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Äîñëiäæåíî ïîëiíîìiàëüíi i ðàöiîíàëüíi âiäîáðàæåííÿ, åêâiâàëåíòíi êóñêîâî-ëiíiéíèì

i òàêi, ùî ìàþòü iíâàðiàíòíó ìiðó. Ïîêàçàíî, ùî iíâàðiàíòíié ìíîæèíi äåÿêîãî âiäîáðà-
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Âñòóï

Ðîçãëÿíåìî íåïåðåðâíå âiäîáðàæåííÿ y = f(x) âiäðiçêà [a, b] â ñåáå. Çà äîïîìîãîþ
öüîãî âiäîáðàæåííÿ ìîæíà çàäàòè ðiçíèöåâå ðiâíÿííÿ xi+1 = f(xi). Íåðóõîìîþ òî÷êîþ
öüîãî âiäîáðàæåííÿ íàçèâà¹òüñÿ òàêå ÷èñëî x0, ùî f(x0) = x0. Òî÷êà x0 íàçèâà¹òüñÿ
ïåðiîäè÷íîþ ïåðiîäó m, ÿêùî fm(x0) = x0, f i(x0) ̸= x0 ïðè 0 < i < m. ßêùî òî÷êà x0
ïåðiîäè÷íà ïåðiîäó m, òî êîæíà iç òî÷îê xi = f i(x0), 1 ≤ i ≤ m − 1, òàêîæ áóäå ïåði-
îäè÷íîþ i òî÷êè x0, x1, . . . , xm−1 óòâîðþþòü ïåðiîäè÷íó òðà¹êòîðiþ àáî öèêë ïåðiîäó
m.

Öÿ ñòàòòÿ ïðèñâÿ÷åíà äîñëiäæåííþ äåÿêèõ êëàñiâ êîìóòóþ÷èõ âiäîáðàæåíü, ùî ìà-
þòü iíâàðiàíòíó ìiðó íà âiäðiçêó i åêâiâàëåíòíi êóñêîâî-ëiíiéíèì. Àíàëîãi÷íi çàäà÷i
áóëî ðîçãëÿíóòî â [6]. Äî äîñëiäæåííÿ iíâàðiàíòíèõ ìíîæèí äåÿêèõ âiäîáðàæåíü çàñòî-
ñîâàíî p-àäè÷íi ÷èñëà. Êîìóòóþ÷i ïîëiíîìè âèâ÷àëèñÿ Æþëià i Ôàòó, à êîìóòóþ÷i
ðàöiîíàëüíi ôóíêöi¨ Ðiòòîì ìàéæå ñòî ðîêiâ íàçàä [1, 2]. Öi ðåçóëüòàòè áóëî óçàãàëüíå-
íî íà âèïàäîê âiäîáðàæåíü â n-âèìiðíîìó ïðîñòîði. Ïðè äîñëiäæåííi óíiâåðñàëüíîñòi
Ôåéãåíáàóìà [4, 8, 9] ïðèðîäíî âèíèêàþòü p-àäè÷íi ÷èñëà.

Ðîçãëÿíåìî íåëiíiéíå âiäîáðàæåííÿ iç çëi÷åííèì ÷èñëîì öèêëiâ. Öå âiäîáðàæåííÿ
áóäåìî çàäàâàòè çà äîïîìîãîþ äåÿêîãî ïîëiíîìà ×åáèøîâà Tn(x) = cos(n arccosx), x ∈
[−1, 1], äå n ≥ 2.
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Ðîçãëÿíåìî ôóíêöiþ H(x) = − cos
π(x+ 1)

2
. Öÿ ôóíêöiÿ ãîìåîìîðôíî âiäîáðàæà¹

âiäðiçîê [−1, 1] â ñåáå. Îáåðíåíå âiäîáðàæåííÿ ìà¹ âèãëÿä H−1(y) = 1− 2

π
arccos y, y ∈

[−1; 1].

Çà äîïîìîãîþ ãîìåîìîðôiçìó H ìîæíà ïîáóäóâàòè êóñêîâî-ëiíiéíå âiäîáðàæåííÿ
fn, åêâiâàëåíòíå âiäîáðàæåííþ Tn fn(x) = H−1(Tn(H(x))).

Çíà÷åííÿ ôóíêöi¨ fn(x) áóäóòü ïåðiîäè÷íî ïîâòîðþâàòèñÿ íà âiäðiçêó [−1, 1] ç ïåðiî-

äîì
4

n
. Îòæå, ãðàôiêîì ôóíêöi¨ fn(x) áóäå êóñêîâî-ëiíiéíå çóá÷àòå âiäîáðàæåííÿ.

Îñêiëüêè âiäîáðàæåííÿ Tn i fn ñïðÿæåíi, òî ñïðÿæåíi (àáî åêâiâàëåíòíi) i äèíàìi÷íi
ñèñòåìè, ïîðîäæåíi öèìè âiäîáðàæåííÿìè.

Çíàéäåìî íåðóõîìi òî÷êè âiäîáðàæåííÿ Tn iç ðiâíÿííÿ Tn(x) = x. Îñòàíí¹ ðiâíÿííÿ
ïåðåïèøåìî ó âèãëÿäi cos(n arccosx) − cos arccos x = 0. Çîáðàçèâøè ðiçíèöþ ó âèãëÿäi

äîáóòêó, îäåðæèìî sin

(
n+ 1

2
arccosx

)
sin

(
n− 1

2
arccosx

)
= 0.

Ñïî÷àòêó ðîçâ'ÿæåìî ðiâíÿííÿ

sin

(
n+ 1

2
arccosx

)
= 0. (1)

Çâiäñè îäåðæèìî
n+ 1

2
arccosx = rπ, x = cos

2rπ

n+ 1
, r ∈ Z. Àëå 0 ≤ arccosx ≤ π,

òîìó r ∈

{
0, 1, 2, . . . ,

[
n+ 1

2

]}
.

Ðîçâ'ÿæåìî ðiâíÿííÿ

sin

(
n− 1

2
arccosx

)
= 0. (2)

Çâiäñè çíàõîäèìî
n− 1

2
arccosx = lπ, x = cos

2lπ

n+ 1
, l ∈ Z. Óìîâà 0 ≤ 2lπ

n− 1
≤ π

âèêîíó¹òüñÿ, ÿêùî l ∈

{
0, 1, . . .

[n
2
− 1

]}
. Çíà÷åííÿ x = 1 çàäîâîëüíÿ¹ ðiâíÿííÿ (1) i

(2), iíøi ðîçâ'ÿçêè öèõ ðiâíÿíü íå çáiãàþòüñÿ.
Îòæå, ìè çíàéøëè n äiéñíèõ êîðåíiâ ðiâíÿííÿ Tn(x) = x ïðè n ≥ 2. Ðîçãëÿíåìî

òåïåð ðiçíèöåâå ðiâíÿííÿ xi+1 = Tn(xi). Ìè âèçíà÷èëè n íåðóõîìèõ òî÷îê öüîãî ðiâíÿí-
íÿ.

