)

Íåõàé
∣∣∣x(1)
r − x(2)

r

∣∣∣ ≤ N1,
∣∣t(1) − t(2)

∣∣ ≤ N2. Áóäåìî ââàæàòè, ùî e2

(
γ(2), x̃

)
=

= min
(
e2

(
γ(2), x(2)

)
, e2

(
γ(2), x(1)

))
≡ e2

(
γ(2), x(1)

)
, e1

(
γ(1), t̃

)
= min

(
e1

(
γ(1), t(1)

)
,

e1

(
γ(1), t(2)

))
≡ e1

(
γ(1), t(1)

)
, P1

(
t(1), x(1)

)
∈ Πλ. Çàïèøåìî çàäà÷ó (10) ó âèãëÿäi

∂tum −
∑
|k|=2b

ak (P1) ∂kxum = Fm(t, x)−
∑

|p|≤2b−1

ap(t, x)∂pxum+

+
∑
|k|=2b

[ak(t, x)− ak (P1)] ∂kxum ≡ F (1)
m (t, x;um) , (15)

um(tλ + 0, x) = ϕ(λ)
m (x). (16)

Â çàäà÷i (15), (16) çðîáèìî çàìiíó um(t, x) = vm(t, z), äå zi = e1

(
β

(1)
i , t(1)

)
×

×e2

(
β

(2)
i , x(1)

)
xi, i ∈ {1, . . . , n}. Òîäi ôóíêöiÿ ωm(t, x) = vm(t, z) · η(t, z) áóäå ðîçâ'ÿçêîì

çàäà÷i

∂tωm −
∑
|k|=2b

ak (P1)S1

(
k; e1, e2; t(1), x(1)

)
∂kzωm = vm(t, z)∂tη + ηF (1)

m (t, z̃; vm)+

+
∑
|k|=2b

ak (P1)S1

(
k; e1, e2; t(1), x(1)

) ∑
0<|p|≤|k|

C
|p|
|k|∂

k−p
z vm∂

p
zη

 ≡ Ψm (t, z; vm) , (17)

ωm(tλ + 0, z) = η(tλ + 0, z)ϕ(λ)
m (z̃), (18)
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äå z̃ =
(
e−1

1

(
β

(1)
1 , t(1)

)
e−1

2

(
β

(2)
1 , x(1)

)
z1, . . . , e

−1
1

(
β

(1)
n , t(1)

)
e−1

2

(
β

(2)
n , x(1)

)
zn

)
;

η(t, z) =

{
1, (t, z) ∈ T1/2, 0 ≤ η(t, z) ≤ 1;

0, (t, z) /∈ T3/4,
∣∣∂jt ∂kz η∣∣ ≤ ckje

−1
1

(
(2bj + |k|)γ(1), t(1)

)
e−1

2

(
(2bj + |k|)γ(2), x(1)

)
;

T8 =
{

(t, z)
∣∣ ∣∣t(1) − t

∣∣ ≤ 2δN2,
∣∣∣zi − z(1)

i

∣∣∣ ≤ 2δe1

(
γ(1), t(1)

)
e2

(
γ(2), x(1)

)
,

z
(1)
i = e1

(
β

(1)
i , t(1)

)
e2

(
β

(2)
i , x(1)

)
x

(1)
i

}
,

S1

(
k; e1, e2; t(1), x(1)

)
=

n∏
i=1

e1

(
kiβ

(1)
i , t(1)

)
e2

(
kiβ

(2)
i , x(1)

)
.

Êîåôiöi¹íòè ðiâíÿííÿ (17) îáìåæåíi ñòàëèìè, íåçàëåæíèìè âiä òî÷êè P1

(
t(1), x(1)

)
.

Òîìó, âèêîðèñòîâóþ÷è òåîðåìó 4.1 iç ( [5], ñ. 43), äëÿ äîâiëüíèõ òî÷îê M1

(
τ (1), z(1)

)
∈

T1/2, M2

(
τ (2), z(2)

)
∈ T1/2 ïðàâèëüíà íåðiâíiñòü

d−α (M1,M2)
∣∣∂jt ∂kzωm (M1)− ∂jt ∂kxωm (M2)

∣∣ ≤ c
(
‖Φm‖Cα(T3/4) +

+
∥∥ηϕ(λ)

m

∥∥
C2b+α(T3/4∩(t=tλ))

)
, (19)

d (M1,M2) � ïàðàáîëi÷íà âiäñòàíü ìiæ M1, M2, 2bj + |k| = 2b

Âðàõîâóþ÷è âëàñòèâîñòi ôóíêöi¨ η(t, z) i íåðiâíîñòi (7), (8), îäåðæèìî

‖Φm‖Cα(T3/4) ≤ cW (e1, e2)
(∥∥vm;T3/4

∥∥
0

+
∥∥F (1)

m ; γ; 0; 2bγ;T3/4

∥∥
α

+

+
∥∥vm; γ; 0; 0;T3/4

∥∥
2b

)
; (20)∥∥ηϕ(λ)

m

∥∥
C2b+α(T3/4∩(t=tλ)) ≤ cW (e1, e2)

∥∥ϕ(λ)
m ; γ̃; 0; 0;T3/4 ∩ (t = tλ)

∥∥
2b+α

,

äå W (e1, e2) = e1

(
(2b+ α)γ(1), t(1)

)
e2

(
(2b+ α)γ(2), x(1)

)
.

Iç âèçíà÷åííÿ ïðîñòîðó C2b+α(γ; β; q; Πλ) âèïëèâà¹ ñïðàâåäëèâiñòü íåðiâíîñòi

c1

∥∥vm; γ; 0; 0;T3/4

∥∥
l
≤
∥∥um; γ; β; 0;K3/4

∥∥
l
≤ c2

∥∥vm; γ; 0; 0;T3/4

∥∥
l
,

K3/4 =
{

(t, x) ∈ Πλ,
∣∣t− t(1)

∣∣ ≤ (4δ)2bN1,
∣∣∣xi − x(1)

i

∣∣∣ ≤ 4δn−1N2, i ∈ {1, 2, . . . , n}
}
.

Ïiäñòàâëÿþ÷è (20) ó (19) i ïîâåðòàþ÷èñü äî çìiííèõ (t, x), çíàõîäèìî

E1 + E2 ≤ c

(∥∥F (1)
m ; γ; β; 2bγ;K3/4

∥∥
α

+
∥∥∥ϕ(λ)

m ; γ̃; β̃; 0;K3/4 ∩ (t = tλ)
∥∥∥

2b+α
+

+
∥∥um;K3/4

∥∥
0

+
∥∥um; γ; β; 0;K3/4

∥∥
2b

)
. (21)

Äëÿ çíàõîäæåííÿ íîðìè
∥∥∥F (1)

m ; γ; β; 2bγ;K3/4

∥∥∥
α
äîñèòü îöiíèòè ïiâíîðìè êîæíîãî

äîäàíêà âèðàçó F (1)
m (t, x;um). Ñêîðèñòàâøèñü íåðiâíîñòÿìè (7), (8) îäåðæèìî∥∥F (1)

m ; γ; β; 2bγ;K3/4

∥∥
α
≤ c3

(∥∥Fm; γ; β; 2bγ;K3/4

∥∥
α

+ ε2

∥∥um; γ; β; 0;K3/4

∥∥
2b+α

)
+



236 Ïóêàëüñüêèé I.Ä., ßøàí Á.Î.

+c4

∥∥um;K3/4

∥∥
0
. (22)

Ïiäñòàâëÿþ÷è (22) ó (21), çíàõîäèìî

E1 + E2 ≤ c3

(∥∥Fm; γ; β; 2bγ;K3/4

∥∥
α

+ ε2

∥∥um; γ; β; 0;K3/4

∥∥
2b+α

)
+

+c
∥∥∥ϕ(λ)

m ; γ̃; β̃; 0;K3/4 ∩ (t = tλ)
∥∥∥

2b+α
+ c5

∥∥um;K3/4

∥∥
0
. (23)

Âèêîðèñòîâóþ÷è íåðiâíîñòi (11), (14), (23) i âèáèðàþ÷è ε1, ε2 äîñèòü ìàëèìè, îäåð-
æèìî íåðiâíiñòü (9).

Çíàéäåìî îöiíêó íîðìè ‖um; Πλ‖0.
Â çàäà÷i (10) çðîáèìî çàìiíó um(t, x) = ϕ

(λ)
m (x) + u

(1)
m (t, x). Îäåðæèìî çàäà÷ó äëÿ

ðîçâ'ÿçêó u(1)
m (t, x) (

L1u
(1)
m

)
(t, x) = Fm(t, x)−

(
L1ϕ

(λ)
m

)
(x),

u(1)
m (tλ + 0, x) = 0. (24)

Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 3. ßêùî u
(1)
m (t, x) � ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê çàäà÷i (24) i âèêîíàíi óìîâè

à), á), òî äëÿ u
(1)
m (t, x) ñïðàâäæóåòüñÿ íåðiâíiñòü∥∥u(1)

m ; Πλ

∥∥
0
≤ c

∥∥L1u
(1)
m ; γ; β; 2bγ; Πλ

∥∥
0
, (25)

äå ñòàëà c íå çàëåæèòü âiä m.

Çà óìîâ íàêëàäåíèõ íà ãëàäêiñòü êîåôiöi¹íòiâ çàäà÷i (10) i ôóíêöié Fm, ϕ
(λ)
m iñíó¹

¹äèíèé ðîçâ'ÿçîê çàäà÷i (10), ÿêèé íàëåæèòü ïðîñòîðó C2b+α(γ; β; 0; Πλ) i ìà¹ ïðè êî-

æíîìó ôiêñîâàíîìó m1, m2 ñêií÷åííó íîðìó [6].

Ñêîðèñòàâøèñü ìåòîäèêîþ äîâåäåííÿ çàóâàæåííÿ 2 ( [17], ñ. 79), âñòàíîâëþ¹ìî íå-
ðiâíiñòü (25).

Äîâåäåííÿ òåîðåìè 1. Îñêiëüêè ‖Fm; γ; β; 2bγ; Πλ‖α ≤ c ‖f ; γ; β; 2bγ; Πλ‖α,∥∥∥ϕ(λ)
m ; γ̃; β̃; 0; Πλ ∩ (t = tλ)

∥∥∥
2b+α
≤ c‖ϕλ; γ̃; β̃; 0; Πλ ∩ (t = tλ), òî, âèêîðèñòîâóþ÷è íåðiâíî-

ñòi (9), (25), îäåðæèìî

‖um; γ; β; 0; Πλ‖2b+α ≤ c4

(
‖f ; γ; β; 2bγ; Πλ‖α + ‖ϕλ; γ̃; β̃; 0; Πλ ∩ (t = tλ)‖2b+α

)
. (26)

Ïðàâà ÷àñòèíà íåðiâíîñòi (26) íå çàëåæèòü âiä m1, m2 i ïîñëiäîâíîñòi{
W (j,k)
m

}
=
{
e1

(
2bjγ(1), t

)
e2

(
2bjγ(2), x

)
S(e1, e2; t, x)

∣∣∂jt ∂kxum(t, x)
∣∣} ,

2bj + |k| ≤ 2b

ðiâíîìiðíî îáìåæåíi i ðiâíîñòåïåííî íåïåðåðâíi â Qλ. Çà òåîðåìîþ Àð÷åëà iñíóþòü ïî-

ñëiäîâíîñòi
{
W

(j,k)
m(l)

}
, ðiâíîìiðíî çáiæíi ïðè m(l)→∞ äîW (j,k). Ïåðåõîäÿ÷è äî ãðàíèöi

ïðè m(l) → ∞ â çàäà÷i (10) îäåðæèìî, ùî u(t, x) = W (0,0) � ¹äèíèé ðîçâ'ÿçîê çàäà÷i
(1), (2), u ∈ H2b+α(γ; β; 0; Πλ) i ïðàâèëüíà îöiíêà (3).
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Îñêiëüêè Hα(γ; β; 0; Πλ) ⊂ Hα(γ; β; 2bγ; Πλ), òî äëÿ f ∈ Hα(γ; β; 0; Πλ) âèêîíó¹òüñÿ
íåðiâíiñòü ‖f ; γ; β; 2bγ; Πλ‖α ≤ c ‖f ; γ; β; 0; Πλ‖α. Òîìó, âðàõîâóþ÷è íåðiâíiñòü (3), äëÿ
ðîçâ'ÿçêó çàäà÷i (1), (2) ïðàâèëüíà îöiíêà

‖u; γ; β; 0; Πλ‖2b+α ≤ c
(
‖f ; γ; β; 0; Πλ‖α + ‖ϕλ; γ̃; β̃; 0; Πλ ∩ (t = tλ)‖2b+α

)
. (27)

Áóäåìî ðîçãëÿäàòè u(t, x) ïðè ôiêñîâàíèõ (t, x) ÿê ëiíiéíèé íåïåðåðâíèé ôóíêöiîíàë

F (f, ϕλ) íà íîðìîâàíîìó ïðîñòîði Cα ≡ Hα(γ; β; 0; Πλ) × H2b+α
(
γ̃; β̃; 0; Πλ ∩ (t = tλ)

)
ç íîðìîþ, ùî äîðiâíþ¹ ïðàâié ÷àñòèíi íåðiâíîñòi (27). Áåðó÷è äî óâàãè âêëþ÷åííÿ
Cα ⊂ C(Πλ) i çãiäíî ç òåîðåìîþ Ðiññà, ìîæíà ââàæàòè, ùî u(t, x) ïîðîäæó¹ áîðåëiâñüêó
ìiðó Z(λ)(t, x;M), ÿêà âèçíà÷à¹òüñÿ íà σ-àëãåáði ïiäìíîæèí G îáëàñòi Πλ, âêëþ÷àþ÷è
Πλ i âñi ¨¨ âiäêðèòi ïiäìíîæèíè òàêi, ùî çíà÷åííÿ ôóíêöiîíàëó âèçíà÷à¹òüñÿ ôîðìóëîþ
(4).

Ñïèñîê ëiòåðàòóðè

[1] Ïòàøíèê Á. É., Iëüêiâ Â. Ñ., Êìiòü I. ß., Ïîëiùóê Â. Ì. Íåëîêàëüíi êðàéîâi çàäà÷i äëÿ ðiâíÿíü
iç ÷àñòèííèìè ïîõiäíèìè. Êè¨â : Íàóê. äóìêà, 2002. 416 ñ.

[2] Âëàñié Î. Ä., Ïòàøíèê Á. É. Çàäà÷à ç íåëîêàëëüíèìè óìîâàìè äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõi-

äíèìè, íå ðîçâ'ÿçàíèõ âiäíîñíî ñòàðøî¨ ïîõiäíî¨. Óêð. ìàò. æóðí. 2003. 55, � 8. Ñ. 1022-1034.

