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Ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü ïàðàáîëi÷íîãî

òèïó ó áàíàõîâîìó ïðîñòîði íà âñié ÷èñëîâié îñi. Äëÿ òàêèõ ðiâíÿíü îïèñàíî óñi ðîçâ'ÿçêè
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Âèâ÷åííÿ äèôåðåíöiàëüíèõ ðiâíÿíü, êîåôiöi¹íòàìè ÿêèõ ¹ íåîáìåæåíi îïåðàòîðè ó

áàíàõîâîìó àáî ãiëüáåðòîâîìó ïðîñòîði, ¹ äîöiëüíèì íå ëèøå òîìó, ùî âîíè îõîïëþþòü

÷èìàëî ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, à é òîìó, ùî íàäà¹òüñÿ ìîæëèâiñòü ïîãëÿíóòè

ç ¹äèíî¨ òî÷êè çîðó ÿê íà çâè÷àéíi äèôåðåíöiàëüíi îïåðàòîðè, òàê i íà îïåðàòîðè ç ÷à-

ñòèííèìè ïîõiäíèìè. Ïðîòÿãîì îñòàííiõ 50 ðîêiâ â òåîði¨ äèôåðåíöiàëüíî-îïåðàòîðíèõ

ðiâíÿíü äîñÿãíóòî çíà÷íèõ ðåçóëüòàòiâ áàãàòüìà ìàòåìàòèêàìè, â òîìó ÷èñëi Ñ.Ä. Åéäå-

ëüìàíîì.

Ìè ðîçãëÿäà¹ìî ðiâíÿííÿ âèãëÿäó

y′(t)− Ay(t) = 0 òà y′(t) + Ay(t) = 0, t ∈ (−∞,∞),

äå A - ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ ïiâãðóïè ëiíiéíèõ îïåðàòîðiâ ó áàíàõîâîìó

ïðîñòîði, òîáòî àáñòðàêòíi ïàðàáîëi÷íå òà îáåðíåíî ïàðàáîëi÷íå ðiâíÿííÿ, îïèñó¹ìî ¨õíi

ðîçâ'ÿçêè íà (−∞,∞), ïîêàçó¹ìî, ùî êîæåí ðîçâ'ÿçîê ìîæå áóòè ïðîäîâæåíèé äî öiëî¨

âåêòîð-ôóíêöi¨ ó ïðîñòîði öiëèõ âåêòîðiâ îïåðàòîðà A, âñòàíîâëþ¹ìî óìîâè, íåîáõiäíi i

äîñòàòíi äëÿ òîãî, ùîá ïðîäîâæåííÿ ìàëî ñêií÷åííèé ïîðÿäîê ðîñòó i ñêií÷åííèé òèï, à

ÓÄÊ 517.9

2010 Mathematics Subject Classi�cation: 35K90,47D06.

c© Ãîðáà÷óê Â.Ì., 2020



On solutions of parabolic type differential equations 57

òàêîæ íàâîäèìî îçíàêè ùiëüíîñòi ìíîæèíè öiëèõ ðîçâ'ÿçêiâ ïåâíîãî ïîðÿäêó i ïåâíîãî

òèïó ó êëàñi âñiõ ðîçâ'ÿçêiâ. Çàçíà÷èìî, ùî ó âèïàäêó, êîëè t ∈ [0,∞), àíàëîãi÷íi

ïèòàííÿ ðîçãëÿäàëèñü Ì.Ë. Ãîðáà÷óêîì (äèâ. [3]). Ðåçóëüòàòè âèêëàäåíî, âèõîäÿ÷è ç

[8] òà [9, 10].

1 Äîïîìiæíi âiäîìîñòi

Íåõàé B � áàíàõiâ ïðîñòið ç íîðìîþ ‖ · ‖ íàä ïîëåì C êîìïëåêñíèõ ÷èñåë. Ïîçíà÷è-

ìî ÷åðåç E(B) (L(B)) ìíîæèíó âñiõ ùiëüíî çàäàíèõ çàìêíåíèõ (îáìåæåíèõ) ëiíiéíèõ

îïåðàòîðiâ âB. Íåõàé òàêîæ {U(t)}t≥0 � C0-ïiâãðóïà ëiíiéíèõ îïåðàòîðiâ ç L(B), òîáòî:

1) U(0) = I (I � îäèíè÷íèé îïåðàòîð â B) ;

2) ∀t, s ≥ 0 : U(t+ s) = U(t)U(s);

3) ∀f ∈ B : lim
t→0
‖U(t)f − f‖ = 0.

