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Ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ çàãàëüíî¨ ïðèðîäè îäíîãî êëàñè÷íîãî ïàðàáîëi÷íîãî

ïñåâäîäèôåðåíöiàëüíîãî ðiâíÿííÿ ç îïåðàòîðîì Ì.Ðiñà äðîáîâîãî äèôåðåíöiþâàííÿ, ùî

äi¹ çà ïðîñòîðîâîþ çìiííîþ. Ïðè âiäïîâiäíèõ çíà÷åííÿõ ïîðÿäêó äðîáîâîãî äèôåðåíöiþ-

âàííÿ, öå ðiâíÿííÿ âiäîìå ùå ÿê ðiâíÿííÿ içîòðîïíî¨ ñóïåðäèôóçi¨. Âîíî ¹ ïðèðîäíié óçà-

ãàëüíåííÿì êëàñè÷íîãî ðiâíÿííÿ äèôóçi¨. Âiäîìî òàêîæ, ùî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê

çàäà÷i Êîøi äëÿ öüîãî ðiâíÿííÿ ¹ ãóñòèíîþ ðîçïîäiëó éìîâiðíîñòåé ñòiéêèõ ñèìåòðè÷íèõ

âèïàäêîâèõ ïðîöåñiâ Ï.Ëåâi. Ó ðîáîòi ïîêàçàíî, ùî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê öüîãî

ðiâíÿííÿ ¹ ðîçïîäiëîì éìîâiðíîñòåé ñèëè ëîêàëüíîãî âïëèâó ðóõîìèõ îá'¹êòiâ ó íåñòàöiî-

íàðíîìó ãðàâiòàöiéíîìó ïîëi, â ÿêîìó âçà¹ìîäiÿ ìiæ ìàñàìè ïiäïîðÿäêîâàíà âiäïîâiäíîìó

ïîòåíöiàëó Ì.Ðiñà. Ïðè öüîìó, êëàñè÷íîìó âèïàäêó ãðàâiòàöi¨ Íüþòîíà âiäïîâiäà¹ âiäî-

ìèé íåñòàöiîíàðíèé ðîçïîäië Æ.Õîëüöìàðêà.
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Âñòóï

Ðîçãëÿíåìî êëàñè÷íå ðiâíÿííÿ äèôóçi¨

∂tu(t;x)− b△xu(t;x) = 0, (t;x) ∈ Π(0;T ], (1)

â ÿêîìó Π(0;T ] := (0;T ]×Rn, △x � n-âèìiðíèé îïåðàòîð Ëàïëàñà, ùî äi¹ çà ïðîñòîðîâîþ

çìiííîþ x, à b > 0 � ôiêñîâàíèé ïàðàìåòð. Ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì çàäà÷i Êîøi

äëÿ (11) ¹ ôóíêöiÿ

G(t;x) = F
[
e−bt|ξ|2](t;x) ≡ (

√
4πbt)−ne−

|x|2
4bt , (t;x) ∈ Π(0;T ], (2)
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äå F � îïåðàòîð ïðåðåòâîðåííÿ Ôóð'¹, a | · | � åâêëiäîâà íîðìà â Rn. Ðiâíÿííÿ (11)

âiäiãðàëî âàæëèâó ðîëü ó ñòâîðåííi êëàñè÷íî¨ òåîði¨ ïàðàáîëi÷íèõ ðiâíÿíü ç ÷àñòèííèìè

ïîõiäíèìè, òîáòî äèôåðåíöiàëüíèõ ðiâíÿíü, ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi

äëÿ ÿêèõ âiäíîñíî çìiííî¨ x ìà¹ òèïîâi äëÿ G(t; ·) âëàñòèâîñòi ïîâåäiíêè íà íåñêií÷åí-

íîñòi [1, 2, 3, 4]. Òàêi ðiâíÿííÿ âèíèêàþòü ïðè âèâ÷åííi ðiçíîìàíiòíèõ ïðèðîäíè÷èõ

ïðîöåñiâ, ïîâ'ÿçàíèõ ç äèôóçi¹þ é òåïëîìàñîîáìiíîì.

Ðiâíÿííÿ (11) ìà¹ âiäíîøåííÿ é äî òåîði¨ âèïàäêîâèõ ïðîöåñiâ. Ôóíêöiÿ G(t; ·) �

ùiëüíiñòü éìîâiðíiñíîãî ïåðåõîäó âèïàäêîâîãî ïðîöåñó Âiíåðà [5] � äæåðåëà áàãàòüîõ

äèôóçiéíèõ ïðîöåñiâ.