[3] Êëþñ I. Ñ., Ïòàøíèê Á. É. Áàãàòîòî÷êîâà çàäà÷à äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, íå

ðîçâ'ÿçíèõ âiäíîñíî ñòàðøî¨ ïîõiäíî¨ çà ÷àñîì. Óêð. ìàò. æóðí. 1999. 51, � 12. Ñ. 1604-1613.

[4] Ïòàøíèê Á. É., Òèìêiâ I. Ð. Áàãàòîòî÷êîâà çàäà÷à äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ çi çìiííèìè

êîåôiöi¹íòàìè. Äîï. ÍÀÍ Óêðà¨íè. 2008. � 12. C. 42-48.

[5] Ìàòié÷óê Ì. I. Ïàðàáîëi÷íi ñèíãóëÿðíi êðàéîâi çàäà÷i. Êè¨â : Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè,
1999. 176 ñ.

[6] Ìàòié÷óê Ì. I. Ïàðàáîëi÷íi òà åëiïòè÷íi êðàéîâi çàäà÷i ç îñîáëèâîñòÿìè. ×åðíiâöi : Ïðóò, 2003.
248 ñ.

[7] Ivasishen S. D., Eidelman S. D. 2b-parabolic equations with degeneration in some of the variables. Dokl.
Akad. Nauk, 1998. Vol. 360, � 3. P. 303-305.

[8] Iâàñèøåí Ñ. Ä., Ëiòîâ÷åíêî Â. À. Çàäà÷à Êîøi äëÿ îäíîãî êëàñó âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü

òèïó Êîëìîãîðîâà ç íåäîäàòíèì ðîäîì. Óêð. ìàò. æóðí. 2010. 62, � 10. Ñ. 1330-1350.

[9] Iâàñèøåí Ñ. Ä., Ìåäèíñüêèé I. Ï., Ïàñi÷íèê Ã. Ñ. Ïàðàáîëi÷íi ðiâíÿííÿ ç âèðîäæåííÿìè íà

ïî÷àòêîâié ãiïåðïëîùèíi. Áóêîâèíñüêèé ìàò. æóðí. 2016. 4, � 3-4. Ñ. 57-68.

[10] Ïóêàëüñüêèé I. Ä., ßøàí Á. Î. Êðàéîâà çàäà÷à ç iìïóëüñíîþ äi¹þ äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç

âèðîäæåííÿì. Óêð. ìàò. æóðíàë. 2019. 71, � 5. Ñ. 645-655.

[11] Ïóêàëüñüêèé I. Ä., ßøàí Á. Î. Îäíîñòîðîííÿ êðàéîâà çàäà÷à ç iìïóëüñíèìè óìîâàìè äëÿ ïàðà-

áîëi÷íèõ ðiâíÿíü ç âèðîäæåííÿì. Ìàò. ìåòîäè òà ôiç.-ìåõ. ïîëÿ, 2018. 61, � 4. C. 35-48.

[12] 1. Pukal'skii I.D., Yashan B.O. The Cauchy problem for parabolic equations with degeneration. Advances
in Mathematical Physics, 2020. 2020, Article ID 1245143, 7 pages.

[13] Ïóêàëüñüêèé I. Ä., ßøàí Á. Î. Íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ ïàðàáîëi÷íèõ

ðiâíÿíü ç âèðîäæåííÿì. Ìàò. ìåòîäè òà ôiç.-ìåõ. ïîëÿ, 2017. 60, � 2. C. 32-40.

[14] Ýéäåëüìàí Ñ. Ä. Ïàðàáîëè÷åñêèå ñèñòåìû. Ì. : Íàóêà, 1964. 443 ñ.



238 Ïóêàëüñüêèé I.Ä., ßøàí Á.Î.

[15] Ôðèäìàí À. Óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè ïàðàáîëè÷åñêîãî òèïà. Ì. : Ìèð, 1968. 427 ñ.

[16] Ïóêàëüñüêèé I. Ä. Çàäà÷à Êîøi äëÿ íåðiâíîìiðíî ïàðàáîëi÷íèõ ðiâíÿíü çi ñòåïåíåâèìè îñîáëè-

âîñòÿìè. Ìàò. ìåòîäè òà ôiç.-ìåõ. ïîëÿ, 2021. 64, � 2. Ñ. 31-41.

[17] Àãìîí Ñ., Äóãëèñ À., Íèðåíáåðã Ë. Îöåíêè âáëèçè ãðàíèöû ðåøåíèé ýëëèïòè÷åñêèõ óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ ïðè îáùèõ ãðàíè÷íûõ óñëîâèÿõ. Ì. : ÈË, 1962. 205 ñ.

Ñïèñîê ëiòåðàòóðè

[1] Ptashnyk B. Y., Il'kiv V. S., Kmit' I. Y., Polishchuk V. M. Nonlocal boundary value problems for
equations with partial derivatives. Kyiv : Scienti�c thought, 2002. 416 p.

[2] Vlasiy O. D., Ptashnyk B. Y. A problem with nonlocal conditions for equations with partial derivatives

is not solved with respect to the higher derivative. Ukrainian Mathematical Journal 2003. 55, � 8.
P. 1022-1034.

[3] Klyus I. S., Ptashnyk B. Y. A multipoint problem for equations with partial derivatives that are not

solvable with respect to the highest time derivative. Ukrainian Mathematical Journal 1999. 51, � 12.
P. 1604-1613.

[4] Ptashnyk B. Y., Tymkiv I. R. A multipoint problem for a parabolic equation with variable coe�cients.

Reports of the National Academy of Sciences of Ukraine. 2008. � 12. P. 42-48.

[5] Matiychuk M. I. Parabolic singular boundary value problems. Kyiv : Institute of Mathematics of the
National Academy of Sciences of Ukraine, 1999. 176 p.

[6] Matiychuk M. I. Parabolic and elliptic boundary value problems with singularities. Chernivtsi : Prut,
2003. 248 p.

[7] Ivasishen S. D., Eidelman S. D. 2b-parabolic equations with degeneration in some of the variables. Dokl.
Akad. Nauk, 1998. Vol. 360, � 3. P. 303-305.

[8] Ivasyshen S. D., Litovchenko V. A. The Cauchy problem for one class of degenerate parabolic equations

of the Kolmogorov type with negative genus. Ukrainian Mathematical Journal 2010. 62, � 10. P. 1330-
1350.

[9] Ivasyshen S. D., Medynskyi I. P., Pasichnyk H. S. Parabolic equations with degeneration on the initial

hyperplane. Bukovinian Mathematical Journal 2016. 4, � 3-4. P. 57-68.

[10] Pukal'skii I.D., Yashan B.O. A boundary value problem with impulse action for a parabolic equation

with degeneration. Ukrainian Mathematical Journal 2019. 71, � 5. P. 645-655.

[11] Pukal'skii I.D., Yashan B.O. One-sided boundary value problem with impulse conditions for parabolic

equations with degeneration. Mathematical methods and physical and mechanical �elds, 2018. 61, � 4.
P. 35-48.

[12] 1. Pukal'skii I.D., Yashan B.O. The Cauchy problem for parabolic equations with degenerati-

on. Advances in Mathematical Physics, 2020. 2020, Article ID 1245143, 7 pages. DOI:
https://doi.org/10.1155/2020/1245143.

[13] Pukal'skii I.D., Yashan B.O. A nonlocal multipoint time problem for parabolic equations with degenerati-

on. Mathematical methods and physical and mechanical �elds, 2017. 60, � 2. P. 32-40.

[14] Eidelman S. D. Parabolic systems. Moscow : Nauka, 1964. 443 p.

[15] Friedman A. Partial di�erential equations of parabolic type. Englewood Cli�s : Prentice Hall, 1964.
347 p.

[16] Pukal'skii I.D. The Cauchy problem for non-uniformly parabolic equations with power singularities.

Mathematical methods and physical and mechanical �elds, 2021. 64, � 2. P. 31-41.



Áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ 2b-ïàðàáîëi÷íîãî ðiâíÿííÿ ç âèðîäæåííÿì 239

[17] Agmon S., Douglas A., Nirenberg L. Estimates near the boundary of solutions of elliptic equations in
partial derivatives under common boundary conditions. M. : IL, 1962. 205 p.

Íàäiéøëî 28.11.2022

Pukalskyy I.D., Yashan B.O. A multipoint in-time problem for the 2b-parabolic equation with
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In recent decades, special attention has been paid to problems with nonlocal conditions for
partial di�erential equations. Such interest in such problems is due to both the needs of the
general therapy of boundary value problems and their rich practical application (the process
of di�usion, oscillations, salt and moisture transport in soils, plasma physics, mathematical
biology, etc.).

A multipoint in-time problem for a nonuniformly 2b-parabolic equation with degeneracy
is studied. The coe�cients of the parabolic equation of order 2b allow for power singularities
of arbitrary order both in the time and spatial variables at some set of points. Solutions of
auxiliary problems with smooth coe�cients are studied to solve the given problem. Using a
priori estimates, inequalities are established for solving problems and their derivatives in special
H�older spaces. Using the theorems of Archel and Riess, a convergent sequence is distinguished
from a compact sequence of solutions of auxiliary problems, the limiting value of which will be
the solution of the given problem. Estimates of the solution of the multipoint time problem for
the 2b-parabolic equation are established in H�older spaces with power-law weights. The order
of the power weight is determined by the order of degeneracy of the coe�cients of the groups
of higher terms and the power features of the coe�cients of the lower terms of the parabolic
equation. With certain restrictions on the right-hand side of the equation, an integral image of
the solution to the given problem is obtained.
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Ãðóïîâà êëàñèôiêàöiÿ îäíîãî êëàñó (2+1)-âèìiðíèõ ëiíiéíèõ ðiâíÿíü

öiíîóòâîðåííÿ àçiéñüêèõ îïöiîíiâ

Ïðîâåäåíî ãðóïîâó êëàñèôiêàöiþ îäíîãî êëàñó (2+1)-âèìiðíèõ ëiíiéíèõ ðiâíÿíü öi-

íîóòâîðåííÿ àçiéñüêèõ îïöiîíiâ. ßê ðåçóëüòàò áóëî çíàéäåíî ÿäðî ìàêñèìàëüíèõ àëãåáð

iíâàðiàíòíîñòi òà íåïåðåðâíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi öüîãî êëàñó ðiâíÿíü. Çà äî-

ïîìîãîþ ïåðåòâîðåíü åêâiâàëåíòíîñòi âèäiëåíî âñi íååêâiâàëåíòíi ïiäêëàñè ðiâíÿíü, ÿêi

ìàþòü àëãåáðó iíâàðiàíòíîñòi øèðøó íiæ, ÿäðî îñíîâíèõ àëãåáð iíâàðiàíòíîñòi.

Êëþ÷îâi ñëîâà i ôðàçè: ãðóïîâà êëàñèôiêàöiÿ, ãðóïà åêâiâàëåíòíîñòi, ðiâíÿííÿ àçié-

ñüêèõ îïöiîíiâ.
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Âñòóï

Ó ðîáîòi äîñëiäæåíî ñèìåòðiéíi âëàñòèâîñòi êëàñó (2+1)-âèìiðíèõ ëiíiéíèõ ðiâíÿíü

âèãëÿäó

ut = x2uxx + f(x)uy, (1)

äå u = u(t, x, y), ut =
∂u

∂t
, uy =

∂u

∂y
, uxx =

∂2u

∂x2
; f(x) 6= const ¹ äîâiëüíîþ ãëàäêîþ

ôóíêöi¹þ.

Ðiâíÿííÿ (1) ìîæíà îòðèìàòè çàìiíîþ íåçàëåæíèõ òà çàëåæíî¨ çìiííèõ ç ëiíiéíîãî

ðiâíÿííÿ öiíîóòâîðåííÿ àçiéñüêèõ îïöiîíiâ [2]:

∂V

∂τ
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
+ f(S)

∂V

∂A
− rV = 0, (2)

äå V = V (τ, S,A); r, σ � ñòàëi. Ó çàçíà÷åíié çàìiíi S = x i ôóíêöiÿ f(S) ìà¹ òàêèé

ñàìèé âèãëÿä, ÿê i â ðiâíÿííi (1).

ÓÄÊ 517.912:512.816
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Ðiâíÿííÿ (2) ìiñòèòü íèçêó âiäîìèõ ðiâíÿíü àçiéñüêèõ îïöiîíiâ. Òàê, ó ðîáîòi [2]

ðîçãëÿäà¹òüñÿ ðiâíÿííÿ iç f(S) = S òà f(S) = lnS, ó ðîáîòi [1] � ðiâíÿííÿ iç f(S) =
1

S
.

Øèðîêå çàñòîñóâàííÿ ðiâíÿííÿ (2) â çàäà÷àõ ôiíàíñîâî¨ ìàòåìàòèêè âèêëèêà¹ áåççà-

ïåðå÷íèé iíòåðåñ äî îòðèìàííÿ éîãî òî÷íèõ ðîçâ'ÿçêiâ. Îäíèì iç íàéáiëüø åôåêòèâíèõ

ìåòîäiâ, ùî äîçâîëÿþòü çäiéñíèòè ïîøóê ðîçâ'ÿçêiâ, ¹ ìåòîäè ãðóïîâîãî àíàëiçó [7, 9].

Ó ðîáîòi [13] äîñëiäæåíî ñèìåòðiéíi âëàñòèâîñòi ðiâíÿííÿ (2) iç f(S) = S é îòðè-

ìàíî òàêèé ðåçóëüòàò: ðiâíÿííÿ äîïóñêà¹ 5-ïàðàìåòðè÷íó ãðóïó íåòðèâiàëüíèõ ëîêàëü-

íèõ ïåðåòâîðåíü íåçàëåæíèõ i çàëåæíèõ çìiííèõ. Öå äàëî ìîæëèâiñòü áóäóâàòè òî÷íi

ðîçâ'ÿçêè ó ÿâíîìó âèãëÿäi ðiâíÿííÿ (2) ÷åðåç ïðîâåäåííÿ ñèìåòðiéíî¨ ðåäóêöi¨ çà îïå-

ðàòîðàìè ç àëãåáðè iíâàðiàíòíîñòi öüîãî ðiâíÿííÿ.

Îñêiëüêè òåîðåòèêî-ãðóïîâi ìåòîäè äàþòü çìîãó iíòåãðóâàòè äèôåðåíöiàëüíi ðiâ-

íÿííÿ, ÿêi ìàþòü íåòðèâiàëüíi ãðóïè iíâàðiàíòíîñòi, òî àêòóàëüíîþ ¹ çàäà÷à ãðóïîâî¨

êëàñèôiêàöi¨ äèôåðåíöiàëüíîãî ðiâíÿííÿ (1) ç äîâiëüíîþ ôóíêöi¹þ.

