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IÍÒÅÃÐÎ-ÔÓÍÊÖIÎÍÀËÜÍÈÕ ÐIÂÍßÍÜ Ç ÎÁÌÅÆÅÍÍßÌÈ

ÊÎËÎÊÀÖIÉÍÎ-IÒÅÐÀÒÈÂÍÈÌ ÌÅÒÎÄÎÌ

Ó ñòàòòi ðîçãëÿäà¹òüñÿ çàäà÷à äëÿ ëiíiéíîãî iíòåãðî-ôóíêöiîíàëüíîãî ðiâíÿííÿ iç çà-

äàíèì çíà÷åííÿì øóêàíî¨ ôóíêöi¨ çà ìåæàìè îñíîâíîãî ïðîìiæêó òà îáìåæåííÿìè (äîäà-

òêîâèìè óìîâàìè) íàêëàäåíèìè íà øóêàíó ôóíêöiþ. Öi îáìåæåííÿ íîñÿòü iíòåãðàëüíèé

õàðàêòåð. Ñôîðìóëüîâàíî îñíîâíó òà äîïîìiæíó çàäà÷i. Ïðîâåäåíî ïîåòàïíi ìiðêóâàííÿ

ùîäî âçà¹ìîçâ'ÿçêó öèõ çàäà÷. Ñòîñîâíî âåëè÷èí, ùî âõîäÿòü ó çàäàíó çàäà÷ó âèìàãà¹-

òüñÿ, ùî âîíè çàäîâîëüíÿþòü ðÿä íåîáõiäíèõ óìîâ. Ïîêàçàíî, ùî ïðè âèêîíàííi öèõ óìîâ

âèõiäíà çàäà÷à áóäå ðiâíîñèëüíîþ äåÿêîìó iíòåãðàëüíîìó ðiâíÿííþ Ôðåäãîëüìà äðóãîãî

ðîäó ç öiëêîì íåïåðåðâíèì îïåðàòîðîì òà äîäàòêîâèìè óìîâàìè íà øóêàíèé ðîçâ'ÿçîê.

Êðiì îñíîâíî¨ çàäà÷i ðîçãëÿíóòî òàêîæ äîïîìiæíó çàäà÷ó � çàäà÷ó ç êåðóâàííÿì, êî-

ëè ó âèïàäêó ñóìiñíîñòi ââîäèòüñÿ äîäàòêîâà, êîðåãóþ÷è âåëè÷èíà. Ñôîðìóëüîâàíî òà

îá ðóíòîâàíî óìîâè ñóìiñíîñòi âèõiäíî¨ çàäà÷i.

Ó ðîáîòi òàêîæ ïðèâåäåíî òà îá ðóíòîâàíî iòåðàöiéíèé, à ñàìå ìåòîä ïîñëiäîâíèõ íà-

áëèæåíü òà êîëîêàöiéíî-iòåðàòèâíèé ìåòîäè ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ âèõiäíî¨ çà-

äà÷i ç îáìåæåííÿìè. Âêàçàíî àëãîðèòìè öèõ ìåòîäiâ òà äîñòàòíi óìîâè ¨õ çáiæíîñòi. Ïðè

öüîìó, âèêîðèñòîâó¹ìî òîé ôàêò, ùî âèõiäíà çàäà÷à ïðè âèêîíàííi ïåâíèõ óìîâ ¹ ðiâ-

íîñèëüíîþ iíòåãðàëüíîìó ðiâíÿííþ ç îáìåæåííÿìè. Çîêðåìà ìåòîä áóäå çáiæíèì ïðè

äåÿêîìó ôiêñîâàíîìó n, ÿêùî îäèíèöÿ íå áóäå òî÷êîþ ñïåêòðó iíòåãðàëüíîãî îïåðàòîðà

Ò. Âóçëè êîëîêàöi¨ âèáèðàþòüñÿ ó çàëåæíîñòi âiä ñèñòåìè áàçèñíèõ ôóíêöié. Ïðèâåäåíi

ìåòîäè ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ iíòåãðî-ôóíêöiîíàëüíîãî ðiâíÿííÿ ç äîäàòêîâè-

ìè óìîâàìè ìîæíà óñïiøíî ðåàëiçóâàòè íà êîìï'þòåðàõ, ñòâîðèâøè âiäïîâiäíi ïðîãðà-

ìè. Ñëiä çàçíà÷èòè, ùî çàïðîïîíîâàíi ìåòîäè ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ iíòåãðî-

ôóíêöiîíàëüíîãî ðiâíÿííÿ ç äîäàòêîâèìè óìîâàìè ¹ äîñòàòíüî åôåêòèâíèìè. Ó ïîäàëü-

øîìó ìîæíà ïåðåíåñòè äîñëiäæåííÿ òàêîãî õàðàêòåðó íà êðàéîâó çàäà÷ó äëÿ äèôåðåíöi-

àëüíîãî ðiâíÿííÿ ç âiäõèëåííÿì àðãóìåíòó íåéòðàëüíîãî òèïó.
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Âñòóï

Áàãàòî çàäà÷ ïðèêëàäíîãî òà òåîðåòè÷íîãî õàðàêòåðó çâîäèòüñÿ äî ðîçâ'ÿçàííÿ ði-
çíèõ êëàñiâ äèôåðåíöiàëüíèõ, iíòåãðàëüíèõ, iíòåãðî-ôóíêöiîíàëüíèõ òà ôóíêöiîíàëüíî-
äèôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ ñèñòåì. Îñòàííiì ÷àñîì óâàãó äîñëiäíèêiâ ïðèâåðòàþòü
çàäà÷i ç ïàðàìåòðàìè, ç iìïóëüñíèì âïëèâîì, çàäà÷i ç îáìåæåííÿìè. Òåîðåòè÷íi îñíîâè
öèõ çàäà÷ çàêëàäåíi ó ïðàöÿõ À.Ì. Ñàìîéëåíêà [10], À.Þ. Ëó÷êè [6, 7, 8] òà iíøèõ.

Îäíèì ç åôåêòèâíèõ ìåòîäiâ ïîáóäîâè íàáëèæåíèõ ðîçâÿçêiâ çãàäàíèõ ðiâíÿíü òà
çàäà÷ ¹ ïðîåêöiéíî-iòåðàòèâíèé ìåòîä òà ðiçíi éîãî âàðiàíòè òà ìîäèôiêàöi¨. Òî÷íèé
ðîçâ'ÿçîê òàêèõ ðiâíÿíü òà çàäà÷, ÿê ïðàâèëî, íå âäà¹òüñÿ âèðàçèòè ÷åðåç åëåìåíòàðíi
ôóíêöi¨. Òîìó âåëèêîãî çíà÷åííÿ íàáóëè ìåòîäè íàáëèæåíîãî ðîçâ'ÿçóâàííÿ öèõ çà-
äà÷, à òàêîæ ðîçðîáêà i äîñëiäæåííÿ îá÷èñëþâàëüíèõ ñõåì, ÿêi ìîæíà ðåàëiçóâàòè çà
äîïîìîãîþ ñó÷àñíèõ êîìï'þòåðíèõ ïðîãðàì.