Êëàñè÷íå ðiâíÿííÿ äèôóçi¨ (11) òàêîæ çíàõîäèòüñÿ ó âèòîêàõ ñó÷àñíî¨ òåîði¨ ïàðàáî-

ëi÷íèõ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü (ÏÄÐ) ç îäíîðiäíèìè òî÷êîâ-íåãëàäêèìè ñèì-

âîëàìè ïñåâäîäèôåðåíöiþâàííÿ. Çàìiíèâøè â êîíñòðóêöi¨ ðiâíÿííÿ (11) îïåðàòîð Ëàï-

ëàñà −△x íà îïåðàòîð Ðiñà [6] äðîáîâîãî äèôåðåíöiþâàííÿ Aα := (−△x)
α
2 , α > 0,

îäåðæèìî êëàñ ÏÄÐ

∂tu(t;x) + bAαu(t;x) = 0, (t;x) ∈ Π(0;T ], (3)

iç âiäïîâiäíèì ñèìâîëîì ïñåâäîäèôåðåíöiþâàííÿ | · |α, ÿêèé ïðè α = 2 ìiñòèòü âèõiäíå

ðiâíÿííÿ (11). Çîêðåìà, òîìó (3) ïðè âiäîâiäíèõ α óñïàäêóâàëî íàçâó "ðiâíÿííÿ içîòðî-

ïíî¨ ñóïåðäèôóçi¨” [7, c. 251].

Ôóíêöiÿ

Gα(t;x) = F
[
e−bt|ξ|α](t;x), (4)

¹ ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ ðiâíÿííÿ (3). Âèâ÷åííÿì âëàñòèâîñòåé

öi¹¨ ôóíêöi¨ çàéìàëîñÿ áàãàòî äîñëiäíèêiâ [8, 9, 10, 11, 12]. Ïðè öüîìó ç'ÿñóâàëîñÿ, ùî íà

âiäìiíó âiä êëàñè÷íîãî âèïàäêó α = 2ν, ν ∈ N, ôóíêöiÿ Gα(t; ·) ïðè íåïàðíèõ çíà÷åííÿõ
α ìà¹ âæå íå åêñïîíåíöiàëüíå ñïàäàííÿ íà íåñêií÷åííîñòi, à ñòåïåíåâå.

Ïðè äåÿêèõ α ðiâíÿííÿ (3) çíàõîäèòü âàæëèâå çàñòîñóâàííÿ â òåîði¨ âèïàäêîâèõ

ïðîöåñiâ. Îïåðàòîð Aα ïðè α ≤ 2 ¹ iíôiíiòåçèìàëüíèì îïåðàòîðîì ñèìåòðè÷íî ñòié-

êîãî ïðîöåñó Ï. Ëåâi ç ïåðåõiäíîþ ôóíêöi¹þ Gα [13, 14]. ßñêðàâèìè ïðåäñòàâíèêàìè

òàêèõ ïðîöåñiâ ¹ âèïàäêîâi ïðîöåñè Êîøi (α = 1), Õîëüöìàðêà (α = 3/2), Ãàóñà�Âiíåðà

(α = 2) òà ií. Ó ñó÷àñíié ëiòåðàòóði íàâåäåíî áàãàòî ïðèêëàäiâ ðåàëüíèõ çàñòîñóâàíü

ðîçïîäiëiâ Êîøi, Ãàóñà, Õîëüöìàðêà òà Ïåðåòî â àñòðîíîìi¨, ÿäåðíié ôiçèöi, åêîíîìiöi,

ñîöiîëîãi¨, ó ïðîìèñëîâié òà âiéñüêîâié ãàëóçÿõ [15, 16, 17, 18, 19, 20, 21, 22]. Êîæíå ç íèõ

õàðàêòåðèçó¹ ñòîõàñòè÷íi îñîáëèâîñòi ÏÄÐ (3) ïðè òîìó ÷è iíøîìó çíà÷åííi α ∈ (0; 2].