Âiäîáðàæåííÿ x → Tn(x) ìà¹ çëi÷åííå ÷èñëî öèêëiâ. Ïîëiíîì n-ãî ñòåïåíÿ íå ìî-
æå ìàòè áiëüøå öèêëiâ ïåðiîäó m, íiæ ïîëiíîì Tn(x). Ó öüîìó óíiêàëüíiñòü ïîëiíîìiâ
×åáèøîâà.

Âiäîáðàæåííÿ x→ Tn(x) ìà¹ iíâàðiàíòíó ìiðó

µ(dx) = dH−1(x) =
2dx

π
√
1− x2

, (3)

àáñîëþòíî íåïåðåðâíó âiäíîñíî ìiðè Ëåáåãà.
Ó çàãàëüíîìó âèïàäêó äîñëiäæåííÿ ïîëiíîìiàëüíèõ âiäîáðàæåíü ñòàíîâèòü ñîáîþ

äîñèòü ñêëàäíó çàäà÷ó. Òîìó äàëi áóäåìî ðîçãëÿäàòè âiäîáðàæåííÿ

f(x) = λx(1− x). (4)
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Äëÿ âiäîáðàæåííÿ (4) ìîæíà äîñëiäèòè áiôóðêàöiþ öèêëiâ ïðè çìiíi ïàðàìåòðà λ
[4].

Ôóíêöiÿ (4) âiäîáðàæà¹ ïðè 0 < λ ≤ 4 âiäðiçîê [0, 1] â ñåáå.
ßêùî 0 < λ ≤ 1, òî íà âiäðiçêó [0, 1] ¹ òiëüêè îäíà íåðóõîìà òî÷êà x = 0 i âîíà

ïðèòÿãóþ÷à. Ïðè λ > 1 íåðóõîìà òî÷êà x = 0 ñòà¹ âiäøòîâõóþ÷îþ i ïîÿâëÿ¹òüñÿ ùå
îäíà íåðóõîìà òî÷êà β1. ßêùî 1 < λ ≤ 3, òî òî÷êà β1 áóäå ïðèòÿãóþ÷îþ. Ïðè ïåðåõîäi
ïàðàìåòðà λ ÷åðåç çíà÷åííÿ λ = 3 âiäáóâà¹òüñÿ íîâà áiôóðêàöiÿ: íåðóõîìà òî÷êà x = β1
iç ïðèòÿãóþ÷î¨ ïåðåòâîðþ¹òüñÿ ó âiäøòîâõóþ÷ó i âiä íå¨ íàðîäæó¹òüñÿ ïðèòÿãóþ÷èé
öèêë ïåðiîäó 2. Ïðè λ > 1 +

√
6 âiäáóâà¹òüñÿ áiôóðêàöiÿ íàðîäæåííÿ öèêëó ïåðiîäó 4 i

ò.ä.
Âiäîáðàæåííþ (4) âiäïîâiäà¹ ðiçíèöåâå ðiâíÿííÿ

yi+1 = λyi(1− yi). (5)

Çðîáèâøè ó ðiâíÿííi (5) ëiíiéíó çàìiíó yi =
xi
λ
+
1

2
, îäåðæèìî ðiâíÿííÿ xi+1 =

λ(λ− 2)

4
−

x2i . Ïîçíà÷èâøè 4a = λ(λ− 2), çàïèøåìî îñòàíí¹ ðiâíÿííÿ ó âèãëÿäi

xi+1 = a− x2i . (6)

Âiäçíà÷èìî, ùî ïðè λ = 4 (a = 2) âiäîáðàæåííÿ (4) åêâiâàëåíòíå ïîëiíîìó ×åáèøîâà
T2(x) = 2x2 − 1. Êðiì òîãî, äî âèãëÿäó (5) àáî (6) çâîäèòüñÿ ðiâíÿííÿ ç äîâiëüíîþ
êâàäðàòíîþ íåëiíiéíiñòþ â ïðàâié ÷àñòèíi.

Çà äîïîìîãîþ ãðîìiçäêèõ îá÷èñëåíü ìîæíà çíàéòè çíà÷åííÿ a =
7

4
, ïðè ÿêîìó âiä-

áóâà¹òüñÿ áiôóðêàöiÿ öèêëó ïåðiîäó 3. Ïåðåâiðèìî öå. Ïîçíà÷èìî f(x) =
7

4
− x2, òîäi

äëÿ ïåðiîäè÷íèõ òî÷îê ïåðiîäó 3 ìà¹ìî ðiâíÿííÿ f 3(x)− x = 0, àáî x8 − 7x6 +
119

8
x4 −

147

16
x2+x− 7

256
= 0.Ùîá âèêëþ÷èòè íåðóõîìi òî÷êè, ðîçäiëèìî ëiâó ÷àñòèíó îñòàííüîãî

ðiâíÿííÿ íà x− f(x) = x2 + x− 7

4
. Òîäi îäåðæèìî ðiâíÿííÿ

x6 − x5 − 17

4
x4 +

10

4
x3 +

79

16
x2 − 9

16
x+

1

64
= 0. (7)

Ðiâíÿííÿ (7) ìà¹ êðàòíi êîðåíi, òîìó çîáðàçèìî ëiâó ÷àñòèíó öüîãî ðiâíÿííÿ ó âè-
ãëÿäi (x3 + bx2 + cx+ d)2.

Çà äîïîìîãîþ ìåòîäó íåâèçíà÷åíèõ êîåôiöi¹íòiâ çíàõîäèìî b = −1

2
, c = −9

4
, d =

1

8
.

Îòæå, ðiâíÿííÿ (7) åêâiâàëåíòíå ðiâíÿííþ

x3 − 1

2
x2 − 9

4
x+

1

8
= 0. (8)

Ðiâíÿííÿ (8) ìà¹ êîðåíi x1 ≈ 0, 0538, x2 ≈ 1, 747, x3 ≈ −1, 302, ÿêi óòâîðþþòü öèêë
ïåðiîäó 3 âiäîáðàæåííÿ f(x). Ïîçíà÷èìî ÷åðåç I0 âiäêðèòèé iíòåðâàë I0 = (−x1, x1).
Ëåãêî ïåðåêîíàòèñÿ (îá÷èñëåííÿì íà êîìï'þòåði àáî áåçïîñåðåäíüîþ ïåðåâiðêîþ), ùî
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f 3I0 ⊂ I0, îñêiëüêè f 3(0) ∈ I0. Òî÷êà x0 ¹ ïðèòÿãóþ÷îþ íåðóõîìîþ òî÷êîþ âiäîáðàæåí-
íÿ f 3 íà iíòåðâàëi I0. Äëÿ äîâiëüíî¨ òî÷êè x0 ∈ I0 âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

lim
n→∞

f 3n(x0) = x1.

Îòæå, ìè ìà¹ìî öèêë iíòåðâàëiâ ïåðiîäó 3 ç öåíòðàëüíèì iíòåðâàëîì I0. Ïîçíà÷èìî
÷åðåç I âiäðiçîê I = [x,−x], äå x < 0 � íåðóõîìà òî÷êà âiäîáðàæåííÿ f . Ìíîæèíà
∞∪
i=0

f−iI0 ñêëàäà¹òüñÿ ç òèõ i òiëüêè òèõ òî÷îê iíòåðâàëà I, ÿêi ïðèòÿãóþòüñÿ öèêëîì

ïåðiîäó 3. Îñêiëüêè mes P = mesI [4], òî öèêë x1, x2, x3 ïðèòÿãó¹ ìàéæå âñi òî÷êè iç I.
Ìíîæèíà I\P ãîìåîìîðôíà ìíîæèíi Êàíòîðà.

