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CENTER CONDITIONS FOR A CUBIC DIFFERENTIAL SYSTEM
HAVING AN INTEGRATING FACTOR

We find conditions for a singular point O(0,0) of a center or a focus type to be a center,
in a cubic differential system with one irreducible invariant cubic. The presence of a center at
0(0,0) is proved by constructing integrating factors.
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INTRODUCTION

We consider the cubic system of differential equations

T =y+paz,y) +ps(x,y) = Plz,y), 9=—-2+qy +aeal@y) =Qy), (1)

where p;(z,y) and ¢;(x,y) are homogeneous polynomials of degree j and P(z,y), Q(z,y) €
R[x,y] are coprime polynomials. The origin O(0,0) is a singular point for (1) with purely
imaginary eigenvalues, i.e. a focus or a center. The purpose of this paper is to find verifiable
conditions under which O(0,0) is a center.

Although the problem of the center dates from the end of the 19th century, it is completely
solved only for: quadratic systems @ = y + pa(2,y), ¥ = —x + q2(2,y); cubic symmetric
systems & = y-+ps(x,y), § = —v+gs(x,); Kukles system & = y, § = —v+a(z, y) +as(x, )
and a few particular cases in families of polynomial systems of higher degree.

If the cubic system (1) contains both quadratic and cubic nonlinearities, then the problem
of finding a finite number of necessary and sufficient conditions for the center is still open.
It was possible to find a finite number of conditions for the center only in some particular
cases (see, for example, |2], [3], [7], [9], [11], [10], [12]).
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CENTER CONDITIONS FOR A CUBIC DIFFERENTIAL SYSTEM 7
1 INVARIANT ALGEBRAIC CURVES AND INTEGRATING FACTORS

It is known from Poincaré and Lyapunov that a singular point O(0,0) is a center for (1)
if and only if the system has a nonconstant analytic first integral [8]

x2+y2+ZFk(x,y) =C

k=3

in the neighborhood of O(0,0) or an analytic integrating factor of the form [1]

M(x7y>:1+zuk(x7y>7 (2)

k=1
where Fj and pi are homogeneous polynomials of degree k.

We study the problem of the center for a cubic system (1) assuming that the system has
an irreducible invariant algebraic curve.

Definition 1. An algebraic curve ®(z,y) = 0 in C* with ® € C[xz,y] is said to be an
invariant algebraic curve of system (1) if

0P 0P

- Plr.y) + a—y@(ﬂij) = O(z,y)K(z,y), (3)

for some polynomial K(z,y) € Clz,y| called the cofactor of the invariant algebraic curve
O(z,y) = 0.

The conditions for a singular point O(0,0) of a center or a focus type to be a center, in
a cubic differential system (1) with two distinct invariant straight lines were obtained in [4].
In [3] the problem of the center was solved for system (1) with: at least three invariant
straight lines; two invariant straight lines and one irreducible invariant conic. The center
conditions for system (1) with two invariant straight lines and one irreducible invariant cubic

IQ + y2 + Clgol’g -+ CL21[)32y -+ a12$y2 + a03y3 =0 (4)

where found in [5]. The presence of a center in these papers was proved by using the method
of Darboux integrability and the rational reversibility.

The goal of this paper is to obtain the center conditions for a cubic differential system (1)
with an irreducible invariant cubic curve of the form (4) by constructing integrating factors.

2 CUBIC SYSTEMS WITH ONE INVARIANT CUBIC

Let us write the cubic system (1) in the form

i =y+ar?+ cry + fy? + kad + mady + pry? +ry® = P(x,y),
v = —(x+ gx® + dzy + by* + s2® + qry + nxy? + 1y?) = Q(x,y),

(5)

where P(z,y),Q(z,y) are coprime polynomials in R[z,y]. The origin O(0,0) is a singular
point which is a center or a focus (a fine focus) for (5).
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Assume that the cubic system (5) has a real invariant cubic curve of the form (4). By

rotating the system of coordinates (z — x cos p —ysin ¢,y — xsin ¢ +ycos ¢) and rescaling
the axes of coordinates (r — ax, y — ay), we can make the curve to pass through a point

(0,1). In this case the invariant cubic curve looks as

® = agor’ + ana’y + apry’ —y’ + 27 + 47 = 0. (6)

In this Section we determinate the condition under which the cubic system (5) has an

irreducible invariant cubic curve of the form (6).