Iíôiíiòåçiìàëüíèé ãåíåðàòîð (àáî ïðîñòî ãåíåðàòîð) A ïiâãðóïè {U(t)}t≥0 âèçíà÷à¹-
òüñÿ ÿê

Af = lim
t→0

1

t
(U(t)f − f), D(A) =

{
f ∈ B : lim

t→0

1

t
(U(t)f − f) iñíó¹

}
,

(D(·) � îáëàñòü âèçíà÷åííÿ îïåðàòîðà). Öåé îïåðàòîð çàìêíåíèé, D(A) ¹ ùiëüíîþ â B

i U(t)-iíâàðiàíòíîþ, òîáòî ∀f ∈ D(A) : U(t)f ∈ D(A) (t ≥ 0) i AU(t)f = U(t)Af . Áiëüøå

òîãî,
d

dt
U(t)f = AU(t)f, f ∈ D(A).

Ó ïîäàëüøîìó
{
etA
}
t≥0 ïîçíà÷àòèìå C0-ïiâãðóïó â B ç ãåíåðàòîðîì A (ñòîñîâíî òåîði¨

ïiâãðóï äèâ., íàïðèêëàä, [11, 14, 13, 2] ).

C0-ïiâãðóïà {U(t)}t≥0 íàçèâà¹òüñÿ àíàëiòè÷íîþ ç êóòîì θ ∈
(
0, π

2

]
, ÿêùî îïåðàòîð-

ôóíêöiÿ U(·) ¹ âèçíà÷åíîþ â ñåêòîði Sθ = {z : | arg z| < θ} i ìà¹ òàêi âëàñòèâîñòi:
1) ∀z1, z2 ∈ Sθ : U(z1 + z2) = U(z1)U(z2);

2) ∀f ∈ B : U(z)f ¹ àíàëiòè÷íîþ âåêòîð-ôóíêöi¹þ â Sθ;

3) ∀f ∈ B : ‖U(z)f − f‖ → 0 ïðè z → 0 ó áóäü-ÿêîìó çàìêíåíîìó ïiäñåêòîði ç Sθ.

ßêùî, êðiì òîãî, ñiì'ÿ U(z) ¹ îáìåæåíîþ íà êîæíîìó ñåêòîði Sψ ç ψ < θ, òî U(t) ¹

îáìåæåíîþ àíàëiòè÷íîþ ïiâãðóïîþ ç êóòîì θ.

Äëÿ äîâiëüíèõ îïåðàòîðà A ∈ E(B) i ÷èñëà β ≥ 0 ïîêëàäåìî

C∞(A) =
⋂

n∈N0={0}∪N

D(An), G{β}(A) =
⋃
α>0

Gα
β(A), G(β)(A) =

⋂
α>0

Gα
β(A),

äå

Gα
β(A) = {f ∈ C∞(A)

∣∣∃c = c(f) > 0,∀k ∈ N0 : ‖Akf‖ ≤ cαkkkβ}

� áàíàõiâ ïðîñòið âiäíîñíî íîðìè

‖f‖Gαβ (A) = sup
k∈N0

‖Akf‖
αkkkβ

.
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Â G{β}(A) (G(β)(A)) ââîäèòüñÿ òîïîëîãiÿ iíäóêòèâíî¨ (ïðî¹êòèâíî¨) ãðàíèöi ïðîñòîðiâ

Gα
β(A). Çáiæíiñòü â G{β}(A) (â G(β)(A)) îçíà÷à¹ çáiæíiñòü ó äåÿêîìó (êîæíîìó) Gα

β(A),

α > 0. Î÷åâèäíî, ùî G{1}(A) òà G(1)(A) ¹ íå ùî iíøå, ÿê ïðîñòîðè àíàëiòè÷íèõ òà öiëèõ

âåêòîðiâ îïåðàòîðà A âiäïîâiäíî. Çàóâàæèìî òàêîæ, ùî ïðè β1 < β2 ìàþòü ìiñöå ùiëüíi

i íåïåðåðâíi âêëàäåííÿ

G(β1)(A) ⊆ G{β1}(A) ⊆ G(β2)(A) ⊆ G{β2}(A).