Çàäà÷à çíàõîäæåííÿ íàéïðîñòiøèõ âiäîáðàæåíü, åêâiâàëåíòíèõ êóñêîâî-ëiíiéíèì
âiäîáðàæåííÿì, òiñíî ïîâ'ÿçàíà ç çàäà÷åþ ïîáóäîâè âñiõ ïàð êîìóòóþ÷èõ ðàöiîíàëü-
íèõ ôóíêöié, òîáòî ôóíêöié f1, f2 òàêèõ, ùî f1 ◦ f2 = f2 ◦ f1.

Æþëià i Ôàòó äîâåëè, ùî êîìóòóþ÷èìè ïîëiíîìàìè ç òî÷íiñòþ äî ëiíiéíîãî ñïðÿæå-
ííÿ áóäóòü òiëüêè ïîëiíîìè zn, Tn(x), −Tn(x). Ó ïåðøîìó âèïàäêó ìíîæèíîþ Æþëià
áóäå îäèíè÷íå êîëî |z| = 1, ó äâîõ iíøèõ � âiäðiçîê [−1, 1].

Ìîæíà äîâåñòè, ùî âiäîáðàæåííÿ x→ −Tn(x) åêâiâàëåíòíå êóñêîâî-ëiíiéíîìó âiäîá-
ðàæåííþ x→ −fn(x) ç ãîìåîìîðôiçìîì H(x). Ïðè ïàðíîìó n ïîëiíîìè Tn(x) òà −Tn(x)
åêâiâàëåíòíi. Âiäîáðàæåííÿ x → −Tn(x) ìà¹ iíâàðiàíòíó ìiðó (3) i çëi÷åííå ÷èñëî öè-
êëiâ, ÿêi ìîæíà çíàéòè íàâåäåíèì âèùå ìåòîäîì.

Ðiòòîì [1] áóëî ïîêàçàíî, ùî êîìóòóþ÷i ðàöiîíàëüíi âiäîáðàæåííÿ f(x) ñòåïåíÿ,
áiëüøîãî çà 1, ÿêi íå ìàþòü ñïiëüíî¨ iòåðàöi¨, çàäîâîëüíÿþòü ñïiââiäíîøåííÿ φ(αx +

β) = f(φ(x)), ïðè÷îìó ôóíêöiÿ φ ç òî÷íiñòþ äî äðîáîâî-ëiíiéíîãî ïåðåòâîðåííÿ ìîæå
ìàòè âèãëÿä 1)φ(x) = exp x; 2)φ(x) = cos x; 3)φ(x) = P (x, 1, τ); 4)φ(x) = P 2(x, 1, i);

5)φ(x) = P ′(x, 1, w); 6)φ(x) = (P ′)2(x, 1, w), äå P (x,w1, w2) � åëiïòè÷íà ôóíêöiÿ Âåé¹ð-
øòðàññà ç ïåðiîäàìè w1, w2; i =

√
−1, w = eπi/3, Im τ > 0.

Iíøå äîâåäåííÿ íàâåäåíî â [2]. Êîæíîìó âèïàäêó âiäïîâiäàþòü ñâî¨ âiäîáðàæåííÿ
Λ(x) = αx + β. Íàïðèêëàä, ó âèïàäêó 1) ìà¹ìî Λ(x) = nx, ó âèïàäêó 2) Λ(x) = nx,

Λ(x) = nx+
1

2
, n ∈ Z, |n| > 1. Ó âèïàäêàõ 3) � 6) ìíîæèíà Æþëià çáiãà¹òüñÿ iç C.

Âèäiëèìî äåÿêi êîìóòóþ÷i ðàöiîíàëüíi ôóíêöi¨, ÿêi íà âiäðiçêó äiéñíî¨ îñi áóäóòü
åêâiâàëåíòíèìè êóñêîâî-ëiíiéíèì âiäîáðàæåííÿì.

Âèçíà÷èìî ôóíêöiþ g ñïiââiäíîøåííÿì P (nx, 1, τ) = g(P (x, 1, τ)), n ∈ Z, n ≥ 2.

Åëiïòè÷íó ôóíêöiþ Âåé¹ðøòðàññà âèðàçèìî ÷åðåç åëiïòè÷íèé ñèíóñ ßêîái P (x, 1, τ) =

e3 +
λ2

sn2(λx)
[3], òîäi îäåðæèìî e3 +

λ2

sn2(nλx)
= g

(
e3 +

λ2

sn2(λx)

)
.

Ôóíêöiÿ

f(x) = λ2
[
g

(
e3 +

λ2

x

)
− e3

]−1

åêâiâàëåíòíà ôóíêöi¨ g(x) i çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ sn2(nλx) = f(sn2(λx)). Òàêà
ôóíêöiÿ f(x) íå çàëåæèòü âiä âèáîðó ñòàëî¨ λ, òîìó âèáåðåìî çàìiñòü λ ïîâíèé åëiïòè÷-
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íèé iíòåãðàë

λ = K =

π/2∫
0

dψ√
1− k2 sin2 ψ

,

òîäi
sn2(nKx) = f(sn2(Kx)). (9)

Ðîçãëÿíåìî òàê çâàíèé íîðìàëüíèé âèïàäîê, êîëè 0 < k < 1. Òîäi ôóíêöiÿ H(x) =

sn2(Kx) ãîìåîìîðôíî âiäîáðàæà¹ âiäðiçîê [0, 1] â ñåáå. Îáåðíåíà ôóíêöiÿ ìà¹ âèãëÿä

H−1(x) =
1

K

arcsin
√
x∫

0

dψ√
1− k2 sin2 ψ

.

Âèêîðèñòîâóþ÷è (9), ïîáóäó¹ìî ôóíêöiþ r(x) = H−1(f(H((x))) = H−1
(
sn 2(nKx)

)
.

Ôóíêöiÿ r(x) ¹ ïåðiîäè÷íîþ íà âiäðiçêó [0, 1] ç ïåðiîäîì
2

n
, òîìó ãðàôiêîì ôóíêöi¨ r(x)

áóäå êóñêîâî-ëiíiéíå çóá÷àòå âiäîáðàæåííÿ, åêâiâàëåíòíå ðîçãëÿíóòîìó ðàíiøå fn(x).
Âiäîáðàæåííÿ x→ f(x) ìà¹ àáñîëþòíî íåïåðåðâíó iíâàðiàíòíó ìiðó

µ(dx) = dH−1(x) =
dx

2K
√
x(1− x)(1− k2x)

.

Çàóâàæèìî, ùî àíàëiòè÷íèé âèðàç äëÿ ôóíêöi¨ f(x) ìîæíà îäåðæàòè iç òåîðåìè

äîäàâàííÿ. Òàê, ïðè n = 2 çíàõîäèìî f(x) =
4x(1− x)(1− k2x)

(1− k2x2)2
.

