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ÊËÈÍÎÂÈÄÍÎÌÓ ÑÓÖIËÜÍÎÌÓ ÖÈËIÍÄÐI

Ìåòîäîì iíòåãðàëüíèõ i ãiáðèäíèõ iíòåãðàëüíèõ ïåðåòâîðåíü ó ïî¹äíàííi ç ìåòîäîì

ãîëîâíèõ ðîçâ'ÿçêiâ (ìàòðèöü âïëèâó òà ìàòðèöü Ãðiíà) âïåðøå ïîáóäîâàíî ¹äèíi òî-

÷íi àíàëiòè÷íi ðîçâ'ÿçêè ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè â êóñêîâî-

îäíîðiäíîìó êëèíîâèäíîìó ñóöiëüíîìó öèëiíäði.

Ðîçãëÿíóòî âèïàäêè çàäàííÿ íà ãðàíÿõ êëèíà êðàéîâèõ óìîâ Äiðiõëå i Íåéìàíà òà ¨õ

ìîæëèâèõ êîìáiíàöié (Äiðiõëå � Íåéìàíà, Íåéìàíà � Äiðiõëå).

Äëÿ ïîáóäîâè ðîçâ'ÿçêiâ äîñëiäæóâàíèõ êðàéîâèõ çàäà÷ çàñòîñîâàíî ñêií÷åííå iíòå-

ãðàëüíå ïåðåòâîðåííÿ Ôóð'¹ ùîäî êóòîâî¨ çìiííî¨ φ ∈ (0;φ0), ñêií÷åííå iíòåãðàëüíå ïå-

ðåòâîðåííÿ Ôóð'¹ íà äåêàðòîâîìó ñåãìåíòi (−l1; l2) ùîäî àïëiêàòíî¨ çìiííî¨ z òà ãiáðèäíå

iíòåãðàëüíå ïåðåòâîðåííÿ òèïó Ãàíêåëÿ 1-ãî ðîäó íà ñåãìåíòi (0;R) ïîëÿðíî¨ îñi ç n òî-

÷êàìè ñïðÿæåííÿ ùîäî ðàäiàëüíî¨ çìiííî¨ r.

Ïîñëiäîâíå çàñòîñóâàííÿ iíòåãðàëüíèõ ïåðåòâîðåíü çà ãåîìåòðè÷íèìè çìiííèìè äîçâî-

ëÿ¹ çâåñòè òðèâèìiðíi ïî÷àòêîâî-êðàéîâi çàäà÷i ñïðÿæåííÿ äî çàäà÷i Êîøi äëÿ çâè÷àéíîãî

ëiíiéíîãî íåîäíîðiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ 1-ãî ïîðÿäêó, ¹äèíèé ðîçâ'ÿçîê ÿêî¨

âèïèñàíî â çàìêíóòîìó âèãëÿäi.

Çàñòîñóâàííÿ îáåðíåíèõ iíòåãðàëüíèõ ïåðåòâîðåíü âiäíîâëþ¹ â ÿâíîìó âèãëÿäi ðîçâ'ÿçêè

ðîçãëÿíóòèõ ïàðàáîëi÷íèõ ïî÷àòêîâî-êðàéîâèõ çàäà÷ ÷åðåç ¨õ iíòåãðàëüíå çîáðàæåííÿ.

Ïðîàíàëiçîâàíî ñòðóêòóðó ðîçâ'ÿçêó çàäà÷i ó âèïàäêó çàäàííÿ íà ãðàíÿõ êëèíà êðà-

éîâèõ óìîâ Íåéìàíà.

Âèïèñàíî òî÷íi àíàëiòè÷íi ôîðìóëè äëÿ êîìïîíåíò ãîëîâíèõ ðîçâ'ÿçêiâ i ñôîðìóëüî-

âàíî òåîðåìó ïðî iñíóâàííÿ ¹äèíîãî îáìåæåíîãî êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i.

Îäåðæàíi ðîçâ'ÿçêè íîñÿòü àëãîðèòìi÷íèé õàðàêòåð i ìîæóòü áóòè çàñòîñîâàíi (ç âè-

êîðèñòàííÿì ÷èñëîâèõ ìåòîäiâ) ïðè ðîçâ'ÿçóâàííi ïðèêëàäíèõ çàäà÷.
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÷èñëåííèìè çàñòîñóâàííÿìè ¨¨ äîñÿãíåíü ïðè äîñëiäæåííi ðiçíîìàíiòíèõ ìàòåìàòè÷íèõ
ìîäåëåé ðiçíèõ ïðîöåñiâ i ÿâèù ôiçèêè, ìåõàíiêè, õiìi¨, áiîëîãi¨, ìåäèöèíè, åêîíîìiêè,
åêîëîãi¨, òåõíiêè, íîâiòíiõ òåõíîëîãié.

Âàãîìi ðåçóëüòàòè ç òåîði¨ çàäà÷i Êîøi òà êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü ïàðàáîëi÷íîãî
òèïó îäåðæàíî ó âiäîìèõ ïðàöÿõ Ãîðîäåöüêîãî Â.Â. [2], Æèòàðàøó Ì.Â., Åéäåëüìàíà
Ñ.Ä. [6], Çàãîðñüêîãî Ò.ß. [7], Iâàñèøåíà Ñ.Ä. [8], Ëàäèæåíñüêî¨ Î.À., Ñîëîííiêîâà Â.À.,
Óðàëüöåâî¨ Í.Ì. [14], Ëàíäiñà �.Ì. [15], Ìàòié÷óêà Ì.I. [16], Ïóêàëüñüêîãî I.Ä. [18],
Ôðiäìàíà À. [22], Åéäåëüìàíà Ñ.Ä. [24] òà iíøèõ âiò÷èçíÿíèõ i çàðóáiæíèõ ìàòåìàòèêiâ.

