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Ðîçãëÿäàþòüñÿ ðîçâ'ÿçêè îäíîðiäíîãî ìîäåëüíîãî ðiâíÿííÿ òèïó Ôîêêåðà�Ïëàíêà�
Êîëìîãîðîâà íîðìàëüíîãî ìàðêîâñüêîãî ïðîöåñó, ÿêi âèçíà÷åíi â îáëàñòi {(t, x1, . . . , xn) ∈
Rn+1|0 < t ≤ T,−∞ < xj < ∞, j ∈ {1, . . . , n− 1}, xn > 0}, ïðè xn = 0 çàäîâîëüíÿþòü îäíî-
ðiäíi óìîâè Äiðiõëå àáî Íåéìàíà i íàëåæàòü äî ñïåöiàëüíèõ âàãîâèõ Lp-ïðîñòîðiâ Ëåáåãà.
Óñòàíîâëþþòüñÿ çîáðàæåííÿ òàêèõ ðîçâ'ÿçêiâ ó âèãëÿäi iíòåãðàëiâ Ïóàññîíà, ÿäðàìè ÿêèõ
¹ îäíîðiäíi ôóíêöi¨ �ðiíà.
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Âñòóï

Ðiâíÿííÿìè Ôîêêåðà�Ïëàíêà�Êîëìîãîðîâà íîðìàëüíèõ ìàðêîâñüêèõ ïðîöåñiâ ¹ ïà-
ðàáîëi÷íi ðiâíÿííÿ äðóãîãî ïîðÿäêó, â ÿêèõ êîåôiöi¹íòè ïðè ïîõiäíèõ ïåðøîãî ïîðÿäêó
çà ïðîñòîðîâèìè çìiííèìè ¹ ëiíiéíèìè ôóíêöiÿìè öèõ çìiííèõ, à iíøi êîåôiöi¹íòè ¹
ñòàëèìè [3] (ñ. 177�179). Äî òàêîãî òèïó íàëåæèòü ðiâíÿííÿ

(Lu)(t, x) := ∂tu(t, x)−
n∑

j,l=1

ajl∂xj
∂xl

u(t, x)−
n−1∑
j=1

aj∂xj
u(t, x)− a0u(t, x)−

−b
n∑

j=1

∂xj
(xju(t, x)) = f(t, x), t > 0, x := (x1, . . . , xn) ∈ Rn, (1)

â ÿêîìó ajl, aj, a0 i b � çàäàíi äiéñíi ÷èñëà, ïðè÷îìó b ̸= 0, à ìàòðèöÿ A0 := (ajl)
n
j,l=1

ñèìåòðè÷íà òà äîäàòíî âèçíà÷åíà.
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Ó ïðàöi [1] äëÿ ðiâíÿííÿ (1) íàâåäåíî ðåçóëüòàòè äîñëiäæåííÿ ôóíäàìåíòàëüíîãî
ðîçâ'ÿçêó, êîðåêòíî¨ ðîçâ'ÿçíîñòi òà iíòåãðàëüíîãî çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi.
Ñòàòòi [4, 5] ïðèñâÿ÷åíi ïîáóäîâi òà äîñëiäæåííþ âëàñòèâîñòåé âåêòîð-ôóíêöi¨ �ðiíà
ïiâïðîñòîðîâèõ êðàéîâèõ çàäà÷ Äiðiõëå i Íåéìàíà äëÿ ðiâíÿííÿ (1). Ó ïðàöi [2] öi ðå-
çóëüòàòè çàñòîñîâóþòüñÿ äî ïîâíîãî îïèñàííÿ ïåâíèõ êëàñiâ ðîçâ'ÿçêiâ òàêèõ îäíîði-
äíèõ çàäà÷ äëÿ ÷àñòèííîãî âèïàäêó ðiâíÿííÿ (1), à ñàìå êîëè ajl = a2δj,l, aj = 0, äå
a ̸= 0 i δj,l � ñèìâîë Êðîíåêåðà. Çîêðåìà, â [2] ñôîðìóëüîâàíî áåç äîâåäåííÿ òåîðåìó
ïðî iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ öüîãî ÷àñòèííîãî âèïàäêó ðiâíÿííÿ (1).

Ó äàíié ñòàòòi íàâîäèòüñÿ ç ïîâíèì äîâåäåííÿì òåîðåìà ïðî iíòåãðàëüíå çîáðàæåííÿ
ðîçâ'ÿçêiâ îäíîðiäíîãî ðiâíÿííÿ (1), ÿêi íàëåæàòü äî äîñèòü øèðîêèõ âàãîâèõ ïðîñòîðiâ
ôóíêöié i çàäîâîëüíÿþòü îäíîðiäíi óìîâè Äiðiõëå àáî Íåéìàíà.

1 Ïîñòàíîâêà çàäà÷ i äîïîìiæíi âiäîìîñòi

Êîðèñòóâàòèìåìîñÿ òàêèìè ïîçíà÷åííÿìè: Zn
+ � ñóêóïíiñòü óñiõ n-âèìiðíèõ ìóëü-

òèiíäåêñiâ k := (k1, . . . , kn); |k| := k1 + · · · + kn, ÿêùî k ∈ Zn
+; x := (x1, . . . , xn) ∈

Rn, x′ := (x1, . . . , xn−1) ∈ Rn−1, äå, ÿê çâè÷àéíî, Rn � n-âèìiðíèé äiéñíèé åâêëiäîâèé
ïðîñòið, n � çàäàíå íàòóðàëüíå ÷èñëî; Rn

+ := {x ∈ Rn|xn > 0}, Rn
0 := {x ∈ Rn|xn = 0;

Π+
H := {(t, x) ∈ Rn+1|t ∈ H, x ∈ Rn

+}, Π′
H := {(t, x′) ∈ Rn|t ∈ H, x′ ∈ Rn−1}, ÿêùî H ⊂ R1;

∂k
x := ∂k1

x1
. . . ∂kn

xn
, ÿêùî k ∈ Zn

+ i x ∈ Rn, äå ∂l
y := ∂l

∂yl
, l � íàòóðàëüíå ÷èñëî, y ∈ R1;

q(t) := 1
2b
(e2bt − 1), Ec(t, x, ξ) := exp{−c(q(t))−1|ebtx− ξ|}, t > 0, {x, ξ} ⊂ Rn

+, c > 0, äå b �
êîåôiöi¹íò ç ðiâíÿííÿ (1).