Àíàëîãi÷íi âëàñòèâîñòi ìà¹ âiäîáðàæåííÿ x→ 1− f(x).
Òåïåð âèçíà÷èìî ôóíêöiþ g ñïiââiäíîøåííÿì P 2(nx, 1, i) = g(P 2(x, 1, i)). Ôóíêöiþ

P (x, 1, i) âèðàçèìî ÷åðåç åëiïòè÷íèé ñèíóñ P (x, 1, i) = −e1 +
2e1

sn 2
√
2e1x

.

Ïîçíà÷èìî H(x) =
e21

P 2(x, 1, i)
, f(x) =

e21
g(e21/x)

, òîäi ôóíêöiÿ f(x) çàäîâîëüíÿ¹ ñïiâ-

âiäíîøåííÿ H(nx) = f(H(x)). Âèáåðåìî 2e1 = K2, äå

K =

π/2∫
0

dψ√
1− 0, 5 sin2 ψ

.

Òîäi ôóíêöiÿ H(x) ãîìåîìîðôíî âiäîáðàæà¹ âiäðiçîê [0, 1] â ñåáå. Ôóíêöiÿ f(x) åêâiâà-
ëåíòíà êóñêîâî-ëiíiéíîìó çóá÷àòîìó âiäîáðàæåííþ r(x) = H−1(f(H(x))).

Çà äîïîìîãîþ H(x) ìîæíà âèçíà÷èòè öèêëè âiäîáðàæåííÿ x→ f(x). Öå âiäîáðàæå-

ííÿ ìà¹ àáñîëþòíî íåïåðåðâíó iíâàðiàíòíó ìiðó µ(dx) = dH−1(x) =
dx

2
√
2Kx3/4

√
1− x

.

Ïðè n = 2 ôóíêöiÿ f(x) ìà¹ âèãëÿä f(x) =
16x(x− 1)2

(x+ 1)4
.

Âiäîáðàæåííÿ (4) âiäíîñèòüñÿ äî êëàñó óíiìîäàëüíèõ âiäîáðàæåíü. Âèêëàäåìî ìåòî-
äè ñèìâîëi÷íî¨ äèíàìiêè äëÿ òàêèõ âiäîáðàæåíü.
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Íåõàé f : I → I � óíiìîäàëüíå âiäîáðàæåííÿ, I = I1 ∪ I2, íà iíòåðâàëi I1 ôóíêöiÿ
f(x) ìîíîòîííî çðîñòà¹, íà iíòåðâàëi I2 � ìîíîòîííî ñïàäà¹, c � òî÷êà åêñòðåìóìó.

Âèçíà÷èìî àäðåñó òî÷êè x ∈ I :

A(x) =


Is, x ∈ Is, x ̸= c,

c, x = c.

Ìàðøðóò � öå ïîñëiäîâíiñòü àäðåñ Af (x) = (A0, A1, A2, . . .), äå A0 = A(x), Ak = A(fk(x)),
k ≥ 1. Îïåðàöiþ çñóâó σ íà ïðîñòîði îäíîñòîðîííiõ ïîñëiäîâíîñòåé (A0, A1, A2, . . .) âè-
çíà÷èìî ðiâíiñòþ σ(A0, A1, A2, . . .) = (A1, A2, . . .). Âiäîáðàæåííÿ f i çñóâ σ çâ'ÿçàíi ðiâ-
íiñòþ σ(Af (x)) = Af (f(x)).

Ïðè ïîáóäîâi ñèìâîëi÷íî¨ äèíàìiêè êîðèñíî âðàõîâóâàòè íå òiëüêè àäðåñè A(fn(x)),
àëå i çìiíó îði¹íòàöi¨ [4].

Ïîñòàâèìî ó âiäïîâiäíiñòü iíòåðâàëàì Is çíàêè ε(I1) = +1, ε(I2) = −1, ε(c) = 0.
Ðàçîì ç ìàðøðóòîì Af (x) = (A0, A1, A2, . . .) ðîçãëÿíåìî ïîñëiäîâíiñòü θf (x) = (θ0, θ1,

θ2, . . .), äå θ0 = ε0, θ1 = ε0ε1, . . . , θn = ε0ε1 . . . εn, εi = ε(Ai). Çíàê ε0ε1 . . . εn−1 âiäïîâiäà¹
ëîêàëüíié ïîâåäiíöi fn â îêîëi òî÷êè x, à ñàìå ðiâíèé +1, −1, àáî 0, ÿêùî fn âiäïîâiäíî
çðîñòà¹, ñïàäà¹, àáî ìà¹ åêñòðåìóì â òî÷öi x.

Ìîæíà äîâåñòè, ùî âiäîáðàæåííÿ x→ θf (x) ¹ ìîíîòîííèì.
Iç ìîíîòîííîñòi âèïëèâà¹, ùî â êîæíié òî÷öi x iñíó¹ ãðàíèöÿ ñïðàâà θf (x+) i çëiâà

θf (x
−).
Íåõàé σ � çñóâ íà ìíîæèíi Σ îäíîñòîðîííiõ ïîñëiäîâíîñòåé ç àëôàâiòîì {−1, 1}.

Äëÿ α = (α0, α1, α2, . . .) ∈ Σ i β0 ∈ {−1, 1} âèçíà÷èìî β0α = (β0α0, β0α1, β0α2, . . .). Òîäi
σ(θf (x)) = θ0(x)θf (f(x)).

Ïîçíà÷èìî C =
∪
i≥0

f−i(c), Σ′ = θf (x)|x ∈ I\C. Òîäi ìíîæèíà Σ′ áóäå iíâàðiàíòíîþ

âiäíîñíî ïåðåòâîðåííÿ σ′ : (θ0, θ1, θ2, . . .) → θ0(θ1, θ2, . . .).
Äàìî îïèñ òåîði¨ iíâàðiàíòiâ ïåðåìiøóâàííÿ (òåîði¨ íiäiíãiâ [4]) ó çìiíåíié ôîðìi.
Äëÿ öüîãî ñèìâîëàì θi = +1 ïîñòàâèìî ó âiäïîâiäíiñòü ñèìâîëè θi = 0, à ñèìâîëàì

θi = −1 ïîñòàâèìî ó âiäïîâiäíiñòü θi = 1. Òîäi ïîñëiäîâíîñòi θf (x) áóäå âiäïîâiäàòè
çàïèñ äåÿêîãî ÷èñëà ó äâiéêîâié ñèñòåìi ÷èñëåííÿ x = θ02

−1 + θ12
−2 + θ22

−3 + . . . , à
ïåðåòâîðåííþ σ′ áóäå âiäïîâiäàòè âiäîáðàæåííÿ

g(x) =


2x, x ∈

[
0,

1

2

]
,

2(1− 2x), x ∈
[
1

2
, 1

]
.

(10)

Âiäçíà÷èìî, ùî âiäîáðàæåííÿ g(x) åêâiâàëåíòíå ôóíêöi¨ f2(x), à òàêîæ äðóãîìó ïîëiíî-
ìó ×åáèøîâà T2(x).

