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BAKSA V.P., BANDURA A.l., SKASKIV O.B.

ON EXISTENCE OF MAIN POLYNOMIAL FOR ANALYTIC
VECTOR-VALUED FUNCTIONS OF BOUNDED L-INDEX IN THE UNIT
BALL

In this paper, we present necessary and sufficient conditions of boundedness of L-index in
joint variables for vector-functions analytic in the unit ball, where L = (I1,15) : B> — Ri is a
positive continuous vector-function, B> = {z € C? : |z| = y/|21]2 + |22/ < 1}. These conditions
describe local behavior of homogeneous polynomials (so-called a main polynomial) with power
series expansion for analytic vector-valued functions in the unit ball. These results use a bidisc
exhaustion of a unit ball.
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1 INTRODUCTION

We need some standard notations (for example see [5, 4, 6]). Let Ry = [0;+00), 0 =
(0,0) e RZ,1=(1,1) e R:, R = (r1,m2) € R3, |(2,w)] = y/|2]* + |w]?. For A = (a,a2) €
R? B = (b,bs) € R?, we will use formal notations without violation of the existence
of these expressions: AB = (aiby, ashs), A/B = (a1/by,as/by), AP = (a5, a%?), and the
notation A < B means that a; < b;, j € {1,2}; the relation A < B is defined in the
similar way. For K = (ky,kq) € Zi let us denote K! = ki!- ko!. Addition, multiplication
by scalar and conjugation in C? is defined componentwise. For z € C%, w € C? we define
(z,w) = z1W; + 29Ws, where Wy, Wy is the complex conjugate of wy, ws.

The bidisc {(z,w) € C?: |z — 29| < 71, |w — wo| < 72} is denoted by D?((zp,ws), R), its
skeleton {(z,w) € C*: |z — 29| = r1, |w — wo| = 2} is denoted by T?((29,wp), R), the closed
polydisc {(z,w) € C? : |z — 29| < ry,|w — wo| < 7o} is denoted by D?[(29,wp), R], D* =
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D?(0;1), D = {z € C: |z] < 1}. The open ball {(z,w) € C?: \/|z — 2|2 + |w —wo|> < r} is
denoted by B?((29,wo),7), the sphere {(z,w) € C? : \/|z — 20|? + |w — wp|2 = r} is denoted
by S*((z0,wo),7), and the closed ball {z € C? : \/|z — 20|*> + |wo — wo|? < r} is denoted by
B?[(20,wp), 7], B*=B*0,1), D=B'={2€C:|z| < 1}.

Let F(z,w) = (fi(z,w), f2(2,w)) be an analytic vector-function in B?. Then at a point
(a,b) € B? the function F(z,w) has a bivariate Taylor expansion:

Flz,w) =33 Culz=a)'w—-b)",

k=0 m=0
8k+m , ak+m ,
where Ckm - ﬁ azkj(;lugvznw)a azk}(;igiw)> |z:a,w:b = ﬁF(k,m) ((l, b)
Let L(z,w) = (L(z,w),l2(z,w)), where [;(z,w) : B? — R2 is a positive continuous

function such that

B
L= VI + WP

V(z,w) € B*: [j(z,w) >

(1)

j € {1,2}, where § > V2 is a some constant.
The norm for the vector-function F : B2 — C? is defined as the sup-norm:

1E(z, )|l = max {|f;(z,w)[}

1<j<2
We write
F(i’j)(z, w) =

O F(z,w) B O fi(z,w) O fo(z,w)
07i0wi Dz 0wi 7 9z'0wi '
An analytic vector-function F' : B> — C? is said to be of bounded L-index (in joint variables)
[1, 2, 3|, if there exists ng € Z, such that
V(z,w) € B* V(i,j) € Z2 :
(4,9) (k,m)
PO P W)
EmlI¥ (2, w)l5 (2, w)

The least such integer ny is called the L-index in joint variables of the vector-function F' and