Äîáðå âiäîìî, ùî ñêëàäíiñòü äîñëiäæóâàíèõ êðàéîâèõ çàäà÷ ñóòò¹âî çàëåæèòü ÿê
âiä âëàñòèâîñòåé êîåôiöi¹íòiâ ðiâíÿíü (ðiçíi âèäè âèðîäæåíîñòåé i îñîáëèâîñòåé êîåôi-
öi¹íòiâ), òàê i âiä ãåîìåòðè÷íî¨ ñòðóêòóðè îáëàñòi (ãëàäêiñòü ìåæi, íàÿâíiñòü êóòîâèõ
òî÷îê, îáìåæåíiñòü, íåîáìåæåíiñòü òîùî), â ÿêié ðîçãëÿäà¹òüñÿ çàäà÷à. Íà öåé ÷àñ äî-
ñèòü äåòàëüíî âèâ÷åíî âëàñòèâîñòi ðîçâ'ÿçêiâ i ðîçâèíóòî ðiçíîìàíiòíi ìåòîäè ïîáóäîâè
ðîçâ'ÿçêiâ (òî÷íi òà íàáëèæåíi) êðàéîâèõ çàäà÷ äëÿ ëiíiéíèõ, êâàçiëiíiéíèõ i äåÿêèõ íå-
ëiíiéíèõ ðiâíÿíü ðiçíèõ òèïiâ (åëiïòè÷íèõ, ïàðàáîëi÷íèõ, ãiïåðáîëi÷íèõ) â îäíîçâ'ÿçíèõ
îáëàñòÿõ (îäíîðiäíèõ ñåðåäîâèùàõ), ÿêi îáóìîâëåíi çãàäàíèìè âèùå âëàñòèâîñòÿìè êîå-
ôiöi¹íòiâ ðiâíÿíü i ãåîìåòði¨ îáëàñòi, òà ïîáóäîâàíî ôóíêöiîíàëüíi ïðîñòîðè êîðåêòíîñòi
çàäà÷ â ñåíñi Àäàìàðà.

Âîäíî÷àñ áàãàòî âàæëèâèõ ïðèêëàäíèõ çàäà÷ òåðìîìåõàíiêè, òåïëîôiçèêè, äèôó-
çi¨, òåîði¨ ïðóæíîñòi, òåîði¨ åëåêòðè÷íèõ êië, òåîði¨ êîëèâàíü, ìåõàíiêè äåôîðìiâíîãî
òâåðäîãî òiëà ïðèâîäÿòü äî êðàéîâèõ i ìiøàíèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç
÷àñòèííèìè ïîõiäíèìè ðiçíèõ òèïiâ íå òiëüêè â îäíîðiäíèõ ñåðåäîâèùàõ, êîëè êîåôi-
öi¹íòè ðiâíÿíü ¹ íåïåðåðâíèìè ôóíêöiÿìè, àëå é â íåîäíîðiäíèõ i êóñêîâî-îäíîðiäíèõ
ñåðåäîâèùàõ, êîëè êîåôiöi¹íòè ðiâíÿíü ¹ êóñêîâî-íåïåðåðâíèìè ôóíêöiÿìè ÷è, çîêðå-
ìà, êóñêîâî-ñòàëèìè [4, 5, 19].

Âiäîìî, ùî êðiì ìåòîäó âiäîêðåìëåííÿ çìiííèõ (ìåòîäó Ôóð'¹) òà éîãî óçàãàëüíåíü,
îäíèì ç âàæëèâèõ i åôåêòèâíèõ ìåòîäiâ âèâ÷åííÿ ëiíiéíèõ êðàéîâèõ i ìiøàíèõ çàäà÷
äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè â îäíîðiäíèõ ñåðåäîâèùàõ ¹ ìå-
òîä iíòåãðàëüíèõ ïåðåòâîðåíü, ÿêèé äà¹ ìîæëèâiñòü ïîáóäóâàòè â àíàëiòè÷íîìó âèãëÿäi
òî÷íi ðîçâ'ÿçêè ðîçãëÿíóòèõ çàäà÷ ÷åðåç ¨õ iíòåãðàëüíå çîáðàæåííÿ.

Ó òîé æå ÷àñ äëÿ äîñèòü øèðîêîãî êëàñó ëiíiéíèõ êðàéîâèõ çàäà÷ ó êóñêîâî-îäíîðiä-
íèõ ñåðåäîâèùàõ åôåêòèâíèì ìåòîäîì ïîáóäîâè ¨õ ðîçâ'ÿçêiâ âèÿâèâñÿ ìåòîä ãiáðèäíèõ
iíòåãðàëüíèõ ïåðåòâîðåíü, ùî ïîðîäæåíi âiäïîâiäíèìè ãiáðèäíèìè äèôåðåíöiàëüíèìè
îïåðàòîðàìè, êîëè íà êîæíié êîìïîíåíòi çâ'ÿçíîñòi êóñêîâî-îäíîðiäíîãî ñåðåäîâèùà
ðîçãëÿäàþòüñÿ àáî æ ðiçíi äèôåðåíöiàëüíi îïåðàòîðè, àáî æ äèôåðåíöiàëüíi îïåðàòîðè
òîãî æ ñàìîãî âèãëÿäó, àëå ç ðiçíèìè íàáîðàìè êîåôiöi¹íòiâ [3, 9-12].

Ó öié ñòàòòi, ÿêà ¹ ëîãi÷íèì ïðîäîâæåííÿì [13], çà äîïîìîãîþ ìåòîäó iíòåãðàëüíèõ
i ãiáðèäíèõ iíòåãðàëüíèõ ïåðåòâîðåíü ó ïî¹äíàííi ç ìåòîäîì ãîëîâíèõ ðîçâ'ÿçêiâ ïî-
áóäîâàíî iíòåãðàëüíi çîáðàæåííÿ ¹äèíèõ òî÷íèõ àíàëiòè÷íèõ ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ
ïî÷àòêîâî-êðàéîâèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè â êóñêîâî-îäíîðiäíîìó êëèíîâèäíîìó
ñóöiëüíîìó öèëiíäði.

1. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî çàäà÷ó ïîáóäîâè îáìåæåíîãî íà ìíîæèíi D =
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{(t, r, φ, z)| t > 0; r ∈ I+n =
n+1∪
j=1

Ij ≡
n+1∪
j=1

(Rj−1;Rj); R0 = 0; Rn+1 = R < +∞; φ ∈

(0;φ0); 0 < φ0 < 2π; z ∈ (−l1; l2); lj ≥ 0; l1 + l2 ̸= 0} êëàñè÷íîãî ðîçâ'ÿçêó ëiíiéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïàðàáîëi÷íîãî òèïó 2-ãî ïîðÿäêó
[17]
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uj+
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juj = fj(t, r, φ, z); r ∈ Ij; j = 1, n+ 1 (1)

ç ïî÷àòêîâèìè óìîâàìè

uj(t, r, φ, z)|t=0 = gj(r, φ, z); r ∈ Ij; j = 1, n+ 1, (2)

êðàéîâèìè óìîâàìè
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∣∣∣∣
z=l2

= w2
j (t, r, φ); (4)

pj ≥ 0; p1 + p2 ̸= 0; r ∈ Ij; j = 1, n+ 1;

îäíèìè ç êðàéîâèõ óìîâ íà ãðàíÿõ êëèíà [13]

uj|φ=0 = g1j(t, r, z); uj|φ=φ0
= w1j(t, r, z); j = 1, n+ 1, (5)

uj|φ=0 = g2j(t, r, z);
∂uj

∂φ

∣∣∣∣
φ=φ0

= −w2j(t, r, z); j = 1, n+ 1, (6)

