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Âàæëèâèé êëàñ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè óòâîðþþòü ðiâíÿííÿ, ïàðàáîëi÷íi

çà Øèëîâèì [1, ñ. 130�146]. Ðiâíÿííÿ çi ñòàëèìè êîåôiöi¹íòàìè, ïàðàáîëi÷íi çà Ïåòðîâ-

ñüêèì, ñêëàäàþòü ïåâíèé ïiäêëàñ ðiâíÿíü, ïàðàáîëi÷íèõ çà Øèëîâèì (äåòàëüíiøå ïðî

öå äèâ. [1, ñ. 131]). Íàâåäåìî îñíîâíi îçíà÷åííÿ òà ïîíÿòòÿ, ÿêi ñòîñóþòüñÿ ïàðàáîëi÷íèõ

çà Øèëîâèì ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè. Îòæå, ðîçãëÿíåìî ðiâíÿííÿ

∂u(t, x)

∂t
= R

(
i
∂

∂x

)
u(t, x), (t, x) ∈ (0, T ]× R ≡ ΠT , (1)

äå R � ïîëiíîì çìiííî¨ ∂/∂x ïîðÿäêà p íàä ïîëåì êîìïëåêñíèõ ÷èñåë. Ðiâíÿííÿ (1)

íàçèâà¹òüñÿ ïàðàáîëi÷íèì çà Øèëîâèì, ÿêùî ôóíêöiÿ Λ(s) = ReR(s), s = σ + iτ , ïðè

äiéñíèõ çíà÷åííÿõ s = σ çàäîâîëüíÿ¹ íåðiâíiñòü Λ(σ) ≤ −c|σ|h + c1, äå c, h � äåÿêi

äîäàòíi ñòàëi. ×èñëî h íàçèâà¹òüñÿ ïîêàçíèêîì ïàðàáîëi÷íîñòi ðiâíÿííÿ (1). Íàäàëi

ââàæàòèìåìî, ùî ïîêàçíèê ïàðàáîëi÷íîñòi ðiâíÿííÿ (1) áiëüøèé çà îäèíèöþ.

Âàæëèâîþ õàðàêòåðèñòèêîþ ðiâíÿííÿ (1), ïîâ'ÿçàíîþ ç âëàñòèâîñòÿìè ôóíêöi¨

exp(tR(s)), s = σ + iτ , ¹ ðiä µ ðiâíÿííÿ (1). Âiäîìî [1, ñ. 143], ùî iñíó¹ îáëàñòü Gµ ⊂ C,
ÿêà âèçíà÷à¹òüñÿ óìîâîþ |τ | ≤ K(1 + |σ|)µ, µ ≥ 1 − (p − h), â ÿêié ñïðàâäæó¹òüñÿ íå-

ðiâíiñòü | exp(tR(s))| ≤ c2 exp(−a0t|σ|h) ç äåÿêèìè äîäàòíèìè ñòàëèìè c2, a. ×èñëî µ

ÓÄÊ 517.956
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íàçèâà¹òüñÿ ðîäîì ðiâíÿííÿ (1). Äëÿ ïàðàáîëi÷íèõ çà Ïåòðîâñüêèì ðiâÿíü çi ñòàëèìè

êîåôiöi¹íòàìè µ = 1, p = h = 2b, b ∈ N. Äëÿ ðiâíÿíü, ïàðàáîëi÷íèõ çà Øèëîâèì, öå

âæå íå òàê. Íàïðèêëàä, ðiâíÿííÿ

∂u

∂t
=
∂2u

∂x2
+ i

(
i
∂

∂x

)p

, p > 3,

¹ ïàðàáîëi÷íèì çà Øèëîâèì ç h = 2, µ = 1 − (p − h) < 0, àëå íå ¹ ïàðàáîëi÷íèì çà

Ïåòðîâñüêèì [1, ñ. 131].

Ïðè äîñëiäæåííi ïðîáëåìè ïðî êëàñè ¹äèíîñòi òà êëàñè êîðåêòíîñòi çàäà÷i Êîøi

äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè çi ñòàëèìè àáîçàëåæíèìè ëèøå âiä ÷àñîâî¨ çìií-

íî¨ êîåôiöi¹íòàìè ÷àñòî âèêîðèñòîâóþòüñÿ ïðîñòîðè òèïó S, ââåäåíi â [2, ñ. 199�246].

Ôóíêöi¨ ç òàêèõ ïðîñòîðiâ íà äiéñíié îñi ðàçîì ç óñiìà ñâî¨ìè ïîõiäíèìè ïðè |x| → ∞
ñïàäàþòü øâèäøå, íiæ exp(−a|x|), a > 0, x ∈ R. Ó ïðàöÿõ [3, 4, 5, 6] âñòàíîâëåíî, ùî

ïðîñòîðè òèïó S òà òèïó S ′ � òîïîëîãi÷íî ñïðÿæåíi ç íèìè, ¹ ïðèðîäíèìè ìíîæèíàìè

ïî÷àòêîâèõ äàíèõ çàäà÷i Êîøi äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, ïàðàáîëi÷íèõ çà

Ïåòðîâñüêèì òà Øèëîâèì, ïðè ÿêèõ ðîçâ'ÿçêè ¹ àíàëiòè÷íèìè ôóíêöiÿìè ïðîñòîðîâî¨

çìiííî¨.

Ó öié ðîáîòi äîñëiäæó¹òüñÿ íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ ïàðàáî-

ëi÷íîãî çà Øèëîâèì ðiâíÿííÿ (1) ç âiä'¹ìíèì ðîäîì µ. Äëÿ (1) çàäà¹òüñÿ óìîâà

m∑
k=0

αku(t, ·)|t=tk = f, (2)

äå t0 = 0, {t1, . . . , tm} ⊂ (0, T ], 0 < t1 < · · · < tm ≤ T , {α0, α1, . . . , αm} ⊂ R, m ∈ N �

ôiêñîâàíi ÷èñëà (ÿêùî α0 = 1, α1 = · · · = αm = 0, òî ìà¹ìî, î÷åâèäíî, çàäà÷ó Êîøi).

Çàäà÷ó (1), (2) ìîæíà ðîçóìiòè ÿê óçàãàëüíåííÿ çàäà÷i Êîøi, êîëè ïî÷àòêîâà óìîâà

u(t, ·)|t=0 = f çàìiíþ¹òüñÿ óìîâîþ (2). Ïðè öüîìó óìîâà (2) òðàêòó¹òüñÿ â êëàñè÷íîìó

ðîçóìiííi àáî â ñëàáêîìó ñåíñi, ÿêùî f � óçàãàëüíåíà ôóíêöiÿ, òîáòî, ÿê ãðàíè÷íå ñïiâ-

âiäíîøåííÿ
m∑
k=0

αk lim
t→tk

⟨u(t, ·), φ⟩ = ⟨f, φ⟩ äëÿ äîâiëüíî¨ ôóíêöi¨ φ ç îñíîâíîãî ïðîñòîðó

(òóò ⟨f, ·⟩ ïîçíà÷à¹ äiþ ôóíêöiîíàëà f íà îñíîâíó ôóíêöiþ). Íåëîêàëüíà áàãàòîòî÷êîâà

çàäà÷à (1), (2) âiäíîñèòüñÿ äî íåëîêàëüíèõ êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü ç ÷àñòèííèìè ïî-

õiäíèìè [7, 8, 9, 10, 11, 12, 13]. Òóò äîñëiäæåíi âëàñòèâîñòi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó

çàäà÷i (1), (2), äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü òàêî¨ çàäà÷i. Âñòàíîâëåíî, ùî ðîçâ'ÿçîê

íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ ðiâíÿííÿ (1) âîëîäi¹ âëàñòèâiñòþ ëîêà-

ëiçàöi¨ (âëàñòèâiñòþ ëîêàëüíîãî ïîêðàùåííÿ çáiæíîñòi): ÿêùî óçàãàëüíåíà ôóíêöiÿ f

â (2) ñïiâïàäà¹ íà âiäêðèòié ìíîæèíi Q ⊂ R ç íåïåðåðâíîþ ôóíêöi¹þ g, òî íà äîâiëü-

íîìó êîìïàêòi K ⊂ Q ãðàíè÷íå ñïiââiäíîøåííÿ
m∑
k=0

αk lim
t→tk

u(t, x) = g(x) ñïðàâäæó¹òüñÿ

ðiâíîìiðíî àáî ïîòî÷êîâî íà K. Çàçíà÷èìî, ùî äëÿ ðiâíÿíü, ïàðàáîëi÷íèõ çà Øèëî-

âèì ç âiä'¹ìíèì ðîäîì, íåëîêàëüíà áàãàòîòîêîâà çà ÷àñîì çàäà÷à ó âêàçàíié ïîñòàíîâöi

ðàíiøå íå äîñëiäæóâàëàñÿ.
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1 Ïðîñòîðè òèïó S òà S ′

I.Ì. Ãåëüôàíä òà Ã.�. Øèëîâ ó ìîíîãðàôi¨ [2, ñ. 203�246] ââåëè ïðîñòîðè íåñêií÷åííî

äèôåðåíöiéîâíèõ íà R ôóíêöié, ÿêi ¹ ïiäïðîñòîðàìè ïðîñòîðó S ≡ S(R) Ë. Øâàðöà

øâèäêî ñïàäíèõ íà íåñêií÷åííîñòi ôóíêöié. Îçíà÷èìî äåÿêi ç íèõ.

Äëÿ äîâiëüíî ôiêñîâàíèõ α, β > 0 ïîêëàäåìî

Sβ
α := {φ ∈ S

∣∣∣∃c > 0 A > 0 B > 0∀{k,m} ⊂ Z+

∀x ∈ R : |xkφ(m)(x)| ≤ cAkBmkkαmmβ}.