: ckmeZik4+m<ngp. 2
il (2, w) (2, w) ! 0} @

is denoted by N(F,L,B?). The concept of boundedness of L-index in joint variables were

considered for other classes of analytic functions. They are differed domains of analyticity:

the unit ball [5, 4, 12, 13|, the polydisc |7, 11|, the Cartesian product of the unit disc and

complex plane [8], n-dimensional complex space [12, 14]|. Vector-valued functions of one and

several complex variables having bounded index were considered in [16, 18, 15, 20, 19, 17].
The function class Q(B?) is defined as following: VR € R2, |R| < 3, € {1,2} :

0< /\17j(R) < AQ’J’(R) < 0

where

li(z,w)

Mi(R)= inf inf
1;(R) in in {lj(zo,wo)

2 (z,w) € D*[(20,wo), R/L(zo,wo)]} : (3)
} : (4)

X j(R)= sup sup {llj(z—,w) L (z,w) € D*[(20,wo), R/L(20,wp)]

(20,w0)EB2 j(ZO; wo)

We need the following theorem.
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Theorem 1 (3]). Let L € Q(B?). An analytic vector-function F : B> — C? has bounded
L-index in joint variables if and only if there exist p € Z, and ¢ € R, such that for each
(z,w) € B? inequality holds

F )
. { | POz, w)]

I (2, 0) B2, )

| ®™) (2, w)|
1}z, w0)l5 (z,w)

:i+j:p+1}§cmax{ :k+m§p}. (5)

2 PROPERTIES OF A POWER SERIES EXPANSION OF ANALYTIC VECTOR-FUNCTIONS
IN THE UNIT BALL.

Let (29, wp) € B?. We expand a vector-function F' : B> — C? in vector-valued power
series

F(z,w) = ZPk(z — 2p, W — Wp) = Z Z Bij(z — 20)"(w — wy)?, (6)
k=0

= k=0 i+j=k

where P is a homogeneous polynomial of degree k,

FUD (2, wo) _ (ffi’j)(zoa wo) 3 (20, wo))

By = il TR
The polynomial Py, ko € Z, is called a main polynomial in series (6) on T?((zy, wy), R),
if for every (z,w) € T?((zp,wp), R) inequality holds

1 o
| g Pi(z — 20, w — wp)|| < 5 max {||B;;|rir) i+j=ko}.
k#ko

The following Theorem 2 and 3 have proofs which are similar to proofs of corresponding
theorems in |9, 4, 10].

Theorem 2. Let L € Q(B?). If an analytic vector-function F : B> — C? has bounded
L-index in joint variables then there exists p € Z. such that for each d € <0; \%} there
exists n(d) € (0;d) such that for each (29, wy) € B? and for some r = r(d, (29, wp)) €
(n(d),d) and some vy = vy(d, (z0,wo)) < p the polynomial p,, is main in series (6) on
T? <(z0, wo), L(#lwo)

Proof. Let F be an analytic vector-function of bounded L-index in joint variables with
N = N(F,L,B?) < +oc and ng be the L-index in joint variables at the point (zg,wy) € B?,
that is ng the least such that inequality (2) holds in (29, wp). Then for every (zg,wy) € B?
one has ng < N.

Define

o Byl 1Y (0, wo)]
(2% Li,j(z(]? wo) i!j!Li,j(ZO’ w0>>

a, =max{a}; i+ j=v}c=2{(N+3)138+ (N+1)Cy, } =2{(N +3)13l + (N + 1)°}.
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Let d € (0;\%] be an arbitrary number. Put r, = ﬁ, e = max{a,ry : v € Z;},

se =min{v : a,ry =} fort € Z,.