Ó äàíié ðîáîòi âñòàíîâëåíî çàãàëüíó ñòîõàñòè÷íó ïðèðîäó ðiâíÿííÿ (3) ïðè α ∈
(0; 2). Ïîêàçàíî, ùî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê Gα çàäà÷i Êîøi äëÿ öüîãî ðiâíÿííÿ

çà ïåâíèõ óìîâ íà ïàðàìåòð b ¹ ðîçïîäiëîì éìîâiðíîñòåé ñèëè F ëîêàëüíîãî âïëèâó

ðóõîìèõ îá'¹êòiâ ó ñèñòåìi, â ÿêié çâ'ÿçîê ìiæ îá'¹êòàìè îïèñó¹òüñÿ ïîòåíöiàëîì Ðiñà.

Çàçíà÷èìî, ùî âèïàäêó êëàñè÷íî¨ Íüþòîíiâñüêî¨ ãðàâiòàöi¨ âiäïîâiäà¹ ðiâíÿííÿ (3) ïðè

α = 3/2 (íåñòàöiîíàðíà çàäà÷à Õîëüöìàðêà).



Ïðî ïðèðîäó îäíîãî êëàñè÷íîãî ïñåâäîäèôåðåíöiàëüíîãî ðiâíÿííÿ 85

1 Çàäà÷à ïðî ëîêàëüíèé âïëèâ ðóõîìèõ îá'¹êòiâ

Ó âàêóóìíîìó Åâêëiäîâîìó ñåðåäîâèùi R3 ðîçãëÿäà¹òüñÿ çëi÷åííà ñèñòåìà îá'¹êòiâ

Zj, ÿêi âiëüíî ðóõàþòüñÿ, ïðè öüîìó, â êîæíîìó ç íèõ çîñåðåäæåíà ïåâíà ìàñà mj.

Ââàæàòèìåìî, ùî âçà¹ìîäiÿ ìiæ ìàñàìè â ñèñòåìi ïiäïîðÿäêîâàíà ïîòåíöiàëó Ì.Ðiñà

[6], òîáòî ãðàâiòàöiéíèé âïëèâ ìiæ ¨¨ äâîìà äîâiëüíèìè îá'¹êòàìè ìàñèM im îïèñó¹òüñÿ

ñòåïåíåâèì çàêîíîì

F = G
Mm

|r|β
r◦, β > 0. (5)

Òóò F � ñèëà âçà¹ìîäi¨, G � âàãîâà ñòàëà, r � âåêòîð âiäñòàíi ìiæ öèìè îá'¹êòàìè, à

r◦ := r/|r| � îðò âåêòîðà r.

Çàäà÷à ïîëÿãà¹ â äîñëiäæåííi ñèëè F (t) âïëèâó â ìîìåíò ÷àñó t íà îäèíèöþ ìàñè

îá'¹êòà Z0 öi¹¨ ñèñòåìè éîãî áëèçüêèì îòî÷åííÿì.

Îñêiëüêè F (t) � âåëè÷èíà ç âiäíîñíî øâèäêèìè, ðiçüêèìè âiäõèëåííÿìè, âèêëèêàíè-

ìè ìèòò¹âîþ çìiíîþ ëîêàëüíîãî ðîçïîäiëó îá'¹êòiâ ç îòî÷åííÿ Z0, òî äîöiëüíî ðîçãëÿäà-

òè F (t) ÿê âèïàäêîâó âåëè÷èíó.

Çíàéäåìî ðîçïîäiëW t
β(F ) äëÿ ñèëè F (t) çà íàñòóïíèõ ïðèïóùåíü. Ââàæàòèìåìî, ùî

ðîçïîäië îá'¹êòiâ ó îòî÷åííi Z0 ïiääà¹òüñÿ ôëóêòóàöiÿì i, ùî îá'¹êòè ç ðiçíîþ ìàñîþ m

çóñòði÷àþòüñÿ â ñèñòåìi ç äåÿêèì öiëêîì âèçíà÷åíèì, åìïiðè÷íî âñòàíîâëåíèì çàêîíîì.

Ïðè öüîìó, â êîæåí ìîìåíò ÷àñó t ôëóêòóàöi¨ ãóñòèíè îá'¹êòiâ ïiäïîðÿäêîâàíi óìîâi

ñòàëîñòi ¨õ ñåðåäíüî¨ ãóñòèíè íà îäèíèöþ îá'¹ìó:

n(t; r;m) ≡ n(t).