ßêùî îïåðàòîð A îáìåæåíèé, òî äëÿ áóäü-ÿêîãî β > 0

G{0}(A) = G(β)(A) = G{β}(A) = B.

Íåâàæêî òàêîæ ïîêàçàòè, ùî äëÿ äîâiëüíîãî β ìîæíà ïiäiáðàòè íåîáìåæåíèé îïåðàòîð

A òàê, ùîá G{β}(A) = {0}. Àëå ÿêùî A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè

{etA}t≥0 ç êóòîì θ, òî, ÿê äîâåäåíî â [6], G(β)(A) = B ïðè β > 1− 2θ
π
. ßêùî æ β = 1− 2θ

π
,

ìîæëèâi âèïàäêè, êîëè G{β}(A) = {0}.
Ìà¹ ìiñöå òàêå òâåðäæåííÿ (äèâ. [8]).

Òåîðåìà 1. Íåõàé A ∈ E(B). Òîäi äëÿ äîâiëüíîãî f ∈ G{β}(A) (f ∈ G(β)(A)), âåêòîð-

ôóíêöiÿ

exp(zA)f =
∞∑
k=0

zkAkx

k!

¹ öiëîþ ó ïðîñòîði G{β}(A) ïðè β < 1 (â G(β)(A) ïðè β ≤ 1). Ñóêóïíiñòü {exp(zA)}z∈C
óòâîðþ¹ C0-ãðóïó ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ ó öèõ ïðîñòîðàõ. ßêùî A - ãåíåðà-

òîð C0-ïiâãðóïè â B, òî

∀f ∈ G(1)(A), ∀t ≥ 0 : exp(tA)f = etAf.

Ó âèïàäêó, êîëè ïiâãðóïà {etA}t≥0 ¹ îáìåæåíîþ àíàëiòè÷íîþ, îñòàíí¹ ñïiââiäíîøåííÿ

âèêîíó¹òüñÿ äëÿ âñiõ t ∈ R1 (ÿêùî t < 0, etA := (e−tA)−1 ).

Äîâåäåííÿ. Î÷åâèäíî, ùî äëÿ äîâiëüíîãî z ∈ C ðÿä
∞∑
k=0

zkAkx
k!

f, f ∈ G(1)(A), çáiãà¹òüñÿ â

B i âèçíà÷à¹ öiëó B-çíà÷íó âåêòîð-ôóíêöiþ.

Ïðèïóñòèìî òåïåð, ùî f ∈ G(β)(A) ç β ≤ 1, òîáòî

∀α > 0, ∃c = c(f, α) > 0, ∀n ∈ N0 : ‖Anf‖ ≤ cαnnnβ.

Òîäi,

∀m ∈ N0 :

∥∥∥∥∥An
(

exp(zA)f −
m∑
k=0

zkAkf

k!

)∥∥∥∥∥ =

∥∥∥∥∥An
∞∑

k=m+1

zkAkf

k!

∥∥∥∥∥ ≤
∞∑

k=m+1

|z|k‖An+kf‖
k!

≤ c
∞∑

k=m+1

|z|k

k!
αn+k(n+ k)(n+k)β = cαnnnβ

∞∑
k=m+1

|z|k

k!
kkβ
(

1 +
k

n

)nβ (
1 +

n

k

)kβ
.
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Ç íåðiâíîñòåé(
1 +

k

n

)nβ
≤
(

1 +
k

n

)n
≤ ek òà

(
1 +

n

k

)kβ
≤
(

1 +
n

k

)k
≤ en

âèïëèâà¹, ùî ∥∥∥∥∥An
(

exp(zA)f −
m∑
k=0

zkAkf

k!

)∥∥∥∥∥ ≤ cm(αe)nnnβ,

äå

cm =
∞∑

k=m+1

|zαe|k

k!
kkβ.

Ïîêëàäåìîm = 0. Òîäi äëÿ áóäü-ÿêîãî ôiêñîâàíîãî z ∈ C ìà¹ìî exp(zA)f ∈ G(β)(A).