Ñó÷àñíó ïîñòàíîâêó çàäà÷i ãðóïîâî¨ êëàñèôiêàöi¨ äèôåðåíöiàëüíèõ ðiâíÿíü çðîáèâ

ó 1959 ð. Ë. Â. Îâñÿííiêîâ ó ðîáîòi [10], äå âií çàïðîïîíóâàâ ìåòîä ðîçâ'ÿçóâàííÿ çàäà÷i

ãðóïîâî¨ êëàñèôiêàöi¨ òà çàñòîñóâàâ éîãî äëÿ êëàñèôiêàöi¨ íåëiíiéíèõ ðiâíÿíü òåïëîïðî-

âiäíîñòi. Äåòàëüíèé îãëÿä ïóáëiêàöié iç ãðóïîâî¨ êëàñèôiêàöi¨ äèôåðåíöiàëüíèõ ðiâíÿíü

ñòàíîì íà ñåðåäèíó 90-õ ðð. XX ñò. íàâåäåíî â äîâiäíèêó [6]. Ãðóïîâó êëàñèôiêàöiþ

åâîëþöiéíèõ ðiâíÿíü ó ïðîñòîðàõ âèùî¨ ðîçìiðíîñòi, íiæ ó äâîâèìiðíîìó ïðîñòîði-÷àñi,

ðîçãëÿíóòî ó ïðàöÿõ [3�5,8, 11,12,14].

Ðîçâ'ÿçàííÿ çàäà÷i ãðóïîâî¨ êëàñèôiêàöi¨ êëàñó ðiâíÿíü (1) äîçâîëèòü âèîêðåìèòè

ïiäêëàñè ðiâíÿííÿ, ùî äîïóñêàþòü íåòðèâiàëüíi ñèìåòðiéíi âëàñòèâîñòi, à òàêîæ ïîáó-

äóâàòè òî÷íi ðîçâ'ÿçêè òàêèõ ðiâíÿíü.

1 Ïîñòàíîâêà çàäà÷i

Ìåòîþ ðîáîòè ¹: 1) çíàéòè ÿäðî Aker ìàêñèìàëüíèõ àëãåáð iíâàðiàíòíîñòi äèôåðåí-

öiàëüíèõ ðiâíÿíü iç êëàñó (1); 2) çíàéòè íåïåðåðâíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi öüîãî

êëàñó ðiâíÿíü; 3) âèäiëèòè óñi íååêâiâàëåíòíi ðiâíÿííÿ iç êëàñó, ùî äîïóñêàþòü àëãåáðó

iíâàðiàíòíîñòi âèùî¨ ðîçìiðíîñòi, íiæ Aker.

2 ßäðî ìàêñèìàëüíèõ àëãåáð iíâàðiàíòíîñòi

Ãðóïîâó êëàñèôiêàöiþ ðiâíÿíü (1) ìîæíà ïðîâåñòè, âèêîðèñòîâóþ÷è êëàñè÷íèé ìå-

òîä Ëi-Îâñÿííiêîâà [7, 9]. Ïåðøèé åòàï ðåàëiçàöi¨ öüîãî àëãîðèòìó âèìàãà¹ îá÷èñëåí-

íÿ ÿäðà ìàêñèìàëüíèõ àëãåáð iíâàðiàíòíîñòi äèôåðåíöiàëüíèõ ðiâíÿíü äîñëiäæóâàíîãî

êëàñó, òîáòî äîçâîëÿ¹ çíàéòè ìàêñèìàëüíó àëãåáðó iíâàðiàíòíîñòi ðiâíÿííÿ (1) çà äî-

âiëüíî¨ ôóíêöi¨ f(x).

Òåîðåìà 1. Ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ðiâíÿííÿ (1) çà äîâiëüíî¨ ãëàäêî¨

ôóíêöi¨ f(x) ¹ àëãåáðà

Aker =< ∂t, ∂y, u∂u, β(t, x)∂u > (3)

äå ôóíêöiÿ β(t, x) ¹ äîâiëüíèì ðîçâ'ÿçêîì ëiíiéíîãî ðiâíÿííÿ βt = x2βxx.
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Äîâåäåííÿ. Çãiäíî ç àëãîðèòìîì Ëi-Îâñÿííiêîâà iíôiíiòåçèìàëüíi îïåðàòîðè, ùî ãå-

íåðóþòü àëãåáðó iíâàðiàíòíîñòi ðiâíÿííÿ (1), øóêà¹ìî ó êëàñi îïåðàòîðiâ

X = τ∂t + ξ1∂x + ξ2∂y + η∂u, (4)

äå τ = τ(t, x, y, u), ξ1 = ξ1(t, x, y, u), ξ2 = ξ2(t, x, y, u), η = η(t, x, y, u) � äîâiëüíi äâi÷i

äèôåðåíöiéîâàíi ôóíêöi¨ â äåÿêié îáëàñòi ïðîñòîðó íåçàëåæíèõ t, x, y òà çàëåæíî¨

çìiííî¨ u.

Ç óìîâè X̃(ut− x2uxx− f(x)uy)

∣∣∣∣
ut=x2uxx+f(x)uy

= 0, äå X̃ � äðóãå ïðîäîâæåííÿ îïåðà-

òîðà X, îòðèìó¹ìî ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü, ùîá çíàéòè êîîðäèíàòè îïåðàòîðà

X òà ôóíêöi¨ f(x):

τx = τu = ξ1u = ξ2x = ξ2u = ηuu = 0, (5)

xτt − 2xξ1x + 2ξ1 − xf(x)τy = 0, (6)

ξ1t − x2ξ1xx − f(x)ξ1y + 2x2ηux = 0, (7)

f ′(x)ξ1 + f(x)(τt − ξ2y)− (f(x))2τy + ξ2t = 0, (8)

ηt − x2ηxx − f(x)ηy = 0. (9)

Iç ðiâíÿíü (5) îòðèìó¹ìî, ùî

τ = τ(t, y), ξ1 = ξ1(t, x, y), ξ2 = ξ2(t, y), η = α(t, x, y)u+ β(t, x, y).

Äàëi, îñêiëüêè ôóíêöiÿ f(x) äîâiëüíà, òî ðîçùåïèâøè ðiâíÿííÿ (6)�(9) çà f(x), f ′(x)

òà (f(x))2 é ðîçâ'ÿçàâøè îòðèìàíi ðiâíÿííÿ, îòðèìà¹ìî òàêi ðiâíîñòi:

τt = τy = ξ1 = ξ2t = ξ2y = αt = αx = αy = βy = 0; βt − x2βxx = 0,

çâiäêè

τ = C1, ξ
1 = 0, ξ2 = C2, η = C3u+ β(t, x), (10)

äå Ci, i ∈ {1, 2, 3} � äîâiëüíi ñòàëi iíòåãðóâàííÿ, β(t, x) � äîâiëüíèé ãëàäêèé ðîçâ'ÿçîê

ëiíiéíîãî ðiâíÿííÿ βt = x2βxx. Îïåðàòîð X iç êîîðäèíàòàìè (4) ïîðîäæó¹ àëãåáðó (3).

Òåîðåìó äîâåäåíî.

3 Ãðóïà ïåðåòâîðåíü åêâiâàëåíòíîñòi

Ùîá äîñëiäèòè ñèìåòðiéíi âëàñòèâîñòi ïåâíîãî êëàñó, âàæëèâî çíàòè ïåðåòâîðåííÿ

åêâiâàëåíòíîñòi öüîãî êëàñó, òîáòî òàêi ïåðåòâîðåííÿ çìiííèõ, ÿêi ïåðåâîäÿòü áóäü-ÿêå

ðiâíÿííÿ iç êëàñó (1) â äåÿêå iíøå ðiâíÿííÿ ç öüîãî ñàìîãî êëàñó. Çà äîïîìîãîþ ïå-

ðåòâîðåíü åêâiâàëåíòíîñòi êëàñ ðiâíÿíü ìîæíà ïîäiëèòè íà íååêâiâàëåíòíi ïiäêëàñè,

âèäiëèâøè ïðè öüîìó â êîæíîìó ç ïiäêëàñiâ ïî îäíîìó ïðåäñòàâíèêó ç íàéïðîñòiøèì

âèãëÿäîì ðiâíÿííÿ, ÿêi íàçèâàþòü êàíîíi÷íèìè ðiâíÿííÿìè. Òîäi äîñèòü äîñëiäèòè òiëü-

êè êàíîíi÷íi ïðåäñòàâíèêè iç êîæíîãî ïiäêëàñó, ùîá çðîáèòè âèñíîâîê ïðî ñèìåòðiéíi

âëàñòèâîñòi âñiõ ðiâíÿíü ïåâíîãî êëàñó.
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Îçíà÷åííÿ 1. Ïåðåòâîðåííÿì åêâiâàëåíòíîñòi êëàñó ðiâíÿíü (1) íàçèâàþòü íåâèðî-

äæåíó ëîêàëüíó çàìiíó çìiííèõ

t̄ = T (t, x, y, u); x̄ = X(t, x, y, u); ȳ = Y (t, x, y, u);

ū = U(t, x, y, u); f̄ = F (t, x, y, u, f),

ÿêà ïåðåâîäèòü êîæíå ðiâíÿííÿ iç êëàñó (1) íà ôóíêöiþ u = u(t, x, y) ç äîâiëüíèì

åëåìåíòîì f ó äåÿêå iíøå ðiâíÿííÿ ç öüîãî ñàìîãî êëàñó íà ôóíêöiþ ū = ū(t̄, x̄, ȳ) ç

íîâèì äîâiëüíèì åëåìåíòîì f̄ .

Ìíîæèíà ïåðåòâîðåíü åêâiâàëåíòíîñòi ñòàíîâèòü ãðóïó ïåðåòâîðåíü åêâiâàëåíòíî-

ñòi, ÿêó íàäàëi ïîçíà÷àòèìåìî E. Ãðóïó E çíàõîäèìî çà âiäîìèì àëãîðèòìîì [7, 9].

Ïðîâiâøè îá÷èñëåííÿ, îòðèìó¹ìî òàêå òâåðäæåííÿ.

Òåîðåìà 2. Ãðóïà E ðiâíÿíü (1) ñêëàäà¹òüñÿ ç òàêèõ ïåðåòâîðåíü:

t̄ = a21t+ a2; x̄ = a3x
a1 ; ȳ = a4t+ a5y + a6;

ū = a7e
(1−a21)t/4x(a1−1)/2u+ ϕ(t, x); f̄ =

a5
a21
f − a4

a21
, (11)

äå ai, i ∈ {1, . . . , 7} � äîâiëüíi ñòàëi, ùî çàäîâîëüíÿþòü óìîâó a1 6= 0, a3 6= 0, a5 6= 0,

a7 6= 0; ϕ(t, x) � äîâiëüíèé ðîçâ'ÿçîê ëiíiéíîãî ðiâíÿííÿ

ϕt = x2ϕxx + (1− a1)xϕx.

4 Ðîçøèðåííÿ ÿäðà ìàêñèìàëüíèõ àëãåáð iíâàðiàíòíîñòi

äèôåðåíöiàëüíèõ ðiâíÿíü iç êëàñó (1)

Ðîçãëÿíåìî ðîçâ'ÿçîê çàäà÷i âèäiëåííÿ iç êëàñó (1) iç òî÷íiñòþ äî ïåðåòâîðåíü åêâi-

âàëåíòíîñòi òèõ äèôåðåíöiàëüíèõ ðiâíÿíü (çíàéäåìî âñi ñïåöèôiêàöi¨ ôóíêöi¨ f(x)), ÿêi

ìàþòü íåòðèâiàëüíi ñèìåòðiéíi âëàñòèâîñòi, òîáòî äîïóñêàþòü àëãåáðó iíâàðiàíòíîñòi

âèùî¨ ðîçìiðíîñòi, íiæ

Aker⊕s < γ(t, x, y)∂u >, (12)

äå γ(t, x, y) � äîâiëüíèé ãëàäêèé ðîçâ'ÿçîê âiäïîâiäíîãî ðiâíÿííÿ (1); ñèìâîë ⊕s òóò i

íàäàëi ïîçíà÷àòèìå íàïiâïðÿìó ñóìó äâîõ àëãåáð Ëi. Îïåðàòîð ñèìåòði¨X = γ(t, x, y)∂u,

ÿêèé ïðèòàìàííèé ëiíiéíèì ðiâíÿííÿì é îáóìîâëþ¹ ïðèíöèï ñóïåðïîçèöi¨, íàäàëi íå

âðàõîâóâàòèìåìî.

Ïåðøèé åòàï ïîëÿãà¹ â òîìó, ùîá çíàéòè ïðåäñòàâíèêiâ ïiäêëàñiâ ðiâíÿíü iç íàéïðî-

ñòiøèì âèãëÿäîì, àëãåáðà iíâàðiàíòíîñòi ÿêèõ ìà¹ âèùó ðîçìiðíîñòi, íiæ (12), òîáòî

òðåáà çíàéòè âiäïîâiäíi �êàíîíi÷íi� ôóíêöi¨ f(x). Äëÿ ðîçâ'ÿçóâàííÿ öi¹¨ çàäà÷i íåîáõi-

äíî ðîçâ'ÿçàòè ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü (5)�(9).

Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè τy = 0.

Iç ðiâíÿííÿ (6) ìà¹ìî

ξ1 =

(
1

2
τt(lnx− 1) + P (t, y)

)
x, (13)
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äå P (t, y) � äîâiëüíà ôóíêöiÿ.

ßêùî τt = 0 òà P (t, y) = 0, òî ç ðiâíÿíü (7)�(9) îòðèìà¹ìî f(x) = const àáî ìà-

êñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi äëÿ ðiâíÿííÿ (1) iç áóäü-ÿêîþ ôóíêöi¹þ f(x) áóäå

àëãåáðà (12).

Îòæå, àáî τt 6= 0, àáî P (t, y) 6= 0.

Âðàõîâóþ÷è öå, ïiäñòàâèìî (13) ó (8) é îòðèìà¹ìî äèôåðåíöiàëüíå ðiâíÿííÿ íà ôóí-

êöiþ f(x):

f ′ +
τt − ξ2y(

1
2
τt(lnx− 1) + P (t, y)

)
x
f = − ξ2t(

1
2
τt(lnx− 1) + P (t, y)

)
x
. (14)

Îñêiëüêè ôóíêöiÿ f(x) çàëåæèòü òiëüêè âiä x, òî ç ðiâíÿííÿ (14) îòðèìà¹ìî òàêå

äèôåðåíöiàëüíå ðiâíÿííÿ íà ôóíêöiþ f(x):

f ′ +
a1

(a2 lnx+ a3)x
f =

a4
(a2 lnx+ a3)x

, (15)

äå ai, i ∈ {1, . . . , 4} � äîâiëüíi ñòàëi. Ðîçâ'ÿçàâøè ðiâíÿííÿ (15), îòðèìà¹ìî òàêi ðîçâ'ÿçêè:
1)ÿêùî a1 6= 0, a2 = 0, a3 6= 0, òî f = Cx

−a1
a3 +

a4
a1
;

2)ÿêùî a1 = 0, a2 6= 0, a4 6= 0, òî f =
a4
a2

ln(a2 lnx+ a3) + C;

3)ÿêùî a1 6= 0, a2 6= 0, òî f = C(a2 lnx+ a3)
a1
a2 +

a4
a1
;

4)ÿêùî a1 = a2 = 0, a3 6= 0, a4 6= 0, òî f =
a4
a3

lnx+ C;

äå C � äîâiëüíà ñòàëà.