∂uj

∂φ
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= w3j(t, r, z); j = 1, n+ 1, (7)
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òà óìîâàìè ñïðÿæåííÿ [12][(
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äå arj, aφj, azj, χj, α
k
js, β

k
js � äåÿêi ñòàëi;

cjk = αk
2jβ

k
1j − αk

1jβ
k
2j ̸= 0; c1k · c2k > 0;

αn+1
22 ≥ 0, βn+1

22 ≥ 0; αn+1
22 + βn+1

22 ̸= 0;

f(t, r, φ, z) = {f1(t, r, φ, z), f2(t, r, φ, z), ..., fn+1(t, r, φ, z)};

g(r, φ, z) = {g1(r, φ, z), g2(r, φ, z), ..., gn+1(r, φ, z)};

w1(t, r, φ) = {w1
1(t, r, φ), w

1
2(t, r, φ), ..., w

1
n+1(t, r, φ)};
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w2(t, r, φ) = {w2
1(t, r, φ), w

2
2(t, r, φ), ..., w

2
n+1(t, r, φ)};

g(t, φ, z), gpj(t, r, z), wpj(t, r, z); (p = 1, 4; j = 1, n+ 1)

� çàäàíi äiéñíi îáìåæåíi íåïåðåðâíi ôóíêöi¨;

u(t, r, φ, z) = {u1(t, r, φ, z), u2(t, r, φ, z), ..., un+1(t, r, φ, z)}

� øóêàíà íåïåðåðâíî äèôåðåíöiéîâíà çà çìiííîþ t i äâi÷i íàïåðåðâíî äèôåðåíöiéîâíà
çà ãåîìåòðè÷íèìè çìiííèìè (r, φ, z) ôóíêöiÿ.

Çàóâàæèìî, ùî:
1) ó âèïàäêó χj ≡ 0 ðiâíÿííÿ (1) ¹ êëàñè÷íèì òðèâèìiðíèì íåîäíîðiäíèì ðiâíÿí-

íÿì òåïëîïðîâiäíîñòi (äèôóçi¨) äëÿ îðòîòðîïíîãî ñåðåäîâèùà ó öèëiíäðè÷íié ñèñòåìi
êîîðäèíàò;

2) ÿêùî αk
11 = 0, βk

11 = 1; αk
12 = 0, βk

12 = 1; αk
21 = λk

1, β
k
21 = 0; αk

22 = λk
2, β

k
22 = 0, äå

λk
1, λ

k
2 � êî¹ôiöi¹íòè òåïëîïðîâiäíîñòi, òî óìîâè ñïðÿæåííÿ (9) çáiãàþòüñÿ ç óìîâàìè

iäåàëüíîãî òåïëîâîãî (òåðìi÷íîãî) êîíòàêòó;
3) ÿêùî αk

11 = bk, βk
11 = 1; αk

12 = 0, βk
12 = 1; αk

21 = λk
1, β

k
21 = 0; αk

22 = λk
2, β

k
22 = 0, äå bk

� êî¹ôiöi¹íòè òåðìîîïîðó, òî óìîâè ñïðÿæåííÿ (9) çáiãàþòüñÿ ç óìîâàìè íåiäåàëüíîãî
òåïëîâîãî êîíòàêòó.

Îòæå, ó çàçíà÷åíèõ âèïàäêàõ 1, 2 (àáî 1, 3) ðîçãëÿíóòà ïàðàáîëi÷íà êðàéîâà çà-
äà÷à ìàòåìàòè÷íî¨ ôiçèêè ìîäåëþ¹ ïðîöåñè òåïëîïðîâiäíîñòi â êóñêîâî-îäíîðiäíîìó
êëèíîâèäíîìó ñóöiëüíîìó öèëiíäði.

2. Îñíîâíà ÷àñòèíà. Ïðèïóñòèìî, ùî ðîçâ'ÿçêè ïàðàáîëi÷íèõ ïî÷àòêîâî-êðàéîâèõ
çàäà÷ ñïðÿæåííÿ (1)-(4), (5), (9); (1)-(4), (6), (9); (1)-(4), (7), (9); (1)-(4), (8), (9) iñíóþòü
i çàäàíi é øóêàíi ôóíêöi¨ çàäîâîëüíÿþòü óìîâè çàñòîñîâíîñòi çàëó÷åíèõ íèæ÷å ïðÿìèõ
òà îáåðíåíèõ iíòåãðàëüíèõ i ãiáðèäíèõ iíòåãðàëüíèõ ïåðåòâîðåíü [12, 20, 21].

Çãiäíî ç [21] âèçíà÷èìî ñêií÷åííi ïðÿìå Fm,ik òà îáåðíåíå F
−1
m,ik iíòåãðàëüíi ïåðåòâî-

ðåííÿ Ôóð'¹ ùîäî êóòîâî¨ çìiííî¨ φ ∈ (0;φ0) çà ôîðìóëàìè:

Fm,ik[f(φ)] =

φ0∫
0

f(φ)Um,ik(φ)dφ ≡ fm,ik, (10)

F−1
m,ik[fm,ik] =

2

φ0

∞∑
m=0

εikmfm,ikUm,ik(φ) ≡ f(φ), (11)

äå
Um,11(φ) = sin(βm,11φ); βm,11 =

πm

φ0

;

Um,12(φ) = sin(βm,12φ); βm,12 =
π(2m+ 1)

2φ0

;

Um,21(φ) = cos(βm,21φ); βm,21 = βm,12;

Um,22(φ) = cos(βm,22φ); βm,22 = βm,11;

εik0 = 0; εikm = 1 ïðè ik = 11, 12, 21; m = 1, 2, 3, ...; ε220 = 1
2
; ε22m = 1 ïðè m = 1, 2, 3, ...
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Ïðè öüîìó äëÿ iíòåãðàëüíîãî îïåðàòîðà Fm,ik âèêîíó¹òüñÿ òîòîæíiñòü

Fm,ik

[
d2f

dφ2

]
= −β2

m,ikfm,ik + Φm,ik; i, k = 1, 2, (12)

äå
Φm,11 =

πm

φ0

[
f(0) + (−1)m+1f(φ0)

]
;

Φm,12 =
π(2m+ 1)

2φ0

f(0) + (−1)m
df

dφ

∣∣∣∣
φ=φ0

;

Φm,21 = − df

dφ

∣∣∣∣
φ=0

+ (−1)m
π(2m+ 1)

2φ0

f(φ0);

Φm,22 = − df

dφ

∣∣∣∣
φ=0

+ (−1)m
df

dφ

∣∣∣∣
φ=φ0

.