Ïðîñòið Sβ
α ìîæíà îõàðàêòåðèçóâàòè ùå é òàê [2, ñ. 210]: Sβ

α ñêëàäà¹òüñÿ ç òèõ i ëèøå

òèõ íåñêií÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié, ÿêi çàäîâîëüíÿþòü íåðiâíîñòi

|φ(m)(x)| ≤ c1B
m
1 m

mβ exp{−c2|x|1/α}, m ∈ Z+, x ∈ R,

ç äåÿêèìè äîäàòíèìè ñòàëèìè c1, B1, c2, çàëåæíèìè âiä ôóíêöi¨ φ.

ßêùî 0 < β < 1 i α ≥ 1 − β, òî Sβ
α ñêëàäà¹òüñÿ ç òèõ i ëèøå òèõ ôóíêöié, ÿêi

äîïóñêàþòü àíàëiòè÷íå ïðîäîâæåííÿ â êîìïëåêñíó ïëîùèíó i çàäîâîëüíÿþòü íåðiâíiñòü

|φ(x+ iy)| ≤ c3 exp{−a|x|1/α + b|y|1/(1−β)}, c3, a, b > 0, {x, y} ⊂ R.

Ïðîñòîðè Sβ
α íåòðèâiàëüíi, ÿêùî α + β ≥ 1; äëÿ äîâiëüíèõ α, β > 0 ïðàâèëüíîþ ¹

ðiâíiñòü: Sβ
α = Sα ∩ Sβ [3, ñ. 143].

Òîïîëîãi÷íà ñòðóêòóðà â Sβ
α âèçíà÷à¹òüñÿ òàê. Ñèìâîëîì Sβ,B

α,A ïîçíà÷èìî ñóêóïíiñòü

ôóíêöié φ ∈ Sβ
α, ÿêi çàäîâîëüíÿþòü óìîâó:

∀A > A ∀B > B : |xkφ(m)(x)| ≤ cA
k
B

m
kkαmmβ, x ∈ R, {k,m} ⊂ Z+.

Öÿ ìíîæèíà ïåðåòâîðþ¹òüñÿ â ïîâíèé çëi÷åííî-íîðìîâàíèé ïðîñòið, ÿêùî íîðìè â íié

ââåñòè çà äîïîìîãîþ ñïiââiäíîøåíü

∥φ∥δρ = sup
x,k,m

|xkφ(m)(x)|
(A+ δ)k(B + ρ)mkkαmmβ

, {δ, ρ} ⊂
{
1,

1

2
, . . .

}
.

ßêùî A1 < A2, B1 < B2, òî Sβ,B1

α,A1
íåïåðåðâíî âêëàäà¹òüñÿ â Sβ,B2

α,A2
i Sβ

α =
∪

Sβ,B
α,A .

Iç ðåçóëüòàòiâ, íàâåäåíèõ â [2, ñ. 220], âèïëèâà¹, ùî ïîñëiäîâíiñòü{φν , ν ≥ 1} ⊂ Sβ
α

çáiãà¹òüñÿ äî íóëÿ â öüîìó ïðîñòîði, ÿêùî ôóíêöi¨ φν òà ¨õíi ïîõiäíi äîâiëüíîãî ïîðÿäêó

çáiãàþòüñÿ äî íóëÿ ðiâíîìiðíî íà êîæíîìó âiäðiçêó [a, b] ⊂ R i ïðè öüîìó âèêîíóþòüñÿ

íåðiâíîñòi

|xkφ(m)
ν (x)| ≤ cAkBmkkαmmβ, {k,m} ⊂ Z+, x ∈ R,

äå ñòàëi c, A, B > 0 íå çàëåæàòü âiä ν.

Ôóíêöiÿ g íàçèâà¹òüñÿ ìóëüòèïëiêàòîðîì ó ïðîñòîði Sβ
α, ÿêùî gψ ∈ Sβ

α äëÿ äîâiëüíî¨

ôóíêöi¨ ψ ∈ Sβ
α i âiäîáðàæåííÿ ψ → gψ ¹ ëiíiéíèì i íåïåðåðâíèì îïåðàòîðîì ç Sβ

α â Sβ
α.

Ìóëüòèïëiêàòîðîì ó ïðîñòîði Sβ
α ¹ íåñêií÷åííî äèôåðåíöiéîâíà íà R ôóíêöiÿ g, ÿêà

çàäîâîëüíÿ¹ óìîâó
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∀ε > 0 ∃c = cε > 0 ∀m ∈ Z+ ∀x ∈ R : |g(m)(x)| ≤ cεε
mmmβ exp{ε|x|1/α}.

Ó ïðîñòîðàõ Sβ
α âèçíà÷åíà i ¹ íåïåðåðâíîþ îïåðàöiÿ çñóâó àðãóìåíòà Tx: φ(ξ) →

φ(ξ + x). Öÿ îïåðàöiÿ ¹ òàêîæ äèôåðåíöiéîâíîþ (íàâiòü íåñêií÷åííî äèôåðåíöiéîâíîþ

[2, c. 171]) ó òîìó ðîçóìiííi, ùî ãðàíè÷íi ñïiââiäíîøåííÿ âèãëÿäó (φ(x+h)−φ(x))h−1 →
φ′(x), h→ 0, ñïðàâäæóþòüñÿ äëÿ êîæíî¨ ôóíêöi¨ φ ∈ Sβ

α â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ

ïðîñòîðó Sβ
α. Ó Sβ

α âèçíà÷åíà i íåïåðåðâíà îïåðàöiÿ äèôåðåíöiþâàííÿ. Ïðîñòîðè òèïó

S ¹ äîñêîíàëèìè [2, ñ. 215] (òîáòî ïðîñòîðàìè, âñi îáìåæåíi ìíîæèíè ÿêèõ êîìïàêòíi);

âîíè ïîâ'ÿçàíi ìiæ ñîáîþ ïåðåòâîðåííÿì Ôóð'¹, à ñàìå, ïðàâèëüíîþ ¹ ôîðìóëà F [Sβ
α] =

Sα
β [2, ñ. 245], äå

F [Sβ
α] :=

{
ψ : ψ(σ) =

∫
R

φ(x)eiσxdx, φ ∈ Sβ
α

}
.

Ñèìâîëîì (Sβ
α)

′ ïîçíà÷èìî ïðîñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íàä âiä-

ïîâiäíèì ïðîñòîðîì îñíîâíèõ ôóíêöié çi ñëàáêîþ çáiæíiñòþ, à éîãî åëåìåíòè íàçèâàòè-

ìåìî óçàãàëüíåíèìè ôóíêöiÿìè. Îñêiëüêè â îñíîâíîìó ïðîñòîði Sβ
α âèçíà÷åíà îïåðàöiÿ

çñóâó àðãóìåíòà Tx, òî çãîðòêó óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (Sβ
α)

′ ç îñíîâíîþ ôóíêöi¹þ φ

çàäàìî ôîðìóëîþ

(f ∗ φ)(x) = ⟨fξ, T−xφ̌(ξ)⟩ ≡ ⟨fξ, φ(x− ξ)⟩, φ̌(ξ) := φ(−ξ).
Iç âëàñòèâîñòi íåñêií÷åííî¨ äèôåðåíöiéîâíîñòi îïåðàöi¨ çñóâó àðãóìåíòà â ïðîñòîði Sβ

α

âèïëèâà¹, ùî çãîðòêà f ∗ φ ¹ çâè÷àéíîþ íåñêií÷åííî äèôåðåíöiéîâíîþ íà R ôóíêöi¹þ.

Íåõàé f ∈ (Sβ
α)

′. ßêùî f ∗ φ ∈ Sβ
α, ∀φ ∈ Sβ

α i iç ñïiââiäíîøåííÿ φν → 0 ïðè ν → +∞
çà òîïîëîãi¹þ ïðîñòîðó Sβ

α âèïëèâà¹, ùî f ∗φν → 0 ïðè ν → +∞ çà òîïîëîãi¹þ ïðîñòîðó

Sβ
α, òî ôóíêöiîíàë f íàçèâà¹òüñÿ çãîðòóâà÷åì ó ïðîñòîði Sβ

α.

Îñêiëüêè F−1[Sα
β ] = Sβ

α (F−1 � îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹), à òàêîæ i F [Sα
β ] = Sβ

α,

áî êîæíèé ïðîñòið òèïó S ðàçîì ç ôóíêöi¹þ φ(x) ìiñòèòü i ôóíêöiþ φ(−x), òî ïåðå-

òâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (Sβ
α)

′ îçíà÷èìî çà äîïîìîãîþ ñïiââiäíîøåííÿ

⟨F [f ], φ⟩ = ⟨f, F [φ]⟩, φ ∈ Sα
β . Çâiäñè âèïëèâà¹, ùî F [f ] ∈ (Sα

β )
′, ÿêùî f ∈ (Sβ

α)
′. ßêùî

óçàãàëüíåíà ôóíêöiÿ f ∈ (Sβ
α)

′ � çãîðòóâà÷ ó ïðîñòîði Sβ
α, òî äëÿ äîâiëüíî¨ ôóíêöi¨

φ ∈ Sβ
α ïðàâèëüíîþ ¹ ôîðìóëà F [f ∗ φ] = F [f ] · F [φ], ïðè öüîìó F [f ] � ìóëüòèïëiêàòîð

ó ïðîñòîði Sα
β .

Íàâåäåìî ùå îñíîâíi ïîíÿòòÿ é îçíà÷åííÿ, ÿêi ñòîñóþòüñÿ àáñòðàêòíèõ ôóíêöié.

