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Âñòóï

Ó ïðàöi [14] äîâåäåíî, ùî äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi {λn} ðiçíèõ êîìïëåêñíèõ ÷èñåë
áåç ñêií÷åííèõ òî÷îê ñêóï÷åííÿ iñíó¹ öiëà ôóíêöiÿ A òàêà, ùî ðiâíÿííÿ

f ′′ + Af = 0 (1)

ìà¹ öiëèé ðîçâ'ÿçîê f ç íóëÿìè ëèøå â òî÷êàõ λn. Òàêîæ àâòîð ïðàöi [14] äîâiâ, ùî äëÿ
äâîõ äàíèõ ïîñëiäîâíîñòåé {λn} i {µn} ðiçíèõ êîìïëåêñíèõ ÷èñåë áåç ñêií÷åííèõ òî÷îê
ñêóï÷åííÿ i áåç ñïiëüíèõ òî÷îê òîáòî òàêèõ, ùî λn ̸= µk, n, k ∈ N iñíó¹ öiëà ôóíêöiÿ
A òàêà, ùî ðiâíÿííÿ (1) ìà¹ ëiíiéíî íåçàëåæíi ðîçâ'ÿçêè f1, f2 ç íóëÿìè â òî÷êàõ λn i
µn âiäïîâiäíî. Ïîäiáíå ïèòàííÿ, êîëè çàäàíi ïîñëiiäîâíîñòi {λn} i {µn} çàäîâîëüíÿþòü
óìîâó Áëÿøêå, à ôóíêöiÿ A ¹ àíàëiòè÷íîþ â îäèíè÷íîìó êðóçi ðîçãëÿäàëîñü â [5].
Ó äàíié ïðàöi ìè çàñòîñîâó¹ìî ìåòîäè ïðàöü [14] i [10]. Îãëÿä ðåçóëüòàòiâ ïî äàíié
òåìàòèöi ìîæíà çíàéòè â [13].
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1 Ðåçóëüòàòè

ÍåõàéM = {µn} � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë µn, ÿêà íå ìà¹ òî÷îê ñêóï÷åííÿ
â C i Q = {qn} � ïîñëiäîâíiñòü íàòóðàëüíèõ ÷èñåë. Çîêðåìà, ðîçãëÿäàòèìåìî îêðåìèé
âèïàäîê Λ1 � ïîñëiäîâíiñòü ðiçíèõ êîìïëåêñíèõ ÷èñåë λn, ÿêà íå ìà¹ òî÷îê ñêóï÷åííÿ
â C i M1 � ïîñëiäîâíiñòü ðiçíèõ êîìïëåêñíèõ ÷èñåë µn, ÿêà íå ìà¹ òî÷îê ñêóï÷åííÿ â
C. Íàøà ìåòà ïîëÿãà¹ â äîâåäåííi

Òåîðåìà 1. Äëÿ çàäàíèõ ïîñëiäîâíîñòåé Λ1, M i Q, òàêèõ, ùî λn ̸= µk, n, k ∈ N
iñíó¹ ìåðîìîðôíà ôóíêöiÿ A ç ïîëþñàìè äðóãîãî ïîðÿäêó â òî÷êàõ µn i ç òî÷êàìè

ãîëîìîðôíîñòi λn, òàêà, ùî ðiâíÿííÿ (1) ìà¹ ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ

{f1; f2}, äå f1 ¹ ìåðîìîðôíîþ ôóíêöi¹þ ç ïðîñòèìè íóëÿìè â òî÷êàõ λn i ïîëþñàìè

i â òî÷êàõ µn êðàòíîñòi qn, à f2 ¹ öiëîþ ôóíêöi¹þ ç íóëÿìè â òî÷êàõ µn êðàòíîñòi

qn + 1.

Çàóâàæèìî, ùî ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ (1) ùå íàçèâàþòü áà-
çèñîì [2, ñ.95].

Äëÿ äîâåäåííÿ òåîðåìè 1 íàì çíàäîáèòüñÿ
Ëåìà 1 ( [3, ñ.212], [9, ñ.300-301]). Äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi {λn} ðiçíèõ êîì-

ïëåêñíèõ ÷èñåë áåç ñêií÷åííèõ òî÷îê ñêóï÷åííÿ i äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi {an}
êîìïëåêñíèõ ÷èñåë iñíó¹ öiëà ôóíêöiÿ J òàêà, ùî

J(λn) = an, n ∈ N.