Iíòåãðàëüíèé îïåðàòîð Fm,ik, ÿêèé äi¹ çà ôîðìóëîþ (10), âíàñëiäîê òîòîæíîñòi (12),
òðèâèìiðíèì ïî÷àòêîâî-êðàéîâèì çàäà÷àì ñïðÿæåííÿ (1)-(4), (5), (9); (1)-(4), (6), (9);
(1)-(4), (7), (9); (1)-(4), (8), (9) ñòàâèòü ó âiäïîâiäíiñòü çàäà÷ó ïîáóäîâè îáìåæåíîãî íà
ìíîæèíi D

′
= {(t, r, z)|t > 0; r ∈ I+n ; z ∈ (−l1; l2)} êëàñè÷íîãî ðîçâ'ÿçêó äâîâèìiðíèõ

äèôåðåíöiàëüíèõ ðiâíÿíü ïàðàáîëi÷íîãî òèïó 2-ãî ïîðÿäêó

∂ujm,ik

∂t
−

[
a2rj

(
∂2

∂r2
+

1

r

∂

∂r
−

ν2
jm,ik

r2

)
+ a2zj

∂2

∂z2

]
ujm,ik+

+χ2
jujm,ik = Gjm,ik(t, r, z); r ∈ Ij; j = 1, n+ 1 (13)

ç ïî÷àòêîâèìè óìîâàìè

ujm,ik(t, r, z)|t=0 = gjm,ik(r, z); r ∈ Ij; j = 1, n+ 1, (14)

êðàéîâèìè óìîâàìè(
− ∂

∂z
+ p1

)
ujm,ik

∣∣∣∣
z=−l1

= w1
jm,ik(t, r);

(
∂

∂z
+ p2

)
ujm,ik

∣∣∣∣
z=l2

= w2
jm,ik(t, r); (15)

∂su1m,ik

∂rs

∣∣∣∣
r=0

= 0;

(
αn+1
22

∂

∂r
+ βn+1

22

)
un+1,m,ik

∣∣∣∣
r=R

= gm,ik(t, z); s = 0, 1 (16)

òà óìîâàìè ñïðÿæåííÿ[(
αp
j1

∂

∂r
+ βp

j1

)
upm,ik −

(
αp
j2

∂

∂r
+ βp

j2

)
up+1,m,ik

]∣∣∣∣
r=Rp

= 0; j = 1, 2; p = 1, n, (17)

äå νjm,ik = a−1
rj aφjβm,ik; Gjm,ik(t, r, z) = fjm,ik(t, r, z) + a2φjr

−2Φm,ik(t, r, z).
Çàñòîñó¹ìî äî äâîâèìiðíî¨ ïî÷àòêîâî-êðàéîâî¨ çàäà÷i ñïðÿæåííÿ (13)-(17) ñêií÷åííå

iíòåãðàëüíå ïåðåòâîðåííÿ Ôóð'¹ íà äåêàðòîâîìó ñåãìåíòi (−l1; l2) ùîäî çìiííî¨ z [20]:

Λ[f(z)] =

l2∫
−l1

f(z)vs(z + l1)dz ≡ fs, (18)
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Λ−1[fs] =
∞∑
s=1

fs
vs(z + l1)

||vs(z + l1)||2
≡ f(z), (19)

Λs

[
d2f

dz2

]
= −γ2

sfs + vs(0)

(
−df

dz
+ p1f

)∣∣∣∣
z=−l1

+

+vs(l)

(
df

dz
+ p2f

)∣∣∣∣
z=l2

; l = l1 + l2. (20)

Ó ôîðìóëàõ (18)-(20) âèêîðèñòîâó¹òüñÿ ñïåêòðàëüíà ôóíêöiÿ (ÿäðî ïåðåòâîðåííÿ)

vs(z + l1) =
γs cos γs(z + l1) + p1 sin γs(z + l1)√

γ2
s + p21

,

êâàäðàò íîðìè ÿêî¨

||vs(z + l1)||2 ≡
l2∫

−l1

v2s(z + l1)dz =
l

2
+

(p1 + p2)(γ
2
s + p1p2)

2(γ2
s + p21)(γ

2
s + p22)

.

Ïðè öüîìó
vs(0) =

γs√
γ2
s + p21

; vs(l) =
γs√

γ2
s + p22

;

{γs}∞s=1 � ìîíîòîííî çðîñòàþ÷à ïîëiäîâíiñòü äiéñíèõ ðiçíèõ äîäàòíèõ êîðåíiâ òðàíñöåí-

äåíòíîãî ðiâíÿííÿ ctg(γl) =
γ2 − p1p2
γ(p1 + p2)

, ÿêi óòâîðþþòü äèñêðåòíèé ñïåêòð.

Iíòåãðàëüíèé îïåðàòîð Λs, ÿêèé äi¹ çà ôîðìóëîþ (18), âíàñëiäîê òîòîæíîñòi (20)
êðàéîâié çàäà÷i (13)-(17) ñòàâèòü ó âiäïîâiäíiñòü çàäà÷ó ïîáóäîâè îáìåæåíîãî íà ìíî-
æèíi D

′′
= {(t, r)|t > 0; r ∈ I+n } êëàñè÷íîãî ðîçâ'ÿçêó îäíîâèìiðíèõ äèôåðåíöiàëüíèõ

ðiâíÿíü B-ïàðàáîëi÷íîãî òèïó 2-ãî ïîðÿäêó

∂ujm,ik,s

∂t
− a2rjBνjm,ik

[ujm,ik,s] +
(
a2zjγ

2
s + χ2

j

)
ujm,ik,s =

= Φjm,ik,s(t, r); r ∈ Ij; j = 1, n+ 1 (21)

ç ïî÷àòêîâèìè óìîâàìè

ujm,ik,s(t, r)|t=0 = gjm,ik,s(r); r ∈ Ij; j = 1, n+ 1, (22)

êðàéîâèìè óìîâàìè

∂pu1m,ik,s

∂rp

∣∣∣∣
r=0

= 0;

(
αn+1
22

∂

∂r
+ βn+1

22

)
un+1,m,ik,s

∣∣∣∣
r=R

= gm,ik,s(t); p = 0, 1 (23)

òà óìîâàìè ñïðÿæåííÿ[(
αp
j1

∂

∂r
+ βp

j1

)
upm,ik,s −

(
αp
j2

∂

∂r
+ βp

j2

)
up+1,m,ik,s

]∣∣∣∣
r=Rp

= 0; j = 1, 2; p = 1, n, (24)

äå

Bνjm,ik
=

∂2

∂r2
+

1

r

∂

∂r
−

ν2
jm,ik

r2
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� êëàñè÷íèé äèôåðåíöiàëüíèé îïåðàòîð Áåññåëÿ [16],

Φjm,ik,s(t, r) = Gjm,ik,s(t, r) + a2zjvs(0)w
1
jm,ik(t, r) + a2zjvs(l)w

2
jm,ik(t, r).