Äîñëiäæåííþ ïðîåêöiéíî-iòåðàòèâíîãî ìåòîäó òà éîãî óçàãàëüíåíü äëÿ ëiíiéíèõ îïå-
ðàòîðíèõ ðiâíÿíü â áàíàõîâîìó i ãiëüáåðòîâîìó ïðîñòîðàõ, à òàêîæ çàñòîñóâàííþ éîãî
äî ðiçíèõ êëàñiâ iíòåãðàëüíèõ i äèôåðåíöiàëüíèõ ðiâíÿíü ïðèñâÿ÷åíi ðîáîòè À.Þ. Ëó-
÷êè [6, 7, 8], Í.Ñ. Êóðïåëü [5] , Î.Á. Ïîëiùóê [9] òà iíøèõ. Îñíîâíèìè ðåçóëüòàòàìè
öèõ ðîáiò ¹ ïîáóäîâà àëãîðèòìiâ çãàäàíèõ ìåòîäiâ, îá÷èñëþâàëüíèõ ñõåì òà âñòàíîâëå-
ííÿ íåîáõiäíèõ, à òàêîæ äåÿêèõ äîñòàòíiõ óìîâ çáiæíîñòi ìåòîäó, âèâ÷åííÿ øâèäêîñòi
çáiæíîñòi, âñòàíîâëåííÿ îöiíîê ïîõèáîê. Äî ìåòîäiâ ïðîåêöiéíî-iòåðàòèâíîãî òèïó íà-
ëåæèòü i êîëîêàöiéíî-iòåðàòèâíèé ìåòîä, ÿêèé âèíèê íà îñíîâi ïî¹äíàííÿ çâè÷àéíîãî
ìåòîäó ïîñëiäîâíèõ íàáëèæåíü i ìåòîäó êîëîêàöi¨.

Ó ðÿäi âèïàäêiâ äîñëiäæóþòüñÿ çàäà÷i â ÿêèõ âiäîìi äîäàòêîâi óìîâè ùîäî øóêàíîãî
ðîçâ'ÿçêó. Ó çâ'ÿçêó ç öèì ïîñòà¹ ïðîáëåìà âñòàíîâëåííÿ óìîâ ñóìiñíîñòi òàêî¨ çàäà÷i.
Îñíîâíèé ïiäõiä äî äîñëiäæåííÿ çàäà÷ ç îáìåæåííÿìè, ÿê âiäîìî, áàçó¹òüñÿ íà òîìó,
ùî çàäà÷ó äîâèçíà÷àþòü, ââîäÿ÷è â ðiâíÿííÿ äîäàòêîâi ïàðàìåòðè, i ïîòiì âñòàíîâëþ-
þòü óìîâè ñóìiñíîñòi âèõiäíî¨ çàäà÷i òà ðîçðîáëÿþòü ìåòîäè ïîáóäîâè ¨¨ íàáëèæåíèõ
ðîçâ'ÿçêiâ.

1 Ïîñòàíîâêà çàäà÷i

Øèðîêèé êëàñ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç âiäõèëåííÿì àðãó-
ìåíòó íåéòðàëüíîãî òèïó çâîäèòüñÿ äî iíòåãðî-ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿäó

y(x) = f(x) + p(x)y(h(x)) +

∫ b

a

K(x; t)y(t)dt, x ∈ [a; b], (1)

y(x) = 0, x /∈ [a; b]. (2)

Ñòîñîâíî ðîçâ'ÿçêó öüîãî ðiâíÿííÿ ìîæå áóòè âiäîìà äîäàòêîâà iíôîðìàöiÿ, çîêðåìà∫ b

a

Φq(t)y(t)dt = αq, q = 1,m, (3)

äå f : [a; b]⇒ R, K : [a; b]2 ⇒ R � çàäàíi, a y : [a; b]⇒ R � øóêàíà ôóíêöi¨, Φq : [a; b]⇒ R

i αq ∈ R, q = 1,m � âiäîìi ñèñòåìà ëiíiéíî-íåçàëåæíèõ ôóíêöié òà ìíîæèíà äiéñíèõ
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÷èñåë. Ùîäî ôóíêöié p(x), h(x) òà K(x, t) ââàæà¹ìî, ùî âîíè, âiäâîâiäíî, íà ïðîìiæêó
[a; b] é ó êâàäðàòi [a; b]2 çàäîâîëüíÿþòü óìîâàì

|p(x)| ≤ p, (4)

h(x)� äèôåðåíöiéîâíà íà [a; b] i

h′(x) ≥ l > 0, x− h(x) ≥ σ > 0, (5)∫ b

a

∫ b

a

K2(x; t)dxdt = K2 <∞. (6)

Äî iíòåãðàëüíèõ òà iíòåãðî-ôóíêöiîíàëüíèõ ðiâíÿíü ç îáìåæåíÿìè òèïó (3) çâîäÿ-
òüñÿ ïåðåâèçíà÷åíi çàäà÷i äëÿ äèôåðåíöiàëüíèõ, iíòåãðî-äèôåðåíöiàëüíèõ òà äèôåðåí-
öiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿííü.

Ó ðÿäi âèïàäêiâ, çîêðåìà, êîëè øóêà¹òüñÿ íàáëèæåíèé ðîçâ'ÿçîê ðiâíÿííÿ (1) ç óìî-
âîþ (2), äëÿ ñïðîùåííÿ ïðîöåñó ïîáóäîâè öüîãî ðîçâ'ÿçêó, áàæàíî îòðèìàòè äîäàòêîâó
iíôîðìàöiþ ùîäî øóêàíîãî ðîçâ'ÿçêó. Ïîêàæåìî, ÿê òàêó iíôîðìàöiþ ìîæíà îòðèìàòè
â îïèñàíîìó âèùå âèïàäêó [1, 2, 3, 4].

Ïåðø çà âñå ïîêàæåìî, ùî ðiâíÿííÿ (1) ïðè âèêîíàííÿ óìîâ (2), (4)�(6) ìîæíà çâåñòè
äî iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó. Òîáòî, ìà¹ ìiñöå òâåðäæåííÿ

Òåîðåìà 1. Çàäà÷à (1)�(3) ïðè âèêîíàííi óìîâ (4)�(6) ¹ ðiâíîñèëüíîþ àíàëîãi÷íié çà-

äà÷i äëÿ iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó, òîáòî çàäà÷i

y(x) = f(x) +

∫ b

a

T (x; t)y(t)dt, x ∈ [a; b],

∫ b

a

Φq(x)y(x)dx = αq, q = 1,m.

