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ON EXISTENCE OF MAIN POLYNOMIAL FOR ANALYTIC

VECTOR-VALUED FUNCTIONS OF BOUNDED L-INDEX IN THE UNIT

BALL

In this paper, we present necessary and sufficient conditions of boundedness of L-index in

joint variables for vector-functions analytic in the unit ball, where L = (l1, l2) : B2 → R2
+ is a

positive continuous vector-function, B2 = {z ∈ C2 : |z| =
√
|z1|2 + |z2|2 ≤ 1}. These conditions

describe local behavior of homogeneous polynomials (so-called a main polynomial) with power

series expansion for analytic vector-valued functions in the unit ball. These results use a bidisc

exhaustion of a unit ball.
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1 Introduction

We need some standard notations (for example see [5, 4, 6]). Let R+ = [0;+∞), 0 =

(0, 0) ∈ R2
+, 1 = (1, 1) ∈ R2

+, R = (r1, r2) ∈ R2
+, |(z, ω)| =

√
|z|2 + |ω|2. For A = (a1, a2) ∈

R2, B = (b1, b2) ∈ R2, we will use formal notations without violation of the existence
of these expressions: AB = (a1b1, a2b2), A/B = (a1/b1, a2/b2), AB = (ab11 , a

b2
2 ), аnd the

notation A < B means that aj < bj, j ∈ {1, 2}; the relation A ≤ B is defined in the
similar way. For K = (k1, k2) ∈ Z2

+ let us denote K! = k1! · k2!. Addition, multiplication
by scalar and conjugation in C2 is defined componentwise. For z ∈ C2, w ∈ C2 we define
⟨z, w⟩ = z1w1 + z2w2, where w1, w2 is the complex conjugate of w1, w2.

The bidisc {(z, ω) ∈ C2 : |z − z0| < r1, |ω − ω0| < r2} is denoted by D2((z0, ω0), R), its
skeleton {(z, ω) ∈ C2 : |z − z0| = r1, |ω − ω0| = r2} is denoted by T2((z0, ω0), R), the closed
polydisc {(z, ω) ∈ C2 : |z − z0| ≤ r1, |ω − ω0| ≤ r2} is denoted by D2[(z0, ω0), R], D2 =
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D2(0;1), D = {z ∈ C : |z| < 1}. The open ball {(z, ω) ∈ C2 :
√

|z − z0|2 + |ω − ω0|2 < r} is
denoted by B2((z0, ω0), r), the sphere {(z, ω) ∈ C2 :

√
|z − z0|2 + |ω − ω0|2 = r} is denoted

by S2((z0, ω0), r), and the closed ball {z ∈ C2 :
√

|z − z0|2 + |ω0 − ω0|2 ≤ r} is denoted by
B2[(z0, ω0), r], B2 = B2(0,1), D = B1 = {z ∈ C : |z| < 1}.

Let F (z, ω) = (f1(z, ω), f2(z, ω)) be an analytic vector-function in B2. Then at a point
(a, b) ∈ B2 the function F (z, ω) has a bivariate Taylor expansion:

F (z, ω) =
∞∑
k=0

∞∑
m=0

Ckl(z − a)k(ω − b)m,

where Ckm = 1
k!m!

(
∂k+mf1(z,ω)

∂zk∂ωm , ∂
k+mf2(z,ω)
∂zk∂ωm

) ∣∣
z=a,ω=b

= 1
k!m!

F (k,m)(a, b).

Let L(z, ω) = (l1(z, ω), l2(z, ω)), where lj(z, ω) : B2 → R2
+ is a positive continuous

function such that
∀(z, ω) ∈ B2 : lj(z, ω) >

β

1−
√

|z|2 + |ω|2
, (1)

j ∈ {1, 2}, where β >
√
2 is a some constant.

The norm for the vector-function F : B2 → C2 is defined as the sup-norm:

∥F (z, ω)∥ = max
1≤j≤2

{|fj(z, ω)|}.