Äî îäíîâèìiðíî¨ ïî÷àòêîâî-êðàéîâî¨ çàäà÷i ñïðÿæåííÿ (21)-(24) çàñòîñó¹ìî ñêií÷åí-
íå ãiáðèäíå iíòåãðàëüíå ïåðåòâîðåííÿ òèïó Ãàíêåëÿ 1-ãî ðîäó íà êóñêîâî-îäíîðiäíîìó
ñåãìåíòi I+n ç n òî÷êàìè ñïðÿæåííÿ ùîäî ðàäiàëüíî¨ çìiííî¨ r [12]:

Hpn[f(r)] =

R∫
0

f(r)V (r, λp)σ(r)rdr ≡ f̃(λp), (25)

H−1
pn [f̃(λp)] =

∞∑
p=1

f̃(λp)
V (r, λp)

||V (r, λp)||2
≡ f(z), (26)

Hpn

[
B(m,ik)[f(r)]

]
= −λ2

pf̃(λp)−
n+1∑
k=1

α2
k

Rk∫
Rk−1

f(r)Vk(r, λp)σkrdr+

+a2n+1Rσn+1(α
n+1
22 )−1Vn+1(r, λp)

(
αn+1
22

df

dr
+ βn+1

22 f

)∣∣∣∣
r=R

. (27)

Ó ôîðìóëàõ (25)-(27) çàñòîñîâóþòüñÿ, âèïèñàíi â [12], ñïåêòðàëüíà ôóíêöiÿ V (r, λp),
âàãîâà ôóíêöiÿ σ(r) òà ãiáðèäíèé äèôåðåíöiàëüíèé îïåðàòîð Áåññåëÿ

B(m,ik) =
n+1∑
j=1

a2rjΘ(r −Rj−1)Θ(Rj − r)Bνjm,ik
,

äå αk � äåÿêi ñòàëi, Θ(x) � îäèíè÷íà ôóíêöiÿ Ãåâiñàéäà.
Çàïèøåìî äèôåðåíöiàëüíi ðiâíÿíííÿ (21) òà ïî÷àòêîâi óìîâè (22) ó ìàòðè÷íié ôîðìi

(
∂
∂t
− a2r1Bν1m,ik

+ q21s
)
u1m,ik,s(t, r)(

∂
∂t
− a2r2Bν2m,ik

+ q22s
)
u2m,ik,s(t, r)

.................................................................(
∂
∂t
− a2r,n+1Bνn+1,m,ik

+ q2n+1,s

)
un+1,m,ik,s(t, r)

 =


Φ1m,ik,s(t, r)

Φ2m,ik,s(t, r)

..............

Φn+1,m,ik,s(t, r)

 , (28)


u1m,ik,s(t, r)

u2m,ik,s(t, r)

..............

un+1,m,ik,s(t, r)


∣∣∣∣∣∣∣∣∣
t=0

=


g1m,ik,s(r)

g2m,ik,s(r)

..............

gn+1,m,ik,s(r)

 , (29)

äå q2js = a2zjγ
2
s + χ2

j ; j = 1, n+ 1, s = 1, 2, 3, ....
Iíòåãðàëüíèé îïåðàòîð Hpn, ÿêèé äi¹ çà ôîðìóëîþ (25), çîáðàçèìî ó âèãëÿäi îïåðà-

òîðíî¨ ìàòðèöi-ðÿäêà

Hpn[· · · ] =

 R1∫
0

· · ·V1(r, λp)σ1rdr

R2∫
R1

· · ·V2(r, λp)σ2rdr
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Rn∫
Rn−1

· · ·Vn(r, λp)σnrdr

R∫
Rn

· · ·Vn+1(r, λp)σn+1rdr

 (30)

i çàñòîñó¹ìî çà ïðàâèëîì ìíîæåííÿ ìàòðèöü äî çàäà÷i (28), (29). Âíàñëiäîê òîòîæíîñòi
(27) îäåðæó¹ìî çàäà÷ó Êîøi äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü 1-ãî ïîðÿäêó

n+1∑
j=1

(
d

dt
+ λ2

p + α2
j + q2js

)
ũjm,ik,s(t, λp) =

n+1∑
j=1

Φ̃jm,ik,s(t, λp)+

+a2n+1Rσn+1(α
n+1
22 )−1Vn+1(R, λp)gm,ik,s(t), (31)

n+1∑
j=1

ũjm,ik,s(t, λp)

∣∣∣∣∣
t=0

=
n+1∑
j=1

g̃jm,ik,s(λp), (32)

äå

ũjm,ik,s(t, λp) =

Rj∫
Rj−1

ujm,ik,s(t, r)Vj(r, λp)σjrdr; j = 1, n+ 1,

Φ̃jm,ik,s(t, λp) =

Rj∫
Rj−1

Φjm,ik,s(t, r)Vj(r, λp)σjrdr; j = 1, n+ 1,

g̃jm,ik,s(λp) =

Rj∫
Rj−1

gjm,ik,s(r)Vj(r, λp)σjrdr; j = 1, n+ 1.

Ïðèïóñòèìî, íå çìåíøóþ÷è çàãàëüíîñòi ðîçâ'ÿçêó çàäà÷i, ùîmax{q21s, q22s, · · · , q2n+1,s} =

q21s i ïîêëàäåìî âñþäè α2
j = q21s − q2js; j = 1, n+ 1.

Çàäà÷à Êîøi (31), (32) íàáóâà¹ âèãëÿäó

dũm,ik,s

dt
+∆(λp, γs)ũm,ik,s = T̃m,ik,s(t, λp), (33)

ũm,ik,s(t, λp)|t=0 = g̃m,ik,s(λp), (34)

äå

ũm,ik,s(t, λp) =
n+1∑
j=1

ũjm,ik,s(t, λp); ∆(λp, γs) = λ2
p + a2z1γ

2
s + χ2

1;

T̃m,ik,s(t, λp) = Φ̃m,ik,s(t, λp) + a2n+1Rσn+1(α
n+1
22 )−1Vn+1(R, λp)gm,ik,s(t);

Φ̃m,ik,s(t, λp) =
n+1∑
j=1

Φ̃jm,ik,s(t, λp); g̃m,ik,s(λp) =
n+1∑
j=1

g̃jm,ik,s(λp).