Òàê, êðiì iíòåãðàëüíîãî, öiëêîì íåïåðåðâíîãî îïåðàòîðà K, ÿêèé âèçíà÷à¹òüñÿ ôîð-
ìóëîþ

(Kv)(x) =

∫ b

a

K(x; t)v(t)dt, ∀v(x) ∈ L2(a; b), (7)

áóäåìî ðîçãëÿäàòè îïåðàòîð S òàêèé, ùî

(Sv)(x) =

{
v(x), x ∈ [a;h−1(a)],

v(x)− p(x)v(h(x)), x ∈ [h−1(a); b],
(8)

v(x)�äîâiëüíà ôóíêöiÿ ç ïðîñòîðó L2(a; b).
Çàóâàæèìî, ùî îïåðàòîð S ÿê i îïåðàòîð K, äi¹ iç L2(a; b) â L2(a; b). Ëåãêî ïåðåâi-

ðèòè, ùî öåé îïåðàòîð ¹ ëiíiéíèì. Óìîâè (4), (5) ãàðàíòóþòü éîãî îáìåæåíiñòü. Äiéñíî

‖S‖ = sup
v∈L2(a;b), v 6=0

‖(Sv)(x)‖
‖v(x)‖

≤ 1 +

√
p2(x)

h′(x)
≤ 1 +

p√
l
<∞.

Êðiì òîãî, çãàäàíi óìîâè ãîâîðÿòü ïðî òå, ùî îïåðàòîð S ¹ îáîðîòíiì. Îáåðíåíèé äî
íüîãî îïåðàòîð S−1 ìà¹ âèãëÿä

(S−1v)(x) =

{
v(x), x ∈ [a;h−1(a)],

v(x) +
∑s

i=1 v(hi(x))
∏i−1

k=0 p(h
k(x)), x ∈ ∆s, s = 1,m,

(9)
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∆s = (cs−1; cs), c0 = a, cs = h−1(cs−1), cm = b,

hk(x) = h(hk−1(x)), s = 1,m.

Iíøèìè ñëîâàìè, ñïiââiäíîøåííÿ (9) � öå ðîçâ'ÿçîê ôóíêöiîíàëüíîãî ðiâíÿííÿ

y(x)− p(x)y(h(x)) = u(x), x ∈ [a; b],

y(x) = 0, x 6∈ [a; b],

(u(x)� âiäîìà, y(x)� øóêàíà ôóíêöi¨) çà äîïîìîãîþ ìåòîäó êðîêiâ. Ïðè÷îìó óìîâà (3)
ãàðàíòó¹ òîé ôàêò, ùî êiëüêiñòü êðîêiâ m ñêií÷åííà i m < b−a

σ
.

Íåâàæêî ïåðåêîíàòèñÿ â òîìó, ùî îïåðàòîð S−1 , ÿê i îïåðàòîð S ¹ ëiíiéíèì òà
îáìåæåíèì [4,5]. Òàêèì ÷èíîì, âðàõîâóþ÷è âèùå çàçíà÷åíå, ìè ìîæåìî ðîçãëÿäàòè
ðiâíÿííÿ (1) ÿê îïåðàòîðíå ðiâíÿííÿ

(Sy)(x) = f(x) + (Ky)(x), (10)

äå, ÿê i ðàíiøå, f(x) � çàäàíà, y(x) � øóêàíà ôóíêöi¨ ç L2(a; b).
Ïîäi¹ìî íà ðiâíÿííÿ (10) îïåðàòîðîì S−1 çëiâà, îòðèìà¹ìî

(S−1Sy)(x) = (S−1f)(x) + (S−1Ky)(x),

òîáòî, ïðèéäåìî äî ðiâíÿííÿ

y(x) = g(x) + (Ty)(x), (11)

äå

g(x) =

{
f(x), x ∈ [a;h−1(a)],

f(x) +
∑s

i=1 f(hi(x))
∏i−1

k=0 p(h
k(x)), x ∈ ∆s, s = 1,m,

(12)

s = 1,m, ∆s = (cs−1; cs), c0 = a, cs = h−1(cs−1), cm = b,

hk(x) = h(hk−1(x)).

Îïåðàòîð T ¹ öiëêîì íåïåðåðâíèì, éîãî ÿäðî ìà¹ âèãëÿä

T (x; t) =

{
K(x; t), x ∈ [a;h−1(a)],

K(x; t) +
∑s

i=1K(hi(x); t)
∏i−1

k=0 p(h
k(x)), x ∈ ∆s, t ∈ [a; b].

(13)

Òîáòî, ðiâíÿííÿ (11) � öå iíòåãðàëüíå ðiâíÿííÿ âèäó

y(x) = g(x) +

∫ b

a

T (x; t)y(t)dt. (14)

Òåïåð çàäàìî ëiíiéíî-íåçàëåæíó íà [a; b] ñèñòåìó ôóíêöié {ψq(x)}mq=1 i áóäåìî ïîåòà-
ïíî äîìíîæàòè ñêëàäîâi åëåìåíòè ðiâíÿííÿ (14) íà öi ôóíêöi¨ ç ïîäàëüøèì iíòåãðóâà-
ííÿì.

Ó ðåçóëüòàòi îòðèìà¹ìî äîäàòêîâó iíôîðìàöiþ ó âèãëÿäi óìîâ (3), â ÿêèõ

Φq(t) = ψq(t)−
∫ b

a

ψq(x)T (x; t)y(t)dx, αq =

∫ b

a

g(x)ψq(x)dx. (15)
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Öi óìîâè, ç óðàõóâàííÿì (12), (13), ìîæíà ïåðåôîðìóëþâàòè ñòîñîâíî ñêëàäîâèõ
åëåìåíòiâ âèõiäíîãî iíòåãðî-ôóíêöiîíàëüíîãî ðiâíÿííÿ (1) òàêèì ÷èíîì:

Φq(t) = ψq(t)−
∫ b

a

ψq(x)K(x; t)dt−

−
m∑
s=1

∫ cs

cs−1

ψq(x)
s∑
i=1

K(hi(x); t)
i−1∏
k=0

p(hk(x))dt, (16)

αq =

∫ b

a

f(x)ψq(x)dx+
m∑
s=1

∫ cs

cs−1

s∑
i=1

f(hi(x))
i−1∏
k=0

p(hk(x))ψq(x)dx. (17)

Çàóâàæåííÿ 1. ßêùî îäèíèöÿ � âëàñíå çíà÷åííÿ iíòåãðàëüíîãî îïåðàòîðà T ðiâíÿííÿ

(14), òî äîöiëüíî ðîçãëÿäàòè öå ðiâíÿííÿ ç óìîâàìè (3), â ÿêèõ m äîðiâíþ¹ ðîçìiðíîñòi

iíâàðiàíòíîãî ïiäïðîñòîðó.

Ó âèïàäêó, êîëè iñíó¹ ôóíêöiÿ y : [a; b] ⇒ R , ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1) òà
çàäîâîëüíÿ¹ óìîâàì (2), (3), òî âèõiäíó çàäà÷ó (1) � (3) ââàæàòèìåìî ñóìiñíîþ. ßêùî
æ ðiâíÿííÿ (1) ç óìîâîþ (2) íå ìà¹ ðîçâ'ÿçêiâ, àáî æ íå âèêîíóþòüñÿ óìîâè (3), òî äàíà
çàäà÷à íå áóäå ñóìiñíîþ.

