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Çãiäíî ç òåîðåìîþ Áàíàõà ïðî îáåðíåíèé îïåðàòîð äëÿ íåïåðåðâíî¨ îáîðîòíîñòi ëiíié-

íîãî íåïåðåðâíîãî îïåðàòîðà, ùî äi¹ ç îäíîãî áàíàõîâîãî ïðîñòîðó â iíøèé, íåîáõiäíî i äî-

ñòàòíüî, ùîá öåé îïåðàòîð áóâ ñþð'¹êòèâíèì òà ií'¹êòèâíèì. Öèõ âèìîã íàâiòü ó âèïàäêó

íåëiíiéíèõ îïåðàòîðiâ äîñòàòíüî äëÿ îáîðîòíîñòi âiäïîâiäíèõ îïåðàòîðiâ. Îäíàê, îáåðíåíi

îïåðàòîðè ìîæóòü íå áóòè íåïåðåðâíèìè. Öå ñòîñó¹òüñÿ äèôåðåíöiéîâíèõ âiäîáðàæåíü,

äëÿ ÿêèõ îáåðíåíi âiäîáðàæåííÿ ìîæóòü íå áóòè äèôåðåíöiéîâíèìè. Òîìó äëÿ îáîðîò-

íîñòi íåëiíiéíèõ îïåðàòîðiâ ïîòðiáíå âèêîíàííÿ äîäàòêîâèõ âèìîã. Äëÿ äèôåðåöiéîâíîãî

âiäîáðàæåííÿ òàêîþ âèìîãîþ ¹ âèêîíàííÿ óìîâè íåâèðîäæåíîñòi ïîõiäíî¨ Ôðåøå âiäîáðà-

æåííÿ â êîæíié òî÷öi ïðîñòîðó, â ÿêîìó äi¹ öå âiäîáðàæåííÿ.

Ó ñòàòòi ðîçãëÿíóòî íåëiíiéíi àâòîíîìíi äèôåðåíöiàëüíi îïåðàòîðè êëàñó C1, ùî äiþòü

iç ïðîñòîðó îáìåæåíèõ i íåïåðåðâíî äèôåðåíöiéîâíèõ íà îñi ôóíêöié ó ïðîñòið îáìåæåíèõ

i íåïåðåðâíèõ íà îñi ôóíêöié çi çíà÷åííÿìè â íåñêií÷åííîâèìiðíîìó áàíàõîâîìó ïðîñòîði.

Äëÿ òàêèõ îïåðàòîðiâ íàâåäåíî íåîáõiäíi òà äîñòàòíi óìîâè, ïðè âèêîíàííi ÿêèõ öi îïåðà-

òîðè ¹ äèôåîìîðôiçìàìè êëàñó C1. Òàêîæ íàâåäåíî óìîâè ií'¹êòèâíîñòi òà ñþð'¹êòèâíîñòi

äîñëiäæóâàíèõ îïåðàòîðiâ.

Êëþ÷îâi ñëîâà i ôðàçè: óìîâè îáîðîòíîñòi äèôåðåíöiéîâíèõ âiäîáðàæåíü, óìîâè îáîðî-

òíîñòi íåëiíiéíèõ àâòîíîìíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ, óìîâè ií'¹êòèâíîñòi òà ñþð'¹êòèâíîñòi

îïåðàòîðiâ.
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Ñòàòòÿ ïðèñâÿ÷åíà âñòàíîâëåííþ íåîáõiäíèõ òà äîñòàòíiõ óìîâ, êîëè íåëiíiéíi àâ-

òîíîìíi äèôåðåíöiàëüíi îïåðàòîðè, ùî âèçíà÷åíi íà ïðîñòîði îáìåæåíèõ i íåïåðåðâíèõ

íà îñi ôóíêöié çi çíà÷åííÿìè â áàíàõîâîìó ïðîñòîði, ¹ äèôåîìîðôiçìàìè êëàñó C1.

1 Çàãàëüíi òåîðåìè ïðî îáîðîòíiñòü äèôåðåíöiéîâíèõ âiäîáðàæåíü

Ñïî÷àòêó íàâåäåìî äîïîìiæíi ðåçóëüòàòè ïðî óìîâè îáîðîòíîñòi íåëiíiéíîãî âiäî-

áðàæåííÿ F : X → Y , äå X i Y � äîâiëüíi áàíàõîâi ïðîñòîðè íàä ïîëåì R àáî C ç

íîðìàìè ‖ · ‖X i ‖ · ‖Y âiäïîâiäíî.
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1.1 Äèôåðåíöiéîâíi âiäîáðàæåííÿ òà C1-äèôåîìîðôiçìè

Ðîçãëÿíåìî ïîòðiáíi äëÿ ïîäàëüøîãî ïîçíà÷åííÿ òà îçíà÷åííÿ, çàïîçè÷åíi ç [1], [2].

