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ÐÅÃÓËßÐÍÈÉ ÐÎÇÂ'ßÇÎÊ ÎÁÅÐÍÅÍÎ� ÇÀÄÀ×I Ç IÍÒÅÃÐÀËÜÍÎÞ

ÓÌÎÂÎÞ ÄËß ÐIÂÍßÍÍß Ç ÄÐÎÁÎÂÎÞ ÏÎÕIÄÍÎÞ ÇÀ ×ÀÑÎÌ

Ïðÿìi é îáåðíåíi çàäà÷i äëÿ ðiâíÿíü iç äðîáîâèìè ïîõiäíèìè âèíèêàþòü ó ðiçíèõ ãà-

ëóçÿõ íàóêè i òåõíiêè. Âiäîìi óìîâè êëàñè÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi òà êðàéîâèõ çà-

äà÷ äëÿ äèôóçiéíî-õâèëüîâèõ ðiâíÿíü iç äðîáîâèìè ïîõiäíèìè. Âiäîìi îöiíêè êîìïîíåíò

âåêòîð-ôóíêöi¨ Ãðiíà çàäà÷i Êîøi äëÿ òàêèõ ðiâíÿíü.

Ìè âèâ÷à¹ìî îáåðíåíó çàäà÷ó âèçíà÷åííÿ çàëåæíî¨ âiä ïðîñòîðîâèõ çìiííèõ êîìïî-

íåíòè ïðàâî¨ ÷àñòèíè ðiâíÿííÿ ç äðîáîâîþ ïîõiäíîþ çà ÷àñîì ïðè âiäîìèõ ôóíêöiÿõ iç

ïðîñòîðó òèïó Øâàðöà ãëàäêèõ øâèäêî ñïàäàþ÷èõ ôóíêöié ÷è çi çíà÷åííÿìè â íèõ. Òà-

êîæ ðîçãëÿäà¹ìî òàêó çàäà÷ó ïðè äàíèõ iç äåÿêîãî øèðøîãî ïðîñòîðó ãëàäêèõ, ñïàäàþ-

÷èõ äî íóëÿ íà íåñêií÷åííîñòi ôóíêöié ÷è çi çíà÷åííÿìè â íèõ. Çíàõîäèìî äîñòàòíi óìîâè

îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi îáåðíåíî¨ çàäà÷i ïðè iíòåãðàëüíié çà ÷àñîì äîäàòêîâié óìîâi

1

T

∫ T

0

u(x, t)η1(t)dt = Φ1(x), x ∈ Rn

äå u � íåâiäîìèé ðîçâ'ÿçîê çàäà÷i Êîøi, η1 � çàäàíà íåïåðåðâíà ôóíêöiÿ.

Âèêîðèñòîâóþ÷è ìåòîä âåêòîð-ôóíêöi¨ Ãðiíà, çâîäèìî çàäà÷ó äî ðîçâ'ÿçàííÿ iíòåãðî-

äèôåðåíöiàëüíîãî ðiâíÿííÿ ó ïåâíîìó êëàñi ãëàäêèõ, ñïàäàþ÷èõ äî íóëÿ íà íåñêií÷åííîñòi

ôóíêöié. Äîâîäèìî éîãî îäíîçíà÷íó ðîçâ'ÿçíiñòü.

Âiäîìi ðiçíi ìåòîäè íàáëèæåíîãî ðîçâ'ÿçàííÿ ïðÿìèõ i îáåðíåíèõ çàäà÷ äëÿ ðiâíÿíü

iç äðîáîâèìè ïîõiäíèìè, ïåðåâàæíî äëÿ îäíîâèìiðíîãî ïðîñòîðîâîãî âèïàäêó. Iç íàøèõ

ðåçóëüòàòiâ âèïëèâà¹ ìåòîä ïîáóäîâè íàáëèæåíîãî ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i â áàãàòîâè-

ìiðíîìó ïðîñòîðîâîìó âèïàäêó. Âií ãðóíòó¹òüñÿ íà âèêîðèñòàííi âiäîìèõ ìåòîäiâ ÷èñåëü-

íîãî ðîçâ'ÿçàííÿ iíòåãðîäèôåðåíöiàëüíèõ ðiâíÿíü. Åôåêòèâíèì äëÿ ïîáóäîâè ÷èñåëüíî-

ãî ðîçâ'ÿçêó îäåðæàíîãî iíòåãðîäèôåðåíöiàëüíîãî ðiâíÿííÿ ¹ çàñòîñóâàííÿ ïåðåòâîðåííÿ

Ôóð'¹ çà ïðîñòîðîâèìè çìiííèìè, îñêiëüêè ïåðåòâîðåííÿ Ôóð'¹ êîìïîíåíò âåêòîð-ôóíêöi¨

Ãðiíà ìîæíà ÿâíî âèïèñàòè.
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Âñòóï

Ðiâíÿííÿ ç äðîáîâèìè ïîõiäíèìè âèêîðèñòîâóþòü ïðè ìîäåëþâàííi ðiçíèõ ôiçè÷íèõ

ïðîöåñiâ, ó áiîëîãi¨, ãåîëîãi¨, ãåîôiçèöi, ìåäèöèíi, åêîíîìiöi, ó ìîäåëþâàííi äèôóçi¨ â ïî-

ðèñòèõ ñåðåäîâèùàõ (äèâ., íàïðèêëàä, [2, 6, 9, 8, 17, 20, 21] i áiáëiîãðàôiþ). Ðiçíi ÿâèùà

àíîìàëüíî¨ äèôóçi¨ (êîëè ïðîöåñ äèôóçi¨ íå âiäïîâiäà¹ ñòàòèñòèöi Ãàóñà, ÿê çàçâè÷àé)

ïðèâåðòàþòü âñå áiëüøå óâàãè.