Ó çàãàëüíîìó âèïàäêó çàäà÷à (1) � (3), ÿê íåêåðîâàíà ïåðåíàñè÷åíà çàäà÷à, ¹ íåñóìi-
ñíîþ, àëå ïðè ïåâíèõ âèõiäíèõ äàíèõ âîíà ìîæå áóòè ñóìiñíîþ i äîïóñòèìà ìîæëèâiñòü
âiäøóêàííÿ ðîçâ'ÿçêó ç âèêîðèñòàííÿì òîãî ÷è iíøîãî ìåòîäó. Â ñèëó ñêàçàíîãî âèíè-
êàþòü äâi çàäà÷i:

1) âñòàíîâëåííÿ óìîâ, ïðè âèêîíàííi ÿêèõ çàäà÷à (1) ? (3) ìà¹ ¹äèíèé ðîçâ'ÿçîê;
2) ðîçðîáêà íàáëèæåíèõ ìåòîäiâ ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i.
Öi ïèòàííÿ i ¹ îñíîâíèì îá'¹êòîì äîñëiäæåíü ó öié ñòàòòi.

2 Äîïîìiæíà çàäà÷à

Ðîçãëÿíåìî çàäà÷ó

y(x) = u(x) + z(x),

∫ b

a

Φq(t)y(t)dt = αq, q = 1,m, (18)

äå z(x) ∈ L2(a; b) � çàäàíà ôóíêöiÿ òà âèçíà÷èìî êåðóâàííÿ (êîðåãóþ÷ó ôóíêöiþ) u(x)

òàêèì ÷èíîì, ùîá ôóíêöiÿ y(x) ∈ L2(a; b) , çàäîâîëüíÿëà óìîâàì (18). Êåðóâàííÿ u(x)

áóäåìî øóêàòè ó âèãëÿäi

u(x) =
m∑
q=1

λqξq(x). (19)

Ñëiä ìàòè íà óâàçi, ùî ñèñòåìà ôóíêöié {ξq(x)}mq=1 ⊂ L2(a; b) ¹ ëiíiéíî-íåçàëåæíîþ
i çíàõîäèòüñÿ ó íàøîìó ðîçïîðÿäæåííi òà ïiäáèðà¹òüñÿ òàêèì ÷èíîì, ùî çàäà÷à (18)
çàâæäè ìàòèìå ¹äèíèé ðîçâ'ÿçîê. Î÷åâèäíî, ùî äëÿ òîãî ùîá îòðèìàòè öåé ðîçâ'ÿçîê,
äîñòàòíüî ïåðøå ðiâíÿííÿ (18) ç óðàõóâàííÿì (19) ïiäñòàâèòè ó äðóãi óìîâè (18). Ó
ðåçóëüòàòi öüîãî îòðèìà¹ìî ñèñòåìó ëiíiéíèõ ðiâíÿíü

m∑
i=1

λi

∫ b

a

Φq(t)ξi(t)dt = αq −
∫ b

a

Φq(t)z(t)dt, q = 1,m. (20)
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Ðîçâ'ÿçàâøè öþ ñèñòåìó ñòîñîâíî λi, i = 1,m îòðèìà¹ìî

λi =
m∑
q=1

βiq(αq −
∫ b

a

Φq(t)z(t)dt), i = 1,m, (21)

äå βiq � åëåìåíòè ìàòðèöi, îáåðíåíî¨ äî ìàòðèöi ñèñòåìè (20). Äàëi ïiäñòàâëÿ¹ìî âåëè-
÷èíè λi âèðàçó (21) ó ôîðìóëó (19). Ó ðåçóëüòàòi áóäåìî ìàòè

u(x) =
m∑
i=1

m∑
q=1

ξi(x)βiq(αq −
∫ b

a

Φq(t)z(t)dt). (22)

Òàêèì ÷èíîì, ðîçâ'ÿçîê çàäà÷i (18) âèçíà÷à¹òüñÿ ôîðìóëàìè

u(x) = r(x)−
∫ b

a

R(x; t)z(t)dt, (23)

y(x) = r(x) +

∫ b

a

G(x; t)z(t)dt, (24)

äå ç óðàõóâàííÿì ïîäàííÿ (22)

r(x) =
m∑
i=1

m∑
q=1

βiqαqξi(x), R(x; t) =
m∑
i=1

m∑
q=1

βiqξi(x)Φq(t), (25)

G(x; t) = δ(x− t)−R(x; t), (26)

(δ(x− t) � ôóíêöiÿ Äiðàêà ).
Ïðîàíàëiçóâàâøè îñòàííi ôîðìóëè, ïðèõîäèìî äî âèñíîâêó, ùî ìàòèìóòü ìiñöå ñïiâ-

âiäíîøåííÿ ∫ b

a

R(x; t)ξq(t)dt = ξq(x),

∫ b

a

G(x; t)ξq(t)dt = 0, (27)∫ b

a

Φq(t)R(x; t)dt = Φq(x),

∫ b

a

Φq(x)G(x; t)dt = 0, (28)∫ b

a

Φq(x)r(x)dx = αq, q = 1,m. (29)

Íåõàé Um(a; b) ⊂ L2(a; b) � ïiäïðîñòið ïîðîäæåíèé ñèñòåìîþ ëiíiéíî íåçàëåæíèõ
ôóíêöié {ξq(x)}mq=1 , òîäi äëÿ êîæíî¨ ôóíêöi¨ z(x) ∈ L2(a; b) ìàòèìå ìiñöå ïîäàííÿ

z(x) = u(x) + v(x), u(x) ∈ Um(a; b), v(x) ∈ Vm(a; b). (30)

Òóò Um(a; b)⊕ Vm(a; b) = L2(a; b), ïðè÷îìó

u(x) =
m∑
i=1

ciξq(x),

∫ b

a

v(x)ξq(x)dx = 0, q = 1,m. (31)

Iç ôîðìóë (30), (31) ÿê ëîãi÷íèé âèñíîâîê, âèïëèâà¹ iñòèííiñòü ñïiââiäíîøåíü

u(x) =

∫ b

a

P (x; t)z(t)dt, v(x) =

∫ b

a

Q(x; t)z(t)dt. (32)
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Çðîçóìiëî, ùî îïåðàòîðè îñòàííiõ ðiâíîñòåé � öå îïåðàòîðè ïðîåêòóâàííÿ åëåìåíòiâ
ïðîñòîðó L2(a; b) íà çãàäàíi âèùå ïiäïðîñòîðè. �õ ÿäðà ìàþòü âiäïîâiäíî âèãëÿä

P (x; t) =
m∑
i=1

m∑
j=1

βijξi(x)ξj(t), Q(x; t) = δ(x− t)− P (x; t). (33)

Ïðèéìàþ÷è äî óâàãè (27) áóäåìî ìàòè:∫ b

a

R(x; t)u(t)dt = u(x),

∫ b

a

G(x; t)u(t)dt = 0, ∀u(x) ∈ Um(a; b), (34)

∫ b

a

G(x; t)z(t)dt =

∫ b

a

G(x; t)v(t)dt, ∀z(x) ∈ L2(a; b). (35)