Îñêiëüêè ôóíêöiÿ f(x) çàëåæèòü òiëüêè âiä x, òî iç ðîçâ'ÿçêiâ 1)�4) âîíà ìîæå

íàáóòè âèãëÿäó

f = k1x
n + k2, f = k1 ln(lnx+ k2) + k3, àáî f = k1(lnx+ k2)

n + k3 (16)

äå n, ki i ∈ {1, 2, 3} � äîâiëüíi ñòàëi, ùî çàäîâîëüíÿþòü óìîâó n 6= 0, k1 6= 0.

Âèêîðèñòîâóþ÷è ïåðåòâîðåííÿ åêâiâàëåíòíîñòi (11), ìîæíà äåùî ñïðîñòèòè âèãëÿä

ôóíêöié (16). Ðåçóëüòàòè öèõ ïåðåòâîðåíü âiäîáðàæåíî ó òàáë. 1.

Òàáëèöÿ 1.

� ç/ï f(x) Ïåðåòâîðåííÿ åêâiâàëåíòíîñòi f(x)

1 k1x
n + k2, t = t, x = |k1|

1
nx, xn

k1 6= 0, n 6= 0 y = (k2t+ y)signk1, u = u

2 k1 ln(lnx+ k2) + k3, t = t, x = ek2x, ln lnx

k1 6= 0 y =
k3
k1
t+

1

k1
y, u = u

3 k1(lnx+ k2)
n + k3, t = t, x = ek2x, lnn x

k1 6= 0, n 6= 0 y =
k3
k1
t+

1

k1
y, u = u
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Îòæå, çíàéäåíî �êàíîíi÷íi� ôóíêöi¨, ÿêi ïðåäñòàâëÿþòü âiäïîâiäíi ïiäêëàñè ðiâíÿíü

ó âèïàäêó τy = 0. Ó âèïàäêó τy 6= 0 àíàëiç ïîøóêó �êàíîíi÷íèõ� ôóíêöié f(x) àíàëîãi-

÷íèé (õî÷à i áiëüø ñêëàäíèé), i ïðèâîäèòü äî òàêîãî æ ðåçóëüòàòó, ùî i â ïîïåðåäíüîìó

âèïàäêó, ÿêi âiäîáðàæåíi â òàáë. 1.

Îñòàííié åòàï ãðóïîâî¨ êëàñèôiêàöi¨ ïåðåäáà÷à¹ ðîçâ'ÿçóâàííÿ âèçíà÷àëüíèõ ðiâ-

íÿíü (5)�(9) äëÿ êîæíîãî âèïàäêó îòðèìàíèõ ôóíêöié f(x) = xn, f(x) = ln lnx òà

f(x) = lnn x, äå n 6= 0, é çíàõîäæåííÿ âiäïîâiäíèõ iíôiíiòåçèìàëüíèõ îïåðàòîðiâ ñèìå-

òði¨.

Ðîçãëÿíåìî âèïàäîê f(x) = xn, n 6= 0.

Ðîçâ'ÿçàâøè âèçíà÷àëüíi ðiâíÿííÿ (5)�(9) iç f(x) = xn, îòðèìó¹ìî òàêèé ðîçâ'ÿçîê

ñèñòåìè:

τ = C1; ξ
1 = (C2y + C3)x; ξ2 = C2

n

2
y2 + C3ny + C4;

η =

(
C2

1

2n
(xn + n(1− n)y) + C5

)
u+ β(t, x, y),

äå Ci, i ∈ {1, . . . , 5} � äîâiëüíi ñòàëi iíòåãðóâàííÿ, β(t, x, y) � äîâiëüíèé ðîçâ'ÿçîê

ðiâíÿííÿ (1).

Îòæå, ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ðiâíÿííÿ (1) ç ôóíêöi¹þ f(x) = xn,

n 6= 0, ¹ ï'ÿòèâèìiðíà àëãåáðà iç áàçèñíèìè îïåðàòîðàìè:

〈∂t, ∂y, u∂u, x∂x + ny∂y, xy∂x +
n

2
y2∂y +

1

2n
(xn + n(1− n)y)u∂u〉.

Òàêèì ÷èíîì, â öüîìó âèïàäêó äî îïåðàòîðiâ àëãåáðè Aker äîäàþòüñÿ îïåðàòîðè

X4 = x∂x + ny∂y, X5 = xy∂x +
n

2
y2∂y +

1

2n
(xn + n(1− n)y)u∂u.

ßêùî f(x) = ln lnx, òî iç ñèñòåìè âèçíà÷àëüíèõ ðiâíÿíü (6)�(9) îòðèìó¹ìî òàêèé

ðîçâ'ÿçîê:

τ = C1t+ C2; ξ
1 =

1

2
C1x lnx; ξ2 = C1

(
y − 1

2
t

)
+ C3;

η =

(
1

4
C1(lnx− t) + C4

)
u+ β(t, x, y),

äå Ci, i ∈ {1, . . . , 4} � äîâiëüíi ñòàëi iíòåãðóâàííÿ, β(t, x, y) � äîâiëüíèé ðîçâ'ÿçîê

ðiâíÿííÿ (1).

Îòæå, ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ¹ ÷îòèðèâèìiðíà àëãåáðà iç áàçèñíèìè

îïåðàòîðàìè:

〈∂t, ∂y, u∂u, t∂t +
1

2
x lnx∂x +

(
y − 1

2
t

)
∂y +

1

4
(lnx− t)u∂u〉.

Ó öüîìó âèïàäêó äî îïåðàòîðiâ àëãåáðè Aker äîäà¹òüñÿ îïåðàòîð

X4 = t∂t +
1

2
x lnx∂x +

(
y − 1

2
t

)
∂y +

1

4
(lnx− t)u∂u.
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Ðîçãëÿíåìî âèïàäîê, êîëè ó êëàñi ðiâíÿíü (1) f(x) = lnn x, n 6= 0, n 6= 1.

ßêùî f(x) = lnn x, n 6= 0, n 6= 1, òî iç ñèñòåìè âèçíà÷àëüíèõ ðiâíÿíü (5)�(9) îòðè-

ìó¹ìî òàêèé ðîçâ'ÿçîê:

τ = C1t+ C2; ξ
1 =

1

2
C1x lnx; ξ2 = C1

n+ 2

2
y + C3;

η =

(
1

4
C1(lnx− t) + C4

)
u+ β(t, x, y),

äå Ci, i ∈ {1, . . . , 4} � äîâiëüíi ñòàëi iíòåãðóâàííÿ, β(t, x, y) � äîâiëüíèé ðîçâ'ÿçîê

ðiâíÿííÿ (1).

Îòæå, ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ¹ ÷îòèðèâèìiðíà àëãåáðà iç áàçèñíèìè

îïåðàòîðàìè:

〈∂t, ∂y, u∂u, t∂t +
1

2
x lnx∂x +

n+ 2

2
y∂y +

1

4
(lnx− t)u∂u〉.

Òàêèì ÷èíîì, â öüîìó âèïàäêó äî îïåðàòîðiâ àëãåáðè Aker äîäà¹òüñÿ îïåðàòîð

X4 = t∂t +
1

2
x lnx∂x +

n+ 2

2
y∂y +

1

4
(lnx− t)u∂u.

Ðîçãëÿíåìî âèïàäîê, êîëè ó êëàñi ðiâíÿíü (1) f(x) = ln x.

Ðîçâ'ÿçàâøè ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü (5)�(9) iç f(x) = lnx, îòðèìó¹ìî òàêèé

ðîçâ'ÿçîê:

τ = C1t
2 + C2t+ C3;

ξ1 =

(
C1t+

1

2
C2

)
x lnx+ (C4t

2 + C5t− 3C1y + C6)x;

ξ2 = 3C1ty +
3

2
C2y −

1

3
C4t

3 − 1

2
C5t

2 − C6t+ C7;

η =

(
−C1 ln2 x+

1

2

(
(C1 − 2C4)t− C5 +

1

2
C2

)
lnx+

1

4
(2C4 − C1)t

2+

+
1

4
(2C5 − 8C1 − C2)t−

(
C4 +

3

2
C1

)
y + C8

)
u+ β(t, x, y),

äå Ci, i ∈ {1, . . . , 8} � äîâiëüíi ñòàëi iíòåãðóâàííÿ, β(t, x, y) � äîâiëüíèé ðîçâ'ÿçîê

ðiâíÿííÿ (1).

Îòæå, ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ðiâíÿííÿ (1) iç ôóíêöi¹þ f(x) = lnx

¹ âîñüìèâèìiðíà àëãåáðà iç áàçèñíèìè îïåðàòîðàìè:

〈∂t, ∂y, u∂u, x∂x − t∂y, tx∂x −
1

2
t2∂y +

1

2
(t− lnx)u∂u,

t2∂t + (t lnx− 3y)x∂x + 3ty∂y +

(
− ln2 x+

1

2
t lnx− 1

4
t2 − 2t− 3

2
y

)
u∂u,

t∂t +
1

2
x lnx∂x +

3

2
y∂y +

1

4
(lnx− t)u∂u, t2x∂x −

1

3
t3∂y −

(
t lnx+ y − 1

2
t2
)
u∂u〉.
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Ó öüîìó âèïàäêó, äî îïåðàòîðiâ àëãåáðè Aker äîäàþòüñÿ îïåðàòîðè:

X4 = x∂x − t∂y, X5 = tx∂x −
1

2
t2∂y +

1

2
(t− lnx)u∂u,

X6 = t2∂t + (t lnx− 3y)x∂x + 3ty∂y +

(
− ln2 x+

1

2
t lnx− 1

4
t2 − 2t− 3

2
y

)
u∂u,

X7 = t∂t +
1

2
x lnx∂x +

3

2
y∂y +

1

4
(lnx− t)u∂u,

X8 = t2x∂x −
1

3
t3∂y −

(
t lnx+ y − 1

2
t2
)
u∂u.

5 Âèñíîâêè

Ó öié ñòàòòi çíàéäåíî íåïåðåðâíi ïåðåòâîðåííÿ êëàñó ëiíiéíèõ ðiâíÿíü öiíîóòâîðå-

ííÿ àçiéñüêèõ îïöiîíiâ i çðîáëåíî ãðóïîâó êëàñèôiêàöiþ öèõ ðiâíÿíü, ó ðåçóëüòàòi ÿêî¨

âèäiëåíî âñi íååêâiâàëåíòíi ïiäêëàñè ðiâíÿíü, ÿêi ìàþòü àëãåáðó iíâàðiàíòíîñòi øèðøó,

íiæ ÿäðî îñíîâíèõ àëãåáð iíâàðiàíòíîñòi ðiâíÿíü êëàñó (1).

Íà íàñòóïíèõ åòàïàõ äëÿ ðiâíÿíü, ÿêi ¹ ïðåäñòàâíèêàìè íååêâiâàëåíòíèõ ïiäêëàñiâ,

ìè ïëàíó¹ìî çðîáèòè êëàñèôiêàöiþ âñiõ îäíîâèìiðíèõ i äâîâèìiðíèõ ïiäàëãåáð ¨õ àëãåáð

iíâàðiàíòíîñòi, à íàäàëi, âèêîðèñòîâóþ÷è iíâàðiàíòè îïåðàòîðiâ öèõ ïiäàëãåáð, ïðîâåñòè

ñèìåòðiéíó ðåäóêöiþ i çíàéòè âñi íååêâiâàëåíòíi iíâàðiàíòíi ðîçâ'ÿçêè.
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Íåëîêàëüíà çàäà÷à ñïðÿæåííÿ äëÿ ëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ

äðóãîãî ïîðÿäêó òèïó Êîëìîãîðîâà ç ðîçðèâíèìè êîåôiöi¹íòàìè

Ó ñòàòòi äîâåäåíî òåîðåìè ïðî iñíóâàííÿ i ¹äèíiñòü êëàñè÷íîãî ðîçâ'ÿçêó îäíi¹¨ íåëî-

êàëüíî¨ çàäà÷i ñïðÿæåííÿ äëÿ îäíîâèìiðíîãî (çà ïðîñòîðîâîþ çìiííîþ) îáåðíåíîãî ðiâ-

íÿííÿ Êîëìîãîðîâà ç ðîçðèâíèìè êîåôiöi¹íòàìè. Âèêîðèñòîâóþ÷è ðîçâ'ÿçîê öi¹¨ çàäà÷i,

âèçíà÷åíî äâîïàðàìåòðè÷íó íàïiâãðóïó îïåðàòîðiâ, ÿêà îïèñó¹ íà ïðÿìié äiéñíèõ ÷èñåë

äåÿêèé íåîäíîðiäíèé ìàðêîâñüêèé ïðîöåñ.

Êëþ÷îâi ñëîâà i ôðàçè: äèôóçiéíèé ïðîöåñ, ïàðàáîëi÷íå ðiâíÿííÿ.
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Âñòóï

Ìåòîþ ñòàòòi ¹ ïîáóäîâà òà äîñëiäæåííÿ âëàñòèâîñòåé äâîïàðàìåòðè÷íî¨ íàïiâãðó-

ïè Ôåëëåðà, ÿêié âiäïîâiäà¹ íåîäíîðiäíèé ìàðêîâñüêèé ïðîöåñ íà ïðÿìié òàêèé, ùî

âñåðåäèíi iíòåðâàëiâ, ðîçäiëåíèõ ìiæ ñîáîþ òî÷êàìè, ïîëîæåííÿ ÿêèõ íà ïðÿìié çà-

ëåæèòü âiä ÷àñîâî¨ çìiííî¨, âií çáiãà¹òüñÿ iç çàäàíèìè òàì çâè÷àéíèìè äèôóçiéíèìè

ïðîöåñàìè, à éîãî ïîâåäiíêà â ìåæîâèõ òî÷êàõ öèõ iíòåðâàëiâ âèçíà÷à¹òüñÿ çàäàíèìè

óìîâàìè ñïðÿæåííÿ òèïó Ôåëëåðà-Âåíòöåëÿ (äèâ. [1�3]). Ó ðîçãëÿäóâàíîìó íàìè âè-

ïàäêó öi óìîâè ¹ íåëîêàëüíèìè, êîæíà ç íèõ ìiñòèòü ëèøå iíòåãðàëüíèé ÷ëåí, ÿêèé

âiäïîâiäà¹ çà ñòðèáêîïîäiáíå ïîâåðíåííÿ ïðîöåñó ç ìåæi âñåðåäèíó îáëàñòi. Îïèñàíó

ïðîáëåìó ùå íàçèâàþòü çàäà÷åþ ïðî ñêëåþâàííÿ äèôóçiéíèõ ïðîöåñiâ íà ïðÿìié àáî

çàäà÷åþ ïðî ïîáóäîâó ìàòåìàòè÷íî¨ ìîäåëi ôiçè÷íîãî ÿâèùà äèôóçi¨ â ñåðåäîâèùi ç

ìåìáðàíàìè (äèâ. [4]). Ó íàøîìó ðîçóìiííi òåðìií ðóõîìà ìåìáðàíà îçíà÷à¹, ùî ¨¨

ïîëîæåííÿ íà ÷èñëîâié ïðÿìié ìîæå çìiíþâàòèñÿ, âîíî âèçíà÷à¹òüñÿ äåÿêîþ çàäàíîþ

ôóíêöi¹þ ÷àñîâî¨ çìiííî¨.