Óìîâè êëàñè÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi i êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü iç äðîáîâèìè

ïîõiäíèìè îäåðæàíi â [17, 21, 26, 13, 4, 5, 23, 19, 18, 24, 25] òà iíøèõ ïðàöÿõ. Íàéáiëüøå

ðîáiò ïî îáåðíåíèõ çàäà÷àõ äëÿ òàêèõ ðiâíÿíü, ÿê i äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè

öiëèõ ïîðÿäêiâ (äèâ., íàïðèêëàä, [24, 1, 11, 12, 29, 27, 28, 30, 22] i áiáëiîãðàôiþ) ïðèñâÿ-

÷åíî çàäà÷àì iç íåâiäîìèìè ïðàâèìè ÷àñòèíàìè ó ðiâíÿííÿõ.

Âèêîðèñòîâóþòü ðiçíi äîäàòêîâi óìîâè (òàê çâàíi óìîâè ïåðåâèçíà÷åííÿ). Ó [29],

âèêîðèñòîâóþ÷è âiäîìi çíà÷åííÿ øóêàíîãî ðîçâ'ÿçêó ó êiíöåâèé ìîìåíò ÷àñó, ïîáóäîâà-

íî ðåãóëÿðèçàöiþ ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i òàêîãî âèãëÿäó, îäåðæàíî îöiíêè ðiçíèöü

ðåãóëÿðèçîâàíîãî i òî÷íîãî ðîçâ'ÿçêiâ.

Ó öié ïðàöi, âèêîðèñòîâóþ÷è iíòåãðàëüíó çà ÷àñîì óìîâó ïåðåâèçíà÷åííÿ, äëÿ ðiâ-

íÿííÿ ç äðîáîâîþ ïîõiäíîþ Êàïóòî-Äæðáàøÿíà âèâ÷à¹ìî îáåðíåíó çàäà÷ó âèçíà÷åííÿ

íåâiäîìî¨, çàëåæíî¨ âiä ïðîñòîðîâèõ çìiííèõ, ôóíêöi¨ ó ïðàâié ÷àñòèíi ðiâíÿííÿ ïðè

çàäàíèõ ïî÷àòêîâèõ äàíèõ øóêàíîãî ðîçâ'ÿçêó iç ïðîñòîðiâ òèïóØâàðöà ãëàäêèõ øâèä-

êî ñïàäàþ÷èõ ôóíêöié ÷è äåÿêîãî øèðøîãî êëàñó ãëàäêèõ ôóíêöié, ùî ñïàäàþòü äî

íóëÿ íà íåñêií÷åííîñòi.

Çàóâàæèìî, ùî ç âèêîðèñòàííÿì iíòåãðàëüíî¨ çà ÷àñîì óìîâè ïåðåâèçíà÷åííÿ ó ði-

çíèõ ôóíêöiéíèõ ïðîñòîðàõ îäåðæàíî îäíîçíà÷íó ðîçâ'ÿçíiñòü îáåðíåíî¨ çàäà÷i äëÿ

ðiâíÿííÿ äðîáîâî¨ äèôóçi¨ ç íåâiäîìîþ, çàëåæíîþ âiä ÷àñó, êîìïîíåíòîþ ïðàâî¨ ÷à-

ñòèíè ðiâíÿííÿ (ó [14, 15]), ç íåâiäîìèì ìîëîäøèì êîåôiöi¹íòîì (ó [10]), íåâiäîìèìè

ïî÷àòêîâèìè äàíèìè ðîçâ'ÿçêó (ó [16]).

1 Îçíà÷åííÿ é äîïîìiæíi ôàêòè

Âèêîðèñòîâó¹ìî ïîçíà÷åííÿ: x = (x1, . . . , xn) ∈ Rn, α = (α1, . . . , αn), ᾱ = (α0, α),

αj ∈ Z+, j ∈ {0, 1, . . . , n}, |α| = α1 + · · · + αn, x
α = xα1

1 · · · · · xαn
n , Dα

xv(x, t) =
∂|α|v(x,t)

∂x
α1
1 ...∂xαn

n
,

f∗g � çãîðòêà ôóíêöié f i g,

fλ(t) =
θ(t)tλ−1

Γ(λ)
, λ > 0, fλ(t) = f ′

1+λ(t), λ ≤ 0,

äå Γ(λ) � Ãàììà-ôóíêöiÿ, θ(t) � îäèíè÷íà ôóíêöiÿ Õåâiñàéäà.

Ïîõiäíà Ðiìàíà-Ëióâiëÿ v(β)(t) äðîáîâîãî ïîðÿäêó âèçíà÷à¹òüñÿ ôîðìóëîþ

v(β)(t) = f−β(t) ∗ v(t),

çîêðåìà,

v(β)(t) =
1

Γ(n− β)

dn

dtn

∫ t

0

(t− τ)n−β−1v(τ)dτ, β ∈ (n− 1, n).