Íåõàé ðîçãëÿäóâàíèé îá'¹êò Z0 çíàõîäèòüñÿ â ïî÷àòêó êîîðäèíàò ñèñòåìè êîîðèäíàò

ïðîñòîðó R3, à åãî ñôåðè÷íå îòî÷åííÿ ðàäióñà R íà ìîìåíò ÷àñó t ìiñòèòü N(t) îá'¹êòiâ.

Òîäi, çãiäíî ç âèùå çàçíà÷åíèì,

F (t) = G

N(t)∑
j=1

pj
|rj|β+1

rj ≡
N(t)∑
j=1

Fj

i

N(t) =
4

3
πR3n(t). (6)

Ñïî÷àòêó äëÿ ôiêñîâàíîãî t ðîçãëÿíåìî ðîçïîäiëW t
β,R(F ) ó ñôåðè÷íîìó îêîëi ðàäió-

ñà R, ùî îõîïëþ¹ N(t) îá'¹êòiâ ñèñòåìè i çíàéäåìî éìîâiðíiñòü W t
β,R

(
F◦

)
dF◦ òîãî, ùî

âåëè÷èíà F (t) ïîòðàïëÿ¹ â êóá [F◦(t);F◦(t)+ dF◦(t)] ⊂ R3. Çàñòîñóâàâøè âiäîìèé ìåòîä

Ìàðêîâà õàðàêòåðèñòè÷íèõ ôóíêöié [20, c. 152], îäåðæèìî:

W t
β,R

(
F◦(t)

)
=

1

(2π)3

∫
R3

e−i(ξ,F◦(t))AR(ξ)dξ,

äå

AR(ξ) :=

N(t)∏
j=1

+∞∫
0

( ∫
KR(0)

ei(ξ,Fj)τj(t; rj; pj)drj

)
dpj.



86 Ëiòîâ÷åíêî Â.A.

Òóò (·, ·) � ñêàëÿðíèé äîáóòîê ó R3, KR(0) � êóëÿ ðàäióñà R ç öåíòðîì ó ïî÷àòêó êî-

îðäèíàò, à τj(t; rj; pj) � ðîçïîäië éìîâiðíîñòåé òîãî, ùî â ìîìåíò ÷àñó t j-òèé îá'¹êò ç

ïîòåíöiàëîì-ìàñîþ pj çíàõîäèòüñÿ â ïîëîæåííi rj. ßêùî òåïåð óðàõóâàòè, ùî ìàþòü

ìiñöå ëèøå ôëóêòóàöi¨, ñóìiñíi ç ïðîñòîðîâîþ ñòàëiñòþ ñåðåäíüî¨ ãóñòèíè, òî òîäi

τj(t; rj; pj) =
3τ(t; p)

4πR3
,

äå τ(t; p) � ÷àñòîòà, ç ÿêîþ çóñòði÷àþòüñÿ îá'¹êòè ç ðiçíèì ïîòåíöiàëîì ó ìîìåíò ÷àñó

t.

Çâiäñè ïðèõîäèìî äî ðiâíîñòi

AR(ξ) =

(
3

4πR3

+∞∫
0

( ∫
KR(0)

ei(ξ,η)τ(t; p)dr

)
dp

)N(t)

,

â ÿêié

η := Gpr/|r|β+1. (7)

Ñïðÿìóâàâøè òåïåð R → +∞ i N(t) → +∞, çãiäíî ç (6) îäåðæèìî:

W t
β(F ) =

1

(2π)3

∫
R3

e−i(ξ,F (t))A(t; ξ)dξ, (8)

äå

A(t; ξ) := lim
R→∞

[
3

4πR3

+∞∫
0

( ∫
KR(0)

ei(ξ,η)τ(t; p)dr

)
dp

]4πR3n(t)/3

.