Áiëüøå òîãî, ÿêèì áè âåëèêèì íå áóëî δ > 0, ðÿä
∞∑
k=0

zk

k!
Akf çáiãà¹òüñÿ ó ïðîñòîði Gα

β(A)

â êðóçi |z| < δ äëÿ äîâiëüíîãî α < 1
e2δ

. Îòæå, öåé ðÿä âèçíà÷à¹ öiëó âåêòîð-ôóíêöiþ â

Gα
β(A), α ∈

(
0, 1

e2δ

)
, à òîìó é â G(β)(A).

Àíàëîãi÷íî âñòàíîâëþ¹òüñÿ, ùî exp(zA)f, f ∈ G{β}(A) (β < 1), ¹ öiëîþ âåêòîð-

ôóíêöi¹þ â G{β}(A). Ãðóïîâà âëàñòèâiñòü {exp(zA)}z∈C ïåðåâiðÿ¹òüñÿ òàê ñàìî, ÿê ó

ñêàëÿðíîìó âèïàäêó.

2 Îñíîâíi ðåçóëüòàòè

Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿäó

y′(t)− Ay(t) = 0, t ∈ (−∞,∞), (1)

òà

y′(t) + Ay(t) = 0, t ∈ (−∞,∞), (2)

äå A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè {etA}t≥0 â B. Ðiâíÿííÿ (1) (âiäïî-

âiäíî (2)) ¹ àáñòðàêòíèì ïàðàáîëi÷íèì (îáåðíåíî ïàðàáîëi÷íèì).

Ïðèêëàä. Íåõàé B � îäèí iç ïðîñòîðiâ Lp(Rn)(1 ≤ p < ∞), C0(Rn) àáî BUC(Rn), äå

C0(Rn) (BUC(Rn)) - ïðîñòið íåïåðåðâíèõ çi ñêií÷åííèì íîñi¹ì (ðiâíîìiðíî íåïåðåðâíèõ,

îáìåæåíèõ) íà Rn ôóíêöié ç sup-íîðìîþ, à

Au(x) = ∆u(x), x ∈ Rn; D(A) = {u ∈ B : ∆u ∈ B}

(∆ ðîçóìi¹òüñÿ â ñåíñi ðîçïîäiëiâ). Çãiäíî ç [1], îïåðàòîð A ãåíåðó¹ â B îáìåæåíó àíà-

ëiòè÷íó C0-ïiâãðóïó ç êóòîì θ = π
2
, à ñàìå:

(etAf)(x) = (4πt)−n/2
∫
Rn

f(x− s)e−|s|2/4t ds, t > 0, f ∈ B, x ∈ Rn,

Ó öüîìó âèïàäêó (1) ¹ íå ùî iíøå, ÿê êëàñè÷íå ðiâíÿííÿ òåïëîïðîâiäíîñòi.
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ßêùî A ≤ 0 � ñàìîñïðÿæåíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði H, òî âií òàêîæ

ãåíåðó¹ îáìåæåíó àíàëiòè÷íó C0-ïiâãðóïó ç êóòîì π
2
.

Ïiä ðîçâ'ÿçêîì (êëàñè÷íèì) ðiâíÿííÿ (1) àáî (2) íà (−∞,∞) ðîçóìiòèìåìî ñèëüíî

íåïåðåðâíî äèôåðåíöiéîâíó ôóíêöiþ y(t) : (−∞,∞) 7→ D(A), ùî çàäîâîëüíÿ¹ âiäïîâiä-

íå ðiâíÿííÿ.

Òåîðåìà 2. Íåõàé A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè {etA}t≥0 â B.

Âåêòîð-ôóíêöiÿ y(t) : (−∞,∞) 7→ D(A) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1) íà (−∞,∞) òîäi i

òiëüêè òîäi, êîëè ¨¨ ìîæíà ïîäàòè ó âèãëÿäi

y(t) = exp(tA)g, g ∈ G(1)(A), t ∈ (−∞,∞). (3)

Îòæå, áóäü-ÿêèé ðîçâ'ÿçîê y(t) ðiâíÿííÿ (1) íà (−∞,∞) äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨

âåêòîð-ôóíêöi¨ ó ïðîñòîði G(1)(A).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî y(t) � ðîç'ÿçîê ðiâíÿííÿ (1) íà (−∞,∞). Îñêiëüêè y(t) ¹

òàêîæ ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ íà [0,∞), òî, çãiäíî ç [12],

y(t) = etAf = exp(tA)f, f ∈ D(A), t ∈ [0,∞).