Ðåãóëÿðíèé ðîçâ'ÿçîê îáåðíåíî¨ çàäà÷i ç iíòåãðàëüíîþ óìîâîþ 105

Ðåãóëÿðèçîâàíà (Êàïóòî-Äæðáàøÿíà) ïîõiäíà ôóíêöi¨ v ïîðÿäêó β ∈ (n − 1, n),

n ∈ N âèçíà÷à¹òüñÿ ôîðìóëîþ

Dβv(t) =
1

Γ(n− β)

∫ t

0

(t− τ)n−1−βv(n)(τ)dτ, t ∈ [0, T ],

i òîäi

Dβv(t) = v(β)(t)−
m−1∑
j=0

fj+1−β(t)v
(j)(0). (1)

Ïðè β ∈ (0, 1) âèâ÷à¹ìî îáåðíåíó çàäà÷ó

Dβ
t u− A(x,D)u = R1(x)g(t) +R2(x, t), (x, t) ∈ Q := Rn × (0, T ], (2)

u(x, 0) = F1(x), x ∈ Rn, (3)

1

T

∫ T

0

u(x, t)η1(t)dt = Φ1(x), x ∈ Rn (4)

âèçíà÷åííÿ ïàðè ôóíêöié (u,R1), äå F1, R2, g, Φ1, η1 � çàäàíi ôóíêöi¨, A(x,D)u � ëiíié-

íèé åëiïòè÷íèé äèôåðåíöiàëüíèé âèðàç äðóãîãî ïîðÿäêó.

Ïîçíà÷à¹ìî ÷åðåç S(Rn) ïðîñòið òàêèõ íåñêií÷åííî äèôåðåíöiéîâíèõ ó Rn ôóíêöié

v, ùî xγDαv îáìåæåíi â Rn ïðè âñiõ ìóëüòè-iíäåêñàõ α, γ (ïðîñòið Øâàðöà ãëàäêèõ

øâèäêî ñïàäàþ÷èõ ôóíêöié), ÷åðåç Sγ(Rn) (γ > 0) � ïðîñòið òèïó S(Rn) (äèâ. [7, p.

201]):

Sγ(Rn) = {v ∈ S(Rn) : |Dαv(x)| ≤ Cαe
−a|x|

1
γ
, x ∈ Rn, ∀ α}

iç äåÿêèìè äîäàòíèìè ñòàëèìè Cα = Cα(v) i a = a(v). Ïîñëiäîâíiñòü vm(x) çáiãà¹òüñÿ

äî íóëÿ (ïðè m → +∞) ó ïðîñòîði Sγ(Rn), ÿêùî äëÿ äîâiëüíîãî ìóëüòè-iíäåêñà α

ïîñëiäîâíiñòü Dαvm(x) çáiãà¹òüñÿ äî íóëÿ ðiâíîìiðíî íà äîâiëüíîìó êîìïàêòi |x| ≤ C <

+∞ i ïðè äåÿêîìó a > 0 ïðàâèëüíi îöiíêè

|Dαvm(x)| ≤ Cαe
−a|x|

1
γ
, x ∈ Rn, ∀α, ∀m ∈ N.

Âiäîìî (äèâ. [7, p. 211]), ùî

Sγ(Rn) = ∪a>0Sγ,(a)(Rn),

äå

Sγ,(a)(Rn) = {v ∈ S(Rn) : |Dαv(x)| ≤ Cα,εe
−(a−ε)|x|

1
γ
, x ∈ Rn, ∀ α, ∀ ε > 0}

= {v ∈ C∞(Rn) : ||v||k,a = sup
|α|≤k,x∈Rn

ea(1−
1
k
)|x|

1
γ |Dαv(x)| < +∞, ∀k ∈ N, k ̸= 1}.

Ïîñëiäîâíiñòü vm(x) çáiãà¹òüñÿ äî íóëÿ (ïðè m → +∞) ó ïðîñòîði Sγ,(a)(Rn), ÿêùî äëÿ

äîâiëüíîãî ìóëüòè-iíäåêñà α ïîñëiäîâíiñòü Dαvm(x) çáiãà¹òüñÿ äî íóëÿ ðiâíîìiðíî íà

äîâiëüíîìó êîìïàêòi |x| ≤ C < +∞ i íîðìè ||vm||k,a îáìåæåíi äëÿ âñiõ m, k ∈ N, k ̸= 1.

Ââîäèìî ïðîñòîðè

S̃γ,(a)(Rn) =
{
v ∈ Sγ,(a)(Rn) : ||v||k,(a) max{||v||k,a, ||Av||k,a} < +∞ ∀k ∈ N, k ≥ 2
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i êàæåìî, ùî ïîñëiäîâíiñòü vm(x) çáiãà¹òüñÿ äî íóëÿ (ïðè m → +∞) ó S̃γ,(a)(Rn), ÿêùî

äëÿ äîâiëüíîãî ìóëüòè-iíäåêñà α ïîñëiäîâíiñòü Dαvm(x) çáiãà¹òüñÿ äî íóëÿ ðiâíîìiðíî

íà äîâiëüíîìó êîìïàêòi |x| ≤ C < +∞ i íîðìè ||vm||k,(a) îáìåæåíi äëÿ âñiõm, k ∈ N, k ̸=
1.

