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We establish a criterion for the improved regular growth of entire functions of positive

order with zeros on a �nite system of rays in terms of Fourier coe�cients of their logarithmic

derivative.
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1 Introduction

Let f be an entire function, let f(0) = 1, let F (z) := zf ′(z)/f(z), z = reiφ, let (λn) be the

sequence of its zeros, let Ω = {|λn| : n ∈ N}, let p be the least nonnegative integer number

for which
∑

n∈N |λn|
−p−1 < +∞, let nk(r, f) :=

∑
|λn|≤r

e−ik arg λn , k ∈ Z, let n(r, ψ; f) :=∑
|λn|≤r, arg λn=ψ

1, letQρ be the coe�cient of zρ in the exponential factor in the Hadamard�Borel

representation ([12, p. 24]) of an entire function f of order ρ ∈ (0,+∞), and let

ck(r, log |f |) :=
1

2π

∫ 2π

0

e−ikφ log |f(reiφ)| dφ, k ∈ Z, r > 0,

ck(r, F ) :=
1

2π

∫ 2π

0

e−ikφF (reiφ) dφ, k ∈ Z, r > 0, r /∈ Ω,

be a Fourier coe�cients of the functions log |f(reiφ)| and F (reiφ), respectively. A set C ⊂ C
is called a C0-set ([12, p. 90]) if it can be covered by a system of disks {z : |z − ak| < sk},
k ∈ N, satisfying

∑
|ak|≤r

sk = o(r) as r → +∞. A set E ⊂ [0,+∞) is called a E0-set ([12,

p. 96]) if mes(E ∩ [0, r]) = o(r) as r → +∞.
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An entire function f of order ρ ∈ (0,+∞) with the indicator h(φ) is called an entire

function of completely regular growth in the sense of Levin and P�uger ([12, p. 139]) if there

exists a C0-set such that

log |f(reiφ)| = rρh(φ) + o(rρ), C0 ̸∋ reiφ → ∞,

uniformly in φ ∈ [0, 2π). Numerous investigations have been devoted to the development of

the Levin-P�uger theory of entire functions and generalization of its results to other classes

of functions (see [1, 3, 11, 12]). At present, many di�erent conditions are known that are

necessary and su�cient for the completely regular growth of entire functions. In particular,

from [2, 4, 5] it follows a criterion for the completely regular growth of entire functions of

positive order in terms of Fourier coe�cients of their logarithmic derivative.

Theorem A ([2, 4, 5]). For an entire function f of order ρ ∈ (0,+∞) to be a function of

completely regular growth, it is necessary and su�cient that for all k ∈ Z

ck(r, F ) = dkr
ρ + o(rρ), r → +∞, r /∈ E0, dk ∈ C.

In [7, 15] (see also [8, 9, 10, 14]), the notion of entire function of improved regular

growth was introduced, and a criterion for this regularity was obtained in terms of the

distribution of zeros under the condition that they are located on a �nite system of rays. In

[6], this notion was generalized to subharmonic functions. Criterion for the improved regular

growth of entire functions of positive order with zeros on a �nite system of rays in terms of

their Fourier coe�cients was established in [8]. Asymptotic behavior of entire functions of

improved regular growth with zeros on a �nite system of rays in the metric of Lp[0, 2π] was

described in [10].

An entire function f is called a function of improved regular growth ([7, 8, 9, 10, 14, 15])

if for certain ρ ∈ (0,+∞) and ρ1 ∈ (0, ρ), and a 2π-periodic ρ-trigonometrically convex

function h(φ) ̸≡ −∞ there exists a set U ⊂ C contained in the union of disks with �nite

sum of radii and such that

log |f(z)| = |z|ρh(φ) + o(|z|ρ1), U ̸∋ z = reiφ → ∞.

If an entire function f is of improved regular growth, then it has the order ρ and indicator

h(φ) ([15]).

The aim of the present paper is to establish an analog of Theorem A for the class of

entire functions of improved regular growth with zeros on a �nite system of rays. Our main

result is the following theorem.