Íåõàé Ω � îáëàñòü â Rn ç ìåæåþ S, ν⃗(y) � îðò çîâíiøíüî¨ ñòîñîâíî Ω íîðìàëi äî S ó
òî÷öi y ∈ S, νj(y), j ∈ {1, . . . , n}, � êîîðäèíàòè âåêòîðà ν⃗(y). ßê âiäîìî [5], êîíîðìàëëþ
äëÿ ðiâíÿííÿ (1), êîåôiöi¹íòè ãðóïè ñòàðøèõ ÷ëåíiâ ÿêîãî óòâîðþþòü ìàòðèöþ A0, ó
òî÷öi y ∈ S íàçèâà¹òüñÿ âåêòîð

ν⃗A0(y) :=

( n∑
j=1

aj1νj(y), . . . ,
n∑

j=1

ajnνj(y)

)
, (2)

à êîíîðìàëüíîþ ïîõiäíîþ ó òî÷öi y ∈ S âiä ôóíêöi¨ u(t, x), t > 0, x ∈ Ω, íàçèâà¹òüñÿ
ôóíêöiÿ

∂ν⃗A0
(y)u(t, x) :=

n∑
j,l=1

ajlνj(y)∂xl
u(t, x), t > 0, x ∈ Ω. (3)

ßêùî Ω = Rn
+, òî S = Rn

0 i äëÿ áóäü-ÿêîãî y ∈ Rn
0 νj(y) = 0, j ∈ {1, . . . , n−1}, νn(y) =

−1. Òîäi ôîðìóëè (2) i (3) íàáóâàþòü âiäïîâiäíî âèãëÿäó

ν⃗A0(y) = (−an1, . . . ,−ann), y ∈ Rn
0 ,

i

∂ν⃗A0
(y)u(t, x) := −

n∑
l=1

anl∂xl
u(t, x), t > 0, x ∈ Rn

+, y ∈ Rn
0 .
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Íåõàé L � äèôåðåíöiàëüíèé âèðàç ç (1), à L∗ � âiäïîâiäíèé éîìó ñïðÿæåíèé âèðàç,
òîáòî âèðàç

(L∗v)(τ, ξ) := −∂τv(τ, ξ)−
n∑

j,l=1

ajl∂ξj∂ξlv(τ, ξ) +
n−1∑
j=1

aj∂ξjv(τ, ξ)− a0v(τ, ξ)+

+b

n∑
j=1

ξj∂ξjv(τ, ξ). (4)

Ïðàâèëüíîþ ¹ òàêà äèâåðãåíòíà ðiâíiñòü:

(vLu− uL∗v)(τ, ξ) = ∂τ (uv)(τ, ξ)−
n∑

j=1

∂ξj

n∑
l=1

ajl(v∂ξlu− u∂ξjv)(τ, ξ)−

−
n−1∑
j=1

∂ξj(ajuv)(τ, ξ)− b

n∑
j=1

∂ξj(ξjuv)(τ, ξ). (5)

Çiíòåãðóâàâøè ðiâíiñòü (5) çà τ ∈ (t1, t2), t1 < t2, i çà ξ ∈ Ω ⊂ Rn
+, äëÿ ïiäõîäÿùèõ

ôóíêöié u i v îòðèìà¹ìî ôîðìóëó �ðiíà�Îñòðîãðàäñüêîãî

t2∫
t1

dτ

∫
Ω

(vLu− uL∗v)(τ, ξ)dξ =

∫
Ω

(uv)|τ=t2
τ=t1dξ−

−
t2∫

t1

dτ

∫
S

n∑
j,l=1

ajl(v∂ξlu− u∂ξjv)(τ, ξ)νjdξS−

−
t2∫

t1

dτ

∫
S

n−1∑
j=1

(ajuv)(τ, ξ)νjdξS − b

t2∫
t1

dτ

∫
S

n∑
j=1

ξj(uv)(τ, ξ)νjdξS. (6)

Ðîçãëÿäàòèìåìî òàêi êðàéîâi çàäà÷i:

(Lu)(t, x) = 0, (t, x) ∈ Π+
(0,T ], (7)

(B(l)u)(t, x)|xn=0 = 0, (t, x′) ∈ Π′
(0,T ], (8l)

u(t, x)|t=0 = φ(x), x ∈ Rn
+, (9)

â ÿêèõ T � çàäàíå äîäàòíå ÷èñëî, l ∈ {1, 2}, B(1) = 1 ((81) óìîâà Äiðiõëå) i B(2) = ∂ν⃗A0

((82) óìîâà Íåéìàíà).
Äëÿ çàäà÷ (7), (8l), (9), ó ñòàòòi [5] ïîáóäîâàíî îäíîðiäíi ôóíêöi¨ �ðiíà, òîáòî òà-

êi ôóíêöi¨ G(l)
0 , ùî äëÿ äîâiëüíèõ ãëàäêèõ i ôiíiòíè ôóíêöié φ ðîçâ'ÿçêè öèõ çàäà÷

çàáðàæóþòüñÿ ó âèãëÿäi

u(t, x) =

∫
Rn
+

G
(l)
0 (t, x, ξ)φ(ξ)dξ, (t, x) ∈ Π+

(0,T ]. (10)

Äëÿ ôóíêöié G
(l)
0 âñòàíîâëåíî îöiíêè
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|∂k
x∂

r
ξG

(l)
0 (t, x, ξ)| ≤ Ckr(q(t))

−(n+|k|+|r|)/2Ec(t, x, ξ),

0 < t ≤ T, {x, ξ} ⊂ Rn
+, (11)

â ÿêèõ k i r � äîâiëüíi ìóëüòèiíäåêñè ç Zn
+, l ∈ {1, 2}, Ckr i c � äåÿêi äîäàòíi ñòàëi.

Öi ôóíêöi¨ ìàþòü âëàñòèâîñòi (íîðìàëüíiñòü, ôîðìóëà çãîðòêè òà ií.), õàðàêòåðíi äëÿ
íîðìàëüíèõ ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷, ÿêèìè ¹ çàäà÷i (7), (8l), (9).

2 Ñïåöiàëüíi âàãîâi ïðîñòîðè

Îçíà÷èìî ñïåöiàëüíi âàãîâi ïðîñòîðè Φa
p, p ∈ [1,∞], ôóíêöié ÷è óçàãàëüíåíèõ ìið

φ, ÿêi, áóäó÷è âçÿòi çà ïî÷àòêîâi äàíi â (9), çàáåçïå÷óþòü êîðåêòíó ðîçâ'ÿçíiñòü òà
iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷ (7), (8l), (9) ó ñiìåéñòâàõ âàãîâèõ Lp-ïðîñòîðiâ
ôóíêöié, ÿêi ïðè |x| → ∞ ìàþòü åêñïîíåíöiàëüíèé ðiñò ìàêñèìàëüíîãî ïîðÿäêó 2 iç
çàëåæíèì âiä t òèïîì.

Âèêîðèñòîâóâàòèìåìî âàãîâi ôóíêöi¨, íîðìè òà ïðîñòîðè, ïîäiáíi äî òèõ, ÿêi îçíà-
÷åíî é çàñòîñîâàíî â [1].