Íåõàé

C2,β(Q) = {v ∈ C(Q) : Av,Dβ
t v ∈ C(Q)}, C2,β(Q̄) = C2,β(Q) ∩ C(Q̄).

Êàæåìî, ùî v ∈ S̃γ,(a)(Q̄), ÿêùî v ∈ C2,β(Q̄) i v(·, t) ∈ S̃γ,(a)(Rn) äëÿ êîæíîãî t ∈ [0, T ].

Äàëi ââàæà¹ìî, ùî êîåôiöi¹íòè A(x,D) ¹ ìóëüòèïëiêàòîðàìè â S̃γ,(a)(Rn).

Îçíà÷åííÿ 1. Ïàðà (u,R1) ∈ S̃γ,(a)(Q̄) × S̃γ,(a)(Rn) íàçèâà¹òüñÿ ðîçâ'ÿçêîì çàäà÷i

(2)-(4), ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (2) â Q i óìîâè (3), (4).

Îçíà÷åííÿ 2. Âåêòîð-ôóíêöiÿ (G0(x, t, y, τ), G1(x, t, y)) íàçèâà¹òüñÿ âåêòîð-ôóíê-

öi¹þ Ãðiíà çàäà÷i Êîøi (2),(3), ÿêùî ïðè äîâiëüíèõ ãëàäêèõ i ôiíiòíèõ F1, R1, R2, g

ôóíêöiÿ

u(x, t) =

∫ t

0

dτ

∫
Rn

G0(x, t, y, τ)
(
g(τ)R1(y) (5)

+R2(y, τ)
)
dy +

∫
Rn

G1(x, t, y)F1(y)dy, (x, t) ∈ Q̄

¹ êëàñè÷íèì (iç C2,β(Q̄)) ðîçâ'ÿçêîì öi¹¨ çàäà÷i.

Òàêà âåêòîð-ôóíêöi¹þ Ãðiíà iñíó¹ [3, 26, 4, 25]. Îöiíêè êîìïîíåíò âåêòîð-ôóíêöi¨

Ãðiíà îäåðæàíi â [6, 26, 13, 23]. Çîêðåìà, ïðè n ≥ 3

|G0(x, t, y, τ)| ≤
C0|x− y|2−n

t− τ
e
−c
(

|x−y|2

(t−τ)β

) 1
2−β

, (x, t), (y, τ) ∈ Q, (x, t) ̸= (y, τ),

|G1(x, t, y)| ≤
C0t

−β

|x− y|n−2
e−c

(
|x−y|2

tβ

) 1
2−β

, x, y ∈ Rn, t ∈ [0, T ],

äå c, C0 � äîäàòíi ñòàëi, çîêðåìà, c < c0 = (2 − β)
(

ββ

4

) 1
2−β

äëÿ A(x,D) = ∆ [26], i

ìíîæíèê e
−c
(

|x−y|2

(t−τ)β

) 1
2−β

ìîæíà îïóñòèòè ó âèïàäêó |x− y|2 < (t− τ)β. Âiäçíà÷èìî,ùî

G1(x, t, y) =

∫ t

0

f1−β(τ)G0(x, t, y, τ)dτ, (x, t) ∈ Q.

Ïîçíà÷à¹ìî

(G0φ)(x, t, τ) =

∫
Rn

G0(x, t, y, τ)φ(y, τ)dy, x ∈ Rn, 0 ≤ τ < t ≤ T,

(G1φ)(x, t) =

∫
Rn

G1(x, t, y)φ(y, t)dy, x ∈ Rn, t ∈ [0, T ].

Ëåìà 1. Äëÿ äîâiëüíèõ ÷èñåë γ ≥ 1− β
2
, a > 0, ôóíêöi¨ φ ∈ S̃γ,(a)(Q̄) iñíóþòü òàêi ÷èñëà

C > 0, a′ ∈ (0, a] (a′ = cγ min{cT− β
2γ , a} iç cγ = 21−

1
γ ïðè γ ∈ [1− β

2
, 1], cγ = 1 ïðè γ ≥ 1,

a′ = a ïðè γ ≥ 1 i aT
β
2γ ≤ c), ùî äëÿ âñiõ k ∈ N, k ≥ 2

∥(G0φ)(·, t, τ)∥k,(a′) ≤ C(t− τ)β−1 max
t∈[0,T ]

∥φ(·, t)∥k,(a), 0 ≤ τ < t ≤ T, (6)
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∥(G1φ)(·, t)∥k,(a′) ≤ C max
t∈[0,T ]

∥φ(·, t)∥k,(a), t ∈ [0, T ].

Äîâåäåííÿ. Ëåìà äîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè 2 ó [14].

Òåîðåìà 1. Ïðè γ ≥ 1, 0 < aT
β
2γ ≤ c, F1 ∈ S̃γ,(a)(Rn), R2 ∈ S̃γ,(a)(Q̄), g ∈ C[0, T ] iñíó¹

¹äèíèé ðîçâ'ÿçîê u ∈ S̃γ,(a)(Q̄) çàäà÷i Êîøi (2), (3). Âií çàäàíèé ôîðìóëîþ (5).