Ñëiä âiäìiòèòè òîé ôàêò, ùî äëÿ äîâiëüíî¨ ôóíêöi¨ y(x) ∈ L2(a; b), ÿêà çàäîâîëüíÿ¹
óìîâàì (3), ìàòèìå ìiñöå íàñòóïíà ðiâíiñòü

y(x) = r(x) +

∫ b

a

G(x; t)v(t)dt, v(x) =

∫ b

a

Q(x; t)y(t)dt. (35)

Îñêiëüêè âèêîíó¹òüñÿ ñïiââiäíîøåííÿ y(x) = w(x) + v(x), w(x) ∈ Um(a; b), v(x) ∈
Vm(a; b) i âèêîíóþòüñÿ óìîâè (3), òî, çðîçóìiëî, çàäà÷à (23) ïðè z(x) = v(x) ìàòèìå
¹äèíèé ðîçâ'ÿçîê u(x) = w(x) , à òàêîæ áóäe iñòèííîþ ôîðìóëà (24). Óçÿâøè ó öié
ôîðìóëi z(x) = v(x) , îòðèìà¹ìî âèðàç (36).

3 Çàäà÷à, ðiâíîñèëüíà ïî÷àòêîâié

Ïî÷àòêîâó çàäà÷ó (1) � (3), ç óðàõóâàííÿì (18), (12), (13) ïåðåïèøåìî ó âèãëÿäi
çàäà÷i (18), òîáòî ðiâíîñèëüíî¨ çàäà÷i

y(x) = u(x) + z(x),

∫ b

a

Φq(t)y(t)dt = αq, q = 1,m,

óçÿâøè ó íié ôóíêöiþ z(x), ÿêà ¹ ðîçâ'ÿçêîì ôóíêöiîíàëüíîãî ðiâíÿííÿ

z(x)− p(x)z(h(x)) = f(x)− u(x) + p(x)u(h(x)) +

∫ b

a

K(x; t)y(t)dt, (37)

ÿêå ðîçâ'ÿæåòüñÿ ïîêðîêîâî ñêií÷åííîþ êiëüêiñòþ êðîêiâ. Ñëiä âiäìiòèòè, ùî öå ðiâíÿ-
ííÿ ¹ ðiâíîñèëüíèì ðiâíÿííþ

z(x) = g(x)− u(x) +

∫ b

a

T (x; t)y(t)dt, (38)

äå g(x) òà T (x; t) ìàþòü âiäïîâiäíî âèãëÿä (12), (13).
Îñêiëüêè çãiäíî ïðèïóùåííÿ äîïîìiæíà çàäà÷à (18) ìà¹ ¹äèíèé ðîçâ'ÿçîê, ÿêèé âè-

ðàæà¹òüñÿ ôîðìóëàìè (23), (24), òî ïiäñòàâëÿþ÷è ¨õ ó ñïiââiäíîøåííÿ (38), îòðèìà¹ìî

z(x) = ϕ(x) +

∫ b

a

R(x; t)z(t)dt+

∫ b

a

∫ b

a

T (x; ξ)G(ξ; t)dξdt, (39)
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äå

ϕ(x) = g(x)− r(x) +

∫ b

a

T (x; t)r(t)dt. (40)

Iíòåãðàëüíå ðiâíÿííÿ (39) ìîæíà ðîçãëÿäàòè ÿê ñèñòåìó ðiâíÿíü

z(x) = ϕ(x) +

∫ b

a

R(x; t)z(t)dt+

∫ b

a

F (x; t)v(t)dt, (41)

òóò F (x; t) =
∫ b
a
T (x; ξ)G(ξ; t)dξ,

v(x) = h(x) +

∫ b

a

L(x; t)v(t)dt. (42)

Äëÿ òîãî, ùîá îòðèìàòè öþ ñèñòåìó, äîñòàòíüî âèêîðèñòàòè âëàñòèâiñòü (35), çãiäíî
ÿêî¨ ðiâíÿííÿ (39) íàáóâà¹ âèãëÿäó (41), äàëi ïðîåêòó¹ìî éîãî íà ïiäïðîñòið Vm(a; b) òà
ââîäèìî ïîçíà÷åííÿ

h(x) =

∫ b

a

Q(x; t)ϕ(t)dt, L(x; t) =

∫ b

a

Q(x; ξ)F (ξ; t)dξ, (43)

Òåïåð ìîæíà ïîêàçàòè, ùî çàäà÷à ïîáóäîâè ðîçâ'ÿçêó ðiâíÿííÿ (42), ÿêà çàäîâiëüíÿ¹
óìîâàì ∫ b

a

Φq(x)
(
ϕ(x) +

∫ b

a

F (x; t)v(t)dt
)
dx = 0, q = 1,m, (44)

¹ ðiâíîñèëüíîþ âiäøóêàííþ ðîçâ'ÿçêó çàäà÷i (1)� (3).

Çàóâàæåííÿ 2. Ôîðìóëè (39) � (41) ìîæíà çàïèñàòè ó òåðìiíàõ âèõiäíèõ âåëè÷èí

ïî÷àòêîâîãî ðiâíÿííÿ (1), òîáòî ó âèãëÿäi âiäïîâiäíèõ iíòåãðî-ôóíêöiîíàëüíèõ ðiâíÿíü,

ó ÿêèõ ôiãóðóþòü ôóíêöi¨ f(x), p(x) ,h(x) . Äëÿ öüîãî äîñòàòíüî âiä ôóíêöié g(x) òà

T (x; t) øëÿõîì åëåìåíòàðíèõ ïåðåòâîðåíü, àíàëîãi÷íèì ïðèâåäåíèì âèùå, ïîâåðíóòèñÿ

äî çãàäàíèõ âåëè÷èí f ,p ,h . Àëå ÿêùî ïåðåõiä âiä iíòåãðî-ôóíêöiîíàëüíîãî ðiâíÿííÿ

(1) ç óìîâîþ (2) äî ðiâíÿííÿ (14) âæå çäiéñíåíî, òî äîöiëüíî ïîäàëüøi ìiðêóâàííÿ

ïðîâîäèòè ñòîñîâíî öüîãî ðiâíÿííÿ.

Òåîðåìà 2. ßêùî ðiâíÿííÿ (42) ìà¹ ¹äèíèé ðîçâ'ÿçîê v∗(x) ∈ Vm(a; b) , ÿêèé çàäîâiëü-

íÿ¹ óìîâàì (44), òî ôóíêöiÿ

y∗(x) = r(x) +

∫ b

a

G(x∗; t)v∗(t)dt (45)

áóäå ðîçâ'ÿçêîì çàäà÷i (1) � (3), òîáòî çàäà÷i (14), (3). Ó öüîìó âèïàäêó ôóíêöiÿ

v∗(x) =

∫ b

a

Q(x; t)y∗(t)dt (46)

çàäîâiëüíÿ¹ ðiâíÿííþ (27) òà óìîâàì (44).
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Äîâåäåííÿ. Äîâåäåííÿ. Äiéñíî, ïðèéíÿâøè äî óâàãè ñïiââiäíîøåííÿ (28), (29) ïðèõîäè-
ìî äî âèñíîâêó, ùî ôóíêöiÿ y∗(x), ÿêà âèçíà÷à¹òüñÿ çãiäíî ôîðìóëè (45) áóäå çàäîâîëü-
íÿòè óìîâàì (3). Ïîêàæåìî, ùî âîíà ¹ ðîçâ'ÿçêîì iíòåãðî-ôóíêöiîíàëüíîãî ðiâíÿííÿ
(1) ç óìîâîþ (2), òîáòî, âîíà ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ (14), îñêiëüêè îñòàíí¹
¹ åêâiâàëåíòíèì (1), (2).