Ïîñëiäîâíîñòi θf (c−) âiäïîâiäà¹ äåÿêå ÷èñëî ν ≤ 1

2
. Äåÿêi çíà÷åííÿ θf (y) ¹ íåïðèïóñ-

òèìèìè äëÿ ôóíêöi¨ f(y). Âiäïîâiäíî, äëÿ ôóíêöi¨ g(x) áóäóòü íåïðèïóñòèìèìè çíà÷åí-
íÿ x ∈ (ν, 1− ν), à òàêîæ âñi çíà÷åííÿ x, òàêi, ùî gn(x) ∈ (ν, 1− ν) ïðè äåÿêîìó n ≥ 0.
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Ïîçíà÷èìî M =
∪
n≥0

g−n(ν, 1 − ν), òîäi âñi çíà÷åííÿ x ∈ [0, 1]\M ¹ ïðèïóñòèìèìè.

×èñëî ν òàêîæ ìîæå íàáóâàòè íå âñiõ çíà÷åíü.
Íàçâåìî g � ïðèïóñòèìèì ÷èñëî ν, äëÿ ÿêîãî ïðè âñiõ n ≥ 0 âèêîíó¹òüñÿ íåðiâíiñòü∣∣∣∣∣gn(ν)− 1

2

∣∣∣∣∣ ≥ 1

2
− ν.

Çîáðàçèìî ÷èñëî x ó äâiéêîâié ñèñòåìi ÷èñëåííÿ x = 0, x1x2x3 . . ., äå xi = 0 àáî 1 i
ïåðåïèøåìî âiäîáðàæåííÿ (10) ó âèãëÿäi

g(x) =


0, x2x3 . . . xi . . . , x1 = 0,

0, x̄2x̄3 . . . x̄i . . . , x1 = 1,

äå x̄i = 1− xi.
Ñòðóêòóðà ìíîæèíè ïðèïóñòèìèõ ïîñëiäîâíîñòåé (ïðèïóñòèìèõ ÷èñåë) áóëà äîñëiä-

æåíà Äæîíêåðîì i Ðåíäîì [4].

Ðîçãëÿíåìî ðàöiîíàëüíå ÷èñëî β, 0 ≤ β ≤ 1

2
, ÿêå ó äâiéêîâié ñèñòåìi ÷èñëåííÿ

β = 0, β1β2β3 . . . βmβ1β2β3 . . . βm . . . ìà¹ ìiíiìàëüíèé ïåðiîä m i ïîçíà÷èìî

β(1) = 0, β1β2 . . . βmβ̄1β̄2 . . . β̄mβ1β2 . . . βmβ̄1β̄2 . . . β̄m . . . .

×èñëî β áóäåìî íàçèâàòè ïåðiîäè÷íèì ïåðiîäó m, ÷èñëî β(1) � àíòèïåðiîäè÷íèì ïåðiîäó
m. Ïðè n > 1 âèçíà÷èìî iíäóêòèâíî ÷èñëî β(n) = (β(n−1))(1). Éîãî ïåðiîä ðiâíèé m2n.

Êîæíå ïåðiîäè÷íå ÷èñëî α ¹ ïðèïóñòèìèì òîäi i òiëüêè òîäi, êîëè α(1) ïðèïóñòèìå.
ßêùî äëÿ äåÿêîãî ïåðiîäè÷íîãî α âèêîíó¹òüñÿ íåðiâíiñòü α < β < α(1), òî β íå ¹
ïðèïóñòèìèì.

Ïîçíà÷èìî ÷åðåç µ(k) ïðèïóñòèìå ÷èñëî, ùî ¹ ìiíiìàëüíèì ñåðåä g-ïðèïóñòèìèõ
ïåðiîäè÷íèõ ÷èñåë ïåðiîäó k.

Âèêîíóþòüñÿ íåðiâíîñòi

µ(1) < µ(2) < µ(4) < . . . µ(2n) < . . . < µ(2n · 7) < µ(2n · 5) < µ(2n · 3) <

< . . . < µ(2 · 7) < µ(2 · 5) < µ(2 · 3) < . . . < µ(7) < µ(5) < µ(3). (11)

Âèïèøåìî ÷èñëà µ(2n): µ(1) = 0, 000 . . . , µ(2) = 0, 010101 . . . ,

µ(22) = 0, 011001100110 . . ., µ(2∞) = 0, 0110100110010110 . . . .

Âèçíà÷èìî âèãëÿä ÷èñåë µ(2nk). Íåõàé k = 2i + 3, i ≥ 0. Òîäi ÷èñëî µ(2nk) óòâî-
ðþ¹òüñÿ ïåðiîäè÷íèì ïîâòîðåííÿì ñêií÷åííîãî ëàíöþæêà α(2nk) äîâæèíîþ 2nk. Ïðè
n = 0 ìà¹ìî α(k) = α(2i + 3) = (0110101 . . . 01), äå ïàðà (01) ïîâòîðþ¹òüñÿ i ðàç. Ïðè
n ≥ 1 ìà¹ìî α(2nk) = α(2n−1k) · (01), äå ïðàâà ÷àñòèíà îçíà÷à¹ ëàíöþæîê, óòâîðåíèé iç
ëàíöþæêà α(2n−1k) çàìiíîþ êîæíî¨ öèôðè 0 íà 01, à öèôðè 1 íà 10.

Çãiäíî ç [4] óíiìîäàëüíå âiäîáðàæåííÿ, ïîðÿäîê ðîñòó ÿêîãî s(f) áiëüøèé 1, íàïiâ-
ñïðÿæåíå ç êóñêîâî-ëiíiéíèì âiäîáðàæåííÿì

Fs(x) =


sx, x ∈

[
0,

1

2

]
,

s− sx, x ∈
[
1

2
, 1

]
,
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äå 1 < s ≤ 2. Òî÷íiøå, iñíó¹ ìîíîòîííå íåïåðåðâíå âiäîáðàæåííÿ λ: [0, 1] → [0, 1] òàêå,
ùî Fs(λ(x)) = λ(f(x)) äëÿ âñiõ x ∈ [0, 1].

Ðîçãëÿíåìî äèôåðåíöiéîâíå âiäîáðàæåííÿ f : [0, 1] → [0, 1] òàêå, ùî f(c) = 1. Òîäi f
áóäå åêâiâàëåíòíèì F2(x) àáî äðóãîìó ïîëiíîìó ×åáèøîâà T2(x). Íåõàé ôóíêöiÿ λ(x)
äèôåðåíöiéîâíà íà iíòåðâàëi (0, 1). Òîäi äëÿ íåðóõîìî¨ òî÷êè x0 ∈ (0, 1) ôóíêöi¨ f(x)
âèêîíó¹òüñÿ ðiâíiñòü f ′(x0) = −2. Àíàëîãi÷íî, ÿêùî x0 � ïåðiîäè÷íà òî÷êà ïåðiîäó m,
òî äèôåðåíöiþþ÷è ðiâíiñòü Fm

2 (λ(x)) = λ(fm(x)) â òî÷öi x = x0, îäåðæèìî

f ′(x0)f
′(x1) . . . f

′(xm−1) = (−1)k2m, (12)

äå xi = f i(x0), i ∈ {1, 2, . . . ,m − 1}, k � êiëüêiñòü òî÷îê öèêëó, ùî íàëåæàòü iíòåðâàëó
I2. Îñêiëüêè ïåðiîäè÷íi òî÷êè òàêîãî âiäîáðàæåííÿ f(x) ðîçìiùåíi íà iíòåðâàëi [0, 1]
âñþäè ùiëüíî, òî ðiâíiñòü (12) íàêëàäà¹ ñèëüíi îáìåæåííÿ íà ôóíêöiþ f(x).