Âèêîðèñòà¹ìî áàíàõîâèé ïðîñòið L(X, Y ) ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ A :X→Y

ç îïåðàòîðíîþ íîðìîþ.

Íåõàé U ⊂ X i V ⊂ Y � âiäêðèòi ìíîæèíè i (Df)x � ïîõiäíà Ôðåøå âiäîáðàæåí-

íÿ f : U → V â òî÷öi x ∈ U . Âiäîáðàæåííÿ f íàçèâà¹òüñÿ C1-âiäîáðàæåííÿì, ÿêùî

f äèôåðåíöiéîâíå â êîæíié òî÷öi x ∈ U i ïðèðîäíå âiäîáðàæåííÿ Df : U → L(X, Y )

íåïåðåðâíå. C1-âiäîáðàæåííÿ f ùå íàçèâàþòü äèôåðåíöiéîâíèì âiäîáðàæåííÿì êëàñó

C1.

Âiäîáðàæåííÿ f : U → V íàçèâà¹òüñÿ C1-äèôåîìîðôiçìîì àáî äèôåîìîðôiçìîì

êëàñó C1, ÿêùî f ãîìåîìîðôíî âiäîáðàæà¹ U íà V i âiäîáðàæåííÿ f òà f−1 ¹ C1-âiäî-

áðàæåííÿìè.

Ëîêàëüíèì C1-äèôåîìîðôiçìîì ó òî÷öi x ∈ X íàçèâà¹òüñÿ âiäîáðàæåííÿ f : X→Y ,

äëÿ ÿêîãî iñíó¹ òàêèé îêië U ⊂ X òî÷êè x, ùî çâóæåííÿ f |U âiäîáðàæåííÿ f íà U

âñòàíîâëþ¹ C1-äèôåîìîðôiçì ìiæ U i âiäêðèòîþ ïiäìíîæèíîþ ïðîñòîðó Y .

1.2 Óìîâè îáîðîòíîñòi äèôåðåíöiéîâíèõ âiäîáðàæåíü

Íåõàé A, B � ìíîæèíè i g : A→ B � äåÿêå âiäîáðàæåííÿ.

Âiäîáðàæåííÿ g ¹ ií'¹êòèâíèì, ÿêùî iç x 6= y âèïëèâà¹ g(x) 6= g(y). Öå âiäîáðàæåííÿ

¹ ñþð'¹êòèâíèì, ÿêùî äëÿ êîæíîãî b ∈ B iñíó¹ åëåìåíò a ∈ A, òàêèé, ùî g(a) = b.

Ïðàâèëüíèìè ¹ òàêi äâà òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé X i Y � áàíàõîâi ïðîñòîðè i F : X → Y � C1-âiäîáðàæåííÿ.

Âiäîáðàæåííÿ F : X → Y ¹ C1-äèôåîìîðôiçìîì òîäi i òiëüêè òîäi, êîëè:

1) âiäîáðàæåííÿ F ñþð'¹êòèâíå;

2) âiäîáðàæåííÿ F ií'¹êòèâíå;

3) âiäîáðàæåííÿ F ¹ ëîêàëüíèì C1-äèôåîìîðôiçìîì ó êîæíié òî÷öi x ∈ X.

Òåîðåìà 2. Íåõàé X i Y � áàíàõîâi ïðîñòîðè i F : X → Y � C1-âiäîáðàæåííÿ.

Âiäîáðàæåííÿ F : X → Y ¹ C1-äèôåîìîðôiçìîì òîäi i òiëüêè òîäi, êîëè:

1) âiäîáðàæåííÿ F ñþð'¹êòèâíå;

2) âiäîáðàæåííÿ F ií'¹êòèâíå;

3) ïîõiäíà (DF )x : X → Y ¹ íåïåðåðâíî îáîðîòíèì îïåðàòîðîì äëÿ êîæíî¨ òî÷êè

x ∈ X.

Öi òâåðäæåííÿ îòðèìàíî àâòîðîì â [3] ç âèêîðèñòàííÿì íåîáõiäíèõ òà äîñòàòíiõ

óìîâ iñíóâàííÿ îáåðíåíî¨ ôóíêöi¨ [4] i ¹ ðiâíîñèëüíèìè.