Öåíòðàëüíå ìiñöå â ðîáîòi çàéìà¹ äîñëiäæåííÿ ñôîðìóëüîâàíî¨ â ï.1 íåëîêàëüíî¨

ïàðàáîëi÷íî¨ çàäà÷i ñïðÿæåííÿ, äî ÿêî¨ ðåäóêó¹òüñÿ âèõiäíà ïðîáëåìà. Îñîáëèâiñòü öi¹¨

ÓÄÊ 519.21

2010 Mathematics Subject Classi�cation: 60J60, 35K20.
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çàäà÷i â òîìó, ùî ðiâíÿííÿ, ÿêi ðîçãëÿäàþòüñÿ ¹ îáåðíåíèìè ðiâíÿííÿìè Êîëìîãîðîâà,

îáëàñòi íà ïëîùèíi, â ÿêèõ çàäàíi ðiâíÿííÿ ¹ êðèâîëiíiéíèìè, à ôóíêöi¨ ÷àñîâî¨ çìiííî¨,

ÿêi âèçíà÷àþòü ìåæi öèõ îáëàñòåé çàäîâîëüíÿþòü ëèøå óìîâó Ãåëüäåðà ç ïîêàçíèêîì

áiëüøèì, íiæ 1
2
. Òàêîæ âiäçíà÷èìî, ùî òi âàðiàíòè óìîâ ñïðÿæåííÿ Ôåëëåðà-Âåíòöåëÿ,

ÿêi ðîçãëÿäàþòüñÿ ó ñòàòòi, íå ìiñòÿòü ÷ëåíiâ ç ïîõiäíèìè ôóíêöi¨, à îòæå ¨õ ìîæíà

âiäíåñòè äî êëàñó òàê çâàíèõ íåòðàíñâåðñàëüíèõ íåëîêàëüíèõ óìîâ.

Ðîçâ'ÿçîê îñòàííüî¨ çàäà÷i îòðèìàíî ìåòîäîì ãðàíè÷íèõ iíòåãðàëüíèõ ðiâíÿíü i äî-

âåäåíî, ùî âií âîëîäi¹ íàïiâãðóïîâîþ âëàñòèâiñòþ. Âèêîðèñòîâóþ÷è iíòåãðàëüíå çîáðà-

æåííÿ çíàéäåíî¨ íàïiâãðóïè, îáãðóíòîâàíî òâåðäæåííÿ (äèâ. ï.2) ïðî òå, ùî öÿ íàïiâ-

ãðóïà ïîðîäæó¹ äåÿêèé íåîäíîðiäíèé ìàðêîâñüêèé ïðîöåñ íà ïðÿìié.

Çàóâàæèìî, ùî öÿ ñòàòòÿ óçàãàëüíþ¹ ðåçóëüòàòè ñòàòòi [5], ó ÿêié àíàëîãi÷íà çàäà÷à

âèâ÷àëàñÿ äëÿ âèïàäêó îäíi¹¨ ðóõîìî¨ ìåìáðàíè (äèâ. òàêîæ [6,7], äå ðîçãëÿäàëèñÿ iíøi

âàðiàíòè óìîâ ñïðÿæåííÿ Ôåëëåðà-Âåíòöåëÿ). Îêðiì âêàçàíèõ ñòàòåé, ìè âiäçíà÷à¹ìî

ùå ðîáîòè [8] i [9], ïðèñâÿ÷åíi iíøèì ïiäõîäàì äî ïîáóäîâè ìàðêîâñüêèõ ïðîöåñiâ ç íå-

ëîêàëüíèìè êðàéîâèìè óìîâàìè Âåíòöåëÿ, ÿêi ñïèðàþòüñÿ íà âèêîðèñòàííÿ ìåòîäiâ

ôóíêöiîíàëüíîãî i ñòîõàñòè÷íîãî àíàëiçó âiäïîâiäíî, à òàêîæ ðîáîòó [10], ó ÿêié íàâå-

äåíî îãëÿä ïðàöü, ïðèñâÿ÷åíèõ çàñòîñóâàííþ ìåòîäó ãðàíè÷íèõ iíòåãðàëüíèõ ðiâíÿíü

äî äîñëiäæåííÿ ïî÷àòêîâî-êðàéîâèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü.

1 Ïîñòàíîâêà çàäà÷i, äîïîìiæíi âiäîìîñòi i ïðèïóùåííÿ

Ðîçãëÿíåìî íà ïëîùèíi (s, x) îáëàñòü

St = {(s, x) : 0 ≤ s < t ≤ T, −∞ < x <∞}

(T � ôiêñîâàíå äîäàòíå ÷èñëî) i ïîçíà÷èìî ÷åðåç St ¨ ¨ çàìèêàííÿ. Ïðèïóñòèìî, ùî ST
ìiñòèòü â ñîái íåïåðåðâíi êðèâi x = ri(s), 0 ≤ s ≤ T, i = 1, . . . , n, n ∈ N, ïðè÷îìó

r1(s) < r2(s) < . . . < rn(s) äëÿ âñiõ s ∈ [0, T ]. Öi êðèâi ðîçäiëÿþòü St íà n+ 1 îáëàñòåé

S
(i)
t = {(s, x) : 0 ≤ s < t ≤ T, x ∈ D(i)

s },

äå D
(1)
s = (−∞, r1(s)), D(2)

s = (r1(s), r2(s)), . . . , D
(n+1)
s = (rn(s),∞).

Íåõàé â îáëàñòi S
(i)
t çàäàíî ïàðàáîëi÷íå ðiâíÿííÿ

∂u

∂s
+

1

2
bi(s, x)

∂2u

∂x2
+ ai(s, x)

∂u

∂x
= 0, (s, x) ∈ S(i)

t , i = 1, . . . , n+ 1. (1)

Ïîñòàâèìî çàäà÷ó ïðî çíàõîäæåííÿ ôóíêöi¨ u(s, x, t) ((s, x) ∈ St), ÿêà çàäîâîëüíÿ¹

ðiâíÿííÿ (1), "ïî÷àòêîâó" óìîâó

lim
s↑t

u(s, x, t) = ϕ(x), x ∈ R, (2)

i óìîâè ñïðÿæåííÿ

u(s, ri(s)− 0, t) = u(s, ri(s) + 0, t), 0 ≤ s < t ≤ T, i = 1, . . . , n, (3)∫
D

(i)
s ∪D

(i+1)
s

(u(s, ri(s), t)− u(s, y, t))µi(s, dy) = 0, 0 ≤ s < t ≤ T, i = 1, . . . , n. (4)

Áóäåìî ââàæàòè âèêîíàíèìè íàñòóïíi óìîâè.
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I. Ðiâíÿííÿ (1) ïàðàáîëi÷íîãî òèïó â îáëàñòi ST , òîáòî iñíóþòü äîäàòíi ñòàëi b i

B òàêi, ùî b ≤ bi(s, x) ≤ B ïðè âñiõ (s, x) ∈ ST , i = 1, . . . , n + 1. Êðiì òîãî,

êîåôiöi¹íòè ai(s, x) îáìåæåíi â ST , i = 1, . . . , n+ 1.

II. Êîåôiöi¹íòè ai(s, x) òà bi(s, x) (i = 1, . . . , n + 1) íàëåæàòü äî êëàñó Ãåëüäåðà

H
α
2
,α(ST ), 0 < α < 1 (îçíà÷åííÿ êëàñiâ Ãåëüäåðà äèâ. ó [11, ñ. 16]).

III. Ôóíêöiÿ ϕ ç (2) íàëåæèòü äî ïðîñòîðó îáìåæåíèõ íåïåðåðâíèõ íà R ôóíêöié,

ÿêèé ïîçíà÷àòèìåìî ÷åðåç Cb(R). Íîðìà â öüîìó ïðîñòîði âèçíà÷à¹òüñÿ ðiâíiñòþ

‖ϕ‖ = sup
x∈R
|ϕ(x)|.

IV. Âèêîíàíi óìîâè óçãîäæåííÿ:
∫

D
(i)
t ∪D

(i+1)
t

(ϕ(ri(t))− ϕ(y))µi(t, dy) = 0, i = 1, . . . , n.

V. Êðèâi ri(s) íàëåæàòü äî êëàñó Ãåëüäåðà H
1+α
2 ([0, T ]), i = 1, . . . , n.

VI. Â óìîâàõ (4) µi(s, ·) � éìîâiðíiñíi ìiðè íà D
(i)
s ∪ D(i+1)

s , s ∈ [0, T ], i = 1, . . . , n,

ÿêi ìàþòü òàêó âëàñòèâiñòü: iíòåãðàë âiä áóäü-ÿêî¨ ôóíêöi¨ f ∈ Cb(R) ïî Dj
s (j =

i, i+1) âiäíîñíî ìiðè µi(s, ·), ÿê ôóíêöiÿ çìiííî¨ s, íàëåæàòü äî êëàñó H
1+α
2 ([0, T ]).

Çàóâàæèìî, ùî çàäà÷ó (1)-(4) ìîæíà ðîçãëÿäàòè ÿê çàäà÷ó ïîáóäîâè äâîïàðàìåò-

ðè÷íî¨ íàïiâãðóïè Ôåëëåðà Ts,t, 0 ≤ s ≤ t ≤ T, ÿêà ïîðîäæó¹ íà ïðÿìié R äåÿêèé

íåîäíîðiäíèé ìàðêîâñüêèé ïðîñåñ. Âèêîíàííÿ äëÿ ôóíêöi¨ u(s, x, t) ≡ Ts,tϕ(x) ðiâíÿííÿ

(1) âêàçó¹ íà òå, ùî ó âíóòðiøíiõ òî÷êàõ îáëàñòi D
(i)
s öåé ïðîöåñ çáiãà¹òüñÿ iç çàäàíèì

òàì äèôóçiéíèì ïðîöåñîì, êåðîâàíèì îïåðàòîðîì 1
2
bi(s, x) ∂2

∂x2
+ai(s, x) ∂

∂x
(i = 1, . . . , n+

1), à óìîâà (2) óçãîäæó¹òüñÿ ç ðiâíiñòþ Tt,t = I, äå I � òîòîæíèé îïåðàòîð. Óìîâà

ñïðÿæåííÿ (3) âiäîáðàæà¹ âëàñòèâiñòü ôåëëåðîâîñòi ïðîöåñó, à óìîâà ñïðÿæåííÿ (4) ¹

íåëîêàëüíîþ óìîâîþ ñïðÿæåííÿ Ôåëëåðà-Âåíòöåëÿ, ÿêà âiäïîâiäà¹ çà ñòðèáêîïîäiáíèé

õàðàêòåð ïîâåðíåííÿ ïðîöåñó ç ñïiëüíî¨ ìåæi îáëàñòåé D
(i)
s i D

(i+1)
s , äå ðîçòàøîâàíà

ìåìáðàíà, â ñåðåäèíó îäíi¹¨ ç öèõ îáëàñòåé.

Óìîâè I, II çàáåçïå÷óþòü iñíóâàííÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó êîæíîãî ç ðiâíÿíü

â (1), ÿêèé ïîçíà÷èìî ÷åðåç Gi(s, x, t, y) (0 ≤ s < t ≤ T, x, y ∈ R, i = 1, . . . , n + 1).

Íàãàäà¹ìî, ùî ôóíêöiÿ Gi ïðè ôiêñîâàíèõ t ∈ (0, T ], y ∈ R, ÿê ôóíêöiÿ àðãóìåíòiâ

(s, x) ∈ [0, t)× R çàäîâîëüíÿ¹ ðiâíÿííÿ (1) i äîïóñêà¹ çîáðàæåííÿ

Gi(s, x, t, y) = Zi,0(s, x, t, y) + Zi,1(s, x, t, y), i = 1, . . . , n+ 1, (5)

äå

Zi,0(s, x, t, y) = [2πbi(t, y)(t− s)]−
1
2 exp

{
− (y − x)2

2bi(t, y)(t− s)

}
,

Zi,1(s, x, t, y) =

t∫
s

dτ

∫
R

Zi,0(s, x, τ, z)Qi(τ, z, t, y)dz,

à ôóíêöiÿ Qi(s, x, t, y) ¹ ðîçâ'ÿçêîì äåÿêîãî ñèíãóëÿðíîãî iíòåãðàëüíîãî ðiâíÿííÿ Âîëü-

òåððè äðóãîãî ðîäó.
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Âiäçíà÷èìî îöiíêè

|Dr
sD

p
xZi,0(s, x, t, y)| ≤ C(t− s)−

1+2r+p
2 exp

{
−c(y − x)2

t− s

}
, (6)

|Dr
sD

p
xZi,1(s, x, t, y)| ≤ C(t− s)−

1+2r+p−α
2 exp

{
−c(y − x)2

t− s

}
, (7)

äå 0 ≤ s < t ≤ T, x, y ∈ R, i = 1, . . . , n + 1, c i C � äîäàòíi ñòàëi (òóò i íàäàëi ÷åðåç

c i C áóäóòü ïîçíà÷àòèñÿ ñòàëi, ùî çàëåæàòü âiä äàíèõ çàäà÷i (1)-(4), áåç óòî÷íåííÿ ¨õ

êîíêðåòíîãî çíà÷åííÿ); r i p � öiëi íåâiä'¹ìíi ÷èñëà òàêi, ùî 2r + p ≤ 2, Dr
s � ñèìâîë

÷àñòèííî¨ ïîõiäíî¨ çà çìiííîþ s ïîðÿäêó r, Dp
x � ñèìâîë ÷àñòèííî¨ ïîõiäíî¨ çà çìiííîþ

x ïîðÿäêó p.