Íåõàé X � ëiíiéíèé òîïîëîãi÷íèé ïðîñòið àáî îá'¹äíàííÿ òàêèõ ïðîñòîðiâ, Ω � äåÿêà

ìíîæèíà ÷èñåë. Âiäîáðàæåííÿ Ω ∋ ν → φν ∈ X íàçèâà¹òüñÿ àáñòðàêòíîþ ôóíêöi¹þ

ïàðàìåòðà ν iç çíà÷åííÿìè â ïðîñòîði X. Çà X, çîêðåìà, ìîæíà áðàòè ïðîñòîðè òèïó

S. Ãðàíèöåþ àáñòðàêòíî¨ ôóíêöi¨ φν ïðè ν → ν0 íàçèâà¹òüñÿ òàêèé åëåìåíò φν0 ∈ X,

ùî äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi {νn, n ≥ 1}, νn → ν0, n → ∞, âèêîíó¹òüñÿ ãðàíè÷íå

ñïiââiäíîøåííÿ φνn → φν0 , n → ∞, ó ðîçóìiííi çáiæíîñòi çà òîïîëîãi¹þ ïðîñòîðó X.

Àáñòðàêòíà ôóíêöiÿ φν íàçèâà¹òüñÿ äèôåðåíöiéîâíîþ ó òî÷öi ν0 ∈ Ω, ÿêùî â ïðîñòî-

ði X iñíó¹ ãðàíèöÿ
dφν

dν

∣∣∣
νν0

= lim
h→0

φν0+h − φν0

h
. Âiäçíà÷èìî äåÿêi âëàñòèâîñòi ÷èñëîâèõ

ôóíêöié âèãëÿäó ⟨f, φν⟩, äå {φν , ν ∈ Ω} ⊂ X, à f ∈ X ′.

Ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ [2, ñ. 96]: ÿêùî àáñòðàêòíà ôóíêöiÿ φν äèôåðåíöi-

éîâíà â òî÷öi ν ∈ Ω, òî ⟨f, φν⟩ � äèôåðåíöiéîâíà â òî÷öi ν ôóíêöiÿ, ïðè÷îìó
d

dν
⟨f, φν⟩ =
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f,
dφν

dν

⟩
.

2 Íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à

Äëÿ ðiâíÿííÿ (1) ç ïîêàçíèêîì ïàðàáîëi÷íîñòi h > 1 òà ðîäîì µ < 0 ðîçãëÿíåìî

íåëîêàëüíó áàãàòîòî÷êîâó çà ÷àñîì çàäà÷ó: çíàéòè ðîçâ'ÿçîê u ∈ C1((0, T ], Sβ
α) ðiâíÿííÿ

(1), ÿêèé çàäîâîëüíÿ¹ óìîâó

µ0u(t, ·)|t=0 −
m∑
k=1

µku(t, ·)|t=tk = φ, (3)

äå φ ∈ Sβ
α, m ∈ N, {µ0, µ1, . . . , µm} ⊂ (0,∞), {t1, . . . , tm} ⊂ (0, T ] � ôiêñîâàíi ÷èñëà,

ïðè÷îìó µ0 > ec1
m∑
k=1

µk, c1 � ñòàëà ç óìîâè ïàðàáîëi÷íîñòi ðiâíÿííÿ (1), 0 < t1 < t2 <

· · · < tm ≤ T (êîíêðåòíi çíà÷åííÿ ïàðàìåòðiâ α, β > 0 âêàæåìî ïiçíiøå). Çà äîïîìîãîþ

ïåðåòâîðåííÿ Ôóð'¹, ìiðêóþ÷è ôîðìàëüíî, çíàéäåìî, ùî

u(t, x) =

∫
R

G(t, x− ξ)φ(ξ)dξ = G(t, x) ∗ φ(x), (4)

äå G(t, x) = F−1[Q(t, σ)](x), Q(t, σ) = Q1(t, σ)Q2(σ), Q1(t, σ) = exp{tR(σ)}, Q2(σ) =(
µ0 −

m∑
k=1

µk exp{tkR(σ)}
)−1

.

Êîðåêòíiñòü ïðîâåäåííÿ òóò âiäïîâiäíèõ ïåðåòâîðåíü, çáiæíiñòü âiäïîâiäíèõ iíòå-

ãðàëiâ, à, îòæå, ïðàâèëüíiñòü ôîðìóëè (4) âèïëèâà¹ ç âëàñòèâîñòåé ôóíêöi¨ G, ÿêi ìè

íàâåäåìî íèæ÷å. Âëàñòèâîñòi ôóíêöi¨ G ïîâ'ÿçàíi ç âëàñòèâîñòÿìè ôóíêöi¨ Q, îñêiëüêè

G = F−1[Q]. Îòæå, ïåðåäóñiì äîñëiäèìî âëàñòèâîñòi ôóíêöi¨ Q ÿê ôóíêöi¨ àðãóìåíòà

σ.

Ïðîàíàëiçóâàâøè äîâåäåííÿ òåîðåìè 4 ç [2, ñ. 265] òà âðàõóâàâøè ïàðàáîëi÷íiñòü çà

Øèëîâèì ðiâíÿííÿ (1), áåçïîñåðåäíüî ïåðåêîíó¹ìîñÿ â òîìó, ùî äëÿ ôóíêöi¨ Q1(t, σ)

òà ¨¨ ïîõiäíèõ (çà çìiííîþ σ) ñïðàâäæóþòüñÿ îöiíêè

|Dk
σQ1(t, σ)| ≤ cAktµk/hkk(1−µ/h) exp{−c0t|σ|h}, k ∈ Z+, (t, σ) ∈ ΠT , (5)

äå ñòàëi c, A, c0 > 0 íå çàëåæàòü âiä t.

Âðàõóâàâøè ôîðìóëó äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié, çíàéäåìî, ùî

Ds
σQ(t, σ) =

s∑
l=0

C l
sD

l
σQ1(t, σ)D

s−l
σ Q2(σ). (6)

Ââåäåìî ïîçíà÷åííÿ: R̃(σ) = µ0 −
m∑
k=1

µkQ1(tk, σ), òîäi Q2(σ) = R̃−1(σ). Äëÿ îöiíêè

ïîõiäíèõ ôóíêöi¨ Q2(σ) ìîæíà ñêîðèñòàòèñÿ ôîðìóëîþ Ôàà äå Áðóíî äèôåðåíöiþâàííÿ

ñêëàäíî¨ ôóíêöi¨, àëå â äàíié êîíêðåòíié ñèòóàöi¨ öå ìîæíà çðîáèòè áåçïîñåðåäíüî,
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âðàõîâóþ÷è ïðè öüîìó (5). Ïîõiäíà Dm
σ Q2(σ) ñêëàäà¹òüñÿ ç m äîäàíêiâ, ÿêi ìiñòÿòü

âèðàçè R̃−lDj
σR, 1 ≤ l ≤ m+ 1, 0 ≤ j ≤ m, ç êîåôiöi¹íòàìè âèãëÿäó (−1)ll!. Çàçíà÷èìî,

ùî ∣∣∣ m∑
k=1

µk exp{tkR(σ)}
∣∣∣ ≤ m∑

k=1

µk| exp{tkR(σ)}| =
m∑
k=1

µk exp{tkReR(σ)} ≤

≤ ec1
m∑
k=1

µk exp{−ctk|σ|h} ≤ ec1 exp{−ct1|σ|h}(µ1 + · · ·+ µm) ≤

≤ ec1(µ1 + · · ·+ µm) < µ0, t ∈ (0, 1]

(òóò âðàõîâàíî, ùî t1 < t2 < · · · < tm). Îòæå,

|R̃| =
∣∣∣µ0 −

m∑
k=1

µk exp{tkR(σ)}
∣∣∣ ≥ ∣∣∣µ0 −

∣∣∣ m∑
k=1

µk exp{tkR(σ)}
∣∣∣ ∣∣∣ ≥

≥ µ0 − ec1(µ1 + · · ·+ µm) = γ0 > 0.

Çâiäñè äiñòà¹ìî íåðiâíiñòü |R̃−l| ≤ (1/γ0)
l. Ç óðàõóâàííÿì (5) òà ôîðìóëè Ñòiðëiíãà,

ìà¹ìî, ùî

|Dm
σ Q2(σ)| ≤ β0β

m
1 m!mm(1−µ/h) ≤ β2β

m
3 m

m(2−µ/h),m ∈ N, (7)

ç äåÿêèìè ñòàëèìè β2, β3 > 0.

Ç îöiíîê (7) òà îáìåæåíîñòi ôóíêöi¨ |Q2(σ)| âèïëèâà¹, ùî Q2 ¹ ìóëüòèïëiêàòîðîì ó

ïðîñòîði S
2−µ/h
1/h . Ó ñâîþ ÷åðãó, ç (5)�(7) âèïëèâàþòü íåðiâíîñòi

|Ds
σQ(t, σ)| ≤

s∑
l=0

C l
s|Dl

σQ1(t, σ)| · |Ds−l
σ Q2(σ)| ≤

≤ cβ2

s∑
l=0

C l
sA

ltµl/hll(1−µ/h)βs
3(s− l)(s−l)(2−µ/h) exp{−c0t|σ|h} ≤

≤ β̃0β̃
s
1(β(t))

µs/hss(2−µ/h) exp{−c0t|σ|h}, s ∈ Z+, (8)

äå β̃0 = cβ0, β̃1 = 2max{A, β3}, ñòàëi β̃0, β̃1 íå çàëåæàòü âiä t,

β(t) =

{
tµ/h, 0 < t < 1,

1, t ≥ 1.