Theorem 1. The cubic differential system (5) has an invariant cubic curve of the form (6)
if and only if one of the following three sets of conditions holds

(c1)

d=2(a—4f —=3r—6),l = —[(f+ 7+ Dapp +b], k = [(54 — 6a + 36f + 24r)a12 +
6ac — 12bf — 8br — 18b — 30cf — 20cr — 45¢ + 12fg + 8gr + 18¢|/6, m = 4daf + 2ar +
6a — aly, + appc — 12f% — 14fr — 36f — 4r* — 21r — 27, n = [-8af — 8ar — 12a —
202, + (20 + c)arg + 242 + 40 fr + 72f + 16r% 4+ 60r + 54]/2, p = [(2f + 6)a12 — 3] /2,
q = 2ab+2ac+ (6f 4+ 3r+9—3a)ayy —4bf — 2br — 6b —4cf — 2cr — 6¢c—2f g — 2gr — 3g,
s = [—12a%, + (14b + 17c — 8¢g)asz — 4b* — 10bc + 4bg — 6¢* + 6cg] /6;

d=(3—2a+2f —a3y)/2, g = (a3y — 2Tasy + 180+ 18¢) /18, k = [ay + (6a + 54)a?, —
27ca’y + (1620 — 972f — 3247 — 2187 )ars +729¢ + 486p] /162, | = — (b+ fara +rars+ars),
m = (a}y+(6a—162f —48r —486)a3, — 162a+216caio+ T2pajo+486 f +324r+729) /108,
n = [(10f + 4r + 19)a3, + 6(b — ¢ — p)aja — 18f — 12r + 6a — 27]/6, ¢ = [—a}y +
(6f + 54 — 6a)a®, — 36(b + ¢)aZ, + (891 — Hda + 378f + 108r)ars — 324¢ — 216p]/108,
s = [a12((2b + 3c)aly — bady + (36 f + 12r — 6a + 81)ays — 27¢ — 18p)]/54;

d=(2f —2a+3—a%, +81t?)/2, g = (a3, — 243a12t> — 2Ta1o + 18b + 18¢ + 1458t%) /18,
k = [2a}, + 3ad,(4a — 216t% + 27) + 27a?, (9t — 2¢ + 108t3) + 81laio(2a — 36at? — 6f —
4r + 486t* — 8112 — 9) + 729¢t(24at? + 2a + 6¢t — 6f — 4r — 324¢* — 2712 — 9)]/324,
[ =—[(f+7r+1aa+b], m = [—aly+ 18ta, —6a3y(a+9f +4r +36) + 5day»(2at +2¢ —
6/t —4rt —27¢3 — 9t) + 81(6 f — 6at* — 2a + 90 f1? + 48rt* + 4r + 81¢* + 162t + 9)] /108,
n = [a}y —9tad, +3aty(2a+2f +4r —27t2 —7) +9ai(4b+2c — 6at + 18 ft + 12rt + 813 +
27t) +18(2a — 108 ft* — 6 f — 108rt> — 4r — 189t — 9)] /36, p = [—a3y + a3yt + 3a12(45 —
2a+ 18 + 4r +27t?) +27(2at — 2¢ — 6 ft — drt — 27t3 — 9t)] /36, ¢ = [—ay + 6a3,(10 —
a+ f+54t?) — 18af,(2b+ 2¢+ 81t + 3t) + 9a12(162at* — 24— 162 ft* +6 f +4r — 2187t —
702t% +9) + 162t(9 — 54at® — 2a + 18bt + 18ct + 54 ft? + 6 f + 4r + 729t* + 108t2)] /108,
s = [—9aly + aly(4b+ 6¢c — 9t) + 3a2y (9 — 2a + 6 f + 4r + 729t%) + 2Ttar2(9 — 2a — 36bt —
Sdct + 6f + 4r — 405t%) + 486t%(2a + 12bt + 18ct — 6 f — 4r — 27t% — 9)]/108.