We write
F (i,j)(z, ω) =

∂i+jF (z, ω)

∂zi∂ωj
=

(
∂i+jf1(z, ω)

∂zi∂ωj
,
∂i+jf2(z, ω)

∂zi∂ωj

)
.

An analytic vector-function F : B2 → C2 is said to be of bounded L-index (in joint variables)
[1, 2, 3], if there exists n0 ∈ Z+ such that

∀(z, ω) ∈ B2 ∀(i, j) ∈ Z2
+ :

∥F (i,j)(z, ω)∥
i!j!li1(z, ω)l

j
2(z, ω)

≤ max

{
∥F (k,m)(z, ω)∥

k!m!lk1(z, ω)l
m
2 (z, ω)

: k,m ∈ Z+, k +m ≤ n0

}
. (2)

The least such integer n0 is called the L-index in joint variables of the vector-function F and
is denoted by N(F,L,B2). The concept of boundedness of L-index in joint variables were
considered for other classes of analytic functions. They are differed domains of analyticity:
the unit ball [5, 4, 12, 13], the polydisc [7, 11], the Cartesian product of the unit disc and
complex plane [8], n-dimensional complex space [12, 14]. Vector-valued functions of one and
several complex variables having bounded index were considered in [16, 18, 15, 20, 19, 17].

The function class Q(B2) is defined as following: ∀R ∈ R2
+, |R| ≤ β, j ∈ {1, 2} :

0 < λ1,j(R) ≤ λ2,j(R) < ∞

where

λ1,j(R) = inf
(z0,ω0)∈B2

inf

{
lj(z, ω)

lj(z0, ω0)
: (z, ω) ∈ D2[(z0, ω0), R/L(z0, ω0)]

}
, (3)

λ2,j(R) = sup
(z0,ω0)∈B2

sup

{
lj(z, ω)

lj(z0, ω0)
: (z, ω) ∈ D2[(z0, ω0), R/L(z0, ω0)]

}
. (4)

We need the following theorem.
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Theorem 1 ([3]). Let L ∈ Q(B2). An analytic vector-function F : B2 → C2 has bounded
L-index in joint variables if and only if there exist p ∈ Z+ and c ∈ R+ such that for each
(z, ω) ∈ B2 inequality holds

max

{
∥F (i,j)(z, ω)∥
li1(z, ω)l

j
2(z, ω)

: i+j=p+1

}
≤cmax

{
∥F (k,m)(z, ω)∥
lk1(z, ω)l

m
2 (z, ω)

: k +m ≤ p

}
. (5)

2 Properties of a power series expansion of analytic vector-functions
in the unit ball.

Let (z0, w0) ∈ B2. We expand a vector-function F : B2 −→ C2 in vector-valued power
series

F (z, w) =
∞∑
k=0

Pk(z − z0, w − w0) =
∞∑
k=0

∑
i+j=k

Bij(z − z0)
i(w − w0)

j, (6)

where Pk is a homogeneous polynomial of degree k,

Bij =
F (i,j)(z0, w0)

i!j!
=

(
f
(i,j)
1 (z0, w0)

i!j!
,
f
(i,j)
2 (z0, w0)

i!j!

)
.

The polynomial Pk0 , k0 ∈ Z+, is called a main polynomial in series (6) on T2((z0, w0), R),

if for every (z, w) ∈ T2((z0, w0), R) inequality holds

∥
∑
k ̸=k0

Pk(z − z0, w − w0)∥ ≤ 1

2
max

{
∥Bi,j∥ri1r

j
2 : i+ j = k0

}
.

The following Theorem 2 and 3 have proofs which are similar to proofs of corresponding
theorems in [9, 4, 10].