Òîìó ôóíêöiÿ λ(x) òàêà, ùî F2(λ(x)) = λ(f(x)) ìîæå áóòè íåäèôåðåíöiéîâíîþ â
ïåðiîäè÷íèõ òî÷êàõ. Âíàñëiäîê öüîãî óñêëàäíþ¹òüñÿ ïîáóäîâà ôóíêöi¨ λ(x). Îñêiëüêè
ôóíêöiÿ λ(x) ìîíîòîííà, òî çãiäíî ç òåîðåìîþ Ëåáåãà ìíîæèíà òî÷îê ðîçðèâó ¨¨ ïîõiäíî¨
ìà¹ íóëüîâó ìiðó Ëåáåãà [5].

Çíàéäåìî çíà÷åííÿ s, ïðè ÿêèõ âiäáóâà¹òüñÿ áiôóðêàöiÿ öèêëiâ âiäîáðàæåííÿ Fs

ïåðiîäó k ó âiäïîâiäíîñòi ç ïîðÿäêîì (11). Îäíà iç òî÷îê öèêëó áóäå çáiãàòèñÿ ç òî÷êîþ

x0 =
1

2
. Iòåðàöi¨ òî÷êè x0 áóäóòü ïîïàäàòè íà iíòåðâàëè

[
0,

1

2

]
i

[
1

2
, 1

]
ó òîìó æ ïîðÿäêó,

ùî é iòåðàöi¨ òî÷êè µ(k) ïiä äi¹þ âiäîáðàæåííÿ g.
Òîìó íàéìåíøå çíà÷åííÿ s, ïðè ÿêîìó iñíó¹ öèêë ïåðiîäó k = 2i + 3, çàäîâîëüíÿ¹

ðiâíÿííÿ
sk−1 − sk−2 − sk−3 + sk−4 − sk−5 + . . .+ s− 1 = 0. (13)

Âiäçíà÷èìî, ùî çíàêè êîåôiöi¹íòiâ ðiâíÿííÿ (13) ÷åðãóþòüñÿ â òîìó æ ïîðÿäêó, ùî é
öèôðè 0 i 1 ó çàïèñó ëàíöþæêà α(k). Ðiâíÿííÿ (13) ìà¹ ¹äèíèé ðîçâ'ÿçîê íà iíòåðâàëi
(1; 2).

Àíàëîãi÷íî ìîæíà ïîêàçàòè, ùî áiôóðêàöiÿ öèêëó ïåðiîäó m = 2k, k = 2i + 3,
âiäáóâà¹òüñÿ ïðè çíà÷åííi s = r, ùî çàäîâîëüíÿ¹ ðiâíÿííÿ

(r − 1)(r2k−2 − r2k−4 − r2k−6 + r2k−8 − r2k−10 + . . .+ r2 − 1) = 0. (14)

Çàóâàæèìî, ùî ìiæ ðîçâ'ÿçêîì r ∈ (1, 2) ðiâíÿííÿ (14) i ðîçâ'ÿçêîì s ∈ (1, 2) ðiâíÿííÿ
(13) iñíó¹ ïðîñòèé çâ'ÿçîê r =

√
s.

Áiôóðêàöiÿ öèêëó ïåðiîäó m = 2nk, k = 2i+3, âiäáóâà¹òüñÿ ïðè s = r, ùî çàäîâîëü-
íÿ¹ ðiâíÿííÿ

(r − 1)(r2 − 1) . . . (r2
n−1 − 1)(r2

n(k−1) − r2
n(k−2)−

−r2n(k−3) + r2
n(k−4) − r2

n(k−5) + . . .+ r2
n − 1) = 0. (15)

Ïðè ìåíøèõ çíà÷åííÿõ s âiäîáðàæåííÿ Fs íå ìà¹ öèêëiâ ïåðiîäó m. Òóò çáåðiãà¹òüñÿ
âiäïîâiäíiñòü ìiæ êîåôiöi¹íòàìè ðiâíÿííÿ (15) i ëàíöþæêîì α(2nk). Ðîçâ'ÿçîê r ∈ (1; 2)

ðiâíÿííÿ (15) ìîæíà âèðàçèòè ÷åðåç ðîçâ'ÿçîê s ∈ (1; 2) ðiâíÿííÿ (13) çà ôîðìóëîþ
r = s2

−n

. Ïðè s = 22
−n

, n > 1, âiäîáðàæåííÿ Fs ìà¹ öèêë iíòåðâàëiâ ïåðiîäó 2n−1.
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Äëÿ âiäîáðàæåííÿ Fs, âèêîðèñòîâóþ÷è ìåòîäè ñèìâîëi÷íî¨ äèíàìiêè, ìîæíà ÿâíî
âèïèñàòè âñi öèêëè.

Âiäçíà÷èìî, ùî ν(Fs) íàáóâà¹ íå âñiõ ïðèïóñòèìèõ çíà÷åíü. Íàïðèêëàä, ïðè âñiõ s
ìà¹ìî ν(Fs) ̸= ν(k), k = 1, 2, . . ., äå ν(k) � àíòèïåðiîäè÷íå ÷èñëî äëÿ äåÿêîãî ν ∈ P ′. Äëÿ
êâàäðàòíîãî âiäîáðàæåííÿ (4) àáî âiäîáðàæåííÿ

f(x) = a− x2 (16)

ν(f) áóäå íàáóâàòè âñiõ ïðèïóñòèìèõ çíà÷åíü.
Ñòàíîâèòü iíòåðåñ âèâ÷åííÿ âiäîáðàæåííÿ (16) ïðè a = a∗ = 1, 40155 . . .. Ó öüîìó

âèïàäêó âiäîáðàæåííÿ (16) ìà¹ öèêëè ïåðiîäiâ óñiõ ñòåïåíiâ äâiéêè i íå ìà¹ öèêëiâ
iíøèõ ïåðiîäiâ. Ïðè çáiëüøåííi a äî çíà÷åííÿ a∗ âiäáóâàþòüñÿ áiôóðêàöi¨ ïîäâî¹ííÿ,
äëÿ ÿêèõ ñïðàâäæó¹òüñÿ óíiâåðñàëüíiñòü Ôåéãåíáàóìà [8].

Ïðè äîñëiäæåííi óíiìîäàëüíèõ âiäîáðàæåíü ïðèðîäíèì ÷èíîì âèíèêàþòü p-àäè÷íi
÷èñëà [7]. Íàïðèêëàä, äëÿ âiäîáðàæåííÿ (16) ïðè a = a∗ âèíèêàþòü 2-àäè÷íi ÷èñëà.
Äàìî äåÿêi îçíà÷åííÿ p-àäè÷íèõ ÷èñåë.