Theorem 1. An entire function f of order ρ ∈ (0,+∞) with zeros on a �nite system of

rays {z : arg z = ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, is a function

of improved regular growth if and only if for certain ρ2 ∈ (0, ρ) and k0 ∈ Z and each

k ∈ {k0, k0 + 1, . . . , k0 +m− 1}, one has

ck(r, F ) = dkr
ρ + o(rρ2), r → +∞, r /∈ Ω, dk ∈ C. (1)
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2 Preliminaries

In the proof of Theorem 1, we use the following auxiliary statements.

Lemma 1 ([7, 15]). An entire function f of order ρ ∈ (0,+∞) with zeros on a �nite system

of rays {z : arg z = ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, is a function of

improved regular growth if and only if for a certain ρ3 ∈ (0, ρ) and each j ∈ {1, . . . ,m}

n(t, ψj; f) = ∆jt
ρ + o(tρ3), t→ +∞, ∆j ∈ [0,+∞), (2)

and, in addition, for ρ ∈ N and certain ρ4 ∈ (0, ρ) and δf ∈ C, one has∑
0<|λn|≤r

λ−ρn = δf + o(rρ4−ρ), r → +∞. (3)

In this case,

h(φ) =
m∑
j=1

hj(φ), ρ ∈ (0,+∞) \ N,

where hj(φ) is the 2π-periodic function de�ned on the interval [ψj, ψj + 2π) by the equality

hj(φ) =
π∆j

sinπρ
cos ρ(φ− ψj − π). In the case ρ ∈ N, we have

h(φ) =


τf cos(ρφ+ θf ) +

m∑
j=1

hj(φ), ρ = p,

Qρ cos ρφ, ρ = p+ 1,

where τf = |δf/ρ+Qρ|, θf = arg(δf/ρ+Qρ) and hj(φ) is the 2π-periodic function de�ned on

the interval [ψj, ψj+2π) by the equality hj(φ) = ∆j(π−φ+ψj) sin ρ(φ−ψj)−∆j

ρ
cos ρ(φ−ψj).

Lemma 2 ([8]). Let f be an entire function of order ρ ∈ (0,+∞) with zeros on a �nite

system of rays {z : arg z = ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π. If f is of

improved regular growth, then for a certain ρ5 ∈ (0, ρ) and each k ∈ Z, one has

ck(r, log |f |) = ckr
ρ + o(rρ5), r → +∞, (4)

where

ck :=
1

2π

∫ 2π

0

e−ikφh(φ) dφ =
ρ

ρ2 − k2

m∑
j=1

∆je
−ikψj , ∆j ∈ [0,+∞), (5)

if ρ is a noninteger number, and

ck =



ρ

ρ2 − k2

m∑
j=1

∆je
−ikψj , |k| ̸= ρ = p,

τfe
iθf

2
− 1

4ρ

m∑
j=1

∆je
−iρψj , k = ρ = p,

0, |k| ̸= ρ = p+ 1,
Qρ

2
, k = ρ = p+ 1,

(6)

if ρ ∈ N. Conversely, if for certain ρ5 ∈ (0, ρ) and k0 ∈ Z and each k ∈ {k0, k0 + 1, . . . , k0 +

m − 1}, relation (4) with ck de�ned by (5) and (6) be true, then f is an entire function of

improved regular growth.
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3 Proof of Theorem 1

Necessity. Let f be an entire function of improved regular growth of order ρ ∈ (0,+∞)

with zeros on a �nite system of rays {z : arg z = ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 < . . . <

ψm < 2π. Then, by Lemma 1, for a certain ρ3 ∈ (0, ρ) and each j ∈ {1, . . . ,m} holds (2)

and, according to Lemma 2, for a certain ρ5 ∈ (0, ρ) and each k ∈ Z, one has (4) with ck
de�ned by (5) and (6). In view of this, since

nk(r, f) =
m∑
j=1

e−ikψjn(r, ψj; f), k ∈ Z,

and ([13, p. 43])

ck(r, F ) = nk(r, f) + k2
∫ r

0

ck(t, log |f |)
t

dt+ kck(r, log |f |), k ∈ Z, r /∈ Ω,

then using (2), (4)�(6), for a certain ρ2 ∈ (0, ρ) and each k ∈ Z, we obtain

ck(r, F ) = dkr
ρ + o(rρ2), r → +∞, r /∈ Ω,

where

dk =
ρ

ρ− k

m∑
j=1

∆je
−ikψj , (7)

if ρ is a noninteger number, and (for ρ = p + 1 equality (2) holds with ∆j = 0, because∑
n∈N |λn|