Îãëÿä ðåçóëüòàòiâ ïî iíòåðïîëÿöi¨ öiëèìè ôóíêöiÿìè ìîæíà çíàéòè â [4, Ðîçäië 4].
Äîâåäåííÿ òåîðåìè 1. Ñêîðèñòà¹ìîñü ìåòîäîì ç ïðàöü [14, ñ.242-244], [10]. Âiçüìåìî

öiëó ôóíêöiþ P1 ç ïðîñòèìè íóëÿìè â òî÷êàõ λn, öiëó ôóíêöiþ P2 ç íóëÿìè â òî÷êàõ
µn êðàòíîñòi qn, öiëó ôóíêöiþ R ç íóëÿìè â òî÷êàõ µn êðàòíîñòi qn + 1. Ôóíêöi¨ f1 =
P1

P2
eg = Peg, f2 = Reh áóäóòü ðîçâ'ÿçêàìè ðiâíÿííÿ (1), ÿêùî çà ôîðìóëîþ Àáåëÿ [6,

ñ.151] âèçíà÷íèê Âðîíñüêîãî W (f1; f2) = c, äå c ̸= 0 � äåÿêà ñòàëà. Òîìó öiëi ôóíêöi¨ g
i h âèáåðåìî òàê, ùîá

f1f
′
2 − f2f

′
1 = c (2)

àáî
eg+h(PR′ − P ′R + (h′ − g′)PR) = c,

eJ(PR′ − P ′R + IPR) = c, (3)

äå J = g + h, I = h′ − g′. Îñêiëüêè ôóíêöi¨ g i h ¹ öiëèìè, òî ôóíêöi¨ J òà I òàêîæ ¹
öiëèìè. Ç ðiâíîñòi (3) ìà¹ìî

I =
ce−J − (PR′ − P ′R)

PR
.

Ôóíêöiÿ I ¹ öiëîþ òîäi i ëèøå òîäi, êîëè êîæåí íóëü öiëî¨ ôóíêöi¨ PR ¹ íóëåì ôóíêöi¨
ce−J − (PR′ − P ′R), òîáòî (

ce−J − (PR′ − P ′R)
)∣∣

z=γn
= 0, (4)
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äå {γn} = {λn} ∪ {µn} � ïðîñòi íóëi ôóíêöi¨ PR, n ∈ N. Çàóâàæèìî, ùî

(PR′ − P ′R)|z=γn ̸= 0.

Ñïðàâäi
(PR′ − P ′R)|z=λn = (−P ′R)|z=λn ̸= 0.

Äàëi, ÿêùî P (z) = (z − µn)
−qnφ(z), R(z) = (z − µn)

qn+1ψ(z), äå φ i ψ � öiëi ôóíêöi¨ áåç
íóëiâ i ïîëþñiâ â òî÷êàõ µn, òî

(PR′ − P ′R)|z=µn = (2qn + 1)φ(µn)ψ(µn) ̸= 0.

Òîäi ç (4) âèïëèâà¹

J(λn) =

{
log c

(−P ′R)|z=λn
,

log c
(PR′−P ′R)|z=µn

.

äå log v = log |v| + iθ, θ = arg v ∈ [−π; π) � ãîëîâíå çíà÷åííÿ ëîãàðèôìà. Ç ëåìè 1
îòðèìó¹ìî, ùî òàêà ôóíêöiÿ J iñíó¹. Äàëi, îñêiëüêè J ′ = g′ + h′, I = h′ − g′, òîáòî

g′ =
1

2
(J ′ − I), h′ =

1

2
(J ′ + I),

òî ìà¹ìî

g(z) =
1

2

(
J(z)−

∫ z

z0

ce−J − (PR′ − P ′R)

PR
dζ

)
− J(z0)

2
+ g(z0),

h(z) =
1

2

(
J(z)+

∫ z

z0

ce−J − (PR′ − P ′R)

PR
dζ

)
− J(z0)

2
+ h(z0).

Òîäi f1 = Peg i f2 = Reh � ðîçâ'ÿçêè ðiâíÿííÿ (1). Âiäîìî [8, ñ.385], ùî çíàþ÷è äâà ëiíié-
íî íåçàëåæíi ðîçâ'ÿçêè f1 i f2 ðiâíÿííÿ (1), ôóíêöiþ A ìîæíà îá÷èñëèòè áåçïîñåðåäíüî
ç ðiâíîñòi ∣∣∣∣∣∣

f f1 f2
f ′ f ′

1 f ′
2

f ′′ f ′′
1 f ′′

2

∣∣∣∣∣∣ = 0.