Íà ïiäñòàâi îöiíîê (8) ðîáèìî âèñíîâîê, ùî ôóíêöiÿ Q(t, ·), ÿê ôóíêöiÿ σ, ¹ åëå-

ìåíòîì ïðîñòîðó S
2−µ/h
1/h (ïðè êîæíîìó t > 0). Óðàõóâàâøè âëàñòèâîñòi ïåðåòâîðåííÿ

Ôóð'¹ (ïðÿìîãî òà îáåðíåíîãî) òà ñïiââiäíîøåííÿ F−1[S
2−µ/h
1/h ] = S

1/h
2−µ/h, îòðèìó¹ìî, ùî

G(t, ·) ∈ S
1/h
2−µ/h ïðè êîæíîìó t ∈ (0, T ]. Âèäiëèìî â îöiíêàõ ôóíêöi¨ G òà ¨¨ ïîõiäíèõ (çà

çìiííîþ x) çàëåæíiñòü âiä ïàðàìåòðà t ∈ (0, T ∗] (T ∗ = T , ÿêùî T ≤ 1, T ∗ = 1, ÿêùî

T > 1). Äëÿ öüîãî ñêîðèñòà¹ìîñÿ ñïiââiäíîøåííÿì

xkDs
xF [φ](x) = ik+sF [(σsφ(σ))(k)] = ik+s

∫
R

(σsφ(σ))(k)eixσdσ, {k, s} ⊂ Z+, φ ∈ S
2−µ/h
1/h .
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Îòæå,

xkDs
xG(t, x) = (2π)−1ik+s(−1)s

∫
R

(σsQ(t,−σ))(k)eixσdσ.

Â [2, ñ. 239] äîâåäåíî òâåðäæåííÿ: ÿêùî ÷èñëà ak òà bs òàêi, ùî

ak
ak−1

≥ cak
1−χ,

bs
bs−1

≥ cbs
1−λ, χ+ λ = θ ≤ 1, (9)

ïî ïîäâiéíà ïîñëiäîâíiñòü mks = akbs çàäîâîëüíÿ¹ íåðiâíiñòü

ks
mk−1,s−1

mks

≤ γ(k + s)θ, γ > 0.

Äëÿ ïîñëiäîâíîñòåé ak = kk(2−µ/h), bs = ss/h íåðiâíîñòi (9) âèêîíóþòüñÿ ç ïàðàìåòðàìè

χ = max{1− (2− µ/h), 0} = 0, λ = max{1− 1/h, 0} = 1− 1/h = θ < 1, h > 1 (äèâ. [2, c.

243]); îòæå, χ+ λ = θ ≤ 1. Çàñòîñóâàâøè ôîðìóëó Ëåéáíiöà äèôåðåíöiþâàííÿ äîáóòêó

äâîõ ôóíêöié òà îöiíêè (8), çíàéäåìî, ùî

|(σsQ(t,−σ))(k)| =
∣∣∣ k∑
p=0

Cp
k(σ

s)(p)Q(k−p)(t,−σ)
∣∣∣ ≤ |σsQ(k)(t,−σ)|+ ks|σs−1Q(k−1)(t,−σ)|+

+
k(k − 1)

2!
s(s− 1)|σs−2Q(k−2)(t,−σ)|+ · · · ≤

≤ cAsBkkk(2−µ/h)tµk/hss/ht−s/h exp
{
− c0

2
t|σ|h

}(
1 +

ks

(A/t1/h)B

ms−1,k−1

msk

+

+
1

2!

ks

(A/t1/h)2B2

ms−1,k−1

msk

ms−2,k−2

ms−1,k−1

+ . . .
)
≤

≤ cAsBktµk/ht−s/hkk(2−µ/h) exp
{
− c0

2
t|σ|h

}(
1 +

γ

(A/t1/h)B
(k + s)+

+
1

2!

γ2

(A/t1/h)2B2
(k + s)2 + . . .

)
≤ cAsBktµk/ht−s/hkk(2−µ/h)ss/h×

× exp
{γt1/h
AB

(k + s)
}
exp

{
− c0

2
t|σ|h

}
≤

≤ cAs
1B

k
1 t

µk/ht−s/hkk(2−µ/h)ss/h exp{−c0t|σ|h},

äå A1 = A exp
{γT 1/h

AB

}
, B1 = B exp

{γT 1/h

AB

}
, c0 =

c0
2
.

Îòæå,

|xkDs
xG(t, x)| ≤ c1A

s
1B

k
1 t

−(s+1)/htµk/hkk(2−µ/h)ss/h, {k, s} ⊂ Z+, t ∈ (0, T ∗], x ∈ R.

Òîäi

|Ds
xG(t, x)| ≤ c1A

s
1s

s/ht−(s+1)/h inf
k

Bk
1k

k(2−µ/h)

(t−µ/h|x|)k
≤

≤ c̃As
1s

s/ht−(s+1)/h exp{−a0(t−µ/h|x|)1/(2−µ/h)}, s ∈ Z+, t ∈ (0, T ∗].

Òàêèì ÷èíîì, ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ.
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Ëåìà 1. Äëÿ ôóíêöi¨ G(t, x), t ∈ (0, T ∗], x ∈ R, òà ¨¨ ïîõiäíèõ (çà çìiííîþ x) ñïðàâ-

äæóþòüñÿ íåðiâíîñòi

|Ds
xG(t, x)| ≤ c̃As

1s
s/ht−(s+1)/h exp{−a0(t−µ/h|x|)1/(2−µ/h)}, µ < 0, s ∈ Z+,

ñòàëi c̃, A1, a0 > 0 íå çàëåæàòü âiä t.

Ëåìà 2. Ôóíêöiÿ G(t, ·), t ∈ (0, T ], ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿìè

â ïðîñòîði S
1/h
2−µ/h, äèôåðåíöiéîâíà çà çìiííîþ t.

Äîâåäåííÿ. Iç âëàñòèâîñòi íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ (ïðÿìîãî òà îáåðíåíîãî)

ó ïðîñòîðàõ òèïó S âèïëèâà¹, ùî äëÿ äîâåäåííÿ ëåìè äîñèòü ïîêàçàòè, ùî ôóíêöiÿ

F [G(t, x)] = Q(t, σ), ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿìè â ïðîñòîði

F [S
1/h
2−µ/h] = S

2−µ/h
1/h , äèôåðåíöiéîâíà ïî t. Iíøèìè ñëîâàìè, ïîòðiáíî äîâåñòè, ùî ãðàíè-

÷íå ñïiââiäíîøåííÿ

Φ∆t(σ) :=
1

∆t
[Q(t+∆t, σ)−Q(t, σ)] → ∂

∂t
Q(t, σ), ∆t→ 0,

âèêîíó¹òüñÿ â òîìó ðîçóìiííi, ùî:

1) Ds
σΦ∆t(σ)−→

∆t→0
Ds

σ(R(σ)Q(t, σ)), s ∈ Z+,

ðiâíîìiðíî íà êîæíîìó âiäðiçêó [a, b] ⊂ R;
2) |Ds

σΦ∆t(σ)| ≤ c̄B̄sss(2−µ/h) exp{−ā|σ|h}, s ∈ Z+,

äå ñòàëi c̄, ā, B̄ > 0 íå çàëåæàòü âiä ∆t, ÿêùî ∆t äîñèòü ìàëå.

Ôóíêöiÿ Q(t, σ), (t, σ) ∈ ΠT , äèôåðåíöiéîâíà ïî t ó çâè÷àéíîìó ðîçóìiííi, òîìó,

âíàñëiäîê òåîðåìè Ëàãðàíæà ïðî ñêií÷åííi ïðèðîñòè,

Φ∆t(σ) = R(σ)Q(t+ θ∆t, σ), 0 < θ < 1, t+ θ∆t ≤ T.

Îòæå,

Ds
σΦ∆t(σ) =

s∑
l=0

C l
sD

l
σR(σ)D

s−l
σ Q(t+ θ∆t, σ) (10)

i

Ds
σ

(
Φ∆t(σ)−

∂

∂t
Q(t, σ)

)
=

s∑
l=0

C l
sD

l
σR(σ)[D

s−l
σ Q(t+ θ∆t, σ)−Ds−l

σ Q(t, σ)].

Îñêiëüêè

Ds−l
σ Q(t+ θ∆t, σ)−Ds−l

σ Q(t, σ) = Ds−l+1
σ Q(t+ θ1∆t, σ)θ∆t, 0 < θ1 < 1,

òî çâiäñè òà ç îöiíîê (8) âèïëèâà¹, ùî

Ds−l+1
σ Q(t+ θ1∆t, σ)θ∆t→ 0, ∆t→ 0,

ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó [a, b] ⊂ R. Òîäi

Ds
σΦ∆t(σ) → Ds

σ

( ∂
∂t
Q(t, σ)

)
,∆t→ 0,
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ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó [a, b] ⊂ R. Îòæå, óìîâà 1) âèêîíó¹òüñÿ.
Âðàõîâóþ÷è (10), îöiíêè (8), ÿêi çàäîâîëüíÿþòü ïîõiäíi ôóíêöi¨ Q(t, σ), íåðiâíiñòü

|Ql
σR(σ)| ≤ c(1 + |σ|p), à òàêîæ òå, ùî t + θ∆t ≥ t/2 (äëÿ äîñèòü ìàëèõ çíà÷åíü ∆t),

çíàéäåìî, ùî

|Ds
σΦ∆t(σ)| ≤ cβ̃0

s∑
l=0

C l
s(1 + |σ|p)β̃s−l

1 (β(t+ θ∆t))µ(s−l)/h(s− l)(s−l)(2−µ/h)×

× exp{−c0(t+ θ∆t)|σ|h} ≤ cL
s
ss(2−µ/h) exp{−c0|σ|h},

äå c = 2cβ̃0max
{
1,
( 2p

c0th

)p/h}
, L = 2 ˜̃β(β̃(t))µ/h, β̃(t) = max{1, β(t/2)}, ˜̃β = max{1, β̃1},

c0 = c0t/2, ïðè÷îìó ñòàëi c, L, c0 > 0 íå çàëåæàòü âiä ∆t.

Ëåìà äîâåäåíà.

Íàñëiäîê 1. Ïðàâèëüíîþ ¹ ôîðìóëà

∂

∂t
(f ∗G(t, ·)) = f ∗ ∂G(t, ·)

∂t
, ∀f ∈ (S

1/h
2−µ/h)

′, t ∈ (0, T ].