Îñêiëüêè äëÿ êàæäîãî t

3

4πR3

+∞∫
0

( ∫
KR(0)

τ(t; p)dr

)
dp = 1,

òî

A(t; ξ) = lim
R→∞

[
1− 3

4πR3

+∞∫
0

( ∫
KR(0)

(1− ei(ξ,η))τ(t; p)dr

)
dp

]4πR3n(t)/3

. (9)

Äàëi, àáñîëþòíà çáiæíiñòü ó (9) iíòåãðàëà çi çìiííîþ iíòåãðóâàííÿ r íà âñüîìó ïðî-

ñòîði R3 ïðè β > 3/2 äîçâîëÿ¹ çàïèñàòè ðiâíiñòü (9) ó âèãëÿäi

A(t; ξ) = lim
R→∞

[
1− 3

4πR3

+∞∫
0

(∫
R3

(1− ei(ξ,η))τ(t; p)dr

)
dp

]4πR3n(t)/3

,

à âiäòàê, äiñòàòè çîáðàæåííÿ

A(t; ξ) = e−n(t)Bβ(t;ξ), (10)
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â ÿêîìó

Bβ(t; ξ) :=

+∞∫
0

(∫
R3

(1− ei(ξ,η))τ(t; p)dr

)
dp.

Çíàéäåìî çíà÷åííÿ iíòåãðàëüíîãî âèðàçó ç ïîïåðåäíüî¨ ðiâíîñòi. Äëÿ öüîãî â éîãî

âíóòðiøíüîìó iíòåãðàëi ïåðåéäåìî âiä çìiííî¨ r äî η çãiäíî ç ïðàâèëîì (7), à âiäòàê,

äî ñôåðè÷íî¨ ñèñòåìè êîîðäèíàò ç âiññþ àïïëiêàò, ñïðÿìîâàíîþ â íàïðÿìêó âåêòîðà ξ,

îäåðæèìî:

Bβ(t; ξ) =
4π(G|ξ|)3/β < m3/β >

β

+∞∫
0

(ρ− sin ρ)ρ−2−3/βdρ.

Òóò < m3/β > � ñåðåäí¹ çíà÷åííÿ âåëè÷èíè m3/β, ùî âiäïîâiäà¹ ðîçãëÿäóâàíîìó çàêîíó

ðîçïîäiëó îá'¹êòiâ ó äàíié ñèñòåìi.

Çàçíà÷èìî, ùî iíòåãðàë ç îñòàííüî¨ ðiâíîñòi çáiãà¹òüñÿ ëèøå ïðè β > 3
2
. Çiíòåãðóâàâ-

øè éîãî ÷àñòèíàìè, ïðèéäåìî äî çîáðàæåííÿ

Bβ(ξ; t) =
4βπI(β)

3(β + 3)
(G|ξ|)3/β < m3/β >, t ≥ 0, ξ ∈ R3, β > 3/2, (11)

â ÿêîìó

I(β) :=


β

3−β
Γ(2− 3/β) cos (2−3/β)π

2
, 3

2
< β < 3,

π
2
, β = 3,

Γ(1− 3/β) sin (1−3/β)π
2

, β > 3

(òóò Γ(·) � ãàììà-ôóíêöiÿ Åéëåðà).

Îá'¹äíóþ÷è ðiâíîñòi (8), (10) i (11), îñòàòî÷íî çíàõîäèìî, ùî

W t
β(F ) =

1

(2π)3

∫
R3

e−i(ξ,F (t))e−aβ(t)|ξ|3/βdξ,

äå

aβ(t) :=
4βπI(β)

3(β + 3)
G3/βn(t) < m3/β > .

Îòæå, ïðàâèëüíå òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ âñi ïðèïóùåííÿ, çðîáëåíi â öüîìó ïóíêòi. Òîäi äëÿ

êàæäîãî β > 3/2 ôóíêöèÿ

W t
β(F ) = F−1

[
e−aβ(t)|ξ|3/β

]
(t;F ), (12)

¹ ðîçïîäiëîì éìîâiðíîñòåé ñèëè F (t) ëîêàëüíîãî âïëèâó ðóõîìèõ îá'¹êòiâ ó ñèñòåìi ç

âçà¹ìîäi¹þ, ïiäïîðÿäêîâàíîþ ñòåïåíåâîìó çàêîíó (5).

2 Çâ'ÿçîê ç ïñåâäîäèôåðåíöiàëüíèì ðiâíÿííÿì

Ïîðiâíþþ÷è ðiâíîñòi (4) i (12), çàìiòèìî ïîäiáíiñòü ñòðóêòóðè ðîçïîäiëó éìîâiðíîñ-

òåéW t
β(·) òà ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó Gα(·) çàäà÷i Êîøi äëÿ ÏÄÐ (3). Öÿ ïîäiáíiñòü
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íàøòîâõó¹ íà äóìêó, ùî ôóíêöiÿ W t
β(·) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (3) ïðè α = 3/β ç âiäïî-

âiäíèì êîåôiöi¹íòîì b. Ïåðåêîíà¹ìîñü ó öüîìó.