Ñïî÷àòêó ïåðåêîíà¹ìîñü ó òîìó, ùî ìà¹ ìiñöå ñïiââiäíîøåííÿ∫ b

a

R(x; η)
(
ϕ(η) +

∫ b

a

F (x; t)v∗(t)dt
)
dη = 0, (47)

ÿêå áåçïîñåðåäíüî ñëiäó¹ iç óìîâ (44) ç óðàõóâàííÿì ïîçíà÷åíü (25). Äàëi, âèêîðèñòàâøè
ôîðìóëè (47), (40), (41), (46), (26), (35), (43) îòðèìà¹ìî íàñòóïíå

g(x)− y∗(x) +

∫ b

a

T (x; t)y∗(t)dt = g(x)− r(x)−
∫ b

a

G(x; t)v∗(t)dt+

+

∫ b

a

T (x; t)r(t)dt+

∫ b

a

T (x; t)
(
r(t) +

∫ b

a

G(x; ξ)v∗(ξ)dξ
)
dt−

∫ b

a

T (x; t)r(t)dt =

= ϕ(x) +

∫ b

a

F (x; t)v∗(t)dt−
∫ b

a

R(x; η)
(
ϕ(η) +

∫ b

a

F (η; t)v∗(t)dt
)
dη−

∫ b

a

G(x; t)v∗(t)dt =

=

∫ b

a

G(x; η)
(
h(η) +

∫ b

a

L(η; t)v∗(t)dt− v∗(η)
)
dη = 0.

Îñêiëüêè ôóíêöiÿ y∗(x) çàäîâiëüíÿ¹ óìîâàì (3), òî íà ïiäñòàâi ôîðìóëè (36)

y∗(x) = r(x) +

∫ b

a

G(x; t)v∗(t)dt, (48)

é iç âêëþ÷åííÿ r(x) ∈ Um(a; b) òà ñïiââiäíîøåíü (46), (48) áóäåìî ìàòè

v∗(x) =

∫ b

a

Q(x; η)

∫ b

a

G(η; t)v∗(t)dtdη. (49)

Ïðèéìàþ÷è äî óâàãè ôîðìóëè (38), (42) òà (48) îòðèìà¹ìî

ϕ(x)−
∫ b

a

G(x; t)v∗(t)dt+

∫ b

a

F (t; v∗(t))dt =

= g(x)− r(x)−
∫ b

a

G(x; t)v∗(t)dt+

∫ b

a

T (x; r(t))dt+

+

∫ b

a

(
T (x; r(t)) +

∫ b

a

G(t; ξ)v∗(ξ)dξ − T (x; r(t)
)
dt =

= g(x)− y∗(x) +

∫ b

a

T (x; y∗(t))dt = 0. (50)

Äàëi, ç óðàõóâàííÿì ôîðìóë (43),(49) òà (50) ìàòèìåìî

h(x) +

∫ b

a

L(x; v∗(t))dt− v∗(x) =
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=

∫ b

a

Q(x; η)(ϕ(η) +

∫ b

a

F (x; v∗(t))dt−
∫ b

a

G(η; t)v∗(t)dt)dη = 0,

òîáòî, v∗(x) ∈ Vm(a; b) � ðîçâ'ÿçîê ðiâíÿííÿ (42), ÿêèé çàäîâîëüíÿ¹ óìîâàì (44). Òåîðåìó
äîâåäåíî.

Òåîðåìà 3. Âèõiäíà çàäà÷à (1) � (3) òà çàäà÷à (42), (44) ¹ îäíî÷àñíî ðîçâ'ÿçíèìè.

Äîâåäåííÿ. Äîâåäåííÿ. Òàê, íåõàé ðiâíÿííÿ (42) ìà¹ ¹äèíèé ðîçâ'ÿçîê v∗(x) ∈ Vm(a; b)

, ÿêèé çàäîâîëüíÿ¹ óìîâàì (44). Òîäi çãiäíî ïîïåðåäíiõ ìiðêóâàíü ôóíêöiÿ y∗(x) ∈
L2(a; b) , ÿêà ìà¹ âèãëÿä (45), áóäå ðîçâ'ÿçêîì çàäà÷i (1) � (3). Íåõàé öÿ æ çàäà÷à,
îêðiì öüîãî ðîçâ'ÿçêó ìà¹ ùå îäèí, iíøèé ðîçâ'ÿçîê ỹ(x) ∈ L2(a; b) .Òîäi, âèõîäÿ÷è ç
ôîðìóëè (36), ïðèõîäèìî äî âèñíîâêó, ùî ìàòèìå ìiñöå íàñòóïíà ðiâíiñòü

ỹ(x) = r(x) +

∫ b

a

G(x; t)ṽ(t)dt, ṽ(x) =

∫ b

a

Q(x; t)ỹ(t)dt. (51)

Êðiì òîãî, ṽ(x) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (42), çàäîâîëüíÿ¹ óìîâàì (44) i ṽ(x) ∈ Vm(a; b).
Îñêiëüêè çàäà÷à (42), (44) ìà¹ ¹äèíèé ðîçâ'ÿçîê, òî, çðîçóìiëî, ùî ṽ(x) = v∗(x). Òàêèì
÷èíîì, ïðèõîäèìî äî âèñíîâêó, ùî é ỹ(x) = y∗(x), òîáòî çàäà÷à (1) � (3) íå ìîæå ìàòè
áiëüøå íiæ îäèí ðîçâ'ÿçîê.

Íåõàé iñíó¹ ¹äèíèé ðîçâ'ÿçîê y∗(x) ∈ L2(a; b) ðiâíÿííÿ (1), ùî çàäîâîëüíÿ¹ óìîâàì
(2), (3). Òîäi, çãiäíî ïîïåðåäíiõ ìiðêóâàíü, ôóíêöiÿ v∗(x), ÿêà âèðàæà¹òüñÿ ôîðìóëîþ
(46) áóäå ðîçâ'ÿçêîì çàäà÷i (42), (44). Íåõàé öÿ çàäà÷à ìà¹ ùå îäèí ðîçâ'ÿçîê ṽ(x) ∈
Vm(a; b), ïðè÷îìó ṽ(x) 6= v∗(x). Òîäi ôóíêöiÿ, ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì (45)
áóäå ðîçâ'ÿçêîì çàäà÷i (1) � (3). Àëå àíàëiç ðiâíîñòåé

y∗(x) = w∗(x) + v∗(x), w∗(x) ∈ Um(a; b),

ỹ(x) = w̃(x) + ṽ(x), w̃(x) ∈ Um(a; b)

ãîâîðèòü ïðî òå, ùî y∗(x) 6= ỹ(x). Îòæå, âèõiäíà çàäà÷à (1) � (3) ìà¹ äâà ðiçíèõ
ðîçâ'ÿçêè, ùî ïðîòèði÷èòü ïðèïóùåííþ.