Äîâåäåííÿ. Çà îçíà÷åííÿì çãîðòêè óçàãàëüíåíî¨ ôóíêöi¨ ç îñíîâíîþ ìà¹ìî, ùî

f ∗G(t, x) = ⟨fξ, T−xǦ(t, ξ)⟩, Ǧ(t, ξ) = G(t,−ξ).

Òîäi
∂

∂t
(f ∗G(t, ·)) = lim

∆t→0

1

∆t
[(f ∗G(t+∆t, ·))− (f ∗G(t, ·))] =

= lim
∆t→0

⟨fξ,
1

∆t
[T−xǦ(t+∆t, ξ)− T−xǦ(t, ξ)]⟩.

Âíàñëiäîê ëåìè 2 ãðàíè÷íå ñïiââiäíîøåííÿ

1

∆t
[T−xǦ(t+∆t, ·)− T−xǦ(t, ·)]−→

∆t→0

∂

∂t
T−xǦ(t, ·)

âèêîíó¹òüñÿ â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ ïðîñòîðó S
1/ω
2−µ/h, òîìó

∂

∂t
(f ∗G(t, x)) = ⟨fξ, lim

∆t→0

1

∆t
[T−xǦ(t+∆t, ξ)− T−xǦ(t, ξ)]⟩ =

= ⟨fξ,
∂

∂t
T−xǦ(t, ξ)⟩ = ⟨fξ, T−x

∂

∂t
Ǧ(t, ξ)⟩ = f ∗ ∂G(t, x)

∂t
.

Òâåðäæåííÿ äîâåäåíî.

Ëåìà 3. Ó ïðîñòîði (S
1/h
2−µ/h)

′ ñïðàâäæó¹òüñÿ ãðàíè÷íå ñïiââiäíîøåííÿ

µ0 lim
t→+0

G(t, ·)−
m∑
l=1

µl lim
t→tl

G(t, ·) = δ (11)

(δ � äåëüòà-ôóíêöiÿ Äiðàêà).
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Äîâåäåííÿ. Ñêîðèñòàâøèñü âëàñòèâiñòþ íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ òà ôóíêöi¨

G(t, ·), ÿê àáñòðàêòíî¨ ôóíêöi¨ ïàðàìåòðà t iç çíà÷åííÿìè â ïðîñòîði S
1/h
2−µ/h, ñïiââiäíî-

øåííÿ (11) çàìiíèìî ãðàíè÷íèì ñïiââiäíîøåííÿì

µ0 lim
t→+0

F [G(t, ·)]−
m∑
l=1

µl lim
t→tl

F [G(t, ·)] = F [δ] (12)

ó ïðîñòîði (S
2−µ/h
1/h )′. Âðàõóâàâøè çîáðàæåííÿ ôóíêöi¨ G, (12) ïîäàìî ó âèãëÿäi

µ0 lim
t→+0

Q(t, ·)−
m∑
l=1

µl lim
t→tl

Q(t, ·) = 1. (13)

Äëÿ äîâåäåííÿ (13) âiçüìåìî äîâiëüíó ôóíêöiþ ψ ∈ S
2−µ/h
1/h i, ñêîðèñòàâøèñü òåîðå-

ìîþ ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà Ëåáåãà, çíàéäåìî, ùî

µ0 lim
t→+0

⟨Q(t, ·), ψ⟩ −
m∑
l=1

µl lim
t→tl

⟨Q(t, ·), ψ⟩ =

= µ0 lim
t→+0

∫
R

Q(t, σ)ψ(σ)dσ −
m∑
l=1

µl lim
t→tl

∫
R

Q(t, σ)ψ(σ)dσ =

=

∫
R

[
µ0Q(0, σ)−

m∑
l=1

µlQ(tl, σ)
]
ψ(σ)dσ =

=

∫
R

[ µ0

µ0 −
m∑
k=1

µkQ1(tk, σ)
−

m∑
l=1

µl
Q1(tl, σ)

µ0 −
m∑
k=1

µkQ1(tk, σ)

]
ψ(σ)dσ =

=

∫
R

µ0 −
m∑
l=1

µlQ1(tl, σ)

µ0 −
m∑
k=1

µkQ1(tk, σ)
ψ(σ)dσ =

∫
R

ψ(σ)dσ = ⟨1, ψ⟩

(òóò Q(t, ·) òðàêòó¹òüñÿ ÿê ðåãóëÿðíà óçàãàëüíåíà ôóíêöiÿ ç ïðîñòîðó (S
2−µ/h
1/h )′). Çâiäñè

âèïëèâà¹, ùî ñïiââiäíîøåííÿ (13) âèêîíó¹òüñÿ â ïðîñòîði (S
2−µ/h
1/h )′, à îòæå, ïðàâèëüíèì

¹ ñïiââiäíîøåííÿ (11). Ëåìà äîâåäåíà.

Ñèìâîëîì (S
1/h
2−µ/h,∗)

′ ïîçíà÷èìî êëàñ óçàãàëüíåíèõ ôóíêöié ç ïðîñòîðó (S
1/h
2−µ/h)

′, ÿêi

¹ çãîðòóâà÷àìè â ïðîñòîði S
1/h
2−µ/h.

Íàñëiäîê 2. Íåõàé

ω(t, x) = f ∗G(t, x), f ∈ (S
1/h
2−µ/h,∗)

′, (t, x) ∈ ΠT .

Òîäi â ïðîñòîði (S
1/h
2−µ/h)

′ ñïðàâäæó¹òüñÿ ãðàíè÷íå ñïiââiäíîøåííÿ

µ0 lim
t→+0

ω(t, ·)−
m∑
k=1

µk lim
t→tk

ω(t, ·) = f. (14)
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Äîâåäåííÿ. Îñêiëüêè f ∗G(t, x) = ⟨fξ, T−xǦ(t, ·)⟩, f ∈ (S
1/h
2−µ/h,∗)

′, òî ç âëàñòèâîñòi íåïå-

ðåðâíîñòi G(t, ·) ÿê àáñòðàêòíî¨ ôóíêöi¨ ïàðàìåòðà t iç çíà÷åííÿìè â ïðîñòîði S
1/h
2−µ/h,

âèïëèâà¹ íåïåðåðâíiñòü ω(t, ·), ÿê àáñòðàêòíî¨ ôóíêöi¨ ïàðàìåòðà t iç çíà÷åííÿìè â ïðî-
ñòîði S

1/h
2−µ/h. Òîäi, âðàõóâàâøè âëàñòèâiñòü íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ òà ôîð-

ìóëó F [f ∗ G(t, ·)] = F [f ] · F [G(t, ·)] = F [f ] · Q(t, ·), ñïiââiäíîøåííÿ (14) çàïèøåìî ó

âèãëÿäi

µ0 lim
t→+0

F [ω(t, ·)]−
m∑
k=1

µk lim
t→tk

F [ω(t, ·)] = F [f ]
(
µ0 lim

t→+0
Q(t, ·)−

m∑
k=1

µk lim
t→tk

Q(t, ·)
)

(âêàçàíi ñïiââiäíîøåííÿ ðîçãëÿäàþòüñÿ â ïðîñòîði (S
2−µ/h
1/h )′). Âðàõóâàâøè (13) òà îñòàí-

í¹ ñïiââiäíîøåííÿ, ïðèéäåìî äî (14). Òâåðäæåííÿ äîâåäåíî.

Ç íàñëiäêó 2 âèïëèâà¹, ùî äëÿ ðiâíÿííÿ (1) íåëîêàëüó m-òî÷êîâó çà ÷àñîì çàäà÷ó

ìîæíà ñòàâèòè òàê: çíàéòè ðîçâ'ÿçîê u ∈ C1((0, T ], S
1/h
2−µ/h) ðiâíÿííÿ (1), ÿêèé çàäîâîëü-

íÿ¹ óìîâó

µ0 lim
t→+0

u(t, ·)−
m∑
k=1

µk lim
t→tk

u(t, ·) = f, f ∈ (S
1/h
2−µ/h,∗)

′, (15)

äå ãðàíè÷íå ñïiââiäíîøåííÿ (15) ðîçãëÿäà¹òüñÿ â ïðîñòîði (S
1/h
2−µ/h)

′ (îáìåæåííÿ íà ïà-

ðàìåòðè µ0, µ1, . . . , µm, t1, . . . , tm òàêi æ, ÿê ó âèïàäêó çàäà÷i (1), (3)).

Òåîðåìà 1. Çàäà÷à (1), (15) êîðåêòíî ðîçâ'ÿçíà. Ðîçâ'ÿçîê äà¹òüñÿ ôîðìóëîþ: u(t, x) =

f ∗G(t, x), (t, x) ∈ ΠT .

Äîâåäåííÿ. Ôóíêöiÿ u(t, x) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1). Ñïðàâäi (äèâ. íàñëiäîê 1),

∂u(t, x)

∂t
=

∂

∂t
(f ∗G(t, x)) = f ∗ ∂G(t, x)

∂t
.

Îñêiëüêè f - çãîðòóâà÷ ó ïðîñòîði S
1/h
2−µ/h, òî

R
(
i
∂

∂x

)
u(t, x) = F−1[R(σ)F [f∗G(t, ·)]] = F−1[R(σ)F [f ]·F [G(t, ·)]] = F−1[R(σ)F [f ]Q(t, ·)] =

= F−1
[ ∂
∂t
Q(t, ·) · F [f ]

]
= F−1

[
F
[ ∂
∂t
G(t, ·)

]
· F [f ]

]
=

= F−1
[
F
[
f ∗ ∂G(t, ·)

∂t

]]
= f ∗ ∂G(t, x)

∂t
.

Çâiäñè äiñòà¹ìî, ùî ôóíêöiÿ u(t, x), (t, x) ∈ ΠT , çàäîâîëüíÿ¹ ðiâíÿííÿ (1). Ç íàñëiäêó 2

âèïëèâà¹, ùî u çàäîâîëüíÿ¹ óìîâó (15) ó âêàçàíîìó ñåíñi.