ßêùî ââàæàòè, ùî ôóíêöiÿ φ ç óìîâè (9) çàäîâîëüíÿ¹ íåðiâíiñòü

|φ(x)| ≤ C exp
{
a|x|2

}
, x ∈ Rn

+, (12)

äå a ≥ 0, i çà òàêî¨ ïî÷àòêîâî¨ ôóíêöi¨ ïîáóäóâàòè ðîçâ'ÿçîê çàäà÷i (7), (8l), (9) çà
äîïîìîãîþ ôîðìóëè (10), òî öåé ðîçâ'ÿçîê, âçàãàëi êàæó÷è, âîëîäi¹ îöiíêîþ

|u(t, x)| ≤ C exp
{
k(t, a)|x|2

}
, (t, x) ∈ Π+

(0,T ].

Âèêîðèñòîâóþ÷è ôîðìóëó (10) òà îöiíêè (11) i (12), îòðèìà¹ìî, ùî äëÿ çíàõîäæåííÿ
ôóíêöi¨ k òðåáà îöiíèòè çâåðõó ôóíêöiþ

f(ξ) := −c0(q(t))
−1
∣∣ebtx− ξ

∣∣2 + a|ξ|2, ξ ∈ Rn
+,

ïðè ôiêñîâàíèõ (t, x) ∈ Π+
(0,T ], a ≥ 0 i c0 ∈ (0, c), äå ñòàëà c ç îöiíè (11). Îñêiëüêè

f(ξ) ≤ −c0(q(t))
−1(ebt |x| − |ξ|

)2
+ a|ξ|2,

òî äîñèòü çíàéòè ìàêñèìóì ôóíêöi¨

f0(r) := −c0(q(t))
−1(ebt |x| − r

)2
+ ar2, r ≥ 0.

Öåé ìàêñèìóì, ÿê ëåãêî ïåðåêîíàòèñÿ, äîðiâíþ¹ c0ae2bt

c0−aq(t)
|x|2, ÿêùî a ≥ 0 âèáðàòè òàê,

ùîá q(T ) < c0
a
.

Îòæå, ñïðàâäæó¹òüñÿ îöiíêà

−c0(q(t))
−1
∣∣ebtx− ξ

∣∣2 + a|ξ|2 ≤ k(t, a)|x|2 ≤ k̂(t, a)|x|2,
t ∈ (0, T ], {x, ξ} ⊂ Rn

+, (13)
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äå ôóíêöi¨ k i k̂ âèçíà÷åíi ôîðìóëàìè

k(t, a) :=
c0ae

2bt

c0 − aq(t)
, k̂(t, a) :=

c0ae
2|b|t

c0 − aq(t)
, t ∈ [0, T ].

Çàóâàæèìî, ùî k(0, a) = k̂(0, a) = a, k(t, a) = k̂(t, a), t ∈ [0, T ], ÿêùî b > 0, i
k(t, a) < k̂(t, a), t ∈ [0, T ], ïðè b < 0; ôóíêöiÿ k̂ ìîíîòîííî çðîñòà¹ âiä çíà÷åííÿ k̂(0, a)

äî k̂(T, a); ôóíêöiÿ k ìà¹ íàïiâãðóïîâó âëàñòèâiñòü

k(t− τ, k(τ, a)) = k(t, a), 0 ≤ τ ≤ t ≤ T. (14)

Ââåäåìî âàãîâi ôóíêöi¨

Ψν(t, x) := exp{νk(t, a)|x|2}, Ψ̂ν(t, x) := exp{νk̂(t, a)|x|2},
(t, x) ∈ Π+

(0,T ], ν ∈ {−1, 1}, (15)

çà äîïîìîãîþ ÿêèõ îïèñó¹òüñÿ ïîâåäiíêà ïðè |x| → ∞ åëåìåíòiâ îçíà÷åíèõ íèæ÷å ïðî-
ñòîðiâ.

Çàóâàæèìî, ùî íà ïiäñòàâi (13)�(15) ñïðàâäæóþòüñÿ òàêi íåðiâíîñòi:

Ψ̂−1(t, x) ≤ Ψ−1(t, x) ≤ Ψ1(t, x) ≤ Ψ̂1(t, x), (t, x) ∈ Π+
(0,T ],

Ec0(t− τ, x, ξ)Ψ1(τ, x) ≤ Ψ1(t, x) ≤ Ψ̂1(t, x),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn. (16)

Âèêîðèñòîâóâàòèìåìî äëÿ ôóíêöié u : Π+
(0,T ] → C ïðè êîæíîìó t ∈ [0, T ] òàêi âàãîâi

íîðìè:

∥u(t, ·)∥k(t,a)p := ∥u(t, ·)Ψ−1(t, ·)∥Lp(Rn),

∥u(t, ·)∥k̂(t,a)p :=
∥∥∥u(t, ·)Ψ̂−1(t, ·)

∥∥∥
Lp(Rn)

, p ∈ [1,∞].

Çàóâàæèìî, ùî ç (16) âèïëèâà¹ íåðiâíiñòü

∥u(t, ·)∥k̂(t,a)p ≤ ∥u(t, ·)∥k(t,a)p , t ∈ [0, T ], p ∈ [1,∞].

Ïîçíà÷èìî ÷åðåç L
k(t,a)
p , p ∈ [1,∞], i Φa

p, p ∈ (1,∞], ïðîñòîðè âèìiðíèõ çà Ëåáå-

ãîì ôóíêöié φ : Rn
+ → C çi ñêií÷åííèìè âiäïîâiäíî íîðìàìè ∥φ(·)∥k(t,a)p i ∥φ(·)∥ap :=

∥φ(·)∥k(0,a)p . Ãîâîðèòèìåìî, ùî ôóíêöiÿ u : Π+
(0,T ] → C íàëåæèòü äî ïðîñòîðó L

k(�,a)
p ,

ÿêùî u(t, ·) ∈ L
k(t,a)
p äëÿ êîæíîãî t ∈ [0, T ] i sup

t∈[0,T ]

∥u(t, ·)∥k(t,a)p < ∞.

Íåõàé B � σ-àëãåáðà áîðåëüîâèõ ìíîæèí ïiâïðîñòîðó Rn
+, à M � ñóêóïíiñòü óñiõ

çëi÷åííî àäèòèâíèõ ôóíêöié ν : B → C (óçàãàëüíåíèõ áîðåëüîâèõ ìið), ÿêi ìàþòü ñêií-
÷åííó ïîâíó âàðiàöiþ |ν|. ×åðåç Φa

1 ïîçíà÷èìî ñóêóïíiñòü óñiõ óçàãàëüíåíèõ áîðåëüîâèõ
ìið φ : B → C òàêèõ, ùî ôóíêöiÿ

ν(A) =

∫
A

Ψ−1(0, x)dφ(x), A ∈ B,
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íàëåæèòü äî ïðîñòîðó M . Ïðè öüîìó äëÿ äîâiëüíî¨ φ ∈ Φa
1

∥φ∥a1 :=
∫
Rn
+

Ψ−1(0, x)d |φ| (x) < ∞,

äå |φ| � ïîâíà âàðiàöiÿ φ.
Âèêîðèñòîâóâàòèìåìî ùå òàêi ïðîñòîðè: W a

1 � ïðîñòið óñiõ âèìiðíèõ çà Ëåáåãîì

ôóíêöié η : Rn
+ → C, äëÿ ÿêèõ ñêií÷åííîþ ¹ íîðìà

∥∥∥η(·)Ψ̂1(T, ·)
∥∥∥
L1(Rn

+)
; W a

0 � ïðîñòið

óñiõ íåïåðåðâíèõ ôóíêöié η : Rn
+ → C òàêèõ, ùî Ψ̂1(T, x) |η(x)| −−−−→

|x|→∞
0.