Íåõàé p � äåÿêå ïðîñòå ÷èñëî. Äëÿ äîâiëüíîãî íåíóëüîâîãî öiëîãî ÷èñëà a ïîçíà÷èìî
÷åðåç ordpa êðàòíiñòü âõîäæåííÿ p ó ðîçêëàä a íà ïðîñòi ìíîæíèêè, òîáòî íàéáiëüøå
öiëå íåâiä'¹ìíå ÷èñëî m, äëÿ ÿêîãî a ≡ 0(mod pm). Äëÿ äîâiëüíîãî ðàöiîíàëüíîãî ÷èñëà

x =
a

b
ïîçíà÷èìî ordpx = ordpa− ordpb.

Âèçíà÷èìî íà ïîëi Q ðàöiîíàëüíèõ ÷èñåë p-àäè÷íó íîðìó

|x|p =


p−ordpx, x ̸= 0,

0, x = 0.

(17)

Íîðìà (17) ¹ íåàðõiìåäîâîþ.
Çà äîïîìîãîþ íîðìè (17) ìîæíà ïîïîâíèòè ïîëå Q äî ïîëÿ Qp p-àäè÷íèõ ÷èñåë,

ïðè¹äíàâøè äî ðàöiîíàëüíèõ ÷èñåë ¨õ âñåìîæëèâi ãðàíèöi çà íîðìîþ (17). Òîäi êîæíå
p-àäè÷íå ÷èñëî ìîæíà çàïèñàòè ó âèãëÿäi x = b−mp

−m + · · · + b0 + b1p + b2p
2 + . . . , äå

÷èñëà bk, k ∈ {−m,−m+1, . . . , 0, 1, 2, . . . }, m ∈ Z, ìîæóòü íàáóâàòè çíà÷åíü 0, 1, 2, . . . ,

p − 1. ßêùî b−m ̸= 0, òî |x|p = pm. Íåõàé Zp = {a ∈ Qp

∣∣∣ |a|p ≤ 1}. Åëåìåíòè b ∈ Zp

íàçèâàþòüñÿ öiëèìè p-àäè÷íèìè ÷èñëàìè i ìîæóòü áóòè ðîçêëàäåíi â ðÿä

b = b0 + b1p+ b2p
2 + . . . . (18)

Íàä ïîëåì Qp ïðèðîäíèì ÷èíîì âèçíà÷àþòüñÿ ìàòåìàòè÷íi îïåðàöi¨. Íàïðèêëàä,
ïðè äîäàâàííi äâîõ öiëèõ p-àäè÷íèõ ÷èñåë âèãëÿäó (18) òðåáà äîäàòè ¨õ i-òi ðîçðÿäè, à
îäèíèöþ ïåðåïîâíåííÿ ïåðåíåñòè â (i+ 1)-é ðîçðÿä.

Âiäîáðàæåííÿ (16) ïðè a = a∗ íàáóäå âèãëÿäó

f(x) = a∗ − x2. (19)

Ïîçíà÷èìî k = 2n, xn = fk(0), n ∈ {0, 1, 2, . . .}. Âiäîáðàæåííÿ (19) ìà¹ öèêë iíòåðâà-
ëiâ ïåðiîäó 2n, n ∈ {0, 1, 2, . . .} ç öåíòðàëüíèì iíòåðâàëîì Ixn,xn+1 , äå Ix,y ðiâíèé [x, y],
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ÿêùî x < y i [y, x], ÿêùî x > y. Íàïðèêëàä, öèêë iíòåðâàëiâ ïåðiîäó 1 {[f 2(0), f(0)]}
ñêëàäà¹òüñÿ ç îäíîãî iíâàðiàíòíîãî iíòåðâàëà. Öèêë iíòåðâàëiâ ïåðiîäó 2 {[f 2(0), f 4(0)],
[f 3(0), f(0)]} ñêëàäà¹òüñÿ ç äâîõ iíòåðâàëiâ, ÿêi îäåðæóþòüñÿ, ÿêùî ç iíòåðâàëà [f 2(0),

f(0)] âèêèíóòè iíòåðâàë (f 4(0), f 3(0)). Öèêë iíòåðâàëiâ ïåðiîäó 4 {[f 8(0), f 4(0)], [f 5(0),
f(0)], [f 2(0), f 6(0)], [f 3(0), f 7(0)]} îäåðæèìî, ÿêùî iç iíòåðâàëà [f 2(0), f 4(0)] âèêèíóòè
iíòåðâàë (f 6(0), f 8(0)), à iç iíòåðâàëà [f 3(0), f(0)] âèêèíóòè iíòåðâàë (f 7(0), f 5(0)). Öþ
ïðîöåäóðó ìîæíà ïðîäîâæóâàòè äî íåñêií÷åííîñòi. Ó ãðàíèöi îäåðæèìî äåÿêó ìíîæè-
íó Φ, ãîìåîìîðôíó ñòàíäàðòíié ìíîæèíi Êàíòîðà. Öÿ ìíîæèíà Φ à òàêîæ öèêëè ïåði-
îäiâ 2n, n ∈ {0, 1, 2, . . .} ¹ iíâàðiàíòíèìè ìíîæèíàìè âiäîáðàæåííÿ (19).

Êîæíîìó öiëîìó 2-àäè÷íîìó ÷èñëó

k = k0 + 2k1 + 22k2 + . . . , (20)

äå ki ∈ {0, 1}, ìîæíà ïîñòàâèòè ó âiäïîâiäíiñòü äåÿêèé åëåìåíò x ∈ Φ. ßêùî kn = 0

ïðè n ≥ n0, òî ÷èñëî k áóäå öiëèì ðàöiîíàëüíèì ÷èñëîì i éîìó âiäïîâiäà¹ åëåìåíò
fk(0) ∈ Φ. ßêùî ðÿä (20) íåñêií÷åííèé, òî k ìîæíà íàáëèçèòè â 2-àäè÷íié íîðìi öiëèìè
ðàöiîíàëüíèìè ÷èñëàìè mn = k0 + 2k1 + . . . + 2nkn i ââàæàòè, ùî k âiäïîâiäà¹ äiéñíå
÷èñëî x = lim

n→∞
fmn(0). Îñòàííÿ ãðàíèöÿ iñíó¹, ïðè÷îìó x ∈ Φ. Âiäïîâiäíiñòü ìiæ öiëèìè

2-àäè÷íèìè ÷èñëàìè i x ∈ Φ ¹ âçà¹ìíî îäíîçíà÷íîþ.
Âiäîáðàæåííþ (19) íà ìíîæèíi Φ âiäïîâiäà¹ âiäîáðàæåííÿ h(k) = k+ 1 íà ìíîæèíi

Z2 öiëèõ 2-àäè÷íèõ ÷èñåë. Âiäîáðàæåííÿ h ¹ ãîìåîìîðôiçìîì íà ìíîæèíi Z2, îáåðíåíå
âiäîáðàæåííÿ ìà¹ âèãëÿä h−1(k) = k − 1.

Âiäïîâiäíiñòü ìiæ äåÿêîþ iíâàðiàíòíîþ ìíîæèíîþ âiäîáðàæåííÿ (16) i ìíîæèíîþ
Z2 ìîæíà îäåðæàòè òàêîæ i ïðè iíøèõ çíà÷åííÿõ ïàðàìåòðà a.