Äîâåäåííÿ. Iñíóâàííÿ ¹äèíîãî êëàñè÷íîãî (iç C2,β(Q̄)) ðîçâ'ÿçêó çàäà÷i Êîøi i éîãî

çîáðàæåí-íÿ (5) ïðè g ∈ C[0, T ], îáìåæåíèõ i ëîêàëüíî ãåëüäåðîâèõ ó Rn ôóíêöiÿõ

F1, R1, îáìåæåíié i ëîêàëüíî ãåëüäåðîâié çà çìiííèìè x ∈ Rn ïðè êîæíîìó t ∈ (0, T ]

ôóíêöi¨ R2 âèïëèâà¹ ç ðåçóëüòàòiâ [26, 13, 4]. Òîìó iç (5) i ëåìè 1, çà ïðèïóùåíü òåîðåìè

îäåðæó¹ìî u ∈ S̃γ,(a)(Q̄).

2 Ðîçâ'ÿçîê îáåðíåíî¨ çàäà÷i

2.1. Ðîçãëÿíåìî çàäà÷ó (2)-(4) çà ïðèïóùåííÿ (A):

γ ≥ 1, 0 < aT
β
2γ ≤ c, F1,Φ1 ∈ S̃γ,(a)(Rn), R2 ∈ S̃γ,(a)(Q̄), g, η1 ∈ C[0, T ].

Íåõàé u ∈ S̃γ,(a)(Q̄) � ðîçâ'ÿçîê çàäà÷i (2), (3). Áåðó÷è äî óâàãè çâ'ÿçîê (1) ìiæ

ðåãóëÿðèçîâàíîþ ïîõiäíîþ i ïîõiäíîþ Ðiìàíà-Ëióâiëÿ ïîðÿäêó β ∈ (0, 1), çàïèñó¹ìî

çàäà÷ó (2), (3) ó âèãëÿäi

f−β(t) ∗ u(x, t) = (Au)(x, t) + g(t)R1(x) +R2(x, t) + f1−β(t)F1(x), (x, t) ∈ Q,

u(x, 0) = F1(x), x ∈ Rn.

Äiþ÷è îïåðàòîðîì fβ(t)∗ íà îáèäâi ÷àñòèíè ðiâíÿííÿ, îäåðæó¹ìî

u(x, t) = [(Au)(x, t) + g(t)R1(x) +R2(x, t)] ∗ fβ(t) + F1(x), (x, t) ∈ Q.

Âèêîðèñòîâóþ÷è óìîâó (4), îäåðæó¹ìî

Φ1(x) =
1

T

∫ T

0

[(Au)(x, t) ∗ fβ(t)]η1(t)dt+ g1R1(x) +N1(x, T ) + P1F1(x),

äå

N1(x) = N1(x, T ) =
1

T

∫ T

0

[R2(x, t) ∗ fβ(t)]η1(t)dt, P1 = P1(T ) =
1

T

∫ T

0

η1(t)dt,

g1 = g1(T ) =
1

T

∫ T

0

(g ∗ fβ)(t)η1(t)dt.

Çâiäñè, çà ïðèïóùåííÿ

g1(T ) ̸= 0 (7)

çíàõîäèìî

R1(x) = − 1

Tg1(T )

∫ T

0

[
(Au)(x, s) ∗ fβ(s)

]
η1(s)ds+ v1(x), (8)
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äå v1(x) =
1

g1(T )

[
Φ1(x)−N1(x, T )− P1F1(x)

]
, x ∈ Rn.

Çà ïðèïóùåíü (A) i (7), ïðè u ∈ S̃γ,(a)(Q̄) ìà¹ìî R1 ∈ S̃γ,(a)(Rn). Ñïðàâäi, v1 ∈
S̃γ,(a)(Rn),

||R1||k,(a) ≤
1

T |g1|

∫ T

0

f1+β(s)|η1(s)|ds max
τ∈[0,T ]

||u(·, τ)||k,(a) + ||v1||k,(a).

Ïiäñòàâëÿþ÷è âèðàç (8) ó (5), äëÿ çíàõîäæåííÿ u îäåðæó¹ìî iíòåãðîäèôåðåíöiàëüíå

ðiâíÿííÿ ó ïðîñòîði S̃γ,(a)(Q̄)

u(x, t) = − 1

Tg1(T )

∫ t

0

g(τ)dτ

∫
Rn

G0(x, t, y, τ) (9)

×
[ ∫ T

0

(
(Au)(y, s) ∗ fβ(s)

)
η1(s)

)
ds
]
dy + u0(x, t),

u0(x, t) =

∫ t

0

dτ

∫
Rn

G0(x, t, y, τ)
[
g(τ)v1(y) +R2(y, τ)

]
dy∫

Rn

G1(x, t, y)F1(y)dy, (x, t) ∈ Q̄.

Ëåìà 2. Çà ïðèïóùåíü (A) i (7) ïàðà (u,R1) ∈ S̃γ,(a)(Q̄)× S̃γ,(a)(Rn) ¹ ðîçâ'ÿçêîì çàäà÷i

(2)-(4) òîäi i òiëüêè òîäi, êîëè u ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (9), R1 âèçíà÷åíà çãiäíî ç (8).