Ïîêëàäåìî z(t) = y(−t), t ≥ 0. Âåêòîð-ôóíêöiÿ z(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2) íà

[0,∞). ßê ïîêàçàíî â [7],

y(−t) = z(t) = exp(−tA)g, g ∈ G(1)(A), t ∈ [0,∞).

Áåðó÷è äî óâàãè íåïåðåðâíiñòü y(t) â òî÷öi 0, îäåðæó¹ìî f = g. Òàêèì ÷èíîì, y(t)

çîáðàæó¹òüñÿ ó âèãëÿäi (3) íà âñié ÷èñëîâié îñi. Çà òåîðåìîþ 1, òàêà âåêòîð-ôóíêöiÿ ¹

öiëîþ ó ïðîñòîði G(1)(A).

Çàçíà÷èìî, ùî òîé ôàêò, ùî çíà÷åííÿ ðîçâ'ÿçêó y(t) ðiâíÿííÿ (1) íàëåæàòü äî ïðî-

ñòîðó G(1)(A), äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi îçíà÷à¹, ùî éîãî ðîçâ'ÿçêè ¹ öiëèìè ôóí-

êöiÿìè ÿê ïî t, òàê i ïî x.

Àíàëîãi÷íî òîìó, ÿê öå çðîáëåíî äëÿ ðiâíÿííÿ (1), äîâîäèòüñÿ, ùî âåêòîð-ôóíêöiÿ

y(t) : (−∞,∞) 7→ D(A) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2) íà (−∞,∞) òîäi i òiëüêè òîäi, êîëè

y(t) äîïóñêà¹ çîáðàæåííÿ

y(t) = exp(−tA)g, g ∈ G(1)(A), t ∈ (−∞,∞). (4)

Çà òåîðåìîþ 1, âåêòîð-ôóíêöiÿ (4) òàêîæ ¹ öiëîþ ó ïðîñòîði G(1)(A).

Ïîçíà÷èìî ÷åðåç A(B) ìíîæèíó óñiõ öiëèõ B-çíà÷íèõ ôóíêöié. Âåêòîð-ôóíêöiÿ

y ∈ A(B) ìà¹ ñêií÷åííèé ïîðÿäîê ðîñòó, ÿêùî iñíó¹ ÷èñëî γ ≥ 0 òàêå, ùî äëÿ äîñòàòíüî

âåëèêèõ |z|
‖y(z)‖ ≤ e|z|

γ

.

Òî÷íà íèæíÿ ìåæà ρ(y) òàêèõ γ � ïîðÿäîê y(z).



On solutions of parabolic type differential equations 61

Íåõàé òåïåð δ > 0 � äîâiëüíå ôiêñîâàíå ÷èñëî. Ïiä ñòåïåíåì ôóíêöi¨ y ∈ A(B)

âiäíîñíî δ ðîçóìiòèìåìî âåëè÷èíó

σ(y, δ) = lim
r→∞

ln max
|z|=r
‖y(z)‖

rδ
.

ßêùî y(z) ìà¹ ñêií÷åííèé ïîðÿäîê ρ = ρ(y) i δ < ρ, òî σ(y, δ) = ∞, àëå σ(y, δ) = 0

äëÿ δ > ρ. ×èñëî σ(y) = σ(y, ρ) (ñòåïiíü ôóíêöi¨ y(z) âiäíîñíî ¨¨ ïîðÿäêó) íàçèâà¹òüñÿ

òèïîì y(z). Çàçâè÷àé y(z) ∈ A(B) ñêií÷åííîãî ïîðÿäêó íàçèâàþòü âåêòîð-ôóíêöi¹þ

åêñïîíåíöiàëüíîãî òèïó, ÿêùî ρ(y) ≤ 1 i σ(y, 1) <∞.