Ðîçãëÿíåìî ôóíêöiîíàëüíå ðiâíÿííÿ

fp(ax) = af(x), (21)

äå x ∈ [−1, 1], f(0) = 1. Â [8, 4] äîâåäåíî iñíóâàííÿ óíiìîäàëüíîãî, ïàðíîãî, àíàëiòè÷íî-
ãî íà [−1, 1] ðîçâ'ÿçêó, ïðè÷îìó a ∈ (−1, 0).

Âñòàíîâèìî äåÿêi âëàñòèâîñòi ðîçâ'ÿçêó f(x) ðiâíÿííÿ (21).
Ëåìà. Ïðè âñiõ n ∈ N âèêîíó¹òüñÿ ðiâíiñòü

fpn(0) = afn(0). (22)

Äëÿ äîâåäåííÿ âèêîðèñòà¹ìî iíäóêöiþ âiäíîñíî n. Ïiäñòàâèâøè â (21) x = 0 îäåðæè-
ìî fp(0) = af(0) = a. Íåõàé ðiâíiñòü (22) âèêîíó¹òüñÿ ïðè n = k. Òîäi iç ðiâíÿííÿ (21)
çíàõîäèìî fp(afk(0)) = afk+1(0) àáî fp(k+1)(0) = afk+1(0). Ëåìà äîâåäåíà.

ßêùî x0 ∈ (0, 1) � íåðóõîìà òî÷êà âiäîáðàæåííÿ x→ f(x), òî çãiäíî ç (21) îäåðæèìî
fp(ax0) = af(x0) = ax0, à òàêîæ fpn(anx0) = anx0, n ≥ 1, òîáòî anx0 ¹ ïåðiîäè÷íîþ
òî÷êîþ âiäîáðàæåííÿ x→ f(x) ïåðiîäó pn.

Çàóâàæèìî, ùî f 2(0) < 0. Ñïðàâäi, ÿêùî f 2(0) ≥ 0, òî fk(0) ≥ 0 ïðè âñiõ k ≥ 1. Öå
ñóïåðå÷èòü íåðiâíîñòi fp(0) = a < 0.

Ïîçíà÷èìî ÷åðåç Ix,y âiäðiçîê [x, y], ÿêùî x < y, àáî âiäðiçîê [y, x], ÿêùî y < x.
Äîâåäåìî, ùî ôóíêöiÿ f(x) ìà¹ öèêë iíòåðâàëiâ ïåðiîäó p ç öåíòðàëüíèì iíòåðâàëîì
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J (p) = Ifp
o ,f

2p
0
, äå fk

0 = fk(0). Ñïðàâäi, fp
0 = a < 0, f 2p

0 = af 2
0 > 0, òîìó 0 ∈ J (p). Ïiä äi¹þ

âiäîáðàæåííÿ f(x) öåíòðàëüíèé iíòåðâàë J (p) áóäå ïîñëiäîâíî ïåðåõîäèòè â iíòåðâàëè
If1

0 ,f
p+1
0
, . . . , Ifp−1

0 ,f2p−1
0

.

Àíàëîãi÷íî ìîæíà ïîêàçàòè, ùî iñíó¹ öèêë iíòåðâàëiâ ïåðiîäó pn, n ≥ 1, ç öåíòðàëü-
íèì iíòåðâàëîì

J (pn) = I
fpn

0 ,f2pn

0
.

Ïîçíà÷èìî ÷åðåç Apn îá'¹äíàííÿ iíòåðâàëiâ, ùî íàëåæàòü öèêëó iíòåðâàëiâ ïåðiîäó
pn. Ìíîæèíà

Φ =
∩
n≥1

Apn

ìà¹ ñòðóêòóðó ìíîæèíè Êàíòîðà. Íà ìíîæèíi Φ ôóíêöiÿ f(x) ¹ âçà¹ìíî îäíîçíà÷íîþ.
Òåîðåìà. Iñíó¹ ãîìåîìîðôiçì H: Zp → Φ. Ïðè öüîìó

H(b+ 1) = f(H(b)), H(b− 1) = f−1(H(b)), (23)

H(pb) = aH(b), (24)

äå b ∈ Zp.

Äîâåäåííÿ. Äëÿ öiëîãî ðàöiîíàëüíîãî ÷èñëà k = k0+k1p+· · ·+knpn, 0 ≤ ki ≤ p−1,

i ∈ {0, 1, . . . , n}, ïiäñòàâèìî H(k) = fk(0) ∈ Φ. Íåõàé |r − k|p ≤ p−m, r ∈ N, òîáòî
r = k+ pml, äå l ∈ N. Òîäi îäåðæèìî f r(0) = fk(amf l(0)). Îñêiëüêè lim

m→∞
amf l(0) = 0, òî

âiäõèëåííÿ |f r(0) − fk(0)| ìîæå áóòè çðîáëåíå ÿê çàâãîäíî ìàëèì ïðè m → ∞. ßêùî
ðÿä (18) íåñêií÷åííèé, òî b ìîæíà íàáëèçèòè â p-àäè÷íié íîðìi öiëèì ðàöiîíàëüíèì
÷èñëîì kn = b0 + b1p+ · · ·+ bnp

n i ââàæàòè, ùî H(b) = lim
n→∞

fkn(0).

Ðiâíîñòi (23) äëÿ b ∈ N î÷åâèäíi, äëÿ b ∈ Zp âèïëèâàþòü iç íåïåðåðâíîñòi. Òîòîæ-
íiñòü (24) âèïëèâà¹ iç ëåìè i ç íåïåðåðâíîñòi. Òåîðåìà äîâåäåíà.

Íåõàé âiäîáðàæåííÿ g(x) åêâiâàëåíòíå ðîçâ'ÿçêó f(x) ðiâíÿííÿ (21). Òîäi iíâàðiàíò-
íié ìíîæèíi âiäîáðàæåííÿ g(x) òàêîæ âiäïîâiäà¹ ìíîæèíà öiëèõ p-àäè÷íèõ ÷èñåë. Íà-
ïðèêëàä, òâåðäæåííÿ òåîðåìè ïðàâèëüíi äëÿ âiäîáðàæåííÿ x→ a−x2 ïðè âiäïîâiäíèõ
çíà÷åííÿõ ïàðàìåòðà a. Ïðè öüîìó ðiâíiñòü (24) âèêîíó¹òüñÿ íàáëèæåíî.
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The aim of the present article is to investigate of some properties of solutions of nonli-

near di�erence equations. A period doubling bifurcation in a discrete dynamical system leads

to the appearance of deterministic chaos. We use permutable rational functions for study of

some classes of one-dimensional mappings. Also n-dimensional generalizations of permutable

polynomials may be obtained. We investigate polynomial and rational mappings with invariant

measure and construct equivalent piecewise linear mappings. These mappings have countably

many cycles. We applied the methods of symbolic dynamics to the theory of unimodal mappi-

ngs. We use whole p-adic numbers for study the invariant set of some mapping in the theory of

universal properties of one-parameter families. Feigenbaum constants play an important role

in this theory.