2 Ðîçâ'ÿçóâàííÿ çàäà÷i (1)-(4)

Ðîçâ'ÿçîê çàäà÷i (1)-(4) áóäåìî øóêàòè ó âèãëÿäi

u(s, x, t) = ui(s, x, t) = ui,0(s, x, t) +
1∑
j=0

u
(j)
i,1 (s, x, t), (s, x) ∈ S(i)

t , i = 1, . . . , n+ 1, (8)

äå ui,0 � òåïëîâèé ïîòåíöiàë Ïóàññîíà, ïîðîäæåíèé ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì Gi

ðiâíÿííÿ (1),

ui,0(s, x, t) =

∫
R

Gi(s, x, t, y)ϕ(y)dy, (9)

à u
(j)
i,1 � ïîòåíöiàëè ïðîñòîãî øàðó

u
(j)
i,1 (s, x, t) =

t∫
s

Gi(s, x, τ, ri+j−1(τ))V2i+j−2(τ, t)dτ. (10)

Â îñòàííié ôîðìóëi V1, V2, . . . , V2n � íåâiäîìi ôóíêöi¨; V0 ≡ V2n+1 ≡ 0, r0 ≡ rn+1 ≡ 0.

Ôóíêöi¨ u
(0)
1,1 òà u

(1)
n+1,1, ÿêi òîòîæíî äîðiâíþþòü íóëåâi, ïîòðiáíi íàì ëèøå äëÿ òîãî,

ùîá ìàòè çìîãó çàïèñàòè ôîðìóëó äëÿ u(s, x, t) ó çðó÷íîìó äëÿ íàñ âèãëÿäi (8) i íå

ðîçãëÿäàòè ïðè öüîìó îêðåìî âèïàäêè, êîëè i = 1 òà i = n+ 1.

Ïðèïóñòèìî a priori, ùî íåâiäîìi ôóíêöi¨ Vp(s, t), p = 1, . . . , 2n, ¹ íåïåðåðâíèìè â

îáëàñòi 0 ≤ s < t ≤ T i ìàþòü òàêó âëàñòèâiñòü:

(A) äëÿ áóäü-ÿêèõ t ∈ (0, T ] i ε > 0 iñíó¹ s0 ∈ [0, t) òàêå, ùî ïðè âñiõ s ∈ [s0, t)

âèêîíó¹òüñÿ íåðiâíiñòü

|Vp(s, t)| ≤ εC(t− s)−
1
2 ,

äå C � äîäàòíà ñòàëà, ÿêà íå çàëåæèòü âiä ε.
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Öi ïðèïóùåííÿ ðàçîì ç óìîâîþ III äîçâîëÿþòü ñòâåðäæóâàòè (äèâ. âëàñòèâîñòi òå-

ïëîâèõ ïîòåíöiàëiâ, íàâåäåíi, íàïðèêëàä, ó [4, 11]), ùî ôóíêöiÿ ui(s, x, t), çàäàíà ðiâ-

íiñòþ (8), çàäîâîëüíÿ¹ â îáëàñòi (s, x) ∈ S
(i)
t (i = 1, . . . , n + 1) ðiâíÿííÿ (1) ç "ïî÷àò-

êîâîþ" óìîâîþ (2). Îòæå, äëÿ òîãî, ùîá çíàéòè ðîçâ'ÿçîê çàäà÷i (1)-(4), íàì ïîòðiáíî

âèçíà÷èòè ôóíêöi¨ V1, V2, . . . , V2n ç óìîâ ñïðÿæåííÿ (3), (4).

Âèêîðèñòîâóþ÷è óìîâè (3), (4), à òàêîæ âëàñòèâiñòü VI ìiðè µi (i = 1, . . . , n), îòðè-

ìó¹ìî íàñòóïíi ñïiââiäíîøåííÿ (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1):

um(s, ri(s), t) =
i+1∑
k=i

∫
D

(k)
s

uk(s, y, t)µi(s, dy). (11)

Ïiäñòàâèâøè ïðàâó ÷àñòèíó âèðàçó (8) â (11), îòðèìó¹ìî òàêó ñèñòåìó iíòåãðàëüíèõ

ðiâíÿíü Âîëüòåððè ïåðøîãî ðîäó äëÿ V1, V2, . . . , V2n:

1∑
j=0

( t∫
s

Gm(s, ri(s), τ, rm+j−1(τ))V2m+j−2(τ, t)dτ

−
i+1∑
k=i

t∫
s

V2k+j−2(τ, t)dτ

∫
D

(k)
s

Gk(s, y, τ, rk+j−1(τ))µi(s, dy)

)
= Φm,i(s, t),

(12)

äå 0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1,

Φm,i(s, t) =
i+1∑
k=i

∫
D

(k)
s

uk,0(s, y, t)µi(s, dy)− um,0(s, ri(s), t).

Çà äîïîìîãîþ ïðèéîìó Ãîëüìãðåíà çâåäåìî ñèñòåìó ðiâíÿíü (12) äî åêâiâàëåíòíî¨ ñè-

ñòåìè ðiâíÿíü Âîëüòåððè äðóãîãî ðîäó. Ç öi¹þ ìåòîþ ââåäåìî iíòåãðî-äèôåðåíöiàëüíèé

îïåðàòîð E , ÿêèé äi¹ çà ïðàâèëîì

E(s, t)Φi =

√
2

π

∂

∂s

t∫
s

(ρ− s)−
1
2f(ρ, t)dρ, 0 ≤ s < t ≤ T.. (13)

Ðîçãëÿíåìî ñïî÷àòêó äiþ îïåðàòîðà E íà ïðàâi ÷àñòèíè ðiâíÿíü (12), òîáòî íà ôóí-

êöi¨ Φm,i(s, t) (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i + 1). Äëÿ öüîãî íàì çíàäîáèòüñÿ

íàñòóïíà ëåìà.

Ëåìà 1. Äëÿ ôóíêöié Φm,i(s, t) (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i + 1) âèêîíóþòüñÿ

ñïiââiäíîøåííÿ:

1) lim
s↑t

Φm,i(s, t) = 0;

2) |Φm,i(s, t)− Φm,i(s̃, t)| ≤ C‖ϕ‖(t− s)− 1+α
2 (s− s̃) 1+α

2 ïðè âñiõ 0 ≤ s̃ < s < t ≤ T.
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Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ 1) âèêîðèñòà¹ìî îöiíêó (6), óìîâó óçãîäæåííÿ

IV i âëàñòèâiòü VI ìiðè µi. Ìà¹ìî

lim
s↑t

Φm,i(s, t) =
i+1∑
k=i

∫
D

(k)
t

ϕ(y)µi(t, dy)− ϕ(ri(t))

=

∫
D

(i)
t ∪D

(i+1)
t

(ϕ(y)− ϕ(ri(t)))µi(t, dy) = 0. (14)

Ïåðåéäåìî äî äîâåäåííÿ òâåðäæåííÿ 2). Çàïèøåìî

Φm,i(s, t)− Φm,i(s̃, t) = I
(1)
i (s, s̃, t) + I

(2)
i (s, s̃, t) + Jm,i(s, s̃, t), (15)

äå

I
(1)
i (s, s̃, t) =

i+1∑
k=i

∫
D

(k)
s

[uk,0(s, y, t)− uk,0(s̃, y, t)]µi(s, dy),

I
(2)
i (s, s̃, t) =

i+1∑
k=i

( ∫
D

(k)
s

uk,0(s̃, y, t)µi(s, dy)−
∫
D

(k)
s̃

uk,0(s̃, y, t)µi(s̃, dy)

)
,

Jm,i(s, s̃, t) = um,0(s̃, ri(s̃), t)− um,0(s, ri(s), t).

Ïîêàæåìî, ùî êîæåí äîäàíîê â ïðàâié ÷àñòèíi âèðàçó (15) äîïóñêà¹ íåðiâíiñòü 2).

Îñêiëüêè ïðè s̃ < s

|uk,0(s, y, t)− uk,0(s̃, y, t)|

= |uk,0(s, y, t)− uk,0(s̃, y, t)|
1+α
2 |uk,0(s, y, t)− uk,0(s̃, y, t)|

1−α
2

≤

∣∣∣∣∣∂uk,0(ŝ, y, t)∂ŝ

∣∣∣∣
ŝ=s̃+θ(s−s̃)

· (s− s̃)

∣∣∣∣∣
1+α
2

(|uk,0(s, y, t)|+ |uk,0(s̃, y, t)|)
1−α
2

≤ C‖ϕ‖
[
(t− s̃− θ(s− s̃))−1(s− s̃)

] 1+α
2 ≤ C‖ϕ‖

[
((t− s)

+ (s− s̃)(1− θ))−1(s− s̃)
] 1+α

2 ≤ C‖ϕ‖(t− s)−
1+α
2 (s− s̃)

1+α
2 (0 < θ < 1),

òî íåðiâíiñòü 2) âèêîíó¹òüñÿ äëÿ äîäàíêà I
(1)
i . Äëÿ I

(2)
i ñïðàâåäëèâiñòü öi¹¨ íåðiâíîñòi

çàáåçïå÷ó¹ îöiíêà

|I(2)i | ≤ C‖ϕ‖(s− s̃)
1+α
2 ,

ÿêà ¹ î÷åâèäíèì íàñëiäêîì ïðèïóùåííÿ VI. Äëÿ Jm,i íåðiâíiñòü 2) âñòàíîâëþ¹òüñÿ çà

ïîäiáíîþ ñõåìîþ, ùî é äëÿ I
(1)
i , ç óðàõóâàííÿì ïðèïóùåííÿ V.

Îòæå,

|I(1)i + I
(2)
i + Jm,i| ≤ C‖ϕ‖(t− s)−

1+α
2 (s− s̃)

1+α
2 , s̃ < s.

Ëåìà äîâåäåíà.
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Âðàõîâóþ÷è îáèäâà òâåðäæåííÿ ëåìè 1, äëÿ ôóíêöié Φ̂m,i ≡ E(s, t)Φm,i çíàõîäèìî

çîáðàæåííÿ

Φ̂m,i(s, t) =
1√
2π

t∫
s

(ρ− s)−
3
2 [Φm,i(ρ, t)− Φm,i(s, t)]dρ−

√
2

π
(t− s)−

1
2 Φm,i(s, t) (16)

i íàñòóïíó îöiíêó (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1):

|Φ̂m,i(s, t)| ≤ C‖ϕ‖(t− s)−
1
2 . (17)

Çàñòîñó¹ìî òåïåð îïåðàòîð E äî ëiâèõ ÷àñòèí ðiâíÿíü ñèñòåìè (12). Ðîçãëÿíåìî ií-

òåãðàë (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1)

Lm,i(s, t) =

t∫
s

Zm,0(s, ri(τ), τ, ri(τ))Vm+i−1(τ, t)dτ.

Öåé iíòåãðàë âèíèêà¹ â ëiâié ÷àñòèíi êîæíîãî ç ðiâíÿíü â (12) ïðèm+j−1 = i âiäðàçó æ

ïiñëÿ òîãî, ÿê ôóíêöiþ Gm(s, ri(s), τ, rm+j−1(τ)) = Gm(s, ri(s), τ, ri(τ)) ïîäàòè ó âèãëÿäi

Gm(s, ri(s), τ, ri(τ)) = Zm,0(s, ri(τ), τ, ri(τ)) + Zm,1(s, ri(τ), τ, ri(τ))

+ [Gm(s, ri(s), τ, ri(τ))−Gm(s, ri(τ), τ, ri(τ))].

Ïîäi¹ìî îïåðàòîðîì E íà Lm,i(s, t) (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1). Ìà¹ìî

L̂m,i(s, t) ≡ E(s, t)Lm,i

=

√
2

π

∂

∂s

t∫
s

(ρ− s)−
1
2dρ

t∫
ρ

Zm,0(ρ, ri(τ), τ, ri(τ))Vm+i−1(τ, t)dτ m = i, i+ 1.

Çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ çà ρ i τ , îòðèìó¹ìî

L̂m,i(s, t) =

√
2

π

∂

∂s

t∫
s

Vm+i−1(τ, t)dτ

τ∫
s

(ρ− s)−
1
2Zm,0(ρ, ri(τ), τ, ri(τ))dρ

=
1

π

∂

∂s

t∫
s

Vm+i−1(τ, t)√
bm(τ, ri(τ))

τ∫
s

(ρ− s)−
1
2 (τ − ρ)−

1
2dρ, m = i, i+ 1.

Çâiäñè, âðàõîâóþ÷è ñïiââiäíîøåííÿ

τ∫
s

(ρ− s)−
1
2 (τ − ρ)−

1
2dρ =

Γ(1
2
)Γ(1

2
)

Γ(1)
= π,

çíàõîäèìî, ùî

L̂m,i(s, t) = − Vm+i−1(s, t)√
bm(s, ri(s))

, 0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1. (18)
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Êîðîòêî îïèøåìî íàøi äi¨ ïiñëÿ çàñòîñóâàííÿ ïåðåòâîðåííÿ Ãîëüìãðåíà äî âñiõ ií-

øèõ ñêëàäîâèõ ó ëiâèõ ÷àñòèíàõ ðiâíÿíü ñèñòåìè (12). Ïîäiÿâøè îïåðàòîðîì E íà öi

ñêëàäîâi, â îòðèìàíèõ âèðàçàõ ìè ñïî÷àòêó çìiíþ¹ìî ïîðÿäêè iíòåãðóâàííÿ çà ρ i τ , à

ïîòiì ñïðîùó¹ìî ïîõiäíi âiä iíòåãðàëiâ çàëåæíèõ âiä ïàðàìåòðiâ, âèêîðèñòîâóþ÷è òàêå

ïðàâèëî:

∂

∂s

t∫
s

f(s, τ)dτ =

t∫
s

∂

∂s
f(s, τ)dτ,

ÿêùî f(s, τ)→ 0 ïðè s ↑ τ . Ïiñëÿ âèêîíàííÿ âêàçàíèõ äié i âèêîðèñòàííÿ ñïiââiäíîøåí-

íÿ (18) áà÷èìî, ùî â ðåçóëüòàòi çàñòîñóâàííÿ îïåðàòîðà E ëiâi ÷àñòèíè ðiâíÿíü ñèñòåìè

(12) çâîäÿòüñÿ äî òàêîãî âèãëÿäó (0 ≤ s < t ≤ T, i = 1, . . . , n, m = i, i+ 1):

− Vm+i−1(s, t)√
bm(s, ri(s))

+

√
2

π

t∫
s

Vm+i−1(τ, t)dτ
∂

∂s

τ∫
s

(ρ− s)−
1
2

(
Zm,1(ρ, ri(τ), τ, ri(τ))

+
[
Gm(ρ, ri(ρ), τ, ri(τ))−Gm(ρ, ri(τ), τ, ri(τ))

])
dρ+

+

√
2

π

t∫
s

V3m−i−2(τ, t)dτ
∂

∂s

τ∫
s

(ρ− s)−
1
2Gm(ρ, ri(ρ), τ, r2m−i−1(τ))dρ

−
√

2

π

1∑
j=0

i+1∑
k=i

t∫
s

V2k+j−2(τ, t)dτ
∂

∂s

τ∫
s

(ρ− s)−
1
2dρ

∫
D

(k)
ρ

Gk(ρ, y, τ, rk+j−1(τ))µi(ρ, dy).