Ïðèïóñòèìî, ùî êîåôiöi¹íò ëîêàëüíî¨ ôëóêòóàöi¨ aβ(·) íà ïðîìiæêó (0;T ] ¹ äîäàò-

íèì i íåïåðåðâíî äèôåðåíöiéîâíèì. Áåçïîñåðåäíüî ç [11] âèïëèâà¹, ùî äëÿ âñiõ β > 3/2

ôóíêöiÿW t
β(x) íà ìíîæåíi (0;T ]×R3 äèôåðåíöiéîâíà çà t i íåñêií÷åííî äèôåðåíöiéîâíà

çà çìiííîþ x, ïðè÷îìó äëÿ ¨¨ ïîõiäíèõ âèêîíóþòüñÿ îöiíêè:

|∂k
xW

t
β(x)| ≤ c1t(t

β
3 + |x|)−(3+|k|+ 3

β
); (13)

|∂t∂k
xW

t
β(x)| ≤ c2t

β−1(t
β
3 + |x|)−(3+|k|+ 3

β
),

ç äåÿêèìè äîäàòíèìè ñòàëèìè c1 i c2.

Îöiíêà (13) çàáåçïå÷ó¹ íàëåæíiñòü W t
β(·) äî êëàñó Ëåáåãà L1(R3) ïðè êàæíîì ôiêñî-

âàíîìó t ∈ (0;T ], ùî â ñâîþ ÷åðãó ãàðàíòó¹ iñíóâàííÿ ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨W t
β(·)

òà âèêîíàííÿ ïðè t ∈ (0;T ] i ξ ∈ R3 ðiâíîñòi

F[W t
β(x)](t; ξ) = e−aβ(t)|ξ|

3
β
. (14)

Çàôiêñó¹ìî äîâiëüíî t ∈ (0;T ] i äëÿ △t ̸= 0 ðîçãëÿíåìî

W t+△t
β (x)−W t

β(x) =
1

(2π)3

∫
R3

e−i(x,ξ)−aβ(t)|ξ|
3
β
(
e−(aβ(t+△t)−aβ(t))|ξ|

3
β − 1

)
dξ. (15)

Çãiäíî ç òåîðåìîþ Ëàãðàíæà ïðî ñêií÷åííi ïðèðîñòè, ìà¹ìî

aβ(t+△t)− aβ(t) = a′β(t+ θ△t)△t, θ ∈ (0; 1).

Çâiäñè, âðàõóâàâøè íåïåðåðâíiñòü a′β(·), äiñòàíåìî ïîêîìïàêòíó ðiâíîìiðíó çáiæíiñòü:(
e−(aβ(t+△t)−aβ(t))|ξ|

3
β − 1

)
/△t

ξ∈K0(R)

⇒
△t→0

− a′β(t)|ξ|
3
β (∀R > 0). (16)

Êðiì öüîãî, ñêîðèñòàâøèñü ùå ðàç òåîðåìîþ Ëàãðàíæà, çíàéäåìî:∣∣∣(e−(a′β(t+θ△t)|ξ|
3
β

)
△t − 1

)
/△t

∣∣∣ = ∣∣a′β(t+ θ△t)
∣∣|ξ| 3β e−a′β(t+θ△t)|ξ|

3
β (θ̂△t) ≤ a|ξ|

3
β ea|△t||ξ|

3
β
,

θ̂ ∈ (0; 1), a := sup
t∈[0;T ]

|a′β(t)|.

Òîäi äëÿ âñiõ 0 < |△t| ≤ aβ(t)/(2a) i ξ ∈ R3 âèêîíóþòüñÿ îöiíêè:

e−aβ(t)|ξ|
3
β
∣∣∣(e−(aβ(t+△t)−aβ(t))|ξ|

3
β − 1

)
/△t

∣∣∣ ≤ a|ξ|
3
β e−(aβ(t)−a|△t|)|ξ|

3
β ≤

≤ 4ae−
aβ(t)

4
|ξ|

3
β
sup
ρ>0

{ρe−ρ}. (17)