3 Îñíîâíèé ðåçóëüòàò

Îäíîðiäíi ôóíêöi¨ �ðiíà G
(l)
0 çàäà÷ (7), (8l), (9) ïîðîäæóþòü îïåðàòîðè Ïóàññîíà

P
(l)
p , p ∈ [1,∞], l ∈ {1, 2}, çà òàêèìè ôîðìóëàìè:

(P (l)
p φ)(t, x) :=

∫
Rn
+

G
(l)
0 (t, x, ξ)φ(ξ)dξ, (t, x) ∈ Π+

(0,T ], φ ∈ Φa
p, p ∈ (1,∞];

(P
(l)
1 φ)(t, x) :=

∫
Rn
+

G
(l)
0 (t, x, ξ)dφ(ξ), (t, x) ∈ Π+

(0,T ], φ ∈ Φa
1. (17)

Îñíîâíèì ðåçóëüòàòîì ñòàòòi ¹ íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé u � ðîçâ'ÿçîê ðiâíÿííÿ (7) â Π+
(0,T ], ÿêèé çàäîâîëüíÿ¹ êðàéîâó óìîâó

(8l) òà óìîâó

∃ p ∈ [1,∞] ∃ a ∈ [0, c0/q(T )) : sup
t∈(0,T ]

∥u(t, ·)∥k(t,a)p < ∞. (18)

Òîäi iñíó¹ åëåìåíò φ ∈ Φa
p òàêèé, ùî u çîáðàæó¹òüñÿ ó âèãëÿäi

u = P (l)
p φ. (19)

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî, ùî äëÿ ðîçâ'ÿçêó u, ÿêèé çàäîâîëüíÿ¹ óìîâè òåîðåìè,
ñïðàâäæó¹òüñÿ ðiâíiñòü

u(t, x) =

∫
Rn
+

G
(l)
0 (t− h, x, ξ)u(h, ξ)dξ (20)

äëÿ äîâiëüíî¨ òî÷êè (t, x) ∈ Π+
(0,T ] i áóäü-ÿêîãî h ∈ (0, t/2).

Ùîá äîâåñòè öå òâåðäæåííÿ, êîðèñòóâàòèìåìîñÿ ôîðìóëîþ �ðiíà�Îñòðîãðàäñüêîãî
(6). Íåõàé VR := (0, T ]×K+

R , K
+
R := {x ∈ Rn

+||x| < R}, S+
R � ìåæà ïiâêóëi K+

R ; ζ � äîñèòü
ãëàäêà íà [0,∞) íåçðîñòàþ÷à ôóíêöiÿ òàêà, ùî ζ = 1 íà [0, 1/2], ζ = 0 íà [3/4,∞);
ζR(x) := ζ(|x|/R); (t, x) � äîâiëüíî ôiêñîâàíà òî÷êà ç VR0/4, äå R0 � äîâiëüíî âçÿòå
äîäàòíå ÷èñëî. Ïîêëàäåìî â ôîðìóëi (6) çàìiñòü t1, t2,Ω, S, u(τ, ξ) i v(τ, ξ) âiäïîâiäíî
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h, t − ε,K+
R , S

+
R , u(τ, ξ) i G

(l)
0 (t − τ, x, ξ)ζR(ξ), äå R ≥ R0, 0 < h < t/2, à u � ðîçâ'ÿçîê

ðiâíÿííÿ (7), ÿêèé çàäîâîëüíÿ¹ óìîâè òåîðåìè. Âèêîðèñòàâøè âëàñòèâîñòi ôóíêöié G
(l)
0

i ζR, îòðèìà¹ìî

∫
Rn
+

G
(l)
0 (ε, x, ξ)ζR(ξ)u(t− ε, ξ)dξ =

=

∫
Rn
+

G
(l)
0 (t− h, x, ξ)ζR(ξ)u(h, ξ)dξ−

−
t−ε∫
h

dτ

∫
K+

3R/4
\K+

R/2

L∗(G
(l)
0 (t− τ, x, ξ)ζR(ξ))u(τ, ξ)dξ,

à ïiñëÿ ïåðåõîäó äî ãðàíèöi ïðè ε → 0 i âðàõóâàííÿ âëàñòèâîñòåé G
(l)
0 ïðèéäåìî äî

ðiâíîñòi

u (t, x) =

∫
Rn
+

G
(l)
0 (t− h, x, ξ) ζR (ξ)u (h, ξ) dξ−

−
t∫
h

dτ

∫
K+

3R/4
\K+

R/2

L∗
(
G

(l)
0 (t− τ, x, ξ) ζR (ξ)

)
u (τ, ξ) dξ =: I

(R)
1 − I

(R)
2 . (21)

Ïåðåéäåìî â (21) äî ãðàíèöi ïðè R → ∞. Iíòåãðàë I
(R)
1 ïðè öüîìó ïðÿìó¹ äî iíòå-

ãðàëà

I1 :=

∫
Rn
+

G
(l)
0 (t− h, x, ξ)u (h, ξ) dξ.

Ñïðàâäi, çà äîïîìîãîþ íåðiâíîñòåé (11), (16) i

∫
Rn
+

(q(t))−n/2Ec(t, x, ξ)dξ ≤
∫
Rn

exp{−c|y|2}dy =: C,

t ∈ (0, T ], x ∈ Rn
+,
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ìà¹ìî

∣∣∣I1 − I
(R)
1

∣∣∣ =
∣∣∣∣∣∣∣
∫
Rn
+

G
(l)
0 (t− h, x, ξ) (1− ςR (ξ))u (h, ξ) dξ

∣∣∣∣∣∣∣ ≤
≤ C

∫
Rn
+\K+

R/2

(q (t− h))−n/2Ec−c0 (t− h, x, ξ) (Ec0 (t− h, x, ξ)Ψ1 (h, ξ))×

×(|u (h, ξ)|Ψ−1 (h, ξ))dξ ≤ C∥u (h, ·) ∥k(h,a)p Ψ1 (t, x)×

×
∫

Rn
+\K+

R/2

(q (t− h))−n/2E(c−c0)/2 (t− h, x, ξ)E(c−c0)/2 (t− h, x, ξ) dξ ≤

≤ C∥u (h, ·) ∥k(h,a)p Ψ1 (t, x) exp

{
− c− c0
2q (t− h)

(
R

4

)2
}

→
R→∞

0. (22)

Òóò i äàëi ÷åðåç C ïîçíà÷åíî ðiçíi ñòàëi, áî ¨õ âåëè÷èíè íàñ íå öiêàâëÿòü, òà âèêîðèñòàíî
òå, ùî äëÿ x ∈ K+

R0/4
⊂ K+

R/4, ξ ∈ Rn
+\K+

R/2 i äîñèòü âåëèêèõ R
∣∣eb(t−h)x− ξ

∣∣ ≥(
|ξ| − eb(t−h) |x|

)2 ≥ (
R
2
− e|b|(t−h)R0

4

)2 ≥ (
R
4

)2
, ÿêùî R > e|b|(t−h)R0 , i, îòæå,

E(c−c0)/2 (t− h, x, ξ) ≤ exp

{
− c− c0
2q (t− h)

(
R

4

)2
}
.