Çàóâàæåííÿ 1. Âèêîíàííÿ ïåðøèõ äâîõ óìîâ òåîðåì 1 i 2 äîñòàòíüî äëÿ îáîðîòíîñòi

íåëiíiéíîãî âiäîáðàæåííÿ F : X → Y , îäíàê, íåäîñòàòíüî, ùîá öå âiäîáðàæåííÿ áóëî

C1-äèôåîìîðôiçìîì. Öå ïiäòâåðäæó¹òüñÿ ïðèêëàäîì C1-âiäîáðàæåííÿ f : R → R, ùî
âèçíà÷à¹òüñÿ ðiâíiñòþ f(x) = x3. Âiäîáðàæåííÿ f ñþð'¹êòèâíå, ií'¹êòèâíå i ìà¹ îáåðíåíå

f−1(x) = 3
√
x, îäíàê, âiäîáðàæåííÿ f−1(x) = 3

√
x íå ¹ äèôåðåíöiéîâíèì ó òî÷öi x = 0.
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1.3 Óìîâè ií'¹êòèâíîñòi âiäîáðàæåííÿ F

Êîðèñíîþ äëÿ ïîäàëüøîãî ¹ íàñòóïíà óìîâà ií'¹êòèâíîñòi C1-âiäîáðàæåííÿ F : X → Y .

Ðîçãëÿíåìî ìíîæèíó

K(X) = {(x1, x2) ∈ X ×X : x1 6= x2}.

Êîæíié òî÷öi (x1, x2) ∈ K(X) ñïiâñòàâèìî äèôåðåíöiéîâíó íà âiäðiçêó [0, 1] ôóíêöiþ

F (x1 + τ(x2 − x1)) çi çíà÷åííÿìè â Y . Î÷åâèäíî, ùî

dF (x1 + τ(x2 − x1))
dτ

= (DF )x1+τ(x2−x1)(x2 − x1), τ ∈ [0, 1], (1)

i çà ôîðìóëîþ Íüþòîíà-Ëåéáíiöà 1∫
0

(DF )x1+τ(x2−x1) dτ

 (x2 − x1) = F (x2)− F (x1). (2)

Ðîçãëÿíåìî îïåðàòîð Ix1,x2,F : X → Y , ùî âèçíà÷à¹òüñÿ ðiâíiñòþ

Ix1,x2,F =

1∫
0

(DF )x1+τ(x2−x1) dτ, (3)

i ÿäðî ker Ix1,x2,F = {x ∈ X : Ix1,x2,Fx = 0} öüîãî îïåðàòîðà.
Î÷åâèäíî, ùî íà ïiäñòàâi (2) i (3) ñïðàâäæó¹òüñÿ

Òåîðåìà 3. C1-Âiäîáðàæåííÿ F : X → Y ií'¹êòèâíå, òîäi i òiëüêè òîäi, êîëè

ker Ix1,x2,F = {0} äëÿ âñiõ (x1, x2) ∈ K(X). (4)

Çàóâàæåííÿ 2. Âèêîíàííÿ ñïiââiäíîøåííÿ (4) àíàëîãi÷íå âèêîíàííþ ñïiââiäíîøåííÿ

kerA = {0} äëÿ ëiíiéíîãî íåïåðåðâíîãî îïåðàòîðà A : X → Y (ó òåîðåìi Áàíàõà ïðî

îáåðíåíèé îïåðàòîð [5]). ßêùî F (x) = Ax, òî (DF )x = A äëÿ âñiõ x ∈ X (îïåðàòîð

A : X → Y ¹ C1-âiäîáðàæåííÿì), i òîìó Ix1,x2,F (x2 − x1) = A(x2 − x1). Îòæå, ÿêùî

Ix1,x2,F (x2 − x1) 6= 0 äëÿ âñiõ x1, x2 ∈ X, x1 6= x2, òî kerA = {0}, i íàâïàêè.

Çàóâàæåííÿ 3. Ïåðåâiðêà â òåîðåìàõ 1 i 2 âèêîíàííÿ äëÿ âiäîáðàæåííÿ F óìîâè

ñþð'¹êòèâíîñòi ¹ ñêëàäíîþ çàäà÷åþ íàâiòü ó âèïàäêó ëiíiéíîãî F (äèâ., íàïðèêëàä,

çàäà÷i ïðî îáìåæåíi ðîçâ'ÿçêè ëiíiéíèõ äèôåðåíöiàëüíèõ àáî ðiçíèöåâèõ ðiâíÿíü [6],

[7], [8], [9]). Âèìîãà âèêîíàííÿ öi¹¨ óìîâè â òåîðåìàõ 1 i 2 ¹ ïðèðîäíîþ âèìîãîþ (âîíà

ïðèñóòíÿ i â ôîðìóëþâàííi òåîðåìè Áàíàõà ïðî îáåðíåíèé îïåðàòîð [5]). Äëÿ äåÿêèõ

êëàñiâ âiäîáðàæåíü F òâåðäæåííÿ òåîðåìè 1 ¹ ïðàâèëüíèì i áåç óìîâè 1). Ïðîñòèì

ïðèêëàäîì òàêîãî âiäîáðàæåííÿ ¹ ëiíiéíèé àâòîíîìíèé äèôåðåíöiàëüíèé îïåðàòîð ó

âèïàäêó dimE <∞. Òàêîæ öÿ òåîðåìà ¹ óçàãàëüíåííÿì òåîðåìè Áàíàõà ïðî îáåðíåíèé

îïåðàòîð íà âèïàäîê äèôåðåíöiéîâíèõ âiäîáðàæåíü êëàñó C1.
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1.4 Óìîâè ñþð'¹êòèâíîñòi âiäîáðàæåííÿ F