Since (20, wo) € B? is a fixed point, for every (k,m) € Z3 inequality aj,, < max{a;; :
i+ 7 <ng} holds. Then a, < a,, for every v € Z,. Then for every v > ny with ro < 1 we
have a,r§ < a,,r°. Thus, so < ng. Since cry = r;_1, we obtain v > s, (r;_1 < 1).

ag, Ty = ag,_ e = a,ry T > cayry. (7)

Hence, s; < s;_1 for every t € N. Thus,

po = max{a,ry : v <ng},

pe = max{a,ry :v<s;_1},t€N.
Let us introduce additional notations for ¢t € N

po = max{a,ry : so # v < not, sy =min{k : k # so, a,rg = g},

wy =max{a,ry : sy #v <s1},sf =min{k : k # sy, a,1) = py}

Now we will prove that there exists tg € Z,, for which

i, 1
Hto ¢

- (8)

On the contrary, suppose that for each ¢ € Z, the next inequality holds

*
H 1
— > -, 9)
Hig ¢
For sj < s, we have
st * St St
a rst o as;"rt . & Lt . Ag, Ty . astrt+1 >a rst
Sglt+l T 5t - 5t csitl - csitl - csitl s; St t+1-
For each v > s}, v # s; (that is v — 1 > s}) we educe
* a *’["s: v v
T S Sk S 7 S
S it+l T cst st T ev—1 L
S*
Thus, as:ry > a,rf;, for all v > s7. Then
St+1 S S: S St — 1. (10)

If s; < 57 < 541 then the equality s;1; = s; can be valid. Indeed, s;11 < s;. And with
Str1 < 8¢ we have s;11 < ;1. It implies (10) .

Therefore, from inequalities s7 ; < s; and s} # sy41 we have s;, ;| < s,1. Hence, instead
(10) we have

*
Str2 < Sppq S Sep1— 1= — L
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Then, if for all t € Z, is true (9) , then for each ¢t € Z, one of two is executed: or
Spro < Spp1 < sp— 1,01 Spu0 <5 — 1, 54490 < 5 — 1, since Sp40 < 8411. Then we have

St S St—9 — 1 S S St_g[/g] — [t/2] S So — [t/Q] S N — [t/Q]

In other words, s; < 0 with ¢ > 2N + 1. It is a contradiction. Therefore, there exists
to < 2N + 1, for which (8) is true.

Put r = 1y, n(d) = %, p = N and vy = sy. Then for all (i + j) # vy = s, on

@)
T2 ((207 wo), m> in view of (7) and (8) we obtain that

‘ . o | 1
1Bisll|(z = 20)"(w — wo)’| = af ;7™ < @i yr™ < E“sm?“tséo =~y
Thus, for (z,w) € T? ((zo,wo), L(##wo))
(e.@)
Z B, i(z — 20)" (w —wp)’|| < Z a;j?“’ﬂ < ZaVC’lerV =
i+j#ro i+j#ro v=0
Sto_l
= Z a, Gy + Z Gy Ty (11)
V=8¢,— 1+11

We estimate two sums in (11). Then in view of inequality (8) we obtain that p; < %,uto or
max{a,ry, : V # Stg, V < Sgg-1) < %max{a,,rto LV # Sy, V< Syy—1}, We have a, 17 < %a,,or”o
From (10) we have

Sto—1

14
5 a,Cy iy, <

v=0,
y;ésto

o1 S (N+ 1)% (12)

v
ATy —1 < /‘to 1
Cl/ i

For all v > s;,_1 4+ 1 we have a,r} | < py—1. Thus, a,rf = . From (8) we

have
"
oo 1 o
Z a, Gy iy -1 Cyy— > S < gy, T et Z VT2 |x:%:
v=st;—1+1 v=st;—1+1
"
aVOrVO Stg—1 g1t al’OTV cSto—1 C
= — _ 1= 2' 3
c ¢ 1—2 |‘”—% c JZO (10— +3)
:L‘st071+3_j a /,nVO (1/C)St071+3_j
X (841 +4—j) ——a— | 1< 0 12A(N 4 3 =
(Sto 1+ .]) (1 — )3—] |z7%— c ¢ ( + ) (1 _ 1/0)3_J
2 1 uT"°
=2I(N + 3)! - < 3(N+3 13
(N + jZ o SAV (13)