Çàçíà÷èìî òàêîæ, ùî u íåïåðåðâíî çàëåæèòü âiä ôóíêöi¨ f ∈ (S
1/h
2−µ/h,∗)

′, îñêiëüêè

îïåðàöiÿ çãîðòêè âîëîäi¹ âëàñòèâiñòþ íåïåðåðâíîñòi.

Çàëèøà¹òüñÿ ïåðåêîíàòèñÿ â òîìó, ùî çàäà÷à (1), (15) ìà¹ ¹äèíèé ðîçâ'ÿçîê. Äëÿ

öüîãî ðîçãëÿíåìî çàäà÷ó Êîøi

∂v

∂t
+ A∗v = 0, (t, x) ∈ [0, t0)× R ≡ Ω, 0 ≤ t < t0, (16)
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v(t, ·)|t=t0 = ψ, ψ ∈ (S
1/h
2−µ/ω,∗)

′, (17)

äå A∗g = F [R(σ)F−1[g]], ∀g ∈ S
1/h
2−µ/h, A

∗ = R∗ - çâóæåííÿ ñïðÿæåíîãî îïåðàòîðà äî

îïåðàòîðà R íà ïðîñòið S
1/h
2−µ/h ⊂ (S

1/h
2−µ/h)

′. Óìîâà (17) ðîçóìi¹òüñÿ â ñëàáêîìó ñåíñi. Iç

ðåçóëüòàòiâ, íàâåäåíèõ â [1, ñ. 41�43] âèïëèâà¹, ùî çàäà÷à Êîøi (16), (17) ¹ ðîçâ'ÿçíîþ,

ïðè öüîìó v(t, ·) ∈ S
1/h
2−µ/h ïðè êîæíîìó t ∈ [0, t0).

ÍåõàéQt
t0
: (S

1/h
2−µ/h,∗)

′ → S
1/h
2−µ/h � îïåðàòîð, ÿêèé çiñòàâëÿ¹ ôóíêöiîíàëó ψ ∈ (S

1/h
2−µ/h,∗)

′

ðîçâ'ÿçîê çàäà÷i (16), (17). Îïåðàòîð Qt
t0
¹ ëiíiéíèì i íåïåðåðâíèì, âií âèçíà÷åíèé äëÿ

äîâiëüíèõ t i t0 òàêèõ, ùî 0 ≤ t < t0 ≤ T i âîëîäi¹ âëàñòèâîñòÿìè:

∀ψ ∈ (S
1/h
2−µ/h,∗)

′ :
dQt

t0
ψ

dt
+ A∗Qt

t0
ψ = 0,

lim
t→t0

Qt
t0
ψ = ψ

(ãðàíèöÿ ðîçãëÿäà¹òüñÿ â ïðîñòîði (S
1/h
2−µ/h)

′).

Ðîçãëÿíåìî ðîçâ'ÿçîê u(t, x), (t, x) ∈ ΠT , çàäà÷i (1), (15), ÿêèé ðîçóìiòèìåìî ÿê ðåãó-

ëÿðíèé ôóíêöiîíàë ç ïðîñòîðó (S
1/h
2−µ/h,∗)

′ ⊃ S
1/h
2−µ/h. Äîâåäåìî, ùî çàäà÷à (1), (15) ìîæå

ìàòè ëèøå ¹äèíèé ðîçâ'ÿçîê ó ïðîñòîði (S
1/h
2−µ/h,∗)

′. Äëÿ öüîãî äîñèòü äîâåñòè, ùî ¹äè-

íèì ðîçâ'ÿçêîì ðiâíÿííÿ (1) ïðè íóëüîâié ãðàíè÷íié óìîâi ìîæå áóòè ëèøå ôóíêöiîíàë

u(t, x) ≡ 0 (ïðè êîæíîìó t ∈ (0, T ]). Çàñòîñó¹ìî ôóíêöiîíàë u äî ôóíêöi¨ Qt
t0
ψ ∈ S

1/h
2−µ/h,

äå ψ � äîâiëüíî ôiêñîâàíèé åëåìåíò ç ïðîñòîðó S
1/h
2−µ/h ⊂ (S

1/h
2−µ/h,∗)

′. Äèôåðåíöiþþ÷è ïî

t i âèêîðèñòîâóþ÷è ðiâíÿííÿ (1), (16) çíàéäåìî, ùî

∂

∂t
⟨u(t, ·), Qt

t0
ψ⟩ =

⟨∂u
∂t
,Qt

t0
ψ
⟩
+
⟨
u,
∂Qt

t0
ψ

∂t

⟩
=

= ⟨Ru,Qt
t0
ψ⟩ − ⟨u,R∗Qt

t0
ψ⟩ = ⟨Ru,Qt

t0
ψ⟩ − ⟨Ru,Qt

t0
ψ⟩ = 0, t ∈ [0, t0).

Çâiäñè âèïëèâà¹, ùî ⟨u(t, ·), Qt
t0
ψ⟩ ¹ ñòàëîþ âåëè÷èíîþ. Iç âëàñòèâîñòåé àáñòðàêòíèõ

ôóíêöié âèïëèâà¹ ñïiââiäíîøåííÿ

lim
t→t0

⟨u(t, ·), Qt
t0
ψ⟩ = ⟨u(t0, ·), ψ⟩ = const ≡ c

ó äîâiëüíié òî÷öi t0 ∈ (0, T ]. Îòæå, ÿêùî â (15) f = 0, òî

µ0 lim
t→+0

⟨u(t, ·), ψ⟩ −
m∑
k=1

µk lim
t→tk

⟨u(t, ·), ψ⟩ = c
(
µ0 −

m∑
k=1

µk

)
= 0,

òîáòî c = 0. Òàêèì ÷èíîì, ⟨u(t0, ·), ψ⟩ = 0 äëÿ äîâiëüíîãî ψ ∈ S
1/h
2−µ/h, òîáòî u(t0, x) �

íóëüîâèé ôóíêöiîíàë ç ïðîñòîðó (S
1/h
2−µ/h,∗)

′. Îñêiëüêè t0 ∈ (0, T ] i t0 âèáðàíå äîâiëüíèì

÷èíîì, òî u(t, ·) = 0 äëÿ âñiõ t ∈ (0, T ]. Òåîðåìà äîâåäåíà.

3. Âëàñòèâiñòü ëîêàëiçàöi¨. Îñêiëüêè óçàãàëüíåíà ôóíêöiÿ f � çãîðòóâà÷ ó ïðî-

ñòîði S
1/h
2−µ/h, à ôóíêöiÿG(t, ·) ¹ íåïåðåðâíîþ àáñòðàêòíîþ ôóíêöi¹þ ïàðàìåòðà t ∈ (0, T ]

iç çíà÷åííÿìè â ïðîñòîði S
1/h
2−µ/h, òî ãðàíè÷íi ñïiââiäíîøåííÿ

u(t, ·) = f ∗G(t, ·)−→
t→tk

f ∗G(tk, ·) = u(tk, ·), tk ∈ (0, T ], k ∈ {1, . . . ,m},
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ñïðàâäæóþòüñÿ â ïðîñòîði S
1/h
2−µ/h. Çâiäñè, çîêðåìà, äiñòà¹ìî, ùî u(t, ·) → u(tk, ·) ïðè

t → tk, k ∈ {1, . . . ,m}, ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó [a, b] ⊂ R. Âêàçàíó çáiæíiñòü

â (15) ïîãiðøó¹ ïåðøèé äîäàíîê, îñêiëüêè äëÿ ôóíêöi¨ G(t, ·) òî÷êà t = 0 ¹ îñîáëèâîþ.

Îäíàê, ÿêùî óçàãàëüíåíó ôóíêöiþ f â (15) áðàòè ç êëàñó (Sβ
2−µ/h)

′ ⊂ (S
1/h
2−µ/h)

′, äå β > 1,

òî ìîæíà îòðèìàòè ëîêàëüíå ïîêðàùåííÿ çáiæíîñòi çãîðòêè f ∗ G(t, ·) ïðè t → +0.

Öå ïîÿñíþ¹òüñÿ òèì, ùî êëàñ Sβ
2−µ/h ïðè β > 1 ìiñòèòü ôiíiòíi ôóíêöi¨ i â öüîìó

âèïàäêó êîðåêòíèì ¹ ïîíÿòòÿ ñïiâïàäiííÿ óçàãàëüíåíî¨ ôóíêöi¨ f ç ãëàäêîþ ôóíêöi¹þ

íà âiäêðèòié ìíîæèíi Q ⊂ R, à ñàìå, f = g íà Q, ÿêùî äëÿ äîâiëüíî¨ îñíîâíî¨ ôóíêöi¨

ψ ∈ Sβ
2−µ/h òàêî¨, ùî suppψ ⊂ Q ìà¹ìî ⟨f − g, ψ⟩ = 0. Ïðè îá ðóíòóâàííi âëàñòèâîñòi

ëîêàëiçàöi¨ áóäåìî âèêîðèñòîâóâàòè íàñòóïíå äîïîìiæíå òâåðäæåííÿ.

Ëåìà 4. ßêùî x ̸= 0, òî äëÿ ôóíêöi¨ G(t, x), t ∈ (0, 1), òà ¨¨ ïîõiäíèõ (çà çìiííîþ x)

ñïðàâäæóþòüñÿ îöiíêè

|Dm
x G(t, x)| ≤ cβq

0q
q(2−µ/h)Bmmm/htγ(q−m−1)|x|−q, t ∈ (0, 1),m ∈ Z+, (18)

äå γ > 1/h � ôiêñîâàíèé ïàðàìåòð, ñòàëi c, β0, B > 0 íå çàëåæàòü âiä t, q ∈ N � äîâiëüíî

ôiêñîâàíå.