Ïîçíà÷èìî ÷åðåç E ìíîæèíó âñiõ ëiíiéíèõ íåïåðåðâíèõ âiäîáðàæåíü A : X → Y , êîæíå

ç ÿêèõ ìà¹ íåïåðåðâíå îáåðíåíå A−1.

Íåõàé BX [0, r], äå r ∈ (0,+∞), � çàìêíåíà êóëÿ {x ∈ X : ‖x‖X 6 r} ó ïðîñòîði X.

Íàñòóïíà îòðèìàíà â [10] òåîðåìà äà¹ äîñòàòíi óìîâè ñóð'¹êòèâíîñòi âiäîáðàæå-

ííÿ F .

Òåîðåìà 4. Íåõàé äëÿ êîæíîãî ÷èñëà H > 0 iñíóþòü òàêi ÷èñëî r > 0 i âiäîáðàæåííÿ

A ∈ E , ùî:
1) F − A : BX [0, r]→ Y � öiëêîì íåïåðåðâíå âiäîáðàæåííÿ;

2) âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

sup
x∈BX [0,r]

‖Fx− Ax‖Y 6
r

‖A−1‖L(Y,X)

−H. (5)

Òîäi äëÿ êîæíîãî y ∈ Y ðiâíÿííÿ Fx = y ìà¹ õî÷à á îäèí ðîçâ'ÿçîê x ∈ X.

Çàçíà÷èìî, ùî ó âèïàäêó ëiíiéíîãî âiäîáðàæåííÿ F âèêîíàííÿ ñïiââiäíîøåííÿ (5)

¹ íåîáõiäíèì äëÿ ñþð'¹êòèâíîñòi öüîãî âiäîáðàæåííÿ [10]

Iíøi óìîâè ñþð'¹êòèâíîñòi âiäîáðàæåííÿ F íàâåäåíî â [3].

2 Óìîâè îáîðîòíîñòi àâòîíîìíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ

Ñïî÷àòêó íàâåäåìî äåÿêi îçíà÷åííÿ i ïîçíà÷åííÿ, ïîòðiáíi äëÿ äîñëiäæåííÿ äèôå-

ðåíöiàëüíèõ îïåðàòîðiâ.

Íåõàé E � áàíàõîâèé ïðîñòið iç íîðìîþ ‖ · ‖E. Ïîçíà÷èìî ÷åðåç C0(R, E) áàíàõîâèé
ïðîñòið îáìåæåíèõ i íåïåðåðâíèõ íà R ôóíêöié x = x(t) çi çíà÷åííÿìè â ïðîñòîði E ç

íîðìîþ

‖x‖C0(R,E) = sup
t∈R
‖x(t)‖E,

à ÷åðåç C1(R, E) � áàíàõîâèé ïðîñòið óñiõ ôóíêöié x ∈ C0(R, E), äëÿ êîæíî¨ ç ÿêèõ
dx

dt
∈ C0(R, E), ç íîðìîþ

‖x‖C1(R,E) = max

{
‖x‖C0(R,E),

∥∥∥∥dxdt
∥∥∥∥
C0(R,E)

}
.

Ó ïðîñòîði C0(R, E) âèçíà÷èìî îïåðàòîð çñóâó Sh, h ∈ R, çà äîïîìîãîþ ñïiââiäíî-

øåííÿ

(Shx)(t) = x(t+ h), t ∈ R.

Åëåìåíò y ∈ Ck(R, E), k ∈ {0, 1}, íàçèâà¹òüñÿ ìàéæå ïåðiîäè÷íèì, ÿêùî çàìèêàííÿ

ìíîæèíè {Shy : h ∈ R} ó ïðîñòîði Ck(R, E) ¹ êîìïàêòíîþ ïiäìíîæèíîþ öüîãî ïðîñòîðó

[11].
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Ìíîæèíè B0(R, E) i B1(R, E) ìàéæå ïåðiîäè÷íèõ åëåìåíòiâ ïðîñòîðiâ C0(R, E) i

C1(R, E) ¹ ïiäïðîñòîðàìè öèõ ïðîñòîðiâ âiäïîâiäíî ç íîðìàìè

‖x‖B0(R,E) = ‖x‖C0(R,E) i ‖x‖B1(R,E) = ‖x‖C1(R,E).