Theorem 2. Let L ∈ Q(B2). If an analytic vector-function F : B2 → C2 has bounded
L-index in joint variables then there exists p ∈ Z+ such that for each d ∈

(
0; β√

2

]
there

exists η(d) ∈ (0; d) such that for each (z0, w0) ∈ B2 and for some r = r(d, (z0, w0)) ∈
(η(d), d) and some ν0 = ν0(d, (z0, w0)) ≤ p the polynomial pν0 is main in series (6) on
T2
(
(z0, w0),

r1
L(z0,w0)

)
.

Proof. Let F be an analytic vector-function of bounded L–index in joint variables with
N = N(F,L,B2) < +∞ and n0 be the L-index in joint variables at the point (z0, w0) ∈ B2,
that is n0 the least such that inequality (2) holds in (z0, w0). Then for every (z0, w0) ∈ B2

one has n0 ≤ N .
Define

a∗i,j =
∥Bi,j∥

Li,j(z0, w0)
=

∥F i,j(z0, w0)∥
i!j!Li,j(z0, w0)

,

aν = max{a∗i,j : i+ j = ν}, c = 2{(N + 3)!3! + (N + 1)CN
N+1} = 2{(N + 3)!3! + (N + 1)2}.
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Let d ∈
(
0; β√

2

]
be an arbitrary number. Put rt = d

(d+1)ct
, µt = max{aνrνt : ν ∈ Z+},

st = min{ν : aνr
ν
t = µt} for t ∈ Z+.

Since (z0, w0) ∈ B2 is a fixed point, for every (k,m) ∈ Z2
+ inequality a∗k,m ≤ max{a∗i,j :

i + j ≤ n0} holds. Then aν ≤ an0 for every ν ∈ Z+. Then for every ν > n0 with r0 < 1 we
have aνr

ν
0 < an0r

n0
0 . Thus, s0 ≤ n0. Since crt = rt−1, we obtain ν > st−1 (rt−1 < 1).

ast−1r
st−1

t = ast−1r
st−1

t−1 c
−st−1 = aνr

ν
t c

ν−st−1 ≥ caνr
ν
t . (7)

Hence, st ≤ st−1 for every t ∈ N. Thus,

µ0 = max{aνrν0 : ν ≤ n0},
µt = max{aνrνt : ν ≤ st−1}, t ∈ N.

Let us introduce additional notations for t ∈ N

µ∗
0 = max{aνrν0 : s0 ̸= ν ≤ n0}, s∗0 = min{k : k ̸= s0, aνr

ν
0 = µ∗

0},

µ∗
t = max{aνrνt : st ̸= ν ≤ st−1}, s∗t = min{k : k ̸= st, aνr

ν
t = µ∗

t}.

Now we will prove that there exists t0 ∈ Z+, for which

µ∗
t0

µt0

≤ 1

c
. (8)

On the contrary, suppose that for each t ∈ Z+ the next inequality holds

µ∗
t0

µt0

>
1

c
. (9)

For s∗t < st we have

as∗t r
s∗t
t+1 =

as∗t r
s∗t
t

cs
∗
t

=
µ∗
t

cs
∗
t
>

µt

cs
∗
t+1

=
astr

st
t

cs
∗
t+1

=
astr

st
t+1

cs
∗
t+1 − st

≥ astr
st
t+1.

For each ν > s∗t , ν ̸= st (that is ν − 1 ≥ s∗t ) we educe

as∗t r
s∗t
t+1 =

as∗t r
s∗t
t

cs
∗
t

≥ aνr
ν
t

cs
∗
t

≥ aνr
ν
t

cν−1
= caνr

ν
t+1.

Thus, as∗t r
s∗t
t+1 > aνr

ν
t+1 for all ν > s∗t . Then

st+1 ≤ s∗t ≤ st − 1. (10)

If st < s∗t ≤ st−1 then the equality st+1 = st can be valid. Indeed, st+1 ≤ st. And with
st+1 < st we have st+1 < st−1. It implies (10) .