Äëÿ äîâiëüíîãî ÷èñëà ρ > 0 ïîçíà÷èìî ÷åðåç Aρ(B) ìíîæèíó âñiõ y ∈ A(B), ïîðÿäîê

ÿêèõ íå ïåðåâèùó¹ ρ, i ñêií÷åííîãî ñòåïåíÿ âiäíîñíî öüîãî ρ. Ïîêëàäåìî òàêîæ

Aρ
α(B) = {y ∈ Aρ(B)

∣∣∃c > 0,∀z ∈ C : ‖y(z)‖ ≤ ceα|z|
ρ},

äå 0 < c = c(y) = const. Ìíîæèíà Aρ
α(B) óòâîðþ¹ áàíàõiâ ïðîñòið âiäíîñíî íîðìè

‖y‖Aρα(B) = sup
r≥0

e−αr
ρ

max
|z|=r
‖y(z)‖.

Î÷åâèäíî, ùî

Aρ(B) =
⋃
α>0

Aρ
α(B).

Ó ïðîñòîði Aρ(B) ââåäåìî òîïîëîãiþ iíäóêòèâíî¨ ãðàíèöi áàíàõîâèõ ïðîñòîðiâ Aρ
α(B).

Çáiæíiñòü yn → y (n → ∞) â Aρ(B) îçíà÷à¹, ùî ïîñëiäîâíiñòü σ(yn, ρ) ¹ îáìåæåíîþ i

‖yn(z) − y(z)‖ → 0 (n → ∞) ðiâíîìiðíî íà êîæíîìó êîìïàêòi K ⊂ C. Î÷åâèäíî, ùî
A1(B) � ïðîñòið öiëèõ B-çíà÷íèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó.

Ïîñòà¹ ïèòàííÿ, ÷è iñíóþòü ðîçâ'ÿçêè ðiâíÿííÿ (1) àáî (2) íà (−∞,∞), êîòði äî-

ïóñêàþòü ïðîäîâæåííÿ äî âåêòîð-ôóíêöié ç êëàñó Aρ(B), i ÿêùî öå òàê, òî çà ÿêèõ

óìîâ, ìíîæèíà òàêèõ ðîçâ'ÿçêiâ âiäïîâiäíîãî ðiâíÿííÿ ¹ ùiëüíîþ ó ìíîæèíi óñiõ éî-

ãî ðîçâ'ÿçêiâ, òîáòî äëÿ áóäü-ÿêîãî ðîçâ'ÿçêó y(z) iñíó¹ ïîñëiäîâíiñòü yn ∈ Aρ(B), ùî

çáiãà¹òüñÿ äî y(z) ðiâíîìiðíî íà êîæíîìó êîìïàêòi K ⊂ C. Âiäïîâiäü äà¹ íàñòóïíà

òåîðåìà.

Òåîðåìà 3. Äëÿ òîãî, ùîá ðîçâ'ÿçîê y(z) ðiâíÿííÿ (1) àáî (2) íàëåæàâ äî Aρ(B),

íåîáõiäíî i äîñòàòíüî, ùîá y(0) ∈ G{β}(A),äå β = ρ−1
ρ
. ßêùî òàêà óìîâà âèêîíó¹òüñÿ,

òî ∀z ∈ C : y(z) ∈ G{β}(A). Çà óìîâè, ùî ρ > π
2θ

, ìíîæèíà ðîçâ'ÿçêiâ y ∈ Aρ(B)

âiäïîâiäíîãî ðiâíÿííÿ ¹ ùiëüíîþ ó ìíîæèíi óñiõ éîãî ðîçâ'ÿçêiâ.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî y ∈ Aρ(B) � ðîçâ'ÿçîê ðiâíÿííÿ (1) íà (−∞,∞). Òîäi y(z)

ìà¹ âèãëÿä (3), òîáòî

y(z) = exp(zA)g, g ∈ G(1)(A).

ßê ïîêàçàíî â [5], y(0) = g ∈ G{β}(A), äå β = ρ−1
ρ
. Çà òåîðåìîþ 1 , y(z) ∈ G{β}(A)

äëÿ áóäü-ÿêîãî z ∈ C. Îáåðíåíå òâåðäæåííÿ âèïëèâà¹ ç òi¹¨ ñàìî¨ òåîðåìè. Àíàëîãi÷íi

àðãóìåíòè äiþòü i ó âèïàäêó ðiâíÿííÿ (2).
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ßê çàçíà÷àëîñü âèùå, ïðè