Proof. By Definition 1, the cubic curve (6) is an invariant cubic curve for system (5) if there

exist numbers ¢y, ¢11, Co2, C10, Co1 € R such that

18L0) 0D
P(x, y)% + Q(z, y)a—y = (2, y)(c202” + cr1zy + o2y’ + 10T + cory). (7)
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Identifying the coefficients of the monomials z'y’ in (7), we reduce this identity to a
system of fifteen equations

{Uy; =0, i+j=3,4,5} (8)

for the unknowns asg, as1, a2, 29, ¢11, Co2, C10, Co1-

When i + j = 3, we find that c19 = 2a — a1, co1 = 2¢ — 29 — 2a15 + 3asg, d = (2f —
2a + 3ag; +3)/2, g = (3azp — 3a12 + 2b+ 2¢) /2. Then we express cpa, €11, ¢20 and s from the
equations {Ups, U4, Uss, Usa} of (8)

Cog = —a1or — 3, c11 = —alyr — a1ol — agap — 2a9:7 — 3N, Cop = —Ayr — atyl — pad, —
3rajaag; — majy — nayy — 2lag; — 2pag — 3rasg — 3q, s = [—rajy, — (L +p)ad, — (4rag; + m +
n)al, — (3lagy + 3pag + 4razy + k + q)aiz — 2ra3, — 2(m + n)ag; — 3(1 + p)asg]/3
and calculate the resultant of the equation Usy and Uy with respect to ¢. We obtain

Res(Uso, Us1, q) = fifo,
where fi = ra,+ (I+p)ajg+rag +m—+n, fo = dat,azy — aya3; + 18ar9az1azo — 4as, +27a3,.
Let fi =0, then n = —(ra3y, + (I + p)aiz + ras, +m). In this case we have
Uy = g192 =0, Uso = g1hy =0,
where g1 = (ra1a + 1+ p)as + razo + k + ¢, go = af, + 3as1, hi = a12a91 + 9asy.

Assume that g; = 0, then ¢ = —(rago + (I + p)ag, + raipas + k). In this case we express
[,m,k and p from the equations of (8), and we obtain the set of conditions (c¢;) for the
existence of the invariant cubic

(3aiy — 2b—2c +2g)x® + 3(2a — 6f — 4r — 9)2y + 3axy? — 3y° + 3(22 + y?) = 0.

Assume that g; # 0, then the equations Usg = 0 and Uy; = 0 of (8) yield
asp = (—&12&21)/9, ag1 = (—CL%Q)/B.
In this case fo = 0 and we obtain the set of conditions which is contained in (c2) (p =
(—6aa?, + 54a — afy + 90 faty + 12ra?, + 252a3, — 108cayy — 162 f — 108r — 243)/(72a12)).

Assume that fo = 0 and let f; # 0. The equation fo = 0 admits the following

parametrization
azo = (a3, — 243a19t* + 1458t%) /27, ay = (81t* — ad,) /3.

In this case we have Uy = ejes = 0, Usg = e1ea(az — 9t) = 0, where

e1 = 12, eg = drad, + 9(1 + p + 6rt)aly + 9(9t + 2m + 2n + Ipt + 108rt*)asr + 27(k +
271t + 3mt + 3nt + 27pt? + q + 1357t3).

Suppose that e; = 0, then ¢ = 0. In this case we express [,n,q,k and m from the
equations {U;; =0, 7+ j =4} of (8). We get the set of conditions (cz) for the existence of
the invariant cubic

(a1p7 — 3y)* + 27(x* + y?) = 0.

Suppose that e = 0 and let e; # 0. In this case we express ¢ = 0 from the equation
ey =0 and [, n, k from the equations {Upy = 0,U;3 = 0, Uy = 0} of (8).
We calculate the resultant of the equation Uy and Us; with respect to m. We obtain
Res(Uyy, Usy, m) = iyisis,
where i1 = (a12 — 96)* + 9 # 0, iy = (a1 + 18t)? + 9 # 0, i3 = a3, — Ytal, + 3a19(2a — 18f —
4r — 2Tt* — 45) 4+ 9(4p — 6at + 6¢ + 18 ft + 12rt + 81¢% + 27¢).
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Let i3 = 0. We express p from the equation 73 = 0. Then the equations Fyy = 0 and
F31 = 0 yield m = [—af, + 18ta?, — 6a?y(a + 9f + 4r + 36) + 5dara(2at + 2¢ — 6t — 4rt —
27t% — 9t) + 81(9 — 6at® — 2a + 90/t + 6 f + 48rt? + 4r + 81t* 4 162t%)] /108,

In this case we obtain the set of conditions (c3) for the existence of the invariant cubic

(a1o7 + 18tz — 3y)(a1ew — 9tz — 3y)? + 27(2* + y?) = 0.
O

3 CUBIC SYSTEMS WITH AN INTEGRATING FACTOR

Let the cubic system (5) have an irreducible invariant cubic curve, i.e. at least one of
the conditions of Theorem 1 holds. In this section we find the center conditions for cubic
system (5) with one invariant cubic curve by constructing an integrating factor of the form

1
_ , 9
(asor3 4+ anz?y + aroxy? — y2 + 22 + y2)h ©)

where h is a real parameter.
According to [3| the function (9) is an integrating factor for system (1) if and only if the
following identity holds

) 0
P(x,y)a—erQ(x,y)a—ZvLu(%vLa—y) = 0. (10)

The identity (10) can be used to find integrating factors of the cubic system (5) with
invariant algebraic curves (5).