Therefore, from inequalities s∗t+1 ≤ st and s∗t ̸= st+1 we have s∗t+1 < st+1. Hence, instead
(10) we have

st+2 ≤ s∗t+1 ≤ st+1 − 1 = st − 1.
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Then, if for all t ∈ Z+ is true (9) , then for each t ∈ Z+ one of two is executed: or
st+2 ≤ st+1 ≤ st − 1, or st+2 ≤ st − 1, st+2 ≤ st − 1, since st+2 ≤ st+1. Then we have

st ≤ st−2 − 1 ≤ ... ≤ st−2[/2] − [t/2] ≤ s0 − [t/2] ≤ N − [t/2].

In other words, st < 0 with t > 2N + 1. It is a contradiction. Therefore, there exists
t0 ≤ 2N + 1, for which (8) is true.

Put r = rt0 , η(d) =
d

(d+1)c2(N+1) , p = N and ν0 = st0 . Then for all (i + j) ̸= ν0 = st0 on

T2
(
(z0, w0),

re
L(z0,w0)

)
in view of (7) and (8) we obtain that

∥Bij∥|(z − z0)
i(w − w0)

j| = a∗i,jr
i+j ≤ ai+jr

i+j ≤ 1

c
ast0r

st0
t0 =

1

c
aν0r

ν0 .

Thus, for (z, w) ∈ T2
(
(z0, w0),

r2
L(z0,w0)

)
∥∥∥∥∥ ∑
i+j ̸=ν0

Bi,j(z − z0)
i(w − w0)

j

∥∥∥∥∥ ≤
∑

i+j ̸=ν0

a∗i,jr
i+j ≤

∞∑
ν=0

aνC
ν
ν+1rν =

=

st0−1∑
ν=0

aνC
ν
ν+1rν +

∞∑
ν=st0−1+11

aνC
ν
ν+1rν . (11)

We estimate two sums in (11). Then in view of inequality (8) we obtain that µ∗
t0
≤ 1

c
µt0 or

max{aνrt0 : ν ̸= st0 , ν ≤ st0−1} ≤ 1
c
max{aνrt0 : ν ̸= st0 , ν ≤ st0−1}, we have aνr

ν ≤ 1
c
aν0r

ν0 .
From (10) we have

st0−1∑
ν=0,

ν ̸=st0

aνC
ν
ν+1rν ≤ aν0r

ν0

c

N∑
ν=0

Cν
ν+1 ≤

aν0r
ν0

c
(N + 1)2. (12)

For all ν ≥ st0−1 + 1 we have aνr
ν
t0−1 ≤ µt0−1. Thus, aνrνt0 =

aνrνt0−1

cν
≤ µt0−1

cν
. From (8) we

have
∞∑

ν=st0−1+1

aνC
ν
ν+1r

νµt0−1C
ν
ν+1

1

cν
≤ ast0−1r

st0−1

t0 cst0−1

 ∞∑
ν=st0−1+1

xν+2

′′

|x= 1
c
=

=
aν0r

ν0

c
cst0−1

{
xst0−1+3

1− x

}′′

|x= 1
c
=

aν0r
ν0

c
cst0−1

2∑
j=0

Cj
22!(st0−1 + 3)× ...×

×(st0−1 + 4− j) · x
st0−1+3−j

(1− x)3−j
|x= 1

c
≤ aν0r

ν0

c
cst0−12!(N + 3)!

(1/c)st0−1+3−j

(1− 1/c)3−j
=

= 2!(N + 3)!
aν0r

ν0

c

2∑
j=0

1

(c− 1)3−j
≤ 3!(N + 3)!

aν0r
ν0

c
(13)

for c ≥ 2. Then from (11)–(13) we obtain∥∥∥∥∥ ∑
i+j ̸=ν0

Bi,j(z − z0)
i(w − w0)

j

∥∥∥∥∥ ≤
((N + 1)CN

N+1 + 3!(N + 3)!)aν0r
ν0

c
≤ 1

2
aν0r

ν0 .