Òàêèì ÷èíîì, âðàõîâóþ÷è (2), îòðèìà¹ìî, ùî

A(z) =
1

c

∣∣∣∣ f ′
1(z) f ′

2(z)

f ′′
1 (z) f ′′

2 (z)

∣∣∣∣ .
Òîìó A ¹ ìåðîìîðôíîþ ôóíêöi¹þ ç ïîëþñàìè äðóãîãî ïîðÿäêó â òî÷êàõ µn. Âîäíî÷àñ
A ìà¹ òî÷êè ãîëîìîðôíîñòi λn.

Àíàëîãi÷íèìè ìiðêóâàííÿìè, ÿê òåîðåìó 1 ìîæíà îòðèìàòè
Òåîðåìà 2. Äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi Λ1 iñíó¹ ìåðîìîðôíà ôóíêöiÿ A ç ïîëþñà-

ìè äðóãîãî ïîðÿäêó â òî÷êàõ λn òàêà, ùî ðiâíÿííÿ (1) ìà¹ ôóíäàìåíòàëüíó ñèñòåìó

ðîçâ'ÿçêiâ {f1; f2}, äå f 1/ω
1 , f

1
1−ω

2 , ω ∈ R\{0; 1/2; 1} ¹ öiëèìè ôóíêöiÿìè ç ïðîñòèìè

íóëÿìè â òî÷êàõ λn.
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Äëÿ ðiâíÿííÿ
f ′′′ + A1f

′ + A0f = 0

íà âiäìiíó âiä ôîðìóëè (2) äëÿ ðiâíÿííÿ (1) âèçíà÷íèê Âðîíñüêîãî [7, ñ.10;16]

W (z) =

∣∣∣∣∣∣
f1 f2 f3
f ′
1 f ′

2 f ′
3

f ′′
1 f ′′

2 f ′′
3

∣∣∣∣∣∣ = c,

äå c ̸= 0 � äåÿêà ñòàëà. Éîãî ðîçêðèòòÿ ïðèâîäèòü äî ãðîìiñòêèõ îá÷èñëåíü. Ó çâ'ÿçêó
ç öèì çàñòîñó¹ìî ïåðåõiä âiä ðiâíÿííÿ òðåòüîãî ïîðÿäêó äî ðiâíÿííÿ äðóãîãî ïîðÿäêó,
ÿêùî âiäîìèé îäèí ÷àñòèííèé ðîçâ'ÿçîê ïåðøîãî.

Òåîðåìà 3. Äëÿ çàäàíèõ ïîñëiäîâíîñòåé Λ1, M i Q, qk ≥ 2 òàêèõ, ùî λn ̸= µk,

n, k ∈ N iñíóþòü ìåðîìîðôíi ôóíêöi¨ A1 ç ïîëþñàìè íå âèùå äðóãîãî ïîðÿäêó i A0 ç

ïîëþñàìè íå âèùå òðåòüîãî ïîðÿäêó òàêi, ùî ðiâíÿííÿ

f ′′′ − 3f ′
1

f1
f ′′ + A1f

′ + A0f = 0 (5)

ìà¹ ôóíäàìåíòàëüíó ñèñòåìó ìåðîìîðôíèõ ðîçâ'ÿçêiâ {f1; f2; f3}, äå (f2/f1)
′ ¹ ìåðî-

ìîðôíîþ ôóíêöi¹þ ç ïðîñòèìè íóëÿìè â òî÷êàõ λn i ïîëþñàìè â òî÷êàõ µn êðàòíîñòi

qn, à (f3/f1)
′ ¹ öiëîþ ôóíêöi¹þ ç íóëÿìè â òî÷êàõ µn êðàòíîñòi qn + 1.

Äîâåäåííÿ òåîðåìè 3. Çðîáèìî çàìiíó [2, ñ.96] f = f1
∫
udz. Òîäi ïîñëiäîâíî îòðè-

ìà¹ìî, ùî

f ′ = f ′
1

∫
udz + f1u, f ′′ = f ′′

1

∫
udz + 2f ′

1u+ f1u
′,

f ′′′ = f ′′′
1

∫
udz + 3f ′′

1 u+ 3f ′
1u

′ + f1u
′′.

Ïiäñòàâèìî ó ðiâíÿííÿ
f ′′′ + A2f

′′ + A1f
′ + A0f = 0. (6)

Òîäi, âðàõîâóþ÷è ðiâíiñòü f ′′′
1 + A2f

′′
1 + A1f

′
1 + A0f1 = 0, ìà¹ìî

u′′ +

(
3f ′

1

f1
+ A2

)
u′ +

(
3f ′′

1

f1
+

2A2f
′
1

f1
+ A1

)
u = 0.