Îïåðàòîð A ∈ L(Ci(R, E), Cj(R, E)), äå i, j ∈ {0, 1}, íàçèâà¹òüñÿ ìàéæå ïåðiîäè÷íèì

[12], [13], ÿêùî çàìèêàííÿ ìíîæèíè {SτAS−τ : τ ∈ R} ó ïðîñòîði L(Ci(R, E), Cj(R, E))
¹ êîìïàêòíèì ó öüîìó ïðîñòîði.

Ïîçíà÷èìî ÷åðåç S ìíîæèíó âñiõ C1-âiäîáðàæåíü g : E → E, äëÿ êîæíîãî ç ÿêèõ

ïîõiäíà Ôðåøå (Dg)x ¹ ðiâíîìiðíî íåïåðåðâíîþ íà êîæíié îáìåæåíié ìíîæèíi M ⊂ E.

Ðîçãëÿíåìî àâòîíîìíèé äèôåðåíöiàëüíèé îïåðàòîð D : C1(R, E) → C0(R, E), ùî
âèçíà÷à¹òüñÿ ðiâíiñòþ

(Dx)(t) =
dx(t)

dt
+ g(x(t)) äëÿ âñiõ t ∈ R, (6)

äå g ∈ S.

Âèìîãà ðiâíîìiðíî¨ íåïåðåðâíîñòi ïîõiäíî¨ (Dg)x íà êîæíié îáìåæåíié ìíîæèíi

M ⊂ E âèêîíó¹òüñÿ, ÿêùî, íàïðèêëàä, áàíàõîâèé ïðîñòið E ¹ ñêií÷åííîâèìiðíèì (çà

òåîðåìîþ Êàíòîðà [14, ñ. 179]).

Ïðè âèêîíàííi òàêèõ âèìîã äî âiäîáðàæåííÿ g äèôåðåíöiàëüíèé îïåðàòîð D ¹ C1-âi-

äîáðàæåííÿì.

Ñïðàâäi, ç óðàõóâàííÿì (2) i (3) äëÿ äîâiëüíèõ x, u ∈ C1(R, E) i t ∈ R îòðèìó¹ìî

(D(x+ u))(t)− (Dx)(t) =

(
d(x(t) + u(t))

dt
+ g(x(t) + u(t))

)
−
(
dx(t)

dt
+ g(x(t))

)
=

=
du(t)

dt
+ g(x(t) + u(t))− g(x(t)) =

=

(
du(t)

dt
+ (Dg)x(t)u(t)

)
+
(
(g(x(t) + u(t))− g(x(t)))− (Dg)x(t)u(t)

)
=

=

(
du(t)

dt
+ (Dg)x(t)u(t)

)
+

1∫
0

(Dg)x(t)+τu(t) dτ u(t)− (Dg)x(t)u(t) =

=

(
du(t)

dt
+ (Dg)x(t)u(t)

)
+

1∫
0

(
(Dg)x(t)+τu(t) − (Dg)x(t)

)
dτ u(t).

Îñêiëüêè íà ïiäñòàâi ðiâíîìiðíî¨ íåïåðåðâíîñòi (Dg)x íà êîæíié îáìåæåíié ìíîæèíi

M ⊂ E âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

lim
‖u‖C1(R,E)→0

sup
t∈R

∥∥∥∥∥∥
1∫

0

(
(Dg)x(t)+τu(t) − (Dg)x(t)

)
dτ u(t)

∥∥∥∥∥∥
E

‖u‖C1(R,E)

= 0,



Ïðî îáîðîòíiñòü íåëiíiéíèõ àâòîíîìíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ 123

òî çãiäíî ç îçíà÷åííÿì ïîõiäíî¨ Ôðåøå (äèâ. [15, ñ. 196]) ïîõiäíà (DD)x äèôåðåíöiàëü-

íîãî îïåðàòîðà D â òî÷öi x = x(t) ïîäà¹òüñÿ çà äîïîìîãîþ ñïiââiäíîøåííÿ

((DD)xu)(t) =
du(t)

dt
+ (Dg)x(t)u(t), t ∈ R. (7)

Öÿ ïîõiäíà ¹ íåïåðåðâíîþ ïî x íà C1(R, E) çàâäÿêè ðiâíîìiðíié íåïåðåðâíîñòi ïîõiäíî¨

(Dg)x íà îáìåæåíèõ ïiäìíîæèíàõ ïðîñòîðó E. Òîìó îïåðàòîð D ¹ C1-âiäîáðàæåííÿì.