Theorem 2. The cubic system (5) has an integrating factor of the form (9) if and only if
one of the following three conditions holds

(i) d=2a, f=(-3)/2, k =a(c—20—2b), m = 2(c—2b0—21)(b+1), n = (c—20—41)(b+1),
p=1[3(204+20—1¢)]/2, ¢ =2a(c—3l—2b),r =0, s =[(3c—6b—8)(2b — c+ g+ 31)]/3,
h = (e — 20)/(2])

(i) d =2(a—4f —=3r —6), k = [6(4r +9+6f — a)(c — 2b) — h((5c — 2g — 10b)(4r +
9+ 6f) + 6a(2b — ¢))]/(6h), I = [(2b —c)(r + f + 1) — bR(2f + 2r + 3)]/h, m =
[R2(20(c — 2b) — (r + 2f + 3)(4r + 6f — 2a + 9)) + (2b — ¢)(4bh — ch + ¢ — 2b)]/h?,
n=[20%((2r+2f+3)(4r+6f —2a+9)+b(c—2b))+ (20— c)(6bh — ch+2c—4b)]/ (2h?),
p = [h(4bf+12b—3c)—2(2b—c)(f+3)]/(2h), ¢ = —[(2r+3+2f)gh+(2b—c)(2h—3)a—
(r+3+2f)(2b—c)(2h —3)]/h, s = [(4bh — 6b — 2ch + 3¢+ 2gh)(c — 2b)(3h — 4)] / (6h?),
h=[2(4f+3r+6)]/(6f +4r+9);

(iii) d = —[60a+(4b+3¢)2]/45, f = (d—2a—15)/10, g = [(4b+3¢)? —450b+225¢] /2250, k =
[((4b+3¢)*+(150a-+225) (4b+3¢)>+4500b(4b+3¢) +101250a— 1012507 ) (4b-+3¢)] /506250,
q = [(15a+0b(4b+3c) —157)(4b+3c) —90k] /45, | = [(4b+3c)®+ (150a — 4507 +225) (4b+
3c) — 22500 /2250, p = (—61 — r(4b + 3¢))/3, m = [(4b + 3¢)* + 75(2a — 4r + 3)(4b +
3¢)? —9000b(4b + 3c) + 101250(r — a)] /33750, n = [45m + r(4b + 3¢)? + 15b(4b + 3¢) +
225(a —r)]/45, s = [(4b + 3¢)?(15(r — a) — b(4b + 3¢))] /3375, h = 5/3.
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Proof. Let the cubic system (5) have and an invariant cubic ® = 0 of the form (6). In this
case at least one set of the conditions (¢;), (¢2), (¢3) from Theorem 1 holds. The system (5)
will have an integrating factor of the form (9) if and only if the identity (10) holds.

1. Let the set of conditions (c;) hold. Then identifying the coefficients of the monomials
z'y’ in (10), we obtain a system of five equations

{F;; =0, i+j=1, 2} (11)

for the unknowns a;s, h and the coefficients of system (5).

The equation Fy; = 0 of (11) yields ¢ = ajoh — 2bh + 2b and Fjp = 0 becomes Fjy =
(6f +4r +9)h —2(4f +3r +6) = 0.

If f=—(4r+9)/6, then r =0 and h = (¢ — 2b)/(2l). In this case we obtain the set of
conditions () for the existence of the integrating factor (9) with h = (¢ — 2b)/(2l) and

O =2(2b— c+ g+ 3l)z* + 6az’y + 6(b+ Day® — 3y* + 3(2* + y*) = 0.

If f# —(4r +9)/6, then we obtain the set of conditions (ii) for the existence of the

integrating factor (9) with h = [2(4f 4+ 3r +6)]/(6f + 4r +9) and
® = (4bh — 6b — 2ch + 3¢ + 2gh)z® + 3h(2a — 6 f — 4r — 9)x?y+
+32y?(20h — 2b + ¢) — 3hy? + 3h(2® + y*) = 0.