Ñïiââiäíîøåííÿ (22) âñòàíîâëåíî äëÿ p = ∞. Êîëè p < ∞, òî òðåáà êîðèñòóâàòèñÿ
íåðiâíiñòþ Ãåëüäåðà.

Òåïåð äîâåäåìî, ùî I
(R)
2 →

R→∞
0. Îñêiëüêè çãiäíî ç âëàñòèâiñòþ íîðìàëüíîñòi G

(l)
0

L∗(G
(l)
0 (t− τ, x, ξ)) = 0 ïðè τ < t i ξ ∈ Rn

+, òî

L∗
(
G

(l)
0 ζR (ξ)

)
= −

n∑
j,l=1

ajl(∂ξjG
(l)
0 ∂ξlζR + ∂ξlG

(l)
0 ∂ξjζR +G

(l)
0 ∂ξj∂ξlζR−

−
n−1∑
j=1

ajG
(l)
0 ∂ξjζR + b

n∑
j=1

ξjG
(l)
0 ∂ξjζR.

Ñêîðèñòàâøèñü îöiíêàìè (11) äëÿ G
(l)
0 , ∂ξjG

(l)
0 , ∂ξlG

(l)
0 i òèì, ùî∣∣∣∂ξjζR (ξ)

∣∣∣ ≤ C

R
,
∣∣∣ξj∂ξjζR∣∣∣ ≤ C,

∣∣∣∂ξj∂ξlζR (ξ)
∣∣∣ ≤ C

R2
,

{j, l} ⊂ {1, . . . , n} , ξ ∈ K+
3R/4\K

+
R/2,

äëÿ R ≥ 1 îòðèìà¹ìî îöiíêó∣∣∣L∗(G
(l)
0 (t− τ, x, ξ) ζR (ξ))

∣∣∣ ≤ C(q (t− τ))−
(n+1)

2 Ec (t− τ, x, ξ) ,

h ≤ τ < t ≤ T, ξ ∈ K+
3R/4\K

+
R/2.
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Çà äîïîìîãîþ öi¹¨ îöiíêè òàê ñàìî, ÿê i ïðè îöiíþâàííi I1 − I
(R)
1 , ìà¹ìî

I
(R)
2 ≤ C sup

t∈[0,T ]

∥u (t, ·) ∥k(t,a)p Ψ1 (t, x) exp

{
−c− c0
2q (t)

(
R

4

)2
}
×

×
t∫
h

(q (t− τ))−
1
2dτ

∫
Rn
+

(q (t− τ))−
n
2E(c−c0)/2 (t− τ, x, ξ) dξ =

= C sup
t∈[0,T ]

∥u (t, ·) ∥k(t,a)p Ψ1 (t, x)

t−h∫
0

(q (β))−
1
2dβ exp

{
−(c− c0)

2q (t)

(
R

4

)2
}

→
R→∞

0.

Îòæå, ïiñëÿ ïåðåõîäó â (21) äî ãðàíèöi ïðè R → ∞ îòðèìà¹ìî ðiâíiñòü (20).
Òâåðäæåííÿ òåîðåìè äîâåäåìî ñïî÷àòêó äëÿ p ∈ (1,∞] . Ç óìîâè (18) äëÿ çàäàíîãî

ðîçâ'ÿçêó u âèïëèâà¹, ùî ïîñëiäîâíiñòü ôóíêöié{
u (1/ν, x)Ψ−1 (1/ν, x) , x ∈ Rn

+ : ν ≥ 1
}

(23)

îáìåæåíà â ïðîñòîði Lp

(
Rn

+

)
. Ïðîcòið Lp

(
Rn

+

)
içîìåòðè÷íèé ïðîñòîðó, ñïðÿæåíîìó ç

ïðîñòîðîì Lp′(Rn
+), p

′ := p/(p−1). ßêùî âèêîðèñòàòè òåîðåìó ïðî ñëàáêó êîìïàêòíiñòü
îáìåæåíî¨ ìíîæèíè â ñïðÿæåíoìó ïðîñòîði, òî îäåðæèìî, ùî ïîñëiäîâíiñòü (23) ñëàáêî
êîìïàêòíà â Lp

(
Rn

+

)
. Òîìó iñíó¹ ¨¨ ïiäïîñëiäîâíiñòü{
u (1/ν (r) , x)Ψ−1 (1/ν (r) , x) , x ∈ Rn

+ : r ≥ 1
}

(24)

i ôóíêöiÿ χ ∈ Lp

(
Rn

+

)
òàêi, ùî äëÿ áóäü-ÿêî¨ ôóíêöi¨ η ∈ Lp′(Rn

+)

lim
r→∞

∫
Rn
+

η (ξ)Ψ−1 (1/ν (r) , ξ)u (1/ν (r) , ξ) dξ =

∫
Rn
+

η (ξ)χ (ξ) dξ. (25)

Ïîêëàäåìî φ (ξ) := χ (ξ)Ψ1 (0, ξ) , ξ ∈ Rn
+. Òîäi φ ∈ La

p i ñïiââiäíîøåííÿ (25) çàïèñó¹òüñÿ
ó âèãëÿäi

lim
r→∞

∫
Rn
+

η (ξ)Ψ−1 (1/ν (r) , ξ) dξ =

∫
Rn
+

η (ξ)Ψ−1 (0, ξ)φ (ξ) dξ. (26)

Íåõàé (t, x) � äîâiëüíî ôiêñîâàíà òî÷êà îáëàñòi Π+
(0,T ] i

η (ξ) := G
(l)
0 (t, x, ξ)Ψ1 (0, ξ) , ξ ∈ Rn

+. (27)

Ç îöiíêè
|η (ξ)| ≤ C(q(t) )−n/2Ec−c0 (t, x, ξ)Ψ1 (t, x) , ξ ∈ Rn

+, (28)

ÿêà îäåðæó¹òüñÿ çà äîïîìîãîþ íåðiâíîñòåé (11) i (16), âèïëèâà¹, ùî η ∈ Lp′(Rn
+). Òîìó