Ñïiââiäíîøåííÿ (16) i (17) çàáåçïå÷óþòü ïðàâèëüíiñòü ðiâíîñòi

lim
△t→0

∫
R3

e−i(x,ξ)−aβ(t)|ξ|
3
β e−(aβ(t+△t)−aβ(t))|ξ|

3
β − 1

△t
dξ =

∫
R3

e−i(x,ξ)−aβ(t)|ξ|
3
β ×
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× lim
△t→0

{
e−(aβ(t+△t)−aβ(t))|ξ|

3
β − 1

△t

}
dξ,

çãiäíî ç ÿêîþ ç (15) ïðèõîäèìî äî

∂tW
t
β(x) = −

a′β(t)

(2π)3

∫
R3

|ξ|
3
β e−i(x,ξ)−aβ(t)|ξ|

3
β
dξ, t ∈ (0;T ], ξ ∈ R3.

Óðàõóâàâøè òåïåð (14), îñòàòî÷íî çíàéäåìî:

∂tW
t
β(x) = −a′β(t)F−1

[
|ξ|

3
βF[W t

β](t; ξ)
]
(t;x), t ∈ (0;T ], x ∈ R3.

Òàêèì ÷èíîì, ðîçïîäië W t
β(·) ïðè β > 3/2 ¹ êëàñè÷íèì ðîçâ'ÿçêîì ðiâíÿííÿ

∂tu(t;x) + a′β(t)Aαu(t;x) = 0, t ∈ (0;T ], x ∈ R3, (18)

äðîáîâîãî ïîðÿäêó α = 3/β.

Äàëi, ç'ÿñó¹ìî ïèòàííÿ ïðî iñíóâàííÿ ãðàíè÷íîãî çíà÷åííÿ ðîçïîäiëó W t
β(·) ó òî÷öi

t = 0. Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê aβ(0) ̸= 0. Çãiäíî ç ðiâíiñòþ (14) òà âiäîìîþ

ôîðìóëîþ ïåðåòâîðåííÿ Ôóð'¹ çãîðòêè åëåìåíòiâ êëàñó L1(R3), ìà¹ìî:

F[W t
β](t; ξ) = e

−
t∫
0

a′β(τ)dτ |ξ|
α

· e−aβ(0)|ξ|α = F[Ĝα](t; ξ) · F[W 0
β ](t; ξ) = F[Ĝα ∗W 0

β ](t; ξ),

àáî, ùî òå ñàìå,

W t
β(x) =

(
Ĝα ∗W 0

β

)
(t;x), t ∈ (0;T ], x ∈ R3,

äå

Ĝα(t; ·) := F−1

[
e
−

t∫
0

a′β(τ)dτ |ξ|
α
]
(t; ·).

Äëÿ êîæíî¨ íåïåðåðâíî¨ îáìåæåíî¨ íà R3 ôóíêöi¨ φ(·) âèêîíó¹òüñÿ ãðàíè÷íå ñïiââiä-
íîøåííÿ [11] (

Ĝα ∗ φ
)
(t; ·) →

t→+0
φ(·). (19)

Çâiäñè, âðàõóâàâøè íåñêií÷åííó äèôåðåíöiéîâíiñòü òà îìåæåíiñòü íà R3 ôóíêöi¨

W 0
β (·), ïðèõîäèìî äî âèêîíàííÿ ñïiââiäíîøåííÿ

W t
β(·) →

t→+0
W 0

β (·). (20)

Òàêèì ÷èíîì, ðîçïîäië W t
β(·) � êëàñè÷íèé ðîçâ'ÿçîê çàäà÷i Êîøi (18), (20).

Íåõàé òåïåð aβ(0) = 0, òîäi

aβ(t) =

t∫
0

a′β(τ)dτ, t ∈ (0;T ].

Çâiäñè, çãiäíî ç (14), îäåðæèìî ðiâíiñòü

W t
β(·) = Ĝα(t; ·), t ∈ (0;T ]. (21)
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Ñïiââiäíîøåííÿ (19) õàðàêòåðèçó¹ âëàñòèâiñòü ”δ-ïîäiáíîñòi” ôóíêöi¨ Ĝα(t; ·) ó ïðîñ-
òîði S ′ ðîçïîäiëiâ Øâàðöà [23]:

Ĝα(t; ·) →
t→+0

δ(·) (22)

(òóò δ(·) � äåëüòà-ôóíêöiÿ Äiðàêà). Òîìó ïðè aβ(0) = 0 ðîçïîäië W t
β(·) ¹ ðîçâ'ÿçêîì

çàäà÷i Êîøi (18), (22), ÿêèé ó çâè÷àéíîìó ðîçóìiííi çàäîâîëüíÿ¹ ðiâíÿííÿ (18), à ïî-

÷àòêîâó óìîâó (22) � ó ñåíñi ñëàáêî¨ çáiæíîñòi â ïðîñòîði S ′.