Áåçïîñåðåäíüî ïåðåâiðÿ¹òüñÿ, ùî ¹äèíèì ðîçâ'ÿçêîì çàäà÷i Êîøi (33), (34) ¹ ôóíêöiÿ

ũm,ik,s(t, λp) = N(t, λp, γs)g̃m,ik,s(λp) +

t∫
0

N(t− τ, λp, γs)T̃m,ik,s(τ, λp)dτ, (35)



48 Ãðîìèê À.Ï.1, Êîíåò I.Ì.2, Ïèëèïþê Ò.Ì.2

äå ðîçâ'ÿçóþ÷à ôóíêöiÿ (ôóíêöiÿ Êîøi) ìà¹ âèãëÿä N(t, λp, γs) = exp(−∆(λp, γs)t).

Îñêiëüêè ñóïåðïîçèöiÿ îïåðàòîðiâ Hpn òà H−1
pn ¹ îäèíè÷íèì îïåðàòîðîì (Hpn◦H−1

pn =

H−1
pn ◦Hpn = I), òî îïåðàòîð H−1

pn , ÿê îáåðíåíèé äî îïåðàòîðà (30), çîáðàçèìî ó âèãëÿäi
îïåðàòîðíî¨ ìàòðèöi-ñòîâïöÿ

H−1
pn [· · · ] =



∞∑
p=1

· · · V1(r,λp)

||V (r,λp)||2

∞∑
p=1

· · · V2(r,λp)

||V (r,λp)||2

..........................
∞∑
p=1

· · · Vn+1(r,λp)

||V (r,λp)||2


(36)

i çàñòîñó¹ìî çà ïðàâèëîì ìíîæåííÿ ìàòðèöü äî ìàòðèöi-åëåìåíòà [ũm,ik,s(t, λp)], äå ôóí-
êöiÿ ũm,ik,s(t, λp) âèçíà÷åíà ôîðìóëîþ (35). Îäåðæó¹ìî ¹äèíèé ðîçâ'ÿçîê îäíîâèìiðíî¨
ïî÷àòêîâî-êðàéîâî¨ çàäà÷i ñïðÿæåííÿ (21)-(24):

ujm,ik,s(t, r) =
∞∑
p=1

ũm,ik,s(t, λp)
Vj(r, λp)

||V (r, λp)||2
; j = 1, n+ 1. (37)

Çàñòîñóâàâøè ïîñëiäîâíî äî ôóíêöié ujm,ik,s(t, r), âèçíà÷åíèõ ôîðìóëàìè (37), îáåð-
íåíi îïåðàòîðè Λ−1

s òà F−1
m,ik, i âèêîíàâøè íåñêëàäíi ïåðåòâîðåííÿ, îäåðæó¹ìî ôóíêöi¨

uj,ik(t, r, φ, z) =
n+1∑
p=1

t∫
0

Rp∫
Rp−1

φ0∫
0

l2∫
−l1

Eik
jp(t− τ, r, ρ, φ, α, z, ξ)fp(τ, ρ, α, ξ)σpρdξdαdρdτ+

+
n+1∑
p=1

Rp∫
Rp−1

φ0∫
0

l2∫
−l1

Eik
jp(t, r, ρ, φ, α, z, ξ)gp(ρ, α, ξ)σpρdξdαdρ+ (38)

+
n+1∑
p=1

a2φp

t∫
0

Rp∫
Rp−1

l2∫
−l1

Qik
jp(t, τ, r, ρ, φ, z, ξ)σpρ

−1dξdρdτ+

+
n+1∑
p=1

a2zp

t∫
0

Rp∫
Rp−1

φ0∫
0

[W ik
jp,1(t− τ, r, ρ, φ, α, z)w1

p(τ, ρ, α)+

+W ik
jp,2(t− τ, r, ρ, φ, α, z)w2

p(τ, ρ, α)]σpρdαdρdτ+

+

t∫
0

φ0∫
0

l2∫
−l1

W ik
jr (t− τ, r, φ, α, z, ξ)g(τ, α, ξ)dξdαdτ ; j = 1, n+ 1,

ÿêi âèçíà÷àþòü ¹äèíi ðîçâ'ÿçêè ïàðàáîëi÷íèõ ïî÷àòêîâî-êðàéîâèõ çàäà÷ ñïðÿæåííÿ (1)-
(4), (5), (9); (1)-(4), (6), (9); (1)-(4), (7), (9); (1)-(4), (8), (9) ïðè âiäïîâiäíèõ çíà÷åííÿõ
ik (11, 12, 21, 22 ).
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Ó ôîðìóëàõ (38) çàñòîñîâàíî êîìïîíåíòè

Eik
jp(t, r, ρ, φ, α, z, ξ) =

2

φ0

∞∑
m=0

∞∑
q=1

∞∑
s=1

εikmN(t, λq, γs)×

×Vj(r, λq)Vp(ρ, λq)

||V (r, λq)||2
vs(z + l1)vs(ξ + l1)

||vs(z + l1)||2
Um,ik(φ)Um,ik(α); j, p = 1, n+ 1

ìàòðèöi âïëèâó (ôóíêöi¨ âïëèâó),
ôóíêöi¨ Ãðiíà

Qik
jp(t, τ, r, ρ, φ, z, ξ) =

2

φ0

∞∑
m=0

∞∑
q=1

∞∑
s=1

εikmN(t− τ, λq, γs)×

×Vj(r, λq)Vp(ρ, λq)

||V (r, λq)||2
vs(z + l1)vs(ξ + l1)

||vs(z + l1)||2
Φm,ik(τ, ρ, ξ)Um,ik(φ),

êîìïîíåíòè W ik
jp,1(t, r, ρ, φ, α, z) = Eik

jp(t, r, ρ, φ, α, z,−l1) íèæíüî¨ àïëiêàòíî¨ ìàòðèöi Ãði-
íà (íèæíi àïëiêàòíi ôóíêöi¨ Ãðiíà), êîìïîíåíòèW ik

jp,2(t, r, ρ, φ, α, z) = Eik
jp(t, r, ρ, φ, α, z, l2)

âåðõíüî¨ àïëiêàòíî¨ ìàòðèöi Ãðiíà (âåðõíi àïëiêàòíi ôóíêöi¨ Ãðiíà) òà êîìïîíåíòè
W ik

jr (t, r, φ, α, z, ξ) = a2n+1Rσn+1(α
n+1
22 )−1Eik

j,n+1(t, r, R, φ, α, z, ξ) ðàäiàëüíî¨ ìàòðèöi Ãðiíà
(ðàäiàëüíi ôóíêöi¨ Ãðiíà) ðîçãëÿíóòèõ ïàðàáîëi÷íèõ ïî÷àòêîâî-êðàéîâèõ çàäà÷.