Äîâåäåííÿ. Îñêiëüêè

G(t, x) = (2π)−1

∫
R

Q1(t, σ)Q2(σ)e
ixσdσ,

òî ïîêëàäåìî σ = t−γy, äå γ > 0 � ôiêñîâàíèé ïàðàìåòð, êîíêðåòíå çíà÷åííÿ ÿêîãî

âêàæåìî ïiçíiøå. Òîäi

G(t, x) = (2π)−1t−γ

∫
R

Q(t, t−γy)eit
−γxydy. (19)

Çà óìîâè x ̸= 0 çiíòåãðó¹ìî q ðàçiâ ÷àñòèíàìè iíòåãðàë (19); ó ðåçóëüòàòi çíàéäåìî, ùî

Dm
x G(t, x) = (−1)q(2π)−1iq+mtγ(q−1)−γmx−q

∫
R

ymDq
yQ(t, t

−γy)eit
−γxydy,m ∈ Z+.

Çâiäñè äiñòà¹ìî îöiíêó

|Dm
x G(t, x)| ≤ (2π)−1tγ(q−m−1)|x|−q

∫
R

|y|m|Dq
yQ(t, t

−γy)|dy.

Iç âëàñòèâîñòi ïàðàáîëi÷íîñòi (çà Øèëîâèì) ðiâíÿííÿ (1) âèïëèâà¹, ùî â îáëàñòi

Gµ = {z = y+iw : |w| ≤ K(1+|y|)µ, y ∈ R}, µ < 0, ôóíêöiÿ Q1(t, t
−γz) = exp{−tR(t−γz)}

çàäîâîëüíÿ¹ íåðiâíiñòü

|Q1(t, t
−γz)| ≤ exp{−Lt|t−γy|h}, t ∈ (0, 1), (20)

äå ñòàëà L > 0 íå çàëåæèòü âiä t. Ñïðàâäi, ôóíêöiÿ exp{t−γy} äîïóñêà¹ àíàëiòè÷íå

ïðîäîâæåííÿ â îáëàñòü G̃µ = {z = y+iw : |t−γw| ≤ K(1+|t−γy|)µ, y ∈ R)} = {z = y+iw :
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|w| ≤ K(tγ+|y|)µ, y ∈ R, µ < 0}. ßêùî t ∈ (0, 1), òî tγ+|y| ≤ 1+|y|, (tγ+|y|)µ ≥ (1+|y|)µ,
µ < 0, çâiäñè é âèïëèâà¹, ùî â îáëàñòi Gµ ôóíêöiÿ Q1(t, t

−γz) çàäîâîëüíÿ¹ íåðiâíiñòü

(20). Âðàõóâàâøè (20) òà äîâåäåííÿ òåîðåìè 4 ç [2, ñ. 265], çíàéäåìî, ùî äëÿ ôóíêöi¨

Q1(t, t
−γy) òà ¨¨ ïîõiäíèõ (çà çìiííîþ y) çà óìîâè γ > 1/h, t ∈ (0, 1), ñïðàâäæóþòüñÿ

îöiíêè:

|Dq
yQ1(t, t

−γy)| ≤ cBqqq(1−µ/h)t−(γh−1)µq/h exp(−at1−γh|y|h) ≤

≤ cBqqq(1−µ/h) exp{−at1−γh|y|h}, q ∈ Z+, (21)

äå ñòàëi c, B, a > 0 íå çàëåæàòü âiä t.

Äàëi, ÿê i ïðè âñòàíîâëåííi îöiíîê (7), ç óðàõóâàííÿì óìîâè t ∈ (0, 1), çíàõîäèìî,

ùî

|Dq
yQ2(t

−γy)| ≤ bLq
1q

q(2−µ/h), q ∈ Z+, (22)

äå ñòàëi b, L1 > 0 íå çàëåæàòü âiä t. Òîäi, ñêîðèñòàâøèñü îöiíêàìè (21), (22), ïðèéäåìî

äî íåðiâíîñòi

|Dq
yQ(t, t

−γy)| = |Dq
y(Q1(t, t

−γy)Q2(t
−γy))| ≤

q∑
k=0

Ck
q |Dk

yQ1(t, t
−γy)| · |Dq−k

y Q2(t
−γy)| ≤

≤ cb

q∑
k=0

Ck
qB

kkk(1−µ/h)Lq−k
1 (q − k)(q−k)(2−µ/h) exp{−at1−γh|y|h} ≤

≤ αβq
0q

q(2−µ/h) exp{−at1−γh|y|h}, (23)

äå α = cb, β0 = 2max{B,L1}, ñòàëi α, β0 > 0 íå çàëåæàòü âiä t. Âðàõóâàâøè (23),

çíàéäåìî, ùî

|Dm
x G(t, x)| ≤ α(2π)−1βq

0q
q(2−µ/h)tγ(q−m−1)|x|−q

∫
R

|y|m exp{−at1−γh|y|h}dy.

Îñêiëüêè γ > 1/h, t ∈ (0, 1), òî

∫
R

|y|m exp{−at1−γh|y|h}dy = 2t
γh−1+m(γh−1)

h

∞∫
0

vm exp{−avh}dv ≤ c1B
m
1 m

m/h.

Îòæå,

|Dm
x G(t, x)| ≤ c2β

q
0q

q(2−µ/h)tγ(q−m−1)Bmmm/h|x|−q,m ∈ Z+, t ∈ (0, 1], x ∈ R \ {0},

ñòàëi c2, β0, B > 0 íå çàëåæàòü âiä t. Ëåìà äîâåäåíà.

Òåîðåìà 2. Íåõàé f ∈ (Sβ
2−µ/h)

′, äå β ≥ 3 − µ/h, u(t, x) � ðîçâ'ÿçîê çàäà÷i (1), (15) ç

ôóíêöi¹þ f â óìîâi (15). ßêùî f = 0 íà iíòåðâàëi (a, b) ⊂ R, òî u(t, x) → 0 ïðè t→ +0

ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó [c, d] ⊂ (a, b).
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Äîâåäåííÿ. Íåõàé [c, d] ⊂ [a1, b1] ⊂ (a, b). Ïîáóäó¹ìî ôóíêöiþ φ ∈ Sβ
2−µ/h ç íîñi¹ì â (a, b)

òàêó, ùî φ = 1 íà [a1, b1] (òàêà ôóíêöiÿ iñíó¹, áî ïðè β > 1 â ïðîñòîði Sβ
2−µ/h ¹ ôiíiòíi

ôóíêöi¨ [2, ñ. 209]). Îñêiëüêè ôóíêöi¨ φ(·)T−xǦ(t, ·), (1 − φ(·))T−xǦ(t, ·) ïðè êîæíîìó

t > 0 i x ∈ R ¹ åëåìåíòàìè ïðîñòîðó Sβ
2−µ/h, òî ïðàâèëüíèì ¹ ñïiââiäíîøåííÿ

u(t, x) = ⟨f, φ(·)T−xǦ(t, ·)⟩+ ⟨f, η(·)T−xǦ(t, ·)⟩, (t, x) ∈ ΠT .

äå η = 1 − φ. Îñêiëüêè óçàãàëüíåíà ôóíêöiÿ f äîðiâíþ¹ íóëåâi íà (a, b), à

supp(φ(·)T−xǦ(t, ·)) ⊂ (a, b), ç îñòàííüîãî ñïiââiäíîøåííÿ âèïëèâà¹, ùî

u(t, x) = tγ⟨f, t−γη(·)T−xǦ(t, ·)⟩, (t, x) ∈ ΠT .

Äëÿ äîâåäåííÿ òåîðåìè äîñèòü âñòàíîâèòè, ùî ñiì'ÿ ôóíêöié Φt,x(ξ) = t−γη(ξ)T−xǦ(t, ξ)

îáìåæåíà â ïðîñòîði Sβ
2−µ/h ðiâíîìiðíî ïî t (äëÿ ìàëèõ çíà÷åíü t) òà x ∈ [c, d], òîáòî,

ùî

|ξkDm
ξ Φt,x(ξ)| ≤ cAkBmkk(2−µ/h)mmβ, {k,m} ⊂ Z+, ξ ∈ R, (24)

äå ñòàëi c, A, B > 0 íå çàëåæàòü âiä t, x, ξ, ÿêi çìiíþþòüñÿ âêàçàíèì ñïîñîáîì. Îñêiëüêè

Φt,x(ξ) = 0 äëÿ ξ ∈ [a1, b1], òî îöiíêó (24) äîñèòü âñòàíîâèòè äëÿ ξ ∈ R \ [a1, b1].
Ôóíêöiÿ φ ¹ åëåìåíòîì ïðîñòîðó Sβ

2−µ/h. Îòæå,

|ξkDm
ξ φ(ξ)| ≤ c1A

k
1B

m
1 k

k(2−µ/h)mmβ, {k,m} ⊂ Z+, ξ ∈ R.

Ñêîðèñòàâøèñü ôîðìóëîþ äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié, çíàéäåìî, ùî

|ξkDm
ξ Φt,x(ξ)| = t−γ

∣∣∣ξk m∑
l=0

C l
mD

l
ξη(ξ)D

m−l
ξ G(t, x− ξ)

∣∣∣ ≤ Ψ1
t,x(ξ) + Ψ2

t,x(ξ),

äå

Ψ1
t,x(ξ) := t−γ

m∑
l=0

C l
m|ξkDl

ξφ(ξ)| · |Dm−l
ξ G(t, x− ξ)|,

Ψ2
t,x(ξ) := t−γ|ξkDm

ξ G(t, x− ξ)|.