for ¢ > 2. Then from (11)—(13) we obtain

o (N + DO,y + 3N +3))ay,
- c

0]

l\DI»—t
Q
S
<

Z BZ‘J(Z - Zo)l<w - ’UJ(])j

i+j#vo

Then the polynomial p,, is main in (6) on T? <(z0, wo) L) ) O

» L(zo,wo)
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Theorem 3. Let L € Q(B?). If there exist p € Z, d € (0;1], n € (0;d) such that for each
(20, wo) € B? and for some R = (r1,12) with r; = r;(d, (20, wo)) € (n,d) , j € {1,2} and for

some vy = 1y(d, (29, wp)) < p a polynomial p,, is main in (6) on T? ((zo, wp) )), then

R
’ L(zo,wo
an analytic vector-function F : B> — C? has bounded L-index in joint variables.

Proof. Suppose that exist p € Z,, d < 1 and n € (0;d) such that for each (29, wg) € B>
and for some R = (ry,7m2) with r; = r;(d, (20, wp)) € (n,d) , j € {1,2} and for some
vy = vo(d, (20,wp)) < p polynomial p,, is main in (6) in T? <(zo,w0), m> We put

ro = max ;. Then
1<5<2

<

Z B;j(z — z0) (w — wo)’

i+j#vo

F(z,w) — Z B; (2 — 20)"(w — wy)?

i+j=wo

Vo
S Ay T ]
2

Hence, in view of Cauchy’s integral formula we obtain that

; ; e i yry . o
HBi,j<Z — Zo)l(w — wo)]” = amrlré S 020 3 VZ,j € Zi, 1 +j # ,
and for all i + j = v # vy one has
i..J aVoT[l)/O
a,riry < — (14)

Suppose that F'is of unbounded L-index in joint variables. By Theorem 1 for each p; € Z,
and ¢ > 1 3(zp,wp) € B? such that

J Al
max{,” (22,w0)|| :z’+j:p1+1}>c-ma><;{,~C
li(ZO,’lU())lQ(Zo,w()) ll

|| FE™) (20, wo) ||

(20, wo) 15" (20, wo)

:k+m§p1}.

2
Put p; = p and ¢ = ((],3;11)') . Then for zy(p1, ¢), wo(p1, ¢) one has

(i)
max{ — H (207;1}0)” 'L"‘] :pl + 1} >
1510 (20, wo )15 (20, wo)
1 Fm)
NI N LCICNTS]
nptl Elmll5 (zo, wo)l5* (20, wo)

:k:—l—mSp},

pt1
that is, a,.1 > n%}l We obtain ap+1r§+1 > % > Ty
The last inequality contradicts (14). Thus, the vector-function F' has bounded L-index
in joint variables. O
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VY 1miit ctaTTi oTprMano HeobXimHi 1 JocTaTHI yMOBU 00MekeHOCTi [L-iHIeKCy 3a CYyKYITHICTIO
SMIHHUX [/l BeKTOPHO3HAYHUX (byHKifl, aHamiTuannx B oquandniit Ky, ge L = (I1,1lz) : B2 —
R — momarma HemepepsHa Bektop-dymkmis, B2 = {z € C? : |z| = /|z1]> + |z2|> < 1}. L
YMOBH OIIUCYIOTH JIOKAJIbHE [IOBOJZKEHHS OJHOPITHUX GararowieHis (Tak 3BAaHUX TOJOBHUX Oa-
raTOwWIEHIB) 3 PO3BUHEHHsI Y CTEIICHEBUil PsiJ| AHAJITHYHUX B OJMHUYHIH KyJii BEKTOPHO3HAYHUX
dyukuiii. OTpuMani pe3yJibTaTi BUKOPUCTOBYIOTH GIKpYroBe BUYepIIaHHS OJMHUYHOI KYyJIi.