Ïðîàíàëiçó¹ìî ôîðìóëè (38) â çàëåæíîñòi âiä òèïó êðàéîâèõ óìîâ íà ãðàíÿõ êóñêîâî-
îäíîðiäíîãî êëèíîâèäíîãî ñóöiëüíîãî öèëiíäðà. Ðîçãëÿíåìî, íàïðèêëàä, âèïàäîê êðà-
éîâèõ óìîâ (8). Ó öüîìó âèïàäêó ôóíêöi¨ Ãðiíà

Q22
jp(t, τ, r, ρ, φ, z, ξ) =

2

φ0

∞∑
m=0

∞∑
q=1

∞∑
s=1

ε22mN(t− τ, λq, γs)×

×Vj(r, λq)Vp(ρ, λq)

||V (r, λq)||2
vs(z + l1)vs(ξ + l1)

||vs(z + l1)||2
×

×
[
−g4p(τ, ρ, ξ) + (−1)m+1w4p(τ, ρ, ξ)

]
cos

πmφ

φ0

.

Âèçíà÷èìî òàíãåíöiàëüíi ôóíêöi¨ Ãðiíà, ïîðîäæåíi êðàéîâèìè óìîâàìè (8), çà ôîð-
ìóëàìè:

Ψ22
jp,1(t, τ, r, ρ, φ, z, ξ) = − 2

φ0

∞∑
m=0

∞∑
q=1

∞∑
s=1

ε22mN(t− τ, λq, γs)×

×Vj(r, λq)Vp(ρ, λq)

||V (r, λq)||2
vs(z + l1)vs(ξ + l1)

||vs(z + l1)||2
cos

πmφ

φ0

,

Ψ22
jp,2(t, τ, r, ρ, φ, z, ξ) =

2

φ0

∞∑
m=0

∞∑
q=1

∞∑
s=1

(−1)m+1ε22mN(t− τ, λq, γs)×

×Vj(r, λq)Vp(ρ, λq)

||V (r, λq)||2
vs(z + l1)vs(ξ + l1)

||vs(z + l1)||2
cos

πmφ

φ0

,



50 Ãðîìèê À.Ï.1, Êîíåò I.Ì.2, Ïèëèïþê Ò.Ì.2

Òîäi ðîçâ'ÿçîê çàäà÷i (1)-(4), (8), (9) ìîæåìî çàïèñàòè ó âèãëÿäi

uj,22(t, r, φ, z) =
n+1∑
p=1

t∫
0

Rp∫
Rp−1

φ0∫
0

l2∫
−l1

E22
jp (t− τ, r, ρ, φ, α, z, ξ)fp(τ, ρ, α, ξ)σpρdξdαdρdτ+

+
n+1∑
p=1

Rp∫
Rp−1

φ0∫
0

l2∫
−l1

E22
jp (t, r, ρ, φ, α, z, ξ)gp(ρ, α, ξ)σpρdξdαdρ+ (39)

+
n+1∑
p=1

a2φp

t∫
0

Rp∫
Rp−1

l2∫
−l1

[
Ψ22

jp,1(t, τ, r, ρ, φ, z, ξ)g4p(τ, ρ, ξ)+

+Ψ22
jp,2(t, τ, r, ρ, φ, z, ξ)w4p(τ, ρ, ξ)

]
σpρ

−1dξdρdτ+

+
n+1∑
p=1

a2zp

t∫
0

Rp∫
Rp−1

φ0∫
0

[
W 22

jp,1(t− τ, r, ρ, φ, α, z)w1
p(τ, ρ, α)+

+ W 22
jp,2(t− τ, r, ρ, φ, α, z)w2

p(τ, ρ, α)
]
σpρdαdρdτ+

+

t∫
0

φ0∫
0

l2∫
−l1

W 22
jr (t− τ, r, φ, α, z, ξ)g(τ, α, ξ)dξdαdτ ; j = 1, n+ 1,

Ïiäñóìêîì âèêëàäåíîãî âèùå ¹ òàêà òåîðåìà.
Òåîðåìà. ßêùî ôóíêöi¨ fj(t, r, φ, z), gj(r, φ, z), ws

j(t, r, φ), (s = 1, 2), g4j(t, r, z),
w4j(t, r, z),(j = 1, n+ 1) çàäîâîëüíÿþòü óìîâè:

1) íåïåðåðâíî äèôåðåíöiéîâíi çà çìiííîþ t i äâi÷i íåïåðåðâíî äèôåðåíöiéîâíi çà
ãåîìåòðè÷íèìè çìiííèìè;

2) ìàþòü îáìåæåíó âàðiàöiþ çà ãåîìåòðè÷íèìè çìiííèìè;
3) ñïðàâäæóþòü óìîâè ñïðÿæåííÿ, à ôóíêöiÿ g(t, φ, z) òàêîæ çàäîâîëüíÿ¹ óìîâè

1-2, òî ïàðàáîëi÷íà ïî÷àòêîâî-êðàéîâà çàäà÷à ñïðÿæåííÿ (1)-(4), (8), (9) ìà¹ ¹äèíèé
îáìåæåíèé êëàñè÷íèé ðîçâ'ÿçîê, ÿêèé âèçíà÷à¹òüñÿ çà ôîðìóëàìè (39).

Ç âèêîðèñòàííÿì âëàñòèâîñòåé ôóíêöié âïëèâó E22
jp (t, r, ρ, φ, α, z) i ôóíêöié Ãðiíà

Ψ22
jp,s(t, τ, r, ρ, φ, z, ξ), W

22
jp,s(t, r, ρ, φ, α, z) (s = 1, 2), W 22

jr (t, r, φ, α, z, ξ) áåçïîñåðåäíüî ïå-
ðåâiðÿ¹òüñÿ, ùî ôóíêöi¨ uj,22(t, r, φ, z), âèçíà÷åíi ôîðìóëàìè (39), çàäîâîëüíÿþòü ðiâ-
íÿííÿ (1), ïî÷àòêîâi óìîâè (2), êðàéîâi óìîâè (3), (4), (8) òà óìîâè ñïðÿæåííÿ (9) â
ñåíñi òåîði¨ óçàãàëüíåíèõ ôóíêöié [23].

�äèíiñòü ðîçâ'ÿçêó (39) âèïëèâà¹ iç éîãî ñòðóêòóðè (iíòåãðàëüíîãî çîáðàæåííÿ) òà
¹äèíîñòi ãîëîâíèõ ðîçâ'ÿçêiâ (ôóíêöié âïëèâó òà ôóíêöié Ãðiíà) ïàðàáîëi÷íî¨ ïî÷àòêîâî-
êðàéîâî¨ çàäà÷i ñïðÿæåííÿ (1)-(4), (8), (9).