íà ïiäñòàâi ðiâíîñòi (26) ìà¹ìî

lim
r→∞

∫
Rn
+

G
(l)
0 (t, x, ξ)Ψ−1 (1/ν (r) , ξ)Ψ1 (0, ξ)u (1/ν (r) , ξ) dξ =

=

∫
Rn
+

G
(l)
0 (t, x, ξ)φ (ξ) dξ. (29)
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Ïðèïóñòèìî, ùî 1/ν (r) ≤ t/2, r ≥ 1. Çãiäíî ç ôîðìóëîþ (20) ç h = 1/ν(r) ìà¹ìî

u (t, x) =

∫
Rn
+

G
(l)
0 (t− 1/ν (r) , x, ξ)u (1/ν (r) , ξ) dξ. (30)

Çà äîïîìîãîþ öi¹¨ ðiâíîñòi çàïèøåìî

u (t, x)−
∫
Rn
+

G
(l)
0 (t, x, ξ)φ (ξ) dξ =

=

∫
Rn
+

∆0
hG

(l)
0 (t− h, x, ξ) |h=1/ν(r)u (1/ν (r) , ξ) dξ+

+

∫
Rn
+

G
(l)
0 (t, x, ξ) (1−Ψ−1 (1/ν (r) , ξ))Ψ1 (0, ξ)u (1/ν (r) , ξ) dξ+

+

∫
Rn
+

G
(l)
0 (t, x, ξ)Ψ−1 (1/ν (r) , ξ) Ψ1 (0, ξ)u (1/ν (r) , ξ) dξ−

−
∫
Rn
+

G
(l)
0 (t, x, ξ)φ (ξ) dξ

 =: K
(r)
1 +K

(r)
2 +K

(r)
3 , r ≥ 1, (31)

äå
∆0

hG
(l)
0 (t− h, x, ξ) := G

(l)
0 (t− h, x, ξ)−G

(l)
0 (t, x, ξ).

Ùîá îäåðæàòè çîáðàæåííÿ (19), äîñèòü äîâåñòè, ùî äëÿ j ∈ {1, 2, 3}

lim
r→∞

K
(r)
j = 0. (32)

Ç (29) âèïëèâà¹ (32) äëÿ j = 3. Äîâåäåìî (32) äëÿ j = 2. Çà äîïîìîãîþ íåðiâíîñòi
Ãåëüäåðà òà óìîâè (18) ìà¹ìî

∣∣∣K(r)
2

∣∣∣ ≤ ∥u (1/ν (r) , ·) ∥k(1/ν(r),a)p

∫
Rn
+

Fr (ξ) dξ


1/p′

≤

≤ C

∫
Rn
+

Fr (ξ) dξ


1/p′

, (33)

äå

Fr (ξ) :=
∣∣∣G(l)

0 (t, x, ξ)
∣∣∣p′ |Ψ1 (1/ν (r) , ξ)−Ψ1 (0, ξ)|p

′
, ξ ∈ Rn

+, r ≥ 1.

Âèâ÷èìî âëàñòèâîñòi ôóíêöié Fr, r ≥ 1. Ç îöiíêè (11) i íåðiâíîñòi (16) âèïëèâàþòü
íåðiâíîñòi

(Fr (ξ))
1/p′ ≤ C(q (t))−

n
2E−c0 (t, x, ξ) (Ec0 (t, x, ξ)Ψ1 (1/ν (r) , ξ) +

+Ec0 (t, x, ξ)Ψ1 (0, ξ) ≤ C(q (t))−
n
2E−c0 (t, x, ξ) (B (t, x, 1/ν (r)) + Ψ1 (t, x)) ,
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äå

B (t, x, 1/ν (r)) := exp

{
c0e

2|b|tk̂ (1/ν (r) , a) |x|2

c0 − k̂ (1/ν (r) , a) q (t)

}
.

Òóò r ≥ r0, äå r0 âçÿòî òàê, ùîá q (t) < c0
k̂(1/ν(r),a)

. Îñêiëüêè äëÿ áóäü-ÿêèõ r ≥ r0

B (t, x, 1/ν (r)) ≤ B (t, x, 1/ν (r0)), òî

(Fr (ξ))
1
p′ ≤ C(q (t))−

n
2Ec−c0 (t, x, ξ) (B (t, x, 1/ν (r0)) + Ψ1 (t, x)) , ξ ∈ Rn, r ≥ r0,

çâiäêè âèïëèâà¹ iñíóâàííÿ ó ïîñëiäîâíîñòi {Fr (ξ) , r ≥ r0} iíòåãðîâíî¨ ìàæîðàíòè. À
îñêiëüêè äëÿ êîæíîãî ξ ∈ Rn

+ lim
r→∞

Fr (ξ) = 0, òî íà ïiäñòàâi òåîðåìè Ëåáåãà ïðî ìàæî-

ðàíòíó çáiæíiñòü

lim
r→∞

∫
Rn
+

Fr (ξ) dξ = 0.

Çâiäñè ç óðàõóâàííÿì (33) îäåðæó¹ìî (32) äëÿ j = 2.

Äîâåäåìî (32) äëÿ j = 1. Îñêiëüêè äëÿ p = ∞ áåçïîñåðåäíüî, à äëÿ p ∈ (1,∞) çà
äîïîìîãîþ íåðiâíîñòi Ãåëüäåðà ìà¹ìî

|K(r)
1 | ≤ J

(r)
1p ∥u(1/ν(r), ·)∥k(1/ν(r),a)p ,

J
(r)
1p := ∥∆0

1/ν(r)G
(l)
0 (t− 1/ν(r), x, ·)Ψ1(1/ν(r), ·)∥Lp′ (Rn

+),

òî íà ïiäñòàâi óìîâè (18) ñïiââiäíîøåííÿ (32) äëÿ j = 1 áóäå äîâåäåíî, ÿêùî âñòàíîâèìî,
ùî

J
(r)
1p →

r→∞
0. (34)

Ïðè äîâåäåííi ñïiââiäíîøåííÿ (34) âèêîðèñòîâóâàòèìåìî òàêå òâåðäæåííÿ: äëÿ äî-
âiëüíî ôiêñîâàíèõ (t, x) ∈ Π+

(0,T ] iñíóþòü òàêi ñòàëi C1 > 0, c1 ∈ (0, c) (c− ñòàëà ç îöiíêè
(11)) i ÷èñëî r0 òàêå, ùî 1/r(ν0) ∈ (0, t/2) òà áóäü-ÿêèõ r > r0 i ξ ∈ Rn

+ ñïðàâäæóþòüñÿ
íåðiâíîñòi ∣∣∣G(l)

0 (t− 1/ν(r), x, ξ)
∣∣∣ ≤ C1(q (t/2))

−n/2Ec1 (t, x, ξ) , (35)

Ec0 (t, x, ξ)Ψ1 (1/ν(r), ξ) ≤ exp

{
c0e

2|b|tk̂ (1/ν(r0), a) |x|2

c0 − k̂ (1/ν(r0), a) q (t)

}
≤ C1. (36)

Äîâåäåìî öå òâåðäæåííÿ. Íà ïiäñòàâi îöiíêè (11) i òîãî, ùî q (t/2) < q (t− 1/ν(r)) <

q (t), ìà¹ìî

|G(l)
0 (t− 1/ν(r), x, ξ) | ≤ Cq(t/2)−n/2 exp{−c(q (t))−1

∣∣eb(t−1/ν(r))x− ξ
∣∣2}.