Îöiíèìî Ψ1
t,x(ξ). Äëÿ öüîãî ñêîðèñòà¹ìîñÿ íåðiâíîñòÿìè (18); ïðè îöiíöi ôóíêöi¨

|Dm−l
ξ G(t, x− ξ)| â (18) âiçüìåìî q = m+ 2− l. Âðàõó¹ìî òàêîæ òå, ùî |x− ξ| ≥ a0 > 0,

äå a0 = min{|a1 − c|, |b− b1|}. Îòæå,

Ψ1
t,x(ξ) ≤ cc1t

−γAk
1k

k(2−µ/h)

m∑
l=0

C l
mB

l
1l

lββq
0q

q(2−µ/h)Bm−l(m− l)(m−l)/htγ(q−(m−l)−1)|x− ξ|−q.

Îñêiëüêè

tγ(q−(m−l)−1) = tγ, q = m− l + 2, t ∈ (0, 1), 0 ≤ l ≤ m,

qq(2−µ/h) = (m− l + 2)(m−l+2)(2−µ/h) ≤ bMm−l(m− l)(m−l)(2−µ/h),

βq
0 = β2

0 · βm−l
0 , |x− ξ|−q ≤ a−q

0 =
( 1

a0

)m−l+2

,
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äå b, M � äîäàòíi ñòàëi, òî

Ψ1
t,x(ξ) ≤ c̃Ak

1k
k(2−µ/h)Mm

1

m∑
l=0

C l
ml

lβ(m− l)(m−l)/h×

×(m− l)(m−l)(2−µ/h) ≤ c̃Ak
1B̃

m
1 k

k(2−µ/h)mmβ, β ≥ 1 + (2− µ/h), (25)

äå ñòàëi c̃, A1, B̃1 > 0 íå çàëåæàòü âiä t, x, ξ, ÿêi çìiíþþòüñÿ âêàçàíèì ñïîñîáîì.

Äëÿ îöiíêè Ψ2
t,x(ξ) ñêîðèñòà¹ìîñÿ òèì, ùî âèêîíó¹òüñÿ óìîâà:

∃L0 > 0 ∀x ∈ [c, d] ∀ξ ∈ R \ [a1, b1] : |ξ|/|x− ξ| ≤ L0.

Ïîêëàâøè â (18) q = m+ 2 + k, çíàéäåìî, ùî

Ψ2
t,x(ξ) ≤ ct−γ|x− ξ|−qβq

0q
q(2−µ/h)Bmmm/htγ(q−m−1), |x− ξ| ≥ a0 > 0,

ïðè öüîìó

t−γtγ(q−m−1) = t−γtγtγk ≤ 1, t ∈ (0, 1), k ∈ Z+,

qq(2−µ/h) = (m+ 2 + k)(m+2+k)(2−µ/h) ≤ cA
k
kk(2−µ/h)mm(2−µ/h),

äå c, A, B � äîäàòíi ñòàëi,

|ξ|k|x− ξ|−q = |ξ|k|x− ξ|−(m+2+k) ≤ α0L
k
0a

m
1 ,

α0 = a−2
0 , a1 = a−1

0 , βq
0 = βm+2+k

0 = β2
0β

m
0 β

k
0 , {k,m} ⊂ Z+.

Îòæå,

Ψ2
t,x(ξ) ≤ c2A

k
2B

m
2 k

k(2−µ/h)mm/hmm(2−µ/h), (26)

äå ñòàëi c2, A2, B2 > 0 íå çàëåæàòü âiä t, x, ξ. Ç íåðiâíîñòåé (25), (26) âèïëèâà¹ íåðiâíiñòü

(24). Òåîðåìà äîâåäåíà.

Íàñëiäîê 3. Íåõàé f ∈ (Sβ
2−µ/h)

′, äå β ≥ 3 − µ/h, u(t, x) � ðîçâ'ÿçîê çàäà÷i (1), (15) ç

ôóíêöi¹þ f â óìîâi (15). ßêùî f = 0 íà iíòåðâàëi (a, b) ⊂ R, òî ãðàíè÷íå ñïiââiäíîøåííÿ

µ0 lim
t→+0

u(t, x)−
m∑
k=1

µk lim
t→tk

u(t, x) = 0

ñïðàâäæó¹òüñÿ ðiâíîìiðíî âiäíîñíî x íà äîâiëüíîìó ïðîìiæêó [c, d] ⊂ (a, b).

Ñèìâîëîì Ms ïîçíà÷àòèìåìî êëàñ ôóíêöié, ÿêi ¹ ìóëüòèïëiêàòîðàìè â ïðîñòîði

Sβ
2−µ/h, β ≥ 3− µ/h.

Òåîðåìà 3 (âëàñòèâiñòü ëîêàëiçài¨). Íåõàé f ∈ (Sβ
2−µ/h)

′, äå β ≥ 3 − µ/h, u(t, x)

� ðîçâ'ÿçîê çàäà÷i (1), (15) ç ôóíêöi¹þ f â óìîâi (15). ßêùî óçàãàëüíåíà ôóíêöiÿ f

ñïiâïàäà¹ íà iíòåðâàëi (a, b) ⊂ R ç ôóíêöi¹þ g ∈ Ms, òî íà äîâiëüíîìó ïðîìiæêó

[c, d] ⊂ (a, b) ãðàíè÷íå ñïiââiäíîøåííÿ

µ0 lim
t→+0

u(t, x)−
m∑
k=1

+µk lim
t→tk

u(t, x) = g(x)

ñïðàâäæó¹òüñÿ ó êîæíié òî÷öi x ∈ [c, d].
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Äîâåäåííÿ. Íåõàé [c, d] ⊂ [a1, b1] ⊂ (a, b), φ � îñíîâíà ôóíêöiÿ, ïîáóäîâàíà ïðè äîâåäåí-

íi òåîðåìè 2. Îñêiëüêè φ(f − g) = 0 íà (a, b), òî φ(f − g) = 0 íà [c, d], (1 − φ)f = 0 íà

[a1, b1], òî, çãiäíî ç íàñëiäêîì 3, ãðàíè÷íi ñïiââiäíîøåííÿ

µ0 lim
t→+0

⟨φ(f − g), T−xǦ(t, ξ)⟩ −
m∑
k=1

µk lim
t→tk

⟨φ(f − g), T−xǦ(t, ξ)⟩ = 0,

µ0 lim
t→+0

⟨(1− φ)f, T−xǦ(t, ξ)⟩ −
m∑
k=1

µk lim
t→tk

⟨(1− φ)f, T−xǦ(t, ξ)⟩ = 0,

ñïðàâäæóþòüñÿ ðiâíîìiðíî âiäíîñíî x ∈ [c, d]. Êðiì òîãî,

u(t, x) = ⟨f, T−xǦ(t, ξ)⟩ = ⟨φ(f − g), T−xǦ(t, ξ)⟩+ ⟨(1−φ)f, T−xǦ(t, ξ)⟩+ ⟨φg, T−xǦ(t, ξ)⟩.

Îñêiëüêè g � ìóëüòèïëiêàòîð ó Sβ
2−µ/h, òî φg ∈ Sβ

2−µ/h, ïðè÷îìó φg = g íà [c, d]. Ôóíêöiÿ

⟨φg, T−xǦ(t, ξ)⟩ =
∫
R

G(t, x− ξ)φ(ξ)g(ξ)dξ

¹ êëàñè÷íèì ðîçâ'ÿçêîì íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ ðiâíÿííÿ (1) ç

ïî÷àòêîâîþ ôóíêöi¹þ φg. Çâiäñè é âèïëèâà¹ òîé ôàêò, ùî ñïiââiäíîøåííÿ

µ0 lim
t→+0

⟨φg, T−xǦ(t, ξ)⟩ −
m∑
k=1

µk lim
t→tk

⟨φg, T−xǦ(t, ξ)⟩ = (φg)(x),

φg = g íà [c, d], ñïðàâäæó¹òüñÿ ó êîæíié òî÷öi x ∈ [c, s].

Òåîðåìà äîâåäåíà.

Íàïðèêëàä, ÿêùî f = δ ∈ (Sβ
2−µ/h)

′, òî, çãiäíî ç íàñëiäêîì 3 òà òåîðåìîþ 3, ðîçâ'ÿçîê

u(t, x) = δ ∗ G(t, x) = G(t, x) âiäïîâiäíî¨ áàãàòîòî÷êîâî¨ çàäà÷i çàäîâîëüíÿ¹ ñïiââiäíî-

øåííÿ

µ0 lim
t→+0

u(t, x)−
m∑
k=1

µk lim
t→tk

u(t, x) = 0

ó êîæíié òî÷öi x ∈ R \ {0} àáî ðiâíîìiðíî íà êîæíîìó ïðîìiæêó [c, d] ⊂ R, ÿêèé íå

ìiñòèòü òî÷êó 0.
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Íàäiéøëî 25.01.2019

Gorodetskiy V.V., Martynyuk O.V., Kolisnyk R.S. On a nonlocal problem for parabolic type

equations, Bukovinian Math. Journal. 7, 1 (2019), 14�31.

We investigate a nonlocal on time multipoint problem for a non-parabolic Shilov equation

with an non-negative genus and with an initial condition in the space of generalized functions

of ultra-distributions type.

This problem can be understood as a generalization of the Cauchy problem, when the initial

condition u(t, ·)|t=0 = f is replaced by condition

m∑
k=0

αku(t, ·)|t=tk = f , where t0 = 0, ti ∈ (0, T ],

i = 1,m, 0 < t1 < · · · < tm ≤ T , αj ∈ R, j = 0,m, m ∈ N, are �xed numbers.

This problem refers to non-local boundary value problem for partial di�erential equations.

The property of the fundamental solution of the this nonlocal multipoint on time problem was

investigated and the correct solvability of this problem is proved. It has been established that

solution of a non-local on time multipoint problem for the Shilov parabolic equation with non-

negative genus owns the localization property (the local improvements of convergence property):

if the generalized function f of the condition of speci�ed equation on an open set Q ⊂ R with a

non-major function g, then on any compact K ⊂ Q the boundary ratio

m∑
k=0

αk lim
t→tk

u(t, x) = g(x)

is con�rmed evenly or dotted on K.