Òàêèì ÷èíîì, ç ïðîâåäåíèõ âèùå ìiðêóâàíü âèïëèâà¹, ùî v∗(x) = ṽ(x) , òîáòî çàäà÷à
(42), (44) òàêîæ ìà¹ ¹äèíèé ðîçâ'ÿçîê. Òåîðåìó äîâåäåíî.

4 Ìåòîä ïîñëiäîâíèõ íàáëèæåíü

Çàñòîñó¹ìî äî çàäà÷i (1) � (3) ìåòîä ïîñëiäîâíèõ íàáëèæåíü, çãiäíî ÿêîãî íàáëèæåíi
ðîçâ'ÿçêè âèçíà÷à¹ìî ç äîïîìiæíî¨ çàäà÷i

yk(x) = uk(x) + zk(x),

∫ b

a

Φq(t)yk(t)dt = αq, q = 1,m, (52)

â ÿêié uk(x) ∈ Um(a; b) i zk(x) ¹ ðîçâ'ÿçêîì ôóíêöiîíàëüíîãî ðiâíÿííÿ

zk(x)− p(x)zk(h(x)) = f(x) +

∫ b

a

K(x; t)yk−1(t)dt. (53)
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Ïî÷àòêîâå íàáëèæåííÿ âèçíà÷à¹ìî ç çàäà÷i (52) ïðè k = 0 òà çàäàíî¨ ôóíêöi¨ z0(x) ∈
L2(a; b).

Ó âèïàäêó, êîëè â çàäà÷i (52) êåðóâàííÿ uk(x) øóêà¹òüñÿ ó âèãëÿäi

uk(x) =
m∑
q=1

λkqξq(x), (54)

òî äëÿ çíàõîäæåííÿ íåâiäîìèõ ìíîæíèêiâ λkq , q = 1,m, îòðèìà¹ìî ñèñòåìó ëiíiéíèõ
àëãåáðà¨÷íèõ ðiâíÿíü

m∑
i=1

λki

∫ b

a

Φq(t)ξq(t)dt = αq −
∫ b

a

Φq(t)zk(t)dt, q = 1,m. (55)

Öÿ ñèñòåìà, çãiäíî ðàíiøå çðîáëåíîãî ïðèïóùåííÿ, ìà¹ ¹äèíèé ðîçâ'ÿçîê, òîìó ïîñëi-
äîâíiñòü íàáëèæåíèõ ðîçâ'ÿçêiâ âèçíà÷à¹òüñÿ îäíîçíà÷íî.

Ìîæíà ïîêàçàòè, ùî êîëè çàäà÷à (1) � (3) ¹ ñóìiñíîþ é iíòåãðàëüíèé îïåðàòîð

(Lv)(x) =

∫ b

a

L(x; t)v(t)dt, (56)

ùî âiäîáðàæà¹ ïðîñòið Vm(a; b) â ñåáå, ¹ îïåðàòîðîì ñòèñêó, òî iñíóâàòèìå ¹äèíèé
ðîçâ'ÿçîê y∗(x) çàäà÷i (1) � (3) i ìàòèìóòü ìiñöå ñïiââiäíîøåííÿ

lim
k→∞

yk(x) = y∗(x), lim
k→∞

uk(x) = 0. (57)

5 Êîëîêàöiéíî-iòåðàòèâíèé ìåòîä

Çãiäíî öüîãî ìåòîäó íàáëèæåíi ðîçâ'ÿçêè çàäà÷i (1) � (3) âèçíà÷à¹ìî ç äîïîìiæíî¨
çàäà÷i

yk(x) = uk(x) + zk(x),

∫ b

a

Φq(t)yk(t)dt = αq, q = 1,m, (58)

â ÿêié êåðóâàííÿ uk(x) ∈ Um(a; b) ìà¹ âèãëÿä

uk(x) =
m∑
q=1

λkqξq(x), (59)

à zk(x) � öå ðîçâ'ÿçîê ôóíêöiîíàëüíîãî ðiâíÿííÿ

zk(x)− p(x)zk(h(x)) = f(x) +

∫ b

a

K(x; t)(yk−1(t) + wk(t))dt, (60)

ïðè÷îìó ïîïðàâêà wk(x) øóêà¹òüñÿ ó âèãëÿäi

wk(x) =
n∑
j=1

akjηj(x). (61)

Íåâiäîìi êîåôiöi¹íòè akj çíàõîäèìî ç óìîâ

wk(xi) = zk(xi)− yk−1(xi). (62)
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Òóò {ηj(x)}nj=1 � âiäîìà ñèñòåìà ëiíiéíî-íåçàëåæíèõ ôóíêöié, xi, i = 1, n � âóçëè êîëî-
êàöi¨.

Çäiéñíèâøè ïåâíi ïåðåòâîðåííÿ, âiä ôîðìóë (60) � (62) ïðèéäåìî äî ñèñòåìè ëiíiéíèõ
àëãåáðà¨÷íèõ ðiâíÿíü, ðîçâ'ÿçàâøè ÿêó çíàéäåìî akj , j = 1, n. À âiä ôîðìóë (58), (59)
ïåðåéäåìî äî ñèñòåìè ðiâíÿíü ñòîñîâíî ïàðàìåòðiâ λkq , q = 1,m.

Íåõàé ñèñòåìà ôóíêöié {ηj(x)}nj=1 òà {ϕj(x)}nj=1, ϕj(x) ∈ Vm(a; b) ïîâ'ÿçàíi ìiæ ñîáîþ
ñïiââiäíîøåííÿì

ηj(x) = σj(x) + ϕj(x),

∫ b

a

Φq(t)ηj(t)dt = 0, q = 1,m, j = 1, n, (63)

òóò σj(x) ∈ Um(a; b). Ó öüîìó âèïàäêó ðîçâ'ÿçîê çàäà÷i (58) âèçíà÷à¹òüñÿ çãiäíî ôîðìóë

yk(x) = r(x) +

∫ b

a

G(x; t)vk(t)dt, vk(x) =

∫ b

a

Q(x; t)zk(t)dt, (64)

àëå ôóíêöiÿ vk(x) ∈ Vm(a; b) çíàõîäèòüñÿ óæå êîëîêàöiéíî-iòåðàòèâíèì ìåòîäîì äëÿ
ðiâíÿííÿ (42), òîáòî

vk(x) = h(x) +

∫ b

a

L(x; t)(vk−1(t) + ωk(t))dt, (65)