Äîâåäåííÿ. Áóëî ïîêàçàíî, ùî ðîçâ'ÿçîê u ∈ S̃γ,(a)(Q̄) çàäà÷i (2)-(4) çàäîâîëüíÿ¹ ðiâíÿí-

íÿ (9) i R1 âèçíà÷åíà ôîðìóëîþ (8). Íàâïàêè, íåõàé u ∈ S̃γ,(a)(Q̄) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

(9). Òîìó ùî (9) çáiãà¹òüñÿ ç (5), ÿêùî âèðàç (8) ïiäñòàâèòè â (5) çàìiñòü R1(x), çà òå-

îðåìîþ 1 ôóíêöiÿ u çàäîâîëüíÿ¹ çàäà÷ó (2), (3). Ïîêàæåìî, ùî u çàäîâîëüíÿ¹ óìîâó

(4), ÿêùî R1 âèçíà÷åíà çãiäíî ç (8).

Íåõàé öå íå òàê i
1

T

∫ T

0

u(x, t)η1(t)dt = Φ∗
1(x),

H1(x) =
1

T

∫ T

0

[(Au)(x, s) ∗ fβ(s)]η1(s)ds,

H∗
1 (x) =

1

T

∫ T

0

[(Au∗)(x, s) ∗ fβ(s)]η1(s)ds,

x ∈ Rn, äå u∗ � ðîçâ'ÿçîê ðiâíÿííÿ (9) ç Φ∗
1 çàìiñòü Φ1 ó âèðàçi äëÿ v1. Òîäi ç (8)

îäåðæó¹ìî

Φ1(x)− Φ∗
1(x) = H1(x)−H∗

1 (x), x ∈ Rn,

à, çãiäíî ç (9),

Φ1(x)− Φ∗
1(x) =

1

g1(T )

∫ t

0

g(τ)dτ

∫
Rn

G0(x, t, y, τ)
[(
Φ1(y)− Φ∗

1(y)
)
−
(
H1(y)−H∗

1 (y)
)]
.

Îòîæ, Φ1(x)− Φ∗
1(x) = 0, x ∈ Rn.
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Ïðèïóùåííÿ (Â):

0 < gmin ≤ g(t) ≤ gmax, η1(t) ≥ 0, t ∈ [0, T ],

∫ T

0

fβ+1(t)η1(t)dt ̸= 0.

Òåîðåìà 2. Çà ïðèïóùåíü (A), (B) iñíó¹ òàêå T1 > 0, ùî äëÿ äîâiëüíîãî T ∈ (0, T1) çà-

äà÷à (2)-(4) ìà¹ ¹äèíèé ðîçâ'ÿçîê (u,R1) ∈ S̃γ,(a)(Q̄)×S̃γ,(a)(Rn). Êðiì òîãî, u � ðîçâ'ÿçîê

ðiâíÿííÿ (9), R1 âèçíà÷åíà çãiäíî ç (8).

Äîâåäåííÿ. Ïðè k ∈ N, k ̸= 1 âèçíà÷à¹ìî ïðîñòîðè

Mk,(a) = Mk,(a)(T ) = {v ∈ S̃γ,(a)(Q̄) : ||v||Mk,(a)
= max

t∈[0,T ]
||v(·, t)||k,(a) < +∞}

i îïåðàòîð

(Kv)(x, t) = − 1

Tg1(T )

∫ t

0

g(τ)dτ

∫
Rn

G0(x, t, y, τ)
[ ∫ T

0

(
(Av)(y, s) ∗ fβ(s)

)
η1(s)

)
ds
]
dy

+u0(x, t), (x, t) ∈ Q, v ∈ Mk,(a).

Âiäçíà÷èìî, ùî Mk+p,(a) ⊂ Mk,(a) äëÿ êîæíîãî p ∈ N. Äàëi ÷åðåç Ci (i ∈ Z+) ïîçíà÷à-

òèìåìî äîäàòíi ñòàëi, òàêîæ ðiçíi ñòàëi iíîäi ïîçíà÷àòèìåìî îäíàêîâî, ÿê C ÷è C(·).
Çà ëåìîþ 1, äëÿ äîâiëüíî¨ v ∈ S̃γ,(a)(Q̄), t, s ∈ [0, T ] ìà¹ìî

sup
|α|≤k, x∈Rn

ea(1−
1
k
)|x|

1
γ
∣∣Dα

x

∫
Rn

G0(x, t, y, τ)(Av)(y, s)dy
∣∣

≤ C(t− τ)β−1 max
s∈[0,T ]

||(Av)(·, s)||k,a ≤ C(t− τ)β−1||v||Mk,(a)
,

sup
|α|≤k,x∈Rn

ea(1−
1
k
)|x|

1
γ
∣∣Dα

x

∫
Rn

G1(x, t, y)(Av)(y, s)dy
∣∣ ≤ C max

s∈[0,T ]
||(Av)(·, s)||k,a ≤ C||v||Mk,(a)

,

sup
|α|≤k,x∈Rn

ea(1−
1
k
)|x|

1
γ |Dα

x

(
A(x,D)

∫
Rn

G0(x, t, y, τ)(Av)(y, s)dy
)∣∣ ≤ C1(t− τ)β−1||v||Mk,(a)

,

sup
|α|≤k,x∈Rn

ea(1−
1
k
)|x|

1
γ |Dα

x

(
A(x,D)

∫
Rn

G1(x, t, y)(Av)(y, s)dy
)∣∣ ≤ C1||v||Mk,(a)

,

||u0||Mk,(a)
≤ C1

[
max
t∈[0,T ]

∫ t

0

g(τ)(t− τ)β−1dτ ||v1||k,(a) + ||F1||k,(a) + T β||R2||Mk,(a)

]
≤ C2T

β
(
||v1||k,(a) + ||R2||Mk,(a)

)
+ C1||F1||k,(a).