Äëÿ ïîäàëüøîãî òàêîæ íàì ïîòðiáíèé îïåðàòîð

Ix1,x2,D =

1∫
0

(DD)x1+τ(x2−x1) dτ, (8)

äå x1, x2 ∈ C1(R, E), àíàëîãi÷íèé îïåðàòîðó Ix1,x2,F .
Ïiñëÿ ïðîâåäåíî¨ ïiäãîòîâ÷î¨ ðîáîòè íàâåäåìî óìîâè îáîðîòíîñòi îïåðàòîðà D.

Çãiäíî ç òåîðåìàìè 1�3 ñïðàâäæó¹òüñÿ òàêà òåîðåìà.

Òåîðåìà 5. Íåõàé g ∈ S.

C1-âiäîáðàæåííÿ D : C1(R, E)→ C0(R, E), ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì (6), ¹

C1-äèôåîìîðôiçìîì òîäi i òiëüêè òîäi, êîëè:

1) DC1(R, E) = C0(R, E);
2) ker Ix1,x2,D = {0} äëÿ âñiõ (x1, x2) ∈ K(C1(R, E));
3) äëÿ êîæíî¨ òî÷êè x ∈ C1(R, E) âiäîáðàæåííÿ (DD)x, ùî âèçíà÷à¹òüñÿ ñïiââiäíî-

øåííÿì (7), ìà¹ îáåðíåíèé íåïåðåðâíèé îïåðàòîð ((DD)x)
−1 : C0(R, E)→ C1(R, E).

Çàóâàæåííÿ 4. Äëÿ íåëiíiéíîãî àâòîíîìíîãî îïåðàòîðà D : C1(R, E) → C0(R, E)
ëiíiéíi äèôåðåíöiàëüíi îïåðàòîðè (DD)x : C

1(R, E)→ C0(R, E), x ∈ C1(R, E), ó âèïàä-

êó x(t) 6≡ c, c ∈ E, ¹ íåàâòîíîìíèìè îïåðàòîðàìè. Äëÿ ïåðåâiðêè âèêîíàííÿ óìîâè 3)

òåîðåìè 4 ìîæíà âèêîðèñòîâóâàòè ðåçóëüòàòè, âèêëàäåíi, íàïðèêëàä, ó [6], [7], [8].

Çàóâàæåííÿ 5. Çàâäÿêè àâòîíîìíîñòi îïåðàòîðà D i ðiâíîìiðíié íåïåðåðâíîñòi ïî-

õiäíî¨ Ôðåøå (Dg)x íà êîæíié îáìåæåíié ìíîæèíi M ⊂ E âèêîíó¹òüñÿ ñïiââiäíî-

øåííÿ DB1(R, E) ⊂ B0(R, E). Òàêîæ äëÿ êîæíîãî x ∈ B1(R, E) ëiíiéíèé îïåðàòîð

(DD)x : C
1(R, E)→ C0(R, E) ¹ ìàéæå ïåðiîäè÷íèì i (DD)xB

1(R, E) ⊂ B0(R, E).

Îòæå, ç óðàõóâàííÿì çàóâàæåííÿ 5 òà òåîðåì 1�3 çà äîïîìîãîþ çàìiíè â òåîðåìi 5

ïðîñòîðiâ C1(R, E) i C0(R, E) íà B1(R, E) i B0(R, E) âiäïîâiäíî îòðèìà¹ìî òàêå òâåðä-
æåííÿ.

Òåîðåìà 6. Íåõàé g ∈ S.

C1-âiäîáðàæåííÿ D : B1(R, E)→ B0(R, E), ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì (6), ¹

C1-äèôåîìîðôiçìîì òîäi i òiëüêè òîäi, êîëè:

1) DB1(R, E) = B0(R, E);
2) ker Ix1,x2,D = {0} äëÿ âñiõ (x1, x2) ∈ K(B1(R, E));
3) äëÿ êîæíî¨ òî÷êè x ∈ B1(R, E) âiäîáðàæåííÿ (DD)x, ùî âèçíà÷à¹òüñÿ ñïiââiäíî-

øåííÿì (7), ìà¹ îáåðíåíèé íåïåðåðâíèé îïåðàòîð ((DD)x)
−1 : B0(R, E)→ B1(R, E).
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3 Äèôåðåíöiàëüíi ðiâíÿííÿ ç C1-çàëåæíèìè âiä ïðàâèõ ÷àñòèí

îáìåæåíèìè ðîçâ'ÿçêàìè

Ïîäàìî òâåðäæåííÿ òåîðåì 5 i 6 â iíøîìó âèãëÿäi ç âèêîðèñòàííÿì äèôåðåíöiàëü-

íîãî ðiâíÿííÿ, ïîðîäæåíîãî îïåðàòîðîì D, òà ïîíÿòòÿ C1-çàëåæíîñòi ìiæ ôóíêöiÿìè.