(19)

Ïðèðiâíÿâøè (19) äî ïðàâî¨ ÷àñòèíè âèðàçó (16), îòðèìó¹ìî ñèñòåìó iíòåãðàëüíèõ

ðiâíÿíü Âîëüòåððè äðóãîãî ðîäó. Êîæíå ç ðiâíÿíü öi¹¨ ñèñòåìè ïåðåòâîðèìî òàêèì ÷è-

íîì: ñïî÷àòêó îáèäâi éîãî ÷àñòèíè ïîìíîæèìî íà −
√
bm(s, ri(s)), à ïîòiì âñi âèðàçè

ç ëiâî¨ ÷àñòèíè îòðèìàíî¨ ðiâíîñòi, êðiì Vm+i−1(s, t), ïåðåíåñåìî ó ïðàâó ÷àñòèíó. Ïi-

ñëÿ âèêîíàííÿ öèõ ïåðåòâîðåíü ñèñòåìà ðiâíÿíü íàáóäå âèãëÿäó (0 ≤ s < t ≤ T, i =

1, . . . , n, m = i, i+ 1):

Vm+i−1(s, t) =
1∑
j=0

i+1∑
k=i

t∫
s

N
(m−i)
2k+j−2(s, τ)V2k+j−2(τ, t)dτ + Ψm+i−1(s, t), (20)

äå

N
(m−i)
2k+j−2(s, τ) = −

√
2bm(s, ri(s))

π

∂

∂s

τ∫
s

(ρ− s)−
1
2dρ

∫
D

(k)
ρ

Gk(ρ, y, τ, rk+j−1(τ))µi(ρ, dy),
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ÿêùî m 6= k,

N
(k−i)
3k−i−2(s, τ) =

√
2bk(s, ri(s))

π

∂

∂s

τ∫
s

(ρ− s)−
1
2

(
Gk(ρ, ri(ρ), τ, r2k−i−1(τ))

−
∫
D

(k)
ρ

Gk(ρ, y, τ, r2k−i−1(τ))µi(ρ, dy)

)
dρ,

N
(k−i)
k+i−1(s, τ) =

√
2bk(s, ri(s))

π

∂

∂s

τ∫
s

(ρ− s)−
1
2

(
Zk,1(ρ, ri(τ), τ, ri(τ)) +

[
Gk(ρ, ri(ρ), τ, ri(τ))

−Gk(ρ, ri(τ), τ, ri(τ))
]
−
∫
D

(k)
ρ

Gk(ρ, y, τ, ri(τ))µi(ρ, dy)

)
dρ,

Ψm+i−1(s, t) = −
√
bm(s, ri(s))Φ̂m,i(s, t).

Âiäçíà÷èìî, ùî äëÿ ôóíêöié Ψm+i−1 ç (20) âèêîíó¹òüñÿ íåðiâíiñòü (17), à ÿäðà

N
(m−i)
2k+j−2 íå ìàþòü iíòåãðîâíî¨ îñîáëèâîñòi. Äëÿ N

(m−i)
2k+j−2 ìîæíà îòðèìàòè ëèøå òàêó

îöiíêó:

|N (m−i)
2k+j−2(s, τ)| ≤ C(τ − s)−1, 0 ≤ s < τ < t ≤ T. (21)

Îöiíêà (21) ñïðè÷èíåíà iíòåãðàëîì∫
U

(k)
δ (rk+j−1(s))

∂

∂y
Zk,0(s, y, τ, rk+j−1(τ))µi(s, dy)

(U
(k)
δ (rk+j−1(s)) = {y ∈ D

(k)
s : |y − rk+j−1(s)| < δ}, δ � äîâiëüíà äîäàòíà ñòàëà), ÿêèé

âèíèêà¹ ó âèðàçi

N
(m−i)
2k+j−2(s, τ) = −

√
2bm(s, ri(s))

π

∂

∂s

[ τ∫
s

(ρ− s)−
1
2dρ

∫
D

(k)
ρ

Zk,1(ρ, y, τ, rk+j−1(τ))µi(ρ, dy)

+

τ∫
s

(ρ− s)−
1
2dρ

( ∫
D

(k)
ρ

Zk,0(ρ, y, τ, rk+j−1(τ))µi(ρ, dy)

−
∫
D

(k)
s0

Zk,0(ρ, y, τ, rk+j−1(τ))µi(s0, dy)

)

+

τ∫
s

(ρ− s)−
1
2dρ

∫
D

(k)
s0

Zk,0(ρ, y, τ, rk+j−1(τ))µi(s0, dy)

]∣∣∣∣
s0=s
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ïiñëÿ ñïðîùåííÿ ïîõiäíî¨ îñòàííüîãî äîäàíêà â êâàäðàòíèõ äóæêàõ

∂

∂s

τ∫
s

(ρ− s)−
1
2dρ

∫
D

(k)
s0

Zk,0(ρ, y, τ, rk+j−1(τ))µi(s0, dy)

∣∣∣∣
s0=s

=
1√

2πbk(τ, rk+j−1(τ))

× ∂

∂s

∫
D

(k)
s0

exp

{
− (y − rk+j−1(τ))2

2bk(τ, rk+j−1(τ))(τ − s)

}
µi(s0, dy)

τ∫
s

(ρ− s)−
1
2 (τ − ρ)−

1
2

× exp

{
− (y − rk+j−1(τ))2

2bk(τ, rk+j−1(τ))(τ − s)
· ρ− s
τ − ρ

}
dρ

∣∣∣∣
s0=s

=
1√

2πbk(τ, rk+j−1(τ))

× ∂

∂s

∫
D

(k)
s0

µi(s0, dy)

∞∫
0

z−
1
2 (z + 1)−1 exp

{
− (y − rk+j−1(τ))2

2bk(τ, rk+j−1(τ))(τ − s)
· (z + 1)

}
dz

∣∣∣∣
s0=s

=

√
πbk(τ, rk+j−1(τ))

2

∫
D

(k)
s

∂

∂y
Zk,0(s, y, τ, rk+j−1(τ))µi(s, dy)

=

√
πbk(τ, rk+j−1(τ))

2

( ∫
U

(k)
δ (rk+j−1(s))

∂

∂y
Zk,0(s, y, τ, rk+j−1(τ))µi(s, dy)

+

∫
D

(k)
s \U

(k)
δ (rk+j−1(s))

∂

∂y
Zk,0(s, y, τ, rk+j−1(τ))µi(s, dy)

)
.

Âñi iíøi ñêëàäîâi âèðàçó äëÿ N
(m−i)
2k+j−2(s, τ) äîïóñêàþòü íåðiâíîñòi, ïðàâi ÷àñòèíè ÿêèõ

ìàþòü âèãëÿä C(δ)(τ − s)−1+α
2 , äå C(δ) � äîäàòíà ñòàëà, ùî çàëåæèòü âiä âèáîðó δ.

Çàìiíèâøè m + i − 1 (i = 1, . . . , n, m = i, i + 1) ó êîæíîìó ðiâíÿííi ñèñòåìè (20)

iíäåêñîì p, ÿêèé çìiíþ¹ ñâî¨ çíà÷åííÿ âiä 1 äî 2n, áà÷èìî, ùî öþ ñèñòåìó ðiâíÿíü

ìîæíà çàïèñòàòè ó âèãëÿäi:

Vp(s, t) =

p+r+1∑
l=p+r−2

t∫
s

N
(r)
l (s, τ)Vl(τ, t)dτ + Ψp(s, t), (22)

äå 0 ≤ s < t ≤ T, p = 1, . . . , 2n, à iíäåêñ r äîðiâíþ¹ îñòà÷i âiä äiëåííÿ p íà 2.

Íåçâàæàþ÷è íà òå, ùî ÿäðà N
(r)
l (s, τ) íå ìàþòü iíòåãðîâíî¨ îñîáëèâîñòi, ðîçâ'ÿçîê

ñèñòåìè ðiâíÿíü (22) iñíó¹ i éîãî ìîæíà çíàéòè çà äîïîìîãîþ çâè÷àéíîãî ìåòîäó ïîñëi-

äîâíèõ íàáëèæåíü:

Vp(s, t) =
∞∑
m=0

V (m)
p (s, t), 0 ≤ s < t ≤ T, p = 1, . . . , 2n, (23)

äå

V (0)
p (s, t) = Ψp(s, t),

V (m)
p (s, t) =

p+r+1∑
l=p+r−2

t∫
s

N
(r)
l (s, τ)V

(m−1)
l (τ, t)dτ (V

(m−1)
0 ≡ V

(m−1)
2n+1 ≡ 0), m = 1, 2, . . .
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Çáiæíiñòü ðÿäó (23) âèïëèâà¹ ç íàñòóïíî¨ íåðiâíîñòi, ÿêà âñòàíîâëþ¹òüñÿ ìåòîäîì

ìàòåìàòè÷íî¨ iíäóêöi¨:

∣∣V (m)
p (s, t)

∣∣ ≤ C‖ϕ‖(t− s)−
1
2

m∑
k=0

Ck
ma

(m−k)(h(δ))k, m = 0, 1, . . . , (24)

äå

a(k) =

(
4C(δ0)T

α
2 Γ
(
α
2

))k
Γ
(
1
2

)
Γ
(
1+kα

2

) , k = 0, 1, . . . ,m,

h(δ) =
B

b
max
s∈[0,T ]

n∑
i=1

(
µi(s, U

(i)
δ (ri(s)) ∪ U (i+1)

δ (ri(s))

)
< 1 (äëÿ äîñòàòíüî ìàëîãî δ).

Ç íåðiâíîñòi (24) òàêîæ âèïëèâà¹, ùî ôóíêöi¨ Vp (p = 1, . . . , 2n) äîïóñêàþòü îöiíêó

|Vp(s, t)| ≤ C‖ϕ‖(t− s)−
1
2 , 0 ≤ s < t ≤ T. (25)

Îòæå, ôîðìóëà (23) ïðåäñòàâëÿ¹ ¹äèíèé ðîçâ'ÿçîê (V1, . . . , V2n) ñèñòåìè iíòåãðàëü-

íèõ ðiâíÿíü (22), êîìïîíåíòè ÿêîãî íåïåðåðâíi â îáëàñòi 0 ≤ s < t ≤ T i çàäîâîëüíÿþòü

íåðiâíiñòü (25).

Ç îöiíêîê (6) (ïðè r = p = 0) i (25) âèïëèâà¹ iñíóâàííÿ ïîòåíöiàëiâ ïðîñòîãî øàðó â

(8) i âèêîíàííÿ äëÿ íèõ íàñòóïíî¨ íåðiâíîñòi

|u(j)i,1 (s, x, t)| ≤ C‖ϕ‖, (s, x) ∈ S(i)

t , i = 1, . . . , n+ 1, j = 0, 1. (26)

Î÷åâèäíî, ùî òàêà æ ñàìà íåðiâíiñòü âèêîíó¹òüñÿ òàêîæ äëÿ ïîòåíöiàëiâ Ïóàññîíà

ui,0(s, x, t) ((s, x) ∈ S(i)

t , i = 1, . . . , n+ 1) â (8), à îòæå, i äëÿ ñàìî¨ ôóíêöi¨ u(s, x, t).

Ç äîïîìîãîþ ñïiââiäíîøåíü (5), (6) i (7) íåñêëàäíî ïåðåêîíàòèñÿ, â òîìó, ùî ôóíêöi¨

Vp (p = 1, . . . , 2n) ìàþòü âëàñòèâiñü (A). Öÿ âëàñòèâiñòü äîçâîëÿ¹ ñòâåðäæóâàòè, ùî

lim
s↑t

u
(j)
i,1 (s, x, t) = 0, i = 1, . . . , n+ 1, j = 0, 1.

Âðàõîâóþ÷è ïðè öüîìó, ùî äëÿ ôóíêöié ui,0 âèêîíó¹òüñÿ óìîâà (2), à òàêîæ òîé ôàêò,

ùî ôóíêöi¨ ui,0 i u
(j)
i,1 (i = 1, . . . , n + 1, j = 0, 1) çàäîâîëüíÿþòü ðiâíÿííÿ (1) â îáëàñòi

(s, x) ∈ S
(i)
t (i = 1, . . . , n + 1), ðîáèìî âèñíîâîê, ùî u(s, x, t) ¹ øóêàíèì ðîçâ'ÿçêîì

ïàðàáîëi÷íî¨ çàäà÷i ñïðÿæåííÿ (1)-(4).

Îòæå, ìè äîâåëè òàêå òâåðäæåííÿ:

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè I-VI. Òîäi çàäà÷à (1)-(4) ìà¹ ðîçâ'ÿçîê, íåïåðåðâ-

íèé â St. Êðiì òîãî, öåé ðîçâ'ÿçîê ìà¹ âèãëÿä (8) i äëÿ íüîãî âèêîíó¹òüñÿ íåðiâíiñòü

(26).

Ó òåîðåìi 1 ìè âñòàíîâèëè iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i (1)-(4). Òåïåð

äîâåäåìî òåîðåìó ¹äèíîñòi.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè I-VI. Òîäi iñíó¹ íå áiëüøå íiæ îäèí ðîçâ'ÿçîê

çàäà÷i (1)-(4), ÿêèé ¹ íåïåðåðâíèé i îáìåæåíèé â St.
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Äîâåäåííÿ. Ïðèïóñòèìî, ùî çàäà÷à (1)-(4) ìà¹ äâà ðîçâ'ÿçêè

u(1)(s, x, t) = u
(1)
i (s, x, t), u(2)(s, x, t) = u

(2)
i (s, x, t), (s, x) ∈ S(i)

t , i = 1, . . . , n+ 1,

ÿêi ¹ íåïåðåðâíi òà îáìåæåíi â St. Òîäi ôóíêöiÿ

υ(s, x, t) = u(1)(s, x, t)− u(2)(s, x, t) = υi(s, x, t) (s, x) ∈ S(i)

t , i = 1, . . . , n+ 1, (27)

äå υi(s, x, t) = u
(1)
i (s, x, t)− u(2)i (s, x, t), ¹ ðîçâ'ÿçêîì îäíîðiäíî¨ çàäà÷i ñïðÿæåííÿ (1)-(4)

(ïðè ϕ ≡ 0), ÿêèé ¹ íåïåðåðâíèé i îáìåæåíèé â St. Çàóâàæèìî ïðè öüîìó, ùî êîæíó

ç ôóíêöié υi (i = 1, . . . , n + 1) ìîæíà ðîçãëÿäàòè îäíî÷àñíî ÿê ðîçâ'ÿçîê íàñòóïíî¨

ïàðàáîëi÷íî¨ ïåðøî¨ êðàéîâî¨ çàäà÷i:

∂υi
∂s

+
1

2
bi(s, x)

∂2υi
∂x2

+ ai(s, x)
∂υi
∂x

= 0, (s, x) ∈ S(i)
t , i = 1, . . . , n+ 1, (28)

lim
s↑t

υi(s, x, t) = 0, x ∈ D(i)

t , i = 1, . . . , n+ 1, (29)

υi(s, ri(s), t) = fi(s, t), 0 ≤ s < t ≤ T, i = 1, . . . , n, (30)

äå

fi(s, t) =

∫
D

(i)
s ∪D

(i+1)
s

υ(s, y, t)µi(s, dy).