Çâiäñè âèïëèâà¹ îöiíêà (35), ÿêùî âðàõóâàòè íàñòóïíå. Îñêiëüêè äëÿ c > 0 iñíóþòü
äîäàòíi ñòàëi C ′

1 i c1 < c òàêi, ùî äëÿ áóäü-ÿêèõ {u, v} ⊂ Rn
+, |v| ≤ 1, âèêîíó¹òüñÿ

íåðiâíiñòü exp
{
−c|u− v|2

}
≤ exp

{
−c1|u|2

}
, òî

exp{−c(q (t))−1
∣∣eb(t−1/ν(r))x− ξ

∣∣2} = exp{−c(q (t))−1|(ebtx− ξ)−

−(ebt − eb(t−1/ν(r)))x |2} ≤ C ′
1 exp{−c1(q (t))

−1
∣∣ebtx− ξ

∣∣2} = C ′
1Ec1 (t, x, ξ) ,
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ÿêùî r0 âèáðàòè òàê, ùîá äëÿ âñiõ r > r0 âèêîíóâàëàñü íåðiâíiñòü
∣∣(ebt − eb(t−1/ν(r)))x

∣∣ ≤
1.

Äîâåäåííÿ îöiíêè (36) ïîäiáíå äî äîâåäåííÿ (16) i âèêîðèñòîâó¹ âëàñòèâîñòi ôóíêöié
k i k̂. Ñïðàâäi, ìà¹ìî

Ec0 (t, x, ξ)Ψ1 (1/ν(r), ξ) ≤ exp

{
c0e

2|b|tk (1/ν(r), a) |x|2

c0 − k (1/ν(r), a) q (t)

}
≤

≤ exp

{
c0e

2|b|tk̂ (1/ν(r), a) |x|2

c0 − k̂ (1/ν(r), a) q (t)

}
≤ exp

{
c0e

2|b|tk̂ (1/ν(r0), a) |x|2

c0 − k̂ (1/ν(r0), a) q (t)

}
≤ C1,

ÿêùî r0 âèáðàòè òàê, ùîá q (t) < c0(k̂(1/ν(r0), a))
−1 ≤ c0/a.

Çà äîïîìîãîþ îöiíîê (11), (35) i (36) îäåðæó¹ìî∣∣∣∆0
1/ν(r)G

(l)
0 (t− 1/ν(r), x, ξ)Ψ1 (1/ν(r), ξ)

∣∣∣ ≤ C(q(t/2) )−n/2Ec1 (t, x, ξ)Ψ1 (1/ν(r), ξ) =

= C(q (t/2))−n/2Ec1−c0 (t, x, ξ) (Ec0 (t, x, ξ)Ψ1 (1/ν(r), ξ)) ≤

≤ C(q (t/2))−n/2Ec1−c0 (t, x, ξ) , r > r0.

Âðàõîâóþ÷è öþ íåðiâíiñòü i òå, ùî íà ïiäñòàâi íåïåðåðâíîñòi ôóíêöi¨ G(l)
0

∆0
1/ν(r)G

(L)
0 (t− 1/ν(r), x, ξ)Ψ1 (1/ν(r), ξ) →

r→0
0, çà äîïîìîãîþ òåîðåìè Ëåáåãà ïðî ìàæî-

ðaíòíó çáiæíiñòü îòðèìó¹ìî ñïiââiäíîøåííÿ (34) äëÿ p ∈ (1,∞].

Íåõàé òåïåð p = 1. Ç óìîâè (18) âèïëèâà¹, ùî ïîñëiäîâíiñòü (23) îáìåæåíà â ïðîñòîði
L1

(
Rn

+

)
. Öåé ïðîñòið íå ¹ ñïðÿæåíèì äî æîäíîãî iíøîãî áàíàxîâîãî ïðîñòîðó, àëå âií

âêëàäà¹òüñÿ ó ïðîñòið M yñiõ óçàãàëüíåíèõ ìið ν : B → C , ÿêi ìàþòü ñêií÷åííó
ïîâíó âàðiàöiþ |ν| . ßêùî äëÿ ν ââåñòè íîðìó çà ôîðìóëîþ ∥ν∥ := |ν| , òî M ñòà¹
áàíàxîâèì ïðîñòîðîì. Öeé ïðîñòið içîìåòðè÷íèé ïðîñòîðó, ñïðÿæåíîìó äî ïðîñòîðó
C0

(
Rn

+

)
óñiõ êîìïëåêñíîçíà÷íèõ íåïåðåðâíèõ ôóíêöié íà Rn

+, ÿêi ïðÿìóþòü äî íóëÿ
íà íåñêií÷åííîñòi, ç ðiâíîìiðíîþ íîðìîþ. Ç îáìåæåíîñòi â L1

(
Rn

+

)
ïîñëiäîâíîñòi (23)

âèïëèâà¹ îáìåæåíiñòü âiäïîâiäíî¨ ïîñëiäîâíîñòi óçàãàëüíåíèõ ìið â M i, çâiäñè, ñëàáêà
êîìïàêòíiñòü îñòàííüî¨. Òîìó iñíóþòü òàêi ïiäïîñëiäîâíiñòü (24) òà óçàãàëüíåíà ìiðà
ν ∈ M , ùî äëÿ áóäü-ÿêî¨ ôóíêöi¨ η ∈ C0

(
Rn

+

)
ñïðàâäæó¹òüñÿ ðiâíiñòü

lim
r→∞

∫
Rn
+

η (ξ)Ψ−1 (1/ν (r) , ξ) u (1/ν (r) , ξ) dξ =

∫
Rn
+

η (ξ) dν (ξ) . (37)

Äëÿ îáìåæåíèõ ìíîæèí A ∈ B ïîêëàäåìî

φ (A) :=

∫
A

Ψ1 (0, x) dν (ξ) .

Òîäi ∫
A

Ψ−1 (0, x) dφ (x) = ν (A) .
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ßêùî A � íåîáìåæåíà ìíîæèíà ç B, òî ðîçãëÿíåìî ìîíîòîííî íåñïàäíó ïîñëiäîâíiñòü
îáìåæåíèõ ìíîæèí Ak ∈ B, k ≥ 1, òàêó, ùî

∪∞
k=1Ak = A, i òîäi ïîêëàäåìî∫

A

Ψ−1 (0, x) dφ (x) := lim
k→∞

∫
Ak

Ψ−1 (0, x) dφ (x) = lim
k→∞

ν (Ak) = ν (A) .