Ìåòîäàìè ç [1, 23] ìîæíà äîâåñòè, ùî ïðè âiäïîâiäíèõ óìîâàõ íà âèõiäíi äàíi, ôîð-
ìóëè (39) âèçíà÷àþòü îáìåæåíèé êëàñè÷íèé ðîçâ'ÿçîê ðîçãëÿíóòî¨ çàäà÷i (1) - (4), (8),
(9).
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Âèïàäêè êðàéîâèõ óìîâ (5) - (7) íà ãðàíÿõ êëèíà φ = 0, φ = φ0 àíàëiçóþòüñÿ
àíàëîãi÷íî.

4. Çàóâàæåííÿ.
1. Ó âèïàäêó arj = aφj = azj ≡ aj > 0 ôîðìóëè (38) âèçíà÷àþòü ñòðóêòóðè ðîçâ'ÿçêiâ

ðîçãëÿíóòèõ çàäà÷ â içîòðîïíîìó êóñêîâî-îäíîðiäíîìó êëèíîâèäíîìó ñóöiëüíîìó öè-
ëiíäði.

2. Âèïàäîê çìiíè φ â ìåæàõ φ1 < φ < φ2 çâîäèòüñÿ äî ðîçãëÿíóòîãî çàìiíîþ φ
′
=

φ− φ1 (φ0 ≡ φ2 − φ1).
3. Ïàðàìåòðè αn+1

22 , βn+1
22 äîçâîëÿþòü âèäiëÿòè ç ôîðìóë (38) ðîçâ'ÿçêè ïî÷àòêîâî-

êðàéîâèõ çàäà÷ ó âèïàäêàõ çàäàííÿ íà ðàäiàëüíié ïîâåðõíi r = R êðàéîâî¨ óìîâè 1-ãî
ðîäó (αn+1

22 → 0; βn+1
22 → 1), 2-ãî ðîäó (αn+1

22 → 1; βn+1
22 → 0) òà 3-ãî ðîäó (αn+1

22 → 1;
βn+1
22 ≡ h > 0).
4. Ïàðàìåòðè p1, p2 äîçâîëÿþòü âèäiëÿòè ç ôîðìóë (38) ðîçâ'ÿçêè ïî÷àòêîâî-êðàéîâèõ

çàäà÷ ó âèïàäêàõ çàäàííÿ íà ïëîùèíàõ z = −l1, z = l2 êðàéîâèõ óìîâ 1-ãî ðîäó
(p1 → +∞; p2 → +∞), 2-ãî ðîäó (p1 → 0; p2 → 0) òà ¨õ ìîæëèâèõ êîìáiíàöié.

5. Àíàëiç ôîðìóë (38) â çàëåæíîñòi âiä àíàëiòè÷íîãî âèðàçó ôóíêöié fj(t, r, φ, z),
gj(r, φ, z), ws

j(t, r, φ), (s = 1, 2), gpj(t, r, z), wpj(t, r, z), (p = 1, 4; j = 1, n+ 1, g(t, φ, z)
ïðîâîäèòüñÿ áåçïîñåðåäíüî iç çàãàëüíèõ ñòðóêòóð.

5. Âèñíîâêè. Çà äîïîìîãîþ ìåòîäó êëàñè÷íèõ iíòåãðàëüíèõ ïåðåòâîðåíü Ôóð'¹ òà
ãiáðèäíîãî iíòåãðàëüíîãî ïåðåòâîðåííÿ òèïó Ãàíêåëÿ 1-ãî ðîäó ó ïî¹äíàííi ç ìåòîäîì
ãîëîâíèõ ðîçâ'ÿçêiâ (ôóíêöié âïëèâó òà ôóíêöié Ãðiíà) âïåðøå ïîáóäîâàíî ¹äèíi òî÷íi
àíàëiòè÷íi ðîçâ'ÿçêè ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ó êóñêîâî-îäíîðiäíîìó êëèíîâèäíî-
ìó ñóöiëüíîìó öèëiíäði. Îäåðæàíi iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ íîñÿòü àëãîðè-
òìi÷íèé õàðàêòåð, íåïåðåðâíî çàëåæàòü âiä ïàðàìåòðiâ i äàíèõ çàäà÷i é ìîæóòü áóòè
âèêîðèñòàíi ÿê â ïîäàëüøèõ òåîðåòè÷íèõ äîñëiäæåííÿõ, òàê i â ïðàêòèöi iíæåíåðíèõ
ðîçðàõóíêiâ ìàòåìàòè÷íèõ ìîäåëåé åâîëþöiéíèõ ïðîöåñiâ ó êóñêîâî-îäíîðiäíèõ ñåðå-
äîâèùàõ, ÿêi îïèñóþòüñÿ öèëiíäðè÷íîþ ñèñòåìîþ êîîðäèíàò.
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Íàäiéøëî 09.11.2020

Gromyk A.P., Konet I.M., Pylypyuk T.M. Parabolic boundary value problems in a piecewise

homogeneous wedge-shaped solid cylinder, Bukovinian Math. Journal. 8, 2 (2020), 40�55.

The unique exact analytical solutions of parabolic boundary value problems of mathematical

physics in piecewise homogeneous wedge-shaped solid cylinder were constructed at �rst time

by the method of integral and hybrid integral transforms in combination with the method of

main solutions (matrices of in�uence and Green matrices).

The cases of assigning on the verge of the wedge the boundary conditions of Dirichlet and

Neumann and their possible combinations (Dirichlet � Neumann, Neumann � Dirichlet) are

considered.

Finite integral Fourier transform by an angular variable φ ∈ (0;φ0), a Fourier integral

transform on the Cartesian segment (−l1; l2) by an applicative variable z and a hybrid integral

transform of the Hankel type of the �rst kind on a segment (0;R) of the polar axis with n

points of conjugation by an radial variable r were used to construct solutions of investigated

initial-boundary value problems.

The consistent application of integral transforms by geometric variables allows us to reduce

the three-dimensional initial boundary-value problems of conjugation to the Cauchy problem



Ïàðàáîëi÷íi êðàéîâi çàäà÷i 55

for a regular linear inhomogeneous 1st order di�erential equation whose unique solution is

written in a closed form.

The application of inverse integral transforms restores explicitly the solution of the consi-

dered problems through their integral image.

The structure of the solution of the problem in the case of setting the Neumann boundary

conditions on the wedge edges is analyzed.

Exact analytical formulas for the components of the main solutions are written and the

theorem on the existence of a single bounded classical solution of the problem is formulated.

The obtained solutions are algorithmic in nature and can be used (using numerical methods)

in solving applied problems.