Îñêiëüêè (g ∗ fβ)(t) ≥ gminf1+β(t), t ∈ [0, T ], à îòæå, g1(T ) ≥ gmin

T

∫ T

0
fβ+1(t)η1(t)dt, òî

ç óìîâè (B) âèïëèâà¹ (7). Òîäi

||Kv||Mk,(a)
≤ max

t∈[0,T ]

C3

Tg1(T )

∫ t

0

g(τ)

×(t− τ)β−1dτ
[ ∫ T

0

f1+β(s)η1(s)ds
]
||v||Mk,(a)

+ ||u0||Mk,(a)
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≤ C4T
βgmax

gmin

||v||Mk,(a)
+ ||u0||Mk,(a)

,

||Kv −Kṽ||Mk,(a)
≤ C4T

βgmax

gmin

||v − ṽ||Mk,(a)
, ∀v, ṽ ∈ Mk,(a).

Îòæå, iñíó¹ òàêå ÷èñëî T1 ∈ (0, T0], ùî K : Mk,(a) → Mk,(a), k ∈ N, k ≥ 2 i ¹

îïåðàòîðîì ñòèñêó ïðè T ∈ (0, T1). Çà òåîðåìîþ Áàíàõà ïðî íåðóõîìó òî÷êó ðiâíÿííÿ

u = Ku ìà¹ ¹äèíèé ðîçâ'ÿçîê u ∈ Mk,(a) äëÿ êîæíîãî k = 2, 3, . . . . Îòæå, ðiâíÿííÿ (9)

ìà¹ ¹äèíèé ðîçâ'ÿçîê u ∈ S̃γ,(a)(Q̄). Çà ëåìîþ 2, âèçíà÷åíà ôîðìóëàìè (9)) i (8) ïàðà

(u,R1) � ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2)�(4).

Ïîêàæåìî ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (2)-(4). Íåõàé (u1, R11), (u2, R12) � äâà ¨¨ ðîç-

â'ÿçêè, u = u1 − u2, R1 = R11 −R12. Òîäi ïàðà (u,R1) çàäîâîëüíÿ¹ çàäà÷ó

Dβ
t u− Au = g(t)R1(x), (x, t) ∈ Q,

u(x, 0) = 0,
1

T

∫ T

0

u(x, t)η1(t)dt = 0, x ∈ Rn.

Çà ëåìîþ 2 êîæíèé ðîçâ'ÿçîê u(x, t) öi¹¨ çàäà÷i çàäîâîëüíÿ¹ ðiâíÿííÿ (9) ïðè u0(x, t) =

0, (x, t) ∈ Q̄,

R1(x) = − 1

Tg1(T )

∫ T

0

[
(Au)(x, s) ∗ fβ(s)

] [
η1(s)ds, x ∈ Rn

]
. (10)

Çà äîâåäåíèì, iñíó¹ òàêå T1 > 0, ùî u(x, t) = 0 ((x, t) ∈ Q) � ¹äèíèé ðîçâ'ÿçîê

ðiâíÿííÿ (9) iç u0(x, t) = 0 ((x, t) ∈ Q) äëÿ êîæíîãî T ∈ (0, T1). Òîäi ç (10) îäåðæó¹ìî,

ùî R1 = 0 ó S̃γ,(a)(Rn).

Çàóâàæåííÿ 1. Ùîá çíàéòè R1 (çà ôîðìóëîþ (8)), äîñòàòíüî ðîçâ'ÿçàòè iíòåãðàëüíå

ðiâíÿííÿ (9) ïðè äîñòàòíüî ìàëîìó çíà÷åííi T > 0. Ïîòiì çíàõîäèìî ðîçâ'ÿçîê çàäà÷i

(2), (3) â Q ïðè äîâiëüíîìó ñêií÷åííîìó T > 0, âèêîðèñòîâóþ÷è ôîðìóëó

u(x, t) =

∫ t

0

dτ

∫
Rn

G0(x, t, y, τ)[R1(y)g(τ) +R2(y, τ)]dy

+

∫
Rn

G1(x, t, y)F1(y)dy, (x, t) ∈ Q̄. (11)

2.2. Íåõàé Cb(Rn) � ïðîñòið îáìåæåíèõ ôóíêöié â Rn, C0(Rn) � ïðîñòið íåïåðåðâíèõ

ôóíêöié iç Cb(Rn), ñïàäàþ÷èõ äî íóëÿ íà íåñêií÷åííîñòi,

M(Rn) = {v ∈ C0(Rn) ∩W 2
q,loc(Rn) (q > n) : Av ∈ C0(Rn)},

M(Q) = {v ∈ C2,β(Q̄) : v(·, t) ∈ M(Rn) ∀t ∈ [0, T ]}.