ωk(x) =
n∑
j=1

akjϕj(x), vk(xi)− vk−1(xi)− ωk(xi) = 0, (66)

xi, i = 1, n� âóçëè êîëîêàöi¨.
Òàê, ðîçâ'ÿçóþ÷è çàäà÷ó (63), áóäåìî ìàòè

ηj(x) =

∫ b

a

G(x; t)ϕj(t)dt, j = 1, n. (67)

Òîìó, ç óðàõóâàííÿì ôîðìóë (61), (67), òà (66) îòðèìà¹ìî

wk(x) =

∫ b

a

G(x; t)ωk(t)dt. (68)

Îòæå, ïðèéìàþ÷è äî óâàãè ñïiââiäíîøåííÿ (68) òà òîé ôàêò, ùî

yk(x) = r(x) +

∫ b

a

G(x; t)vk(t)dt (69)

ìàòèìåìî

yk−1(x) + wk(x) = r(x) +

∫ b

a

G(x; t)(vk−1(t) + ωk(t))dt. (70)

Çäiéñíèâøè ðÿä ïðåòâîðåíü, îñòàòî÷íî îòðèìà¹ìî

zk(x) = ϕ(x) + r(x) +

∫ b

a

F (x; t)(vk−1(t) + ωk(t))dt. (71)
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Îñêiëüêè wk(x) = ρk(x) + ωk(x), ωk(x) ∈ Um(a; b), ρk(x) ∈ Vm(a; b), zk(x) − yk−1(x) =

ρk(x) + vk(x)− vk−1(x), òîìó óìîâà (62) íàáóäå âèãëÿäó (66). Ñëiä òàêîæ âiäìiòèòè, ùî
äëÿ êåðóâàííÿ uk(x) ìàòèìå ìiñöå ðiâíiñòü

uk(x) = −
∫ b

a

R(x; η)(ϕ(η) +

∫ b

a

F (η; t)(vk−1(t) + ωk(t))dt)dη. (72)

Îòæå, ÿêùî
lim
k→∞

vk(x) = v∗(x), lim
k→∞

ωk(x) = 0, (73)

òî çäiéñíþþ÷è ãðàíè÷íèé ïåðåõiä ó ôîðìóëàõ (64), (72) òà âðàõîâóþ÷è (73), áóäåìî
ìàòè

lim
k→∞

yk(x) = y∗(x), lim
k→∞

uk(x) = u∗(x). (74)

ßêùî âèõiäíà çàäà÷à (1) � (3) ¹ ñóìiñíîþ, òî â îñòàííié ôîðìóëi u∗(x) = 0, à ôóíêöiÿ
y∗(x) ¹ ðîçâ'ÿçêîì öi¹¨ çàäà÷i. ßêùî æ çàäà÷à íåñóìiñíà, òî äîäàâøè äî ïðàâî¨ ÷àñòèíè
ðiâíÿííÿ (1) ôóíêöiþ (Su∗)(x), îòðèìà¹ìî ñóìiñíó çàäà÷ó. Iíøèìè ñëîâàìè, çàäà÷à

y(x)− p(x)y(h(x)) = f1(x) +

∫ b

a

K(x; t)y(t)dt, x ∈ [a; b], (75)

y(x) = 0, x /∈ [a; b], (76)∫ b

a

Φq(x)y(x)dx = αq, q = 1,m, (77)

äå f1(x) = f(x) + u∗(x)− p(x)u∗(h(x)) áóäå ñóìiñíîþ.
ßêùî çàäà÷à (1) � (3) ñóìiñíà, òî çãiäíî çàãàëüíèõ ïîëîæåíü òåîði¨ ïðîåêöiéíî-

iòåðàòèâíèõ ìåòîäiâ, iñíóâàòèìå òàêèé íîìåð n0, ùî äëÿ êîæíîãî ôiêñîâàíîãî n ≥ n0

ïîñëiäîâíiñòü {yk(x)}∞k=1 ïîáóäîâàíà çà äîïîìîãîþ ìåòîäó (58) � (62) áóäå çáiãàòèñÿ äî
ðîçâ'ÿçêó y∗(x) öi¹¨ çàäà÷i.

6 Âèñíîâêè

Ó ïðîâåäåíèõ äîñëiäæåííÿõ îòðèìàíî óìîâè ñóìiñíîñòi çàäà÷i (1) � (3), óìîâè çái-
æíîñòi ìåòîäó òà îöiíêè ïîõèáîê íàáëèæåíü. Âîíè  ðóíòóþòüñÿ íà òîìó ôàêòi, ùî öÿ
çàäà÷à ðiâíîñèëüíà àíàëîãi÷íié çàäà÷i äëÿ iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà äðó-
ãîãî ðîäó. Çîêðåìà ìåòîä áóäå çáiæíèì ïðè äåÿêîìó ôiêñîâàíîìó n, ÿêùî îäèíè-
öÿ íå ¹ òî÷êîþ ñïåêòðó iíòåãðàëüíîãî îïåðàòîðà T ðiâíÿííÿ (14). Âóçëè êîëîêàöi¨
xi ∈ (a; b), i = 1, n âèáèðàþòüñÿ ó çàëåæíîñòi âiä ñèñòåìè áàçèñíèõ ôóíêöié. Ìîæíà
ïåðåíåñòè äîñëiäæåííÿ íà êðàéîâó çàäà÷ó äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ ç âiäõèëå-
ííÿì àðãóìåíòó íåéòðàëüíîãî òèïó. Êðiì êîëîêàöiéíî-iòåðàòèâíîãî ìåòîäó, ó ñòàòòi
ðîçãëÿíóòî òàêîæ iòåðàöiéíèé ìåòîä.
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The article considers a problem for a linear integro-functional equation with a given value of

the required function outside the main interval and constraints (additional conditions) imposed

on the required function. These restrictions are integral. The main and auxiliary tasks are

formulated. Step-by-step considerations have been made on the relationship between these

tasks. For the values included in the given problem, it is required that they meet a number

of necessary conditions. It is shown that under these conditions the initial problem will be

equivalent to some integral Fredholm equation of the second kind with a completely continuous

operator and additional conditions for the desired solution. In addition to the main problem, the

auxiliary problem is also considered - the problem with control, when in case of compatibility

an additional, correcting value is introduced. The conditions of compatibility of the initial

problem are formulated and substantiated.

The article also presents and substantiates the iterative, namely the method of successive

approximations and collocation-iterative methods of constructing approximate solutions of the

initial problem with constraints. The algorithms of these methods and su�cient conditions for

their convergence are indicated. In this case, we use the fact that the initial problem under

certain conditions is equivalent to an integral equation with constraints. In particular, the

method will be convergent for some �xed n if the unit is not a point of the spectrum of the

integral operator T. The collocation nodes are chosen depending on the system of basis functi-

ons. These methods of constructing approximate solutions of the integro-functional equation

with additional conditions can be successfully implemented on computers by creating appropri-

ate programs. It should be noted that the proposed methods for constructing approximate

solutions of the integro-functional equation with additional conditions are quite e�ective. In

the future, we can transfer the study of this nature to the boundary value problem for a

di�erential equation with a deviation of the argument of the neutral type.