3.1 C1-Çàëåæíiñòü ðîçâ'ÿçêiâ ðiâíÿííÿ Fx = y âiä y

Äëÿ âiäîáðàæåííÿ F : X → Y , ùî äîñëiäæóâàëîñÿ â ï. 1, ðîçãëÿíåìî ôóíêöiîíàëüíå

ðiâíÿííÿ

Fx = y, (9)

äå y � äîâiëüíèé åëåìåíò ïðîñòîðó Y .

Ïðèïóñòèìî, ùî ðiâíÿííÿ (9) äëÿ êîæíîãî y ∈ Y ìà¹ ¹äèíèé ðîçâ'ÿçîê x ∈ X. Î÷å-

âèäíî, ùî â öüîìó âèïàäêó îïåðàòîð F : X → Y ìà¹ îáåðíåíèé F−1, à ðîçâ'ÿçîê x

ðiâíÿííÿ (9) ¹ ôóíêöi¹þ âiä y ∈ Y , òîáòî

x = x(y). (10)

ßêùî âiäîáðàæåííÿ x : Y → X, ùî âèçíà÷à¹òüñÿ çà äîïîìîãîþ (10), ¹ C1-âiäîáðà-

æåííÿì, òî çàëåæíiñòü ðîçâ'ÿçêó x ðiâíÿííÿ (9) âiä y íàçèâàòèìåìî C1-çàëåæíiñòþ.

Î÷åâèäíî, ùî iñíó¹ îïåðàòîð By ∈ L(Y,X), íåïåðåðâíî çàëåæíèé âiä y ∈ Y , ùî âèêî-

íó¹òüñÿ ñïiââiäíîøåííÿ

‖x(y + h)− x(y)−Byh‖X = o (‖h‖Y ) ïðè h→ 0

äëÿ âñiõ y ∈ Y . Îñêiëüêè x(y) = F−1y, òî ñïðàâäæó¹òüñÿ òàêà òåîðåìà.

Òåîðåìà 7. C1-Çàëåæíiñòü ðîçâ'ÿçêó x ðiâíÿííÿ (9) âiä y ðiâíîñèëüíà C1-äèôôåðåí-

öiéîâíîñòi âiäîáðàæåííÿ F−1.

Î÷åâèäíî, ùî By = (DF−1)y .

3.2 Óìîâè C1-çàëåæíîñòi îáìåæåíèõ ðîçâ'ÿçêiâ äèôåðåíöiàëü-

íîãî ðiâíÿííÿ Dx = y âiä y ∈ C0(R, E)
Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ

dx(t)

dt
+ g(x(t)) = y(t), t ∈ R, (11)

äå g ∈ S i y ∈ C0(R, E).
Çàâäÿêè òåîðåìàì 5�7 ñïðàäæóþòüñÿ íàñòóïíi äâà òâåðäæåííÿ.

Òåîðåìà 8. Íåõàé g ∈ S.

Äèôåðåíöiàëüíå ðiâíÿííÿ (11) äëÿ êîæíî¨ ôóíêöi¨ y ∈ C0(R, E) ìà¹ ¹äèíèé ðîç-

â'ÿçîê x ∈ C1(R, E) i ìà¹ ìiñöå C1-çàëåæíiñòü öüîãî ðîçâ'ÿçêó âiä y òîäi i òiëüêè òîäi,

êîëè:



Ïðî îáîðîòíiñòü íåëiíiéíèõ àâòîíîìíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ 125

1) DC1(R, E) = C0(R, E);
2) ker Ix1,x2,D = {0} äëÿ âñiõ (x1, x2) ∈ K(C1(R, E));
3) äëÿ êîæíî¨ òî÷êè x ∈ C1(R, E) âiäîáðàæåííÿ (DD)x, ùî âèçíà÷à¹òüñÿ ñïiââiäíî-

øåííÿì (7), ìà¹ îáåðíåíèé íåïåðåðâíèé îïåðàòîð ((DD)x)
−1 : C0(R, E)→ C1(R, E).

Òåîðåìà 9. Íåõàé g ∈ S.

Äèôåðåíöiàëüíå ðiâíÿííÿ (11) äëÿ êîæíî¨ ôóíêöi¨ y ∈ B0(R, E) ìà¹ ¹äèíèé ðîç-

â'ÿçîê x ∈ B1(R, E) i ìà¹ ìiñöå C1-çàëåæíiñòü öüîãî ðîçâ'ÿçêó âiä y òîäi i òiëüêè òîäi,

êîëè:

1) DB1(R, E) = B0(R, E);
2) ker Ix1,x2,D = {0} äëÿ âñiõ (x1, x2) ∈ K(B1(R, E));
3) äëÿ êîæíî¨ òî÷êè x ∈ B1(R, E) âiäîáðàæåííÿ (DD)x, ùî âèçíà÷à¹òüñÿ ñïiââiäíî-

øåííÿì (7), ìà¹ îáåðíåíèé íåïåðåðâíèé îïåðàòîð ((DD)x)
−1 : B0(R, E)→ B1(R, E).