Îçíà÷åíà òàêèì ñïîñîáîì óçàãàëüíåíà ìiðà φ íàëåæèòü äî ïðîñòîðó Φa
1 i ðiâíiñòü (37)

çàïèñó¹òüñÿ ó âèãëÿäi

lim
r→∞

∫
Rn
+

η (ξ)Ψ−1 (1/ν (r) , ξ)u (1/ν (r) , ξ) dξ =

=

∫
Rn
+

η (ξ)Ψ−1 (0, ξ) dφ (ξ) , η ∈ C0 (Rn) . (38)

Ç îöiíêè (28) âèïëèâà¹, ùî ôóíêöiÿ (27) íàëåæèòü äî ïðîñòîðó C0

(
Rn

+

)
äëÿ áóäü-

ÿêî¨ ôiêñîâàíî¨ òî÷êè (t, x) ∈ Π+
(0,T ]. Òîìó íà ïiäñòàâi (38) îäåðæó¹ìî, ùî

lim
r→∞

∫
Rn
+

G
(l)
0 (t, x, ξ)Ψ−1 (1/ν (r) , ξ)Ψ1 (0, ξ)u (1/ν (r) , ξ) dξ =

=

∫
Rn
+

G
(l)
0 (t, x, ξ) dφ (ξ) . (39)

Ïîäàëüøi ìiðêóâàííÿ òàêi ñàìi, ÿê ó âèïàäêó p > 1. Çà äîïîìîãîþ ôîðìóëè (30)
çàïèñó¹ìî ðiâíiñòü

u (t, x)−
∫
Rn
+

G
(l)
0 (t, x, ξ) dφ (ξ) = K

(r)
1 +K

(r)
2 + K̂

(r)
3 , (40)

äå K(r)
1 i K(r)

2 òi ñàìi, ùî é â (31), à

K̂
(r)
3 :=

∫
Rn
+

G
(l)
0 (t, x, ξ)Ψ−1 (1/ν (r) , ξ)Ψ1 (0, ξ)u (1/ν (r) , ξ) dξ−

−
∫
Rn
+

G
(l)
0 (t, x, ξ) dφ (ξ) .

Âðàõîâóþ÷è ðiâíîñòi (32) äëÿ j ∈ {1, 2} i òå, ùî íà ïiäñòàâi (39) lim
k→∞

K̂
(r)
3 = 0, ç (40)

îäåðæó¹ìî ïîòðiáíå çîáðàæåííÿ (19).
Îòæå, äîâåäåíî iñíóâàííÿ ôóíêöi¨ φ ∈ Φa

p ïðè p ∈ (1,∞] òà óçàãàëüíåíî¨ ìiðè φ ∈ Φa
1

ïðè p = 1 òàêèõ, ùî çàäàíèé ðîçâ'ÿçîê u, ÿêèé çàäîâîëüíÿ¹ óìîâè òåîðåìè, ¹ iíòåãðàëîì
Ïóàññîíà âiäïîâiäíî ôóíêöi¨ àáî óçàãàëüíåíî¨ ìiðè φ.



Iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ ïiâïðîñòîðîâèõ îäíîðiäíèõ çàäà÷ 69

Çàóâàæåííÿ 1. ßêùî äåòàëüíî äîñëiäèòè âëàñòèâîñòi îïåðàòîðiâ �ðiíà (17), òî ìîæíà
äîâåñòè, ùî ôîðìóëîþ (19) âèçíà÷à¹òüñÿ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (7), ÿêèé íàëåæèòü
äî ïðîñòîðó L

k(·,a)
p , çàäîâîëüíÿ¹ êðàéîâó óìîâó (8l) ó çâè÷àéíîìó ñåíñi, à ïî÷àòêîâó

óìîâó (9) â òàêîìó ñåíñi

ïðè 1 < p < ∞ lim
t→0

∥u(t, ·)− φ(·)∥k̂(t,a)p = 0;

ïðè p = 1 ∀η ∈ W a
0 : lim

t→0

∫
Rn
+

η(x)u(t, x)dx =
∫
Rn
+

η(x)dφ(x);

ïðè p = ∞ ∀η ∈ W a
1 : lim

t→0

∫
Rn
+

η(x)u(t, x)dx =
∫
Rn
+

η(x)φ(x)dx.

Çàóâàæåííÿ 2. Iç òåîðåìè 1 i çàóâàæåííÿ 1 âèïëèâà¹, ùî äëÿ çîáðàæåííÿ ðîçâ'ÿçêiâ
çàäà÷i (7), (8l), (9) ó âèãëÿäi (19) ç φ ∈ Φa

p íåîáõiäíî é äîñèòü, ùîá âèêîíóâàëàñü óìîâà
(18) iç çàäàíèìè p i a.

4 Âèñíîâêè

Äîâåäåíà â ñòàòòi òåîðåìà ïðî iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ îäíîðiäíèõ çà-
äà÷ Äiðiõëå òà Íåéìàíà äëÿ ðiâíÿííÿ òèïó Ôîêêåðà�Ïëàíêà�Êîëìîãîðîâà íîðìàëüíîãî
ìàðêîâñüêîãî ïðîöåñó ìîæå iñòîòíî âèêîðèñòîâóâàòèñÿ äëÿ îïèñàííÿ ìíîæèí ïî÷àòêî-
âèõ çíà÷åíü i õàðàêòåðèçàöi¨ øèðîêèõ êëàñiâ ðîçâ'ÿçêiâ ðîçãëÿíóòèõ çàäà÷.
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Ivasyshen S.D., Koreniuk N. I. Integral representation of solutions of half-space homogeneous
Dirichlet and Neumann problems for an equation of Fokker-Planck-Kolmogorov type of normal
Markov process, Bukovinian Math. Journal. 8, 2 (2020), 56�70.

Solutions of a homogeneous model equation of the Fokker�Planck�Kolmogorov type of a
normal Markov process are consider. They are de�ned in {(t, x1, . . . , xn) ∈ Rn+1|0 < t ≤
T,−∞ < xj < ∞, j ∈ {1, . . . , n − 1}, xn > 0} and for xn = 0 satisfy the homogeneous

Dirichlet or Neumann conditions and relate to special weighted Lebesgue Lp-spaces L
k(·,a)
p .

The representation of such solutions in the form of Poisson integrals is established. The kernels
of these integrals are the homogeneous Green's functions of the considered problems, and their
densities belong to specially constructed sets Φa

p of functions or generalized measures. The

results obtained will be used to describe solutions of the problems from spaces L
k(·,a)
p . Thus,

the well-known Eidelman-Ivasyshen approach will be implemented for the considered problems.
According to this approach, if the initial data are taken from the set Φa

p, then there is only

one solution to the problem from the space L
k(·,a)
p . It is represented as a Poisson integral.

Conversely, for any solution from the space L
k(·,a)
p there is only one element φ ∈ Φa

p such that
this solution can be represented as a Poisson integral with density φ. In this case, it becomes
clear in what sense the initial condition is satis�ed.