Íåõàé A2 = −3f ′
1/f1. Òîäi ìè îäåðæó¹ìî ðiâíÿííÿ âèãëÿäó (1), à ñàìå

u′′ + Au = 0, (7)

äå A = 3f ′′
1 /f1 − 6 (f ′

1/f1)
2 + A1. Äëÿ ðiâíÿííÿ (7) çãiäíî ç òåîðåìîþ 1 îäåðæó¹ìî, ùî

ìîæíà ïîáóäóâàòè u1 i u2, äå u1 ¹ ìåðîìîðôíîþ ôóíêöi¹þ ç ïðîñòèìè íóëÿìè â òî÷êàõ
λn i ïîëþñàìè â òî÷êàõ µn êðàòíîñòi qn, à u2 ¹ öiëîþ ôóíêöi¹þ ç íóëÿìè â òî÷êàõ µn

êðàòíîñòi qn +1. Îñêiëüêè A2 = −3f ′
1/f1, A1 = −3f ′′

1 /f1 +6 (f ′
1/f1)

2 +A, òî ðiâíÿííÿ (6)
ïðèéìå âèãëÿä

f ′′′ − 3f ′
1

f1
f ′′ +

(
−3f ′′

1

f1
+ 6

(
f ′
1

f1

)2

+ A

)
f ′ + A0f = 0. (8)
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Îòæå ìà¹ìî ðiâíÿííÿ âèãëÿäó (5). Îñêiëüêè f1 ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (8), òî çâiäñè ìè
çíàõîäèìî A0. Òîäi ðîçâ'ÿçêàìè ðiâíÿííÿ (5) áóäóòü f1, f2 = f1

∫
u1dz i f3 = f1

∫
u2dz �

ìåðîìîðôíi ôóíêöi¨. Íåñêëàäíî îòðèìàòè, ùî A1 ìà¹ ïîëþñè íå âèùå äðóãîãî ïîðÿäêó,
A0 ìà¹ ïîëþñè íå âèùå òðåòüîãî ïîðÿäêó.

Ïîäiáíèé ðåçóëüòàò ðîçãëÿäàâñÿ ó ïðàöi [12], äå âèêîðèñòàíî [11].
Çàóâàæåííÿ. Àíàëîãi÷íi ðåçóëüòàòè ìîæíà ðîçãëÿäàòè, êîëè çàäàíi ïîñëiäîâíîñòi

çàäîâîëüíÿþòü óìîâó Áëÿøêå â îäèíè÷íîìó êðóçi {z : |z| < 1} i ïiâïëîùèíi {z : Rez >
0}.

Àâòîð âèñëîâëþ¹ ùèðó âäÿ÷íiñòü ïðîô. À.À. Êîíäðàòþêîâi (äèâ.[1]) çà óâàãó äî
òåîðåì 1-2.
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Shavala O.V. On some properties of solutions of linear di�erential equations according to given
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Information for researches, when the di�erential equation

f ′′ +Af = 0

has the fundamental system of solutions, where absent logarithmic solutions is known a long

time. In the classical analysis for decision the equations received local expand in the integer

degrees of an independent variable. In more di�cult cases received local expand in fractional

degrees of an independent variable, on so-called Newton � Poiseux series. A row of mathemati-

cians for integration of linear di�erential equations applied a method of so-called generalized

degree series, where meets irrational, in general real degree of an independent variable.

In this article we consider the question about construction of fundamental system of soluti-

ons of the above mentioned equation according to given sequences, where A is meromorphic

functions.

Earlier similar results considered by several authors. In particular they studied the zero

sequences of the non-trivial solutions of the above mentioned equation, when A is entire functi-

on or it is similar, when A is analytic function in unit disc. Except this case, when above

marked di�erential equation possesses one solution with given zero-sequence it is possible for

consideration the case, when two linearly independent solutions of this equation possesses gi-

ven zero-sequences, where A is entire function. Also considered similar problems for di�erential

equations of higher order. Let's note, that representation of function by Weierstrass canonical

product is the basic element for researches in the theory of the entire functions.

Further in this article we consider the problem about construction of linearly independent

solutions {f1; f2; f3} of equation

f ′′′ +A2f
′′ +A1f

′ +A0f = 0,

where f1 is meromorphic function. Then we consider the question about construction of meromorphic

functions (f2/f1)
′ and (f3/f1)

′ on the base of construction of fundamental system of solutions

of linear di�erential equation of the second order according to given sequences.