4 Óìîâè ñþð'¹êòèâíîñòi äèôåðåíöiàëüíîãî îïåðàòîðà D

Áóäåìî ââàæàòè, ùî áàíàõîâèé ïðîñòið E ¹ ñêií÷åííîâèìiðíèì.

Ïîçíà÷èìî ÷åðåç E ìíîæèíó îïåðàòîðiâ B ∈ L(E,E), äëÿ êîæíîãî ç ÿêèõ ñïåêòð

σ(B) íå ìà¹ ñïiëüíèõ òî÷îê ç ìíîæèíîþ {z ∈ C : Re z = 0}. Äëÿ êîæíîãî òàêîãî

îïåðàòîðà îïåðàòîð LB : C1(R, E)→ C0(R, E), ùî âèçíà÷à¹òüñÿ ôîðìóëîþ

(LBx)(t) =
dx(t)

dt
+Bx(t), t ∈ R,

ìà¹ íåïåðåðâíèé îáåðíåíèé îïåðàòîð L−1B [7].

Íàâåäåìî îòðèìàíå â [23] òâåðäæåííÿ, ùî àíàëîãi÷íå òåîðåìi 4 i äà¹ äîñòàòíi óìîâè

âèêîíàííÿ ðiâíîñòi

DC1(R, E) = C0(R, E). (12)

Òåîðåìà 10. Íåõàé äëÿ êîæíîãî ÷èñëà H > 0 iñíóþòü òàêi ÷èñëî r > 0 i åëåìåíò B ∈ E ,
ùî

sup
‖x‖E≤r

‖g(x)−Bx‖E ≤
r

‖L−1B ‖L(C0(R,E),C0(R,E))

−H.

Òîäi äëÿ êîæíîãî y ∈ C0(R, E) äèôåðåíöiàëüíå ðiâíÿííÿ (11) ìà¹ õî÷à á îäèí ðîç-

â'ÿçîê x ∈ C1(R, E), òîáòî ñïðàâäæó¹òüñÿ ðiâíiñòü (12).

5 Äîäàòêîâi çàóâàæåííÿ òà ëiòåðàòóðíi âêàçiâêè

Òåîðåìè 1 i 2 ¹ îêðåìèìè âèïàäêàìè îòðèìàíèõ àâòîðîì â [3] òâåðäæåíü ïðî óìîâè,

ïðè âèêîíàííi ÿêèõ Ck-âiäîáðàæåííÿ F : X → Y , k ∈ N, ¹ Ck-äèôåîìîðôiçìîì.

Îñíîâíi â ñòàòòi òåîðåìè 4 i 5 ïðî óìîâè îáîðîòíîñòi àâòîíîìíîãî äèôåðåíöàëüíîãî

îïåðàòîðà D òà âiäïîâiäíi òåîðåìè 7 i 8 ïðî îáìåæåíi òà ìàéæå ïåðiîäè÷íi ðîçâ'ÿçêè

äèôåðåíöiàëüíîãî ðiâíÿííÿ (11) ¹ íîâèìè. Äëÿ ïåðåâiðêè â öèõ òåîðåìàõ âèêîíàííÿ

óìîâè 3) ñòîñîâíî îáîðîòíîñòi (DD)x ìîæíà âèêîðèñòîâóâàòè, íàïðèêëàä, ðåçóëüòàòè

ðîáiò [13], [16], [17], [18].
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Óìîâè iñíóâàííÿ îáìåæåíèõ ðîçâ'ÿçêiâ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç'ÿñî-

âóâàëèñÿ â [19], [20], [21], [22], [23], [24], [25].
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According to the Banach theorem on the inverse operator, for the continuous invertibili-

ty of a linear continuous operator acting from one Banach space to another, it is necessary

and su�cient that this operator be surjective and injective. These requirements, even in the

case of nonlinear operators, are su�cient for the invertibility of the corresponding operators.

However, inverse operators may not be continuous. This applies to di�erentiable mappings for

which inverse mappings may not be di�erentiable. Therefore, for the reversibility of nonlinear

operators it is necessary to ful�ll additional requirements. For a di�erentiable mapping, such

a requirement is that the condition for the non-degeneracy of the Frechet derivative of the

mapping at every point in the space in which this mapping acts is satis�ed.

The article considers nonlinear autonomous di�erential operators of class C1 that act from

the space of bounded and continuously di�erentiable on the axis of functions to the space of

bounded and continuous on the axis of functions with values in an in�nite-dimensional Banach

space. For such operators, necessary and su�cient conditions are given under which these

operators are di�eomorphisms of the class C1. The conditions of injectivity and surjectivity of

the studied operators are also given.