Then the polynomial pν0 is main in (6) on T2
(
(z0, w0),

re
L(z0,w0)

)
.
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Theorem 3. Let L ∈ Q(B2). If there exist p ∈ Z+, d ∈ (0; 1], η ∈ (o; d) such that for each
(z0, w0) ∈ B2 and for some R = (r1, r2) with rj = rj(d, (z0, w0)) ∈ (η, d) , j ∈ {1, 2} and for
some ν0 = ν0(d, (z0, w0)) ≤ p a polynomial pν0 is main in (6) on T2

(
(z0, w0),

R
L(z0,w0)

)
, then

an analytic vector-function F : B2 → C2 has bounded L-index in joint variables.

Proof. Suppose that exist p ∈ Z+, d ≤ 1 and η ∈ (o; d) such that for each (z0, w0) ∈ B2

and for some R = (r1, r2) with rj = rj(d, (z0, w0)) ∈ (η, d) , j ∈ {1, 2} and for some
ν0 = ν0(d, (z0, w0)) ≤ p polynomial pν0 is main in (6) in T2

(
(z0, w0),

R
L(z0,w0)

)
. We put

r0 = max
1≤j≤2

rj. Then

∥∥∥∥∥ ∑
i+j ̸=ν0

Bi,j(z − z0)
i(w − w0)

j

∥∥∥∥∥ =

∥∥∥∥∥F (z, w)−
∑

i+j=ν0

Bi,j(z − z0)
i(w − w0)

j

∥∥∥∥∥ ≤

≤ aν0r
ν0
0

2
.

Hence, in view of Cauchy’s integral formula we obtain that∥∥Bi,j(z − z0)
i(w − w0)

j
∥∥ = a∗i,jr

i
1r

j
2 ≤

aν0r
ν0
0

2
, ∀i, j ∈ Z2

+, i+ j ̸= ν0,

and for all i+ j = ν ̸= ν0 one has

aνr
i
1r

j
2 ≤

aν0r
ν0
0

2
. (14)

Suppose that F is of unbounded L-index in joint variables. By Theorem 1 for each p1 ∈ Z+

and c > 1 ∃(z0, w0) ∈ B2 such that

max

{
∥F (i,j)(z0, w0)∥

li1(z0, w0)l
j
2(z0, w0)

: i+ j = p1 + 1

}
> c ·max

{
∥F (k,m)(z0, w0)∥

lk1(z0, w0)lm2 (z0, w0)
: k +m ≤ p1

}
.

Put p1 = p and c =
(

(p+1)!
ηp+1

)2
. Then for z0(p1, c), w0(p1, c) one has

max

{
∥F (i,j)(z0, w0)∥

i!j!li1(z0, w0)l
j
2(z0, w0)

: i+ j = p1 + 1

}
>

>
1

ηp+1
max

{
∥F (k,m)(z0, w0)∥

k!m!lk1(z0, w0)lm2 (z0, w0)
: k +m ≤ p

}
,

that is, ap+1 >
aν0
ηp+1 . We obtain ap+1r

p+1
0 >

aν0r
p+1
0

ηp+1 ≥ aν0rν0 .
The last inequality contradicts (14). Thus, the vector-function F has bounded L-index

in joint variables.
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У цiй статтi отримано необхiднi i достатнi умови обмеженостi L-iндексу за сукупнiстю
змiнних для векторнозначних функiй, аналiтичних в одиничнiй кулi, де L = (l1, l2) : B2 →
R2

+ — додатна неперервна вектор-функцiя, B2 = {z ∈ C2 : |z| =
√
|z1|2 + |z2|2 ≤ 1}. Цi

умови описують локальне поводження однорiдних багаточленiв (так званих головних ба-
гаточленiв) з розвинення у степеневий ряд аналiтичних в одиничнiй кулi векторнозначних
функцiй. Отриманi результати використовують бiкругове вичерпання одиничної кулi.