Îñêiëüêè ôóíêöiÿ fi(s, t) íåïåðåðâíà i îáìåæåíà íà [0, T ], ïåðøà êðàéîâà çàäà÷à (28)-

(30) ìà¹ ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê, íåïåðåðâíèé i îáìåæåíèé â S
(i)

t (i = 1, . . . , n+ 1),

ÿêèé äî òîãî æ ìîæå áóòè âèçíà÷åíèé çà äîïîìîãîþ ôîðìóëè (8), äå ñëiä ïîêëàñòè

ui,0 ≡ 0.

Îòæå, υi(s, x, t) (i = 1, . . . , n) â ¹äèíèé ñïîñiá ìîæóòü áóòè ïðåäñòàâëåíi ó âèãëÿäi (8),

äå âiäñóòíi ïîòåíöiàëè Ïóàññîíà, à Vp(s, t) (p = 1, . . . , 2n) � íåïåðåðâíi â îáëàñòi s ∈ [0, t)

ôóíêöi¨, ÿêi âèçíà÷àþòüñÿ çà äîïîìîãîþ fi(s, t). Äàëi, áåðó÷è äî óâàãè ìiðêóâàííÿ, íà-

âåäåíi ïðè äîâåäåííi òåîðåìè 1, ëåãêî çàóâàæèòè, ùî Vp(s, t) (p = 1, . . . , 2n), îäíî÷àñíî

¹ ðîçâ'ÿçêîì îäíîðiäíî¨ ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü (22) ïðè Ψp ≡ 0 (p = 1, . . . , 2n).

Âíàñëiäîê ¹äèíîñòi ðîçâ'ÿçêó ñèñòåìè (22) â ðîçãëÿäóâàíîìó êëàñi íåïåðåðâíèõ ôóíê-

öié ìà¹ìî, ùî Vp ≡ 0 (p = 1, . . . , 2n), çâiäêè îòðèìó¹ìî υi ≡ 0 (i = 1, . . . , n + 1) i

u(1)(s, x, t) ≡ u(2)(s, x, t).

3 Íàïiâãðóïà Ôåëëåðà

Íåõàé C0(R) � ïiäïðîñòið Cb(R), ùî ñêëàäà¹òüñÿ ç óñiõ ôóíêöié ϕ ∈ Cb(R) äëÿ ÿêèõ

âèêîíó¹òüñÿ óìîâà IV. Îñêiëüêè ïiäïðîñòið C0(R) ¹ çàìêíóòèì ó Cb(R), âií ¹ áàíàõîâèì

ïðîñòîðîì.

Ç òåîðåìè 1 âèïëèâà¹, ùî çà äîïîìîãîþ ðîçâ'ÿçêó çàäà÷i (1)-(4) ìîæíà âèçíà÷èòè

äâîïàðàìåòðè÷íó ñiì'þ ëiíiéíèõ îïåðàòîðiâ Ts,t : C0(R) → C0(R), 0 ≤ s ≤ t ≤ T . Äëÿ

0 ≤ s < t ≤ T, x ∈ R i ϕ ∈ C0(R) ïîêëàäåìî

Ts,tϕ(x) = T
(i,0)
s,t ϕ(x) + T

(i,1)
s,t ϕ(x), 0 ≤ s < t ≤ T, x ∈ D(i)

s , i = 1, . . . , n+ 1, (31)
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äå

T
(i,0)
s,t ϕ(x) ≡ ui,0(s, x, t), T

(i,1)
s,t ϕ(x) ≡

1∑
j=0

u
(j)
i,1 (s, x, t),

ôóíêöi¨ ui,0 òà u
(j)
i,1 (j = 0, 1) âèçíà÷àþòüñÿ çà ôîðìóëàìè (9) òà (10) âiäïîâiäíî, à ùiëü-

íîñòi Vp(s, t) ≡ Vp(s, t, ϕ) (p = 1, . . . , 2n), ÿêi âõîäÿòü äî ïîòåíöiàëiâ ïðîñòîãî øàðó u
(j)
i,1

ïðåäñòàâëÿþòü ðîçâ'ÿçîê ñèñòåìè ñèíãóëÿðíèõ iíòåãðàëüíèõ ðiâíÿíü (22), äî ÿêî¨ ðå-

äóêó¹òüñÿ çàäà÷à (1)-(4). Ïðè öüîìó Tt,t = I, äå I � òîòîæíèé îïåðàòîð i äëÿ Ts,tϕ(x) â

îáëàñòi (s, x) ∈ St âèêîíó¹òüñÿ íåðiâíiñòü

|Ts,tϕ(x)| ≤ C‖ϕ‖. (32)

Íàÿâíiñòü iíòåãðàëüíîãî çîáðàæåííÿ äëÿ ñiì'¨ îïåðàòîðiâ Tst (0 ≤ s ≤ t ≤ T ) äà¹

çìîãó äîñòàòíüî ëåãêî ïåðåâiðèòè âèêîíàííÿ äëÿ íèõ òàêèõ âëàñòèâîñòåé:

à) ÿêùî ϕn ∈ C0(R), n ∈ N, sup
n∈N
‖ϕn‖ <∞, i äëÿ âñiõ x ∈ R lim

n→∞
ϕn(x) = ϕ(x), äå ϕ ∈

C0(R), òî äëÿ âñiõ (s, x) ∈ St âèêîíó¹òüñÿ ñïiââiäíîøåííÿ lim
n→∞

Ts,tϕn(x) = Ts,tϕ(x);

á) Ts,t = Ts,τTτ,t, 0 ≤ s < τ < t ≤ T (íàïiâãðóïîâà âëàñòèâiñòü);

â) îïåðàòîðè Ts,t (0 ≤ s ≤ t ≤ T ) � íåâiä'¹ìíi (0 ≤ s ≤ t ≤ T ), òîáòî Ts,tϕ ≥ 0 äëÿ

áóäü ÿêî¨ ϕ ∈ C0(R) òàêî¨, ùî ϕ ≥ 0;

ã) îïåðàòîðè Ts,t (0 ≤ s ≤ t ≤ T ) � ñòèñêóþ÷i, òîáòî âîíè íå çáiëüøóþòü íîðìó

åëåìåíòà;

Âëàñòèâiñòü à) ¹ íàñëiäêîì âèêîíàííÿ äëÿ ðîçâ'ÿçêó ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü

(22) î÷åâèäíîãî ñïiââiäíîøåííÿ lim
n→∞

Vp(s, t, ϕn) = Vp(s, t, ϕ) (s ∈ [0, t), p = 1, . . . , 2n) i

òåîðåìè Ëåáåãà ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà.

Íàïiâãðóïîâà âëàñòèâiñòü îïåðàòîðiâ Ts,t ¹ íàñëiäêîì òåîðåìè 2 ïðî ¹äèíiñòü ðîç-

â'ÿçêó çàäà÷i (1)-(4). Ñïðàâäi, äëÿ òîãî, ùîá çíàéòè u(s, x, t) = Ts,tϕ(x), êîëè äàíî, ùî

lims↑t u(s, x, t) = ϕ(x), ìîæíà ñïî÷àòêó ðîçâ'ÿçàòè çàäà÷ó ó ÷àñîâîìó ïðîìiæêó [τ, t], à

ïîòiì ðîçâ'ÿçàòè ¨¨ ó ÷àñîâîìó ïðîìiæêó [s, τ ] ç òi¹þ "ïî÷àòêîâîþ" ôóíêöi¹þ u(τ, x, t) =

Tτ,tϕ(x), ÿêó áóëî îòðèìàíî; iíàêøå êàæó÷è, Ts,tϕ(x) = Ts,τ (Tτ,tϕ)(x), ϕ ∈ C0(R), àáî

Ts,t = Ts,τTτ,t.

Äîâåäåìî âëàñòèâiñòü â). Íåõàé ôóíêöiÿ ϕ ∈ C0(R) íåâiä'¹ìíà ïðè âñiõ x ∈ R.
Áåðó÷è äî óâàãè âëàñòèâiñòü à), äëÿ äîâåäåííÿ â) äîñòàòíüî îáìåæèòèñÿ âèïàäêîì,

êîëè ôóíêöiÿ ϕ ¹ ôiíiòíîþ. Ç òåîðåìè 1 âèïëèâà¹, ùî äëÿ òàêî¨ ôóíêöi¨ ϕ ôóíêöiÿ

Ts,tϕ(x), ÿêà ïðåäñòàâëÿ¹ ðîçâ'ÿçîê çàäà÷i (1)-(4), ¹ îáìåæåíîþ òà íåïåðåðâíîþ â îáëàñòi

(s, x) ∈ [0, t) × R i äëÿ âñiõ 0 ≤ s ≤ t ≤ T lim
x→±∞

Ts,tϕ(x) = 0. Äàëi, ÿêùî ϕ ≡ 0, òî

òâåðäæåííÿ ëåìè ¹ î÷åâèäíèì. Ðîçãëÿíåìî âèïàäîê, êîëè ôóíêöiÿ ϕ íå ñêðiçü äîðiâíþ¹

íóëåâi. Ïîçíà÷èìî ÷åðåç γ ìiíiìóì Ts,tϕ(x) â îáëàñòi (s, x) ∈ St i ïðèïóñòèìî, ùî γ <
0. Çãiäíî ç ïðèíöèïîì ìàêñèìóìó äëÿ ïàðàáîëi÷íèõ ðiâíÿíü [12] ìà¹ìî, ùî â óìîâàõ
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íàøèõ ïðèïóùåíü çíà÷åííÿ γ äîñÿãà¹òüñÿ ëèøå ïðè s ∈ (0, t) i x = ri(s) (i = 1, . . . , n).

Íåõàé s = s0, x0 = ri0(s0) (i = i0) äëÿ ÿêèõ Ts0,tϕ(x0) = γ. Òîäi∫
D

(i0)
s0
∪D(i0+1)

s0

[Ts0,tϕ(x0)− Ts0,tϕ(y)]µ(s0, dy) < 0,

ùî ñóïåðå÷èòü óìîâi (4). Îòðèìàíà ñóïåðå÷íiñòü âêàçó¹ íà òå, ùî γ ≥ 0, ùî é ïîòðiáíî

áóëî äîâåñòè.

Íàðåøòi, âèêîíàííÿ äëÿ îïåðàòîðiâ Ts,t âëàñòèâîñòi ã) ¹ ïðîñòèì íàñëiäêîì âëàñòè-

âîñòi â) i òîãî ôàêòó, ùî Ts,t1 ≡ 1 ïðè 0 ≤ s ≤ t ≤ T .

Ç âëàñòèâîñòåé à)-ã) âèïëèâà¹, ùî äâîïàðàìåòðè÷íà ñiì'ÿ îïåðàòîðiâ Ts,t, âèçíà÷åíà

ôîðìóëîþ (31), ¹ íàïiâãðóïîþ Ôåëëåðà, ÿêà îïèñó¹ íà ïðÿìié R äåÿêèé íåîäíîðiäíèé

ìàðêîâñüêèé ïðîöåñ (äèâ. [13, ñ. 79, òåîð. 2.1]).

Îòæå, ìè äîâåëè òàêå òâåðäæåííÿ:

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè I-VI. Òîäi äâîïàðàìåòðè÷íà ñiì'ÿ îïåðàòîðiâ

Ts,t (0 ≤ s ≤ t ≤ T ), âèçíà÷åíà ôîðìóëîþ (31), ¹ íàïiâãðóïîþ Ôåëëåðà, ÿêà ïîðîäæó¹

íà ïðÿìié R òàêèé íåîäíîðiäíèé ìàðêîâñüêèé ïðîñåñ, ùî â êîæíié ç îáëàñòåé D
(i)
s (i =

1, . . . , n+1) âií çáiãà¹òüñÿ iç çàäàíèì òàì äèôóçiéíèì ïðîöåñîì, êåðîâàíèì îïåðàòîðîì
1
2
bi(s, x) ∂2

∂x2
+ai(s, x) ∂

∂x
, à éîãî ïîâåäiíêà ïðè ïîòðàïëÿííi íà ñïiëüíó ìåæó öèõ îáëàñòåé

x = ri(s) (i = 1, . . . , n) îïèñó¹òüñÿ óìîâàìè ñïðÿæåííÿ (4).
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Shevchuk R.V., Savka I.Ya. The nonlocal conjugation problem for a linear second order parabolic

equation of Kolmogorov's type with discontinuous coe�cients, Bukovinian Math. Journal. 10,

2 (2022), 249�264.

In this paper, we construct the two-parameter Feller semigroup associated with a certain

one-dimensional inhomogeneous Markov process. This process may be described as follows. At
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the interior points of the �nite number of intervals (−∞, r1(s)), (r1(s), r2(s)), . . . , (rn(s),∞)

separated by points ri(s) (i = 1, . . . , n), the positions of which depend on the time variable,

this process coincides with the ordinary di�usions given there by their generating di�erential

operators, and its behavior on the common boundaries of these intervals is determined by the

Feller-Wentzell conjugation conditions of the integral type, each of which corresponds to the

inward jump phenomenon from the boundary.

The study of the problem is done using analytical methods. With such an approach, the

problem of existence of the desired semigroup leads to the corresponding nonlocal conjugation

problem for a second order linear parabolic equation of Kolmogorov's type with discontinuous

coe�cients. The main part of the paper consists in the investigation of this parabolic conjugati-

on problem, the peculiarity of which is that the domains on the plane, where the equations are

given, are curvilinear and have non-smooth boundaries: the functions ri(s) (i = 1, . . . , n), whi-

ch determine the boundaries of these domains satisfy only the H�older condition with exponent

greater than 1
2 . Its classical solvability in the space of continuous functions is established by

the boundary integral equations method with the use of the fundamental solutions of the uni-

formly parabolic equations and the associated potentials. It is also proved that the solution

of this problem has a semigroup property. The availability of the integral representation for

the constructed semigroup allows us to prove relatively easily that this semigroup yields the

Markov process.