β > 1− 2θ

π
⇐⇒ ρ =

1

1− β
>

1

1−
(
1− 2θ

π

) =
π

2θ

ìíîæèíà G(β)(A) ¹ ùiëüíîþ â B.Îñêiëüêè ðîçâ'ÿçêè ðiâíÿííÿ (1) ìàþòü âèãëÿä y(z) =

exp(zA)g, g ∈ G(1)(A), i G{β}(A) = G(1)(A), âåêòîð g ìîæíà íàáëèçèòè â G(1)(A)-

òîïîëîãi¨ âåêòîðàìè gn ∈ G{β}(A) (n ∈ N). Çà òåîðåìîþ 1, ïîñëiäîâíiñòü yn(z) =

exp(zA)gn çáiãà¹òüñÿ äî y(z) ðiâíîìiðíî íà êîæíîìó êîìïàêòi K ⊂ C. Ïîäiáíi ìiðêóâàí-
íÿ ìîæóòü áóòè çàñòîñîâàíi é ó âèïàäêó ðiâíÿííÿ (2).

Ùî ñòîñó¹òüñÿ ρ = π
2θ
, òî ðîçãëÿäóâàíi ðiâíÿííÿ ìîæóòü, âçàãàëi êàæó÷è, íå ìàòè

âiäìiííèõ âiä òðèâiàëüíîãî ðîçâ'ÿçêiâ íà (−∞,∞) ó êëàñi Aρ(B). Àëå (äèâ. [4]) çà óìîâ,

ùî θ = π
2
i âèêîíó¹òüñÿ íåðiâíiñòü

1∫
0

ln lnM(s) ds <∞, äå M(s) = sup
| Imλ|≥s

‖RA(λ)‖

(RA(λ) � ðåçîëüâåíòà îïåðàòîðà A), ìíîæèíà öiëèõ ðîçâ'ÿçêiâ åêñïîíåíöiàëüíîãî òèïó

¹ ùiëüíîþ ó ìíîæèíi óñiõ ðîçâ'ÿçêiâ. Öå, íàïðèêëàä, ìà¹ ìiñöå ó âèïàäêó, êîëè A �

íîðìàëüíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði, ùî ãåíåðó¹ îáìåæåíó àíàëiòè÷íó C0-

ïiâãðóïó.
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The article is devoted to the investigation of solutions of di�erential equations on an in�nite

interval, whose coe�cients are unbounded linear operators in a Banach space B over the

�eld C of complex numbers. Namely, we consider equations of the form y′(t) − Ay(t) = 0

and y′(t) + Ay(t) = 0 on the whole real axis, where A is the in�nitesimal generator of a

bounded analytic C0-semigroup {etA}t≥0 of linear operators in B, that is, a parabolic and

inverse parabolic type, respectively, di�erential equations in a Banach space. Most the problems

under consideration in the paper are related to the theory of abstract di�erential equations,

one of the main directions of modern functional analysis which, as is well-known, covers a

number of partial di�erential equations. For example, if B = Lp(Rn) (1 ≤ p < ∞) and

Au(x) = ∆u(x), x ∈ Rn, (∆ is the Laplacian), then the �rst equation above is none other than

the classical heat one. But the study of such equations is useful not only because they cover a lot

of partial di�erential equations, it also enables to look from a uniform point of view at ordinary

as well as partial di�erential equations. The origin of the mentioned theory dates from the work

of E.Hille and K.Yosida (1948), in which the �rst theorems on the existence of solutions to the

Cauchy problem for the equation y′ = Ay with an unbounded operator A in a Banach space,

formulated in terms of the theory semigroups, were obtained. In the middle of the last century,

P.Lax, R.S. Phillips, A.Milgram, V.Lyantce, and T.Kato applied the semigroup methods to

the investigation of various classes of parabolic equations. These scientists laid the foundations

of the theory of di�erential equations with unbounded operators, which thereafter became a

�eld of independent interest, attracting the attention of many mathematicians including S.D.

Eidelman. We describe all the solutions of the above abstract di�erential equations and �nd

the conditions which are necessary and su�cient for a solution to admit an extension to an

entire vector-valued function with given order of growth and type. Moreover, the criterions for

such classes of solutions to be dense in the set of all solutions are presented. So, the conditions

are established under which for each solution y(z) of the corresponding equation, there exists

a sequence yn(z) of a certain order and type entire solutions converging uniformly to y(z) on

every compact set K ⊂ C. It should be noted that similar problems for equations on [0,∞)

were considered by M.L.Gorbachuk.