2. Let the set of conditions (cz) hold. Then identifying the coeflicients of the monomials

z'y? in (10), we obtain a system of five equations

{G;; =0, i+j=1,2} (12)

for the unknowns a2, h and the coefficients of system (5).

The equation Gy, = 0 yields ¢ = a;oh — 2bh + 2b. We express f and p from the equations
G1p = 0 and Gpz = 0 of (12). We obtain that G1; = ujugus = 0, where u; = 6(3h — 4)a +
(3h — 4)a2, — 67, ug = (6h — 11)a3y +9, uz = 3h — 5.

The case u; = 0 is contained in (i). Assume that u; # 0 and let ug = 0. Then
h = (11a%, — 9)/(6a3,) and Fyy = aiy + 9 # 0.

Assume that ujus # 0 and let uz = 0, then h = 5/3. In this case we determine the set of
conditions (iii) for the existence of the integrating factor (9) with h = 5/3 and

® = ((4b+ 3c)x — 15y)3 + 3375(z* + y*) = 0.

3. Let the set of conditions (c3) hold. Then identifying the coefficients of the monomials

z'y’ in (10), we obtain a system of five equations
{H;; =0, i+j=1,2} (13)
for the unknowns ajs, h and the coefficients of system (5).

The equations Hy; = 0, Hyg = 0 of (13) yield ¢ = a19h—20h+2b, f = [a24(3—2h)+3(6a—
dah+ 54ht? — 81t* — 3)] /6, respectively. We obtain that Hog = 2a12(5 —3h) +9t(11—6h) = 0
and Hpy = 2a12(3h — 5) + 9t = 0. From the equations Hyy = 0 and Hpe = 0 we get
aiz = (=9t)/[2(3h — 5)] and h = 2. Then Hy; = 9(81¢t% +4) # 0.

In the case (c3) we cannot construct an integrating factor of the form (9) using the
invariant cubic curve of the form (6). Theorem 2 is proved. O

Remark 1. It is easy to verify that the center conditions obtained in Theorem 2 generalize
the center conditions obtained in Lemma 4.3 of [6].
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PosrisiayTo nBoBumipay Kybiuny mudepeHiiaabay cucreMmy

& =y+p2z,y) +p3(z,y), ¥=—7+qy)+qe(r,y)

i3 ocobmuBo0 Toukow O(0;0) i 3 YMCTO YSABHUMEU KOPEHSAMHU XaPAKTEPUCTUIHOTO PIiBHSIHHS
A2 = %1, me p;(x,y) 1 ¢j(z,y) onmopinmi MuorowIenn cremens j. s TaHOI CHCTEMU BHBYIEHO
npobjieMy po3pi3HeHHs meHTPa i poKyca 3a HAABHOCTI OmHIET anreOpaivHOl iHBApiaHTHOI KpH-
BOI TPEThOTO MOPsiaKy. ¥ poboTi orpuMani HeoOXimHi i JOCTaTHI YMOBM iCHYBAaHHS HE3BiTHOL
inBapianTHOI KpPUBOI TPETBOrO MOPAIKY A30T° + G222y + aroxy? + agsy® + 22 + y? = 0, ze
(a307021, a127a03) # 0.

JloBeneHo, 10 AKINO iHBApiaHTHA KPUBA MAE€ OJWH i3 TakuX Tphox Buramis ®; = 2(2b —
c+ g+ 30z + 6az?y + 6(b+ Day? — 3y +3(2% +9%) =0, &y = (24g — 4bf — 6b+ 2¢f + 3¢+
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16fg+12gr)z3 +6(2a — 6 f — 4r — 9)(4f + 3r +6)x?y + 3(4bf + 4br + 6b + 6¢f + 4er + 9c)xy? +
6(4f +3r +6)(z2 +y* —y3) =0, &3 = ((4b + 3¢)x — 15y)3 + 3375(22 + y?) = 0, To KyGiuna
auepenIiagbHa, CUCTEMa MA€ IHTErPYI0vi MHOKHUKY
y= (I)§2b—c)/(2l)’ §= q>2—2(4f+3r+6)/(6f+4r+9)’ o= @§5/3,
SAK1 BU3HAYEH] B JETKOMY OKOJIi TTOYATKY KOODIMHAT.
s kyGiunol audpepeHItiaabHOl CHCTEeMA 3 IHTErpyI0YnM MHOKHUKOM OJIEP>KAHO TPH HOBI

YMOBH iCHyBaHHsA HeHTpa B ocobuusiit Touni O(0;0).