Òåîðåìà 3. Ïðè F1,Φ1 ∈ M(Rn), R2 ∈ M(Q), g, η1 ∈ C[0, T ] òà ïðèïóùåííi (B) iñíó¹

òàêå ÷èñëî T1 > 0, ùî äëÿ êîæíîãî T ∈ (0, T1) çàäà÷à (2)-(4) ìà¹ ¹äèíèé ðîçâ'ÿçîê

(u,R1) ∈ M(Q)×M(Rn). Êðiì òîãî, u � ðîçâ'ÿçîê ðiâíÿííÿ (9), R1 âèçíà÷åíà çãiäíî ç

(8).
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Äîâåäåííÿ. Iç ðåçóëüòàòiâ [13, 4] çà óìîâ òåîðåìè îäåðæó¹ìî îäíîçíà÷íó ðîçâ'ÿçíiñòü

çàäà÷i Êîøi (2), (3) ó M(Q). Iñíóâàííÿ é ¹äèíiñòü ðîçâ'ÿçêó (u,R1) ∈ M(Q) ×M(Rn)

îáåðíåíî¨ çàäà÷i (2)-(4) äîâîäèìî çà ñõåìîþ äîâåäåííÿ ïîïåðåäíüî¨ òåîðåìè.

Ïðèêëàä 1. Ïàðà

u(x1, x2, x3, t) =
tβ + 1

1 + x2
1 + x2

2 + x2
3

, R1(x) =
2(3− x2

1 − x2
2 − x2

3)

(1 + x2
1 + x2

2 + x2
3)

3
, (x, t) ∈ Q

¹ ðîçâ'ÿçêîì çàäà÷i (2)�(4) ó âèïàäêó n = 3, A(x,D) = ux1x1 + ux2x2 + ux3x3 ïðè çàäàíèõ

g(t) = tβ + 1, η1(t) = 1, R2(x1, x2, x3) =
Γ(β + 1)

1 + x2
1 + x2

2 + x2
3

,Φ1(x1, x2, x3) =
1

1 + x2
1 + x2

2 + x2
3

.

Ìà¹ìî P1 = 1, N1(x) =
Tβ

β+1
1

1+|x|2 , g1 =
Tβ

Γ(β+2)
+ Γ(β+1)T 2β

Γ(2β+2)
̸= 0.

Âèñíîâêè

Çíàéäåíî äîñòàòíi óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi îáåðíåíî¨ çàäà÷i âèçíà÷åííÿ çà-

ëåæíî¨ âiä ïðîñòîðîâèõ çìiííèõ êîìïîíåíòè ïðàâî¨ ÷àñòèíè ðiâíÿííÿ äèôóçi¨ ç äðîáî-

âîþ ïîõiäíîþ Äæðáàøÿíà-Êàïóòî çà ÷àñîì ó ïðîñòîðàõ òèïó Øâàðöà ãëàäêèõ øâèäêî

ñïàäàþ÷èõ ôóíêöié i øèðøîìó ïðîñòîði ãëàäêèõ, ñïàäàþ÷èõ äî íóëÿ íà íåñêií÷åííîñòi

ôóíêöié ïðè äîäàòêîâié iíòåãðàëüíié óìîâi.
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Lopushanska H.P., Lopushansky A.O. Regular Solution of the Inverse Problem with Integral

condition for a Time-Fractional Equation, Bukovinian Math. Journal. 8, 2 (2020), 103�113.

Direct and inverse problems for equations with fractional derivatives are arising in vari-

ous �elds of science and technology. The conditions for classical solvability of the Cauchy and

boundary-value problems for di�usion-wave equations with fractional derivatives are known.

Estimates of components of the Green's vector-function of the Cauchy problem for such equati-

ons are known.

We study the inverse problem of determining the space-dependent component of the right-

hand side of the equation with a time fractional derivative and known functions from Schwartz-

type space of smooth rapidly decreasing functions or with values in them. We also consider

such a problem in the case of data from some wider space of smooth, decreasing to zero at

in�nity functions or with values in them.

We �nd su�cient conditions for unique solvability of the inverse problem under the time-

integral additional condition

1

T

∫ T

0

u(x, t)η1(t)dt = Φ1(x), x ∈ Rn

where u is the unknown solution of the Cauchy problem, η1 and Φ1 are the given functions.

Using the method of the Green's vector function, we reduce the problem to solvability of an

integrodi�erential equation in a certain class of smooth, decreasing to zero at in�nity functions.

We prove its unique solvability.

There are various methods for the approximate solution of direct and inverse problems for

equations with fractional derivatives, mainly for the one-dimensional spatial case. It follows

from our results the method of constructing an approximate solution of the inverse problem in

the multidimensional spatial case. It is based on the use of known methods of constructing the

numerical solutions of integrodi�erential equations. The application of the Fourier transform

by spatial variables is e�ective for constructing a numerical solution of the obtained integrodi-

�erential equation, since the Fourier transform of the components of the Green's vector function

can be explicitly written.