Ïiäñóìó¹ìî âèùåçàçíà÷åíå ó âèãëÿäi íàñòóïíîãî òâåðäæåííÿ.

Òåîðåìà 2. Íåõàé β > 3/2 i aβ(·) � äîäàòíà íåïðåðâíî äèôåðåíöiéîâíà ôóíêöiÿ íà

ïðîìiæêó [0;T ], òîäi ðîçïîäië éìîâiðíîñòåé W t
β(·) íà ìíîæèíi (0;T ]×R3 ¹ êëàñè÷íèì

ðîçâ'ÿçêîì çàäà÷i Êîøi (18), (20) ïðè aβ(0) ̸= 0. À ó âèïàäêó aβ(0) = 0, W t
β(·) � ôóíäà-

ìåíòàëüíèé ðîçâ'ÿçîê öi¹¨ çàäà÷i äëÿ ðiâíÿííÿ (18).

Çàóâàæåííÿ 1. Ðiâíiñòü (21) ðîçêðèâà¹ ôiçè÷íèé çìiñò ôóíäàìåíòàëüíîãî ðîçâ'ÿç-

êó çàäà÷i Êîøi äëÿ ÏÄÐ (18): Ĝα � ïåðâèííèé ðîçïîäië éìîâiðíîñòåé ëîêàëüíîãî âïëè-

âó íà ðîçãëÿäóâàíèé îá'¹êò ç áîêó éîãî ðóõîìîãî îòî÷åííÿ, ÿêèé õàðàêòåðèçó¹ öåé

ïðîöåñ ç ñàìîãî ïî÷àòêó éîãî âèíåêíåííÿ, òîáòî ç òîãî ìîìåíòó, êîëè â îòî÷åííi

îá'¹êòà âïåðøå ç'ÿâèëèñÿ åëåìåíòè ëîêàëüíîãî âïëèâó.

Çàóâàæåííÿ 2. ÏÄÐ (18) ïåðåòâîðþ¹òüñÿ ó êëàñè÷íå ðiâíÿííÿ äèôóçi¨ ïðè β =

3/2. Ïðîòå çíà÷åííÿ β = 3/2 õî÷à i ¹ ãðàíè÷íèì äëÿ iíòåðâàëà (3/2;+∞) çáiæíîñòi

âèïàäêîâèõ ïðîöåñiâ ëîêàëüíîãî âïëèâó ðóõîìèõ îá'¹êòiâ, àëå öié ìíîæèæíi íå íàëå-

æèòü. Öå îçíà÷à¹, ùî ïðîöåñ êëàñè÷íî¨ äèôóçi¨ âiäáóâà¹òüñÿ çà çàêîíàìè, ÿêi ìàþòü

äåùî iíøó ïðèðîäó íiæ çàêîíè âèïàäêîâèõ çàâèõðåíü ëîêàëüíîãî âïëèâó ðóõîìèõ îá'¹ê-

òiâ, õî÷à âîíè ãðàíè÷íî áëèçüêi.
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Litovchenko V.À. On the nature of a classical pseudodi�erential equation, Bukovinian Math.

Journal. 8, 2 (2020), 83�92.

The work is devoted to the study of the general nature of one classical parabolic pseudodi-

�erential equation with the operator M.Rice of fractional di�erentiation. At the corresponding

values of the order of fractional di�erentiation, this equation is also known as the isotropic
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superdi�usion equation. It is a natural generalization of the classical di�usion equation. It is

also known that the fundamental solution of the Cauchy problem for this equation is the density

distribution of probabilities of stable symmetric random processes by P.Levy. The paper shows

that the fundamental solution of this equation is the distribution of probabilities of the force of

local in�uence of moving objects in a nonstationary gravitational �eld, in which the interaction

between masses is subject to the corresponding potential of M.Rice. In this case, the classical

case of Newton's gravity corresponds to the known nonstationary J.Holtsmark distribution.