−p−1 < +∞)

dk =



ρ

ρ− k

m∑
j=1

∆je
−ikψj , |k| ̸= ρ = p,

ρτfe
iθf +

1

2

m∑
j=1

∆je
−iρψj , k = ρ = p,

0, |k| ̸= ρ = p+ 1,

ρQρ, k = ρ = p+ 1,

(8)

if ρ ∈ N. Thus, the relation (1) holds.

Su�ciency. Let equality (1) is true. Then, using (1) and the relation ([13, p. 43])

nk(r, f) = ck(r, F )− k

∫ r

0

ck(t, F )

t
dt, k ∈ Z,

for certain ρ2 ∈ (0, ρ) and k0 ∈ Z and each k ∈ {k0, k0 + 1, . . . , k0 +m− 1}, we obtain

nk(r, f) = dkr
ρ − k

∫ r

0

(dkt
ρ−1 + o(tρ2−1)) dt+ o(rρ2) = dk(1− k/ρ)rρ + o(rρ2), (9)

as Ω ̸∋ r → +∞, where dk are de�ned by (7) and (8). Further, without loss of generality,

we can assume that k0 = 0. Then, by analogy with [8, p. 1957] (see also [11, p. 127]), for

k ∈ {0, 1, . . . ,m− 1} we get

n0(r, f) = n(r, ψ1; f) + n(r, ψ2; f) + . . .+ n(r, ψm; f),



118 Khats' R.V.

n1(r, f) = e−iψ1n(r, ψ1; f) + e−iψ2n(r, ψ2; f) + . . .+ e−iψmn(r, ψm; f),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

nm−1(r, f) = e−i(m−1)ψ1n(r, ψ1; f) + e−i(m−1)ψ2n(r, ψ2; f) + . . .+ e−i(m−1)ψmn(r, ψm; f).

This is a system of linear equations for the unknowns n(r, ψj; f), j ∈ {1, . . . ,m}. Its deter-
minant is the nonzero Vandermonde determinant:∣∣∣∣∣∣∣∣∣

1 1 . . . 1

e−iψ1 e−iψ2 . . . e−iψm

. . . . . . . . . . . .

e−i(m−1)ψ1 e−i(m−1)ψ2 . . . e−i(m−1)ψm

∣∣∣∣∣∣∣∣∣ ̸= 0.

Therefore, the functions n(r, ψj; f), j ∈ {1, . . . ,m}, can be represented as linear combinations

of the functions nk(r, f), k ∈ {0, 1, . . . ,m− 1}. Solving this system by the Cramer rule and

using (9), we obtain

n(r, ψj; f) = ∆jr
ρ + o(rρ3), r → +∞, r /∈ Ω,

for a certain ρ3 ∈ (0, ρ) and each j ∈ {1, . . . ,m}. Since the functions n(r, ψj; f) are con-

tinuous on [0,+∞) \ Ω, we get relation (2). Let us now prove the equality (3). Since ([13,

p. 43])

ck(r, F ) = 2kck(r, log |f |) +
∑

|λn|≤r

(
λn
r

)k
, k ∈ N,

and for k = ρ = p we have ([7, p. 21])

cρ(r, log |f |) =
1

2
Qρr

ρ +
1

2ρ

∑
0<|λn|≤r

((
r

λn

)ρ
−
(
λn
r

)ρ)
,

then, using formulas (1), (8) and the identity
m∑
j=1

∆je
−iρψj = 0, ρ ∈ N, for a certain ρ4 ∈ (0, ρ)

we get ∑
0<|λn|≤r

λ−ρn =r−ρcρ(r, F )− ρQρ = dρ − ρQρ + o(rρ2−ρ)

=ρ(τfe
iθf −Qρ) + o(rρ4−ρ) = δf + o(rρ4−ρ), r → +∞.

Hence, equality (3) holds for ρ = p. In the case ρ = p + 1, condition (3) follows from (2)

(see [7, Remark 2, p. 23]). Thus, according to Lemma 1, the entire function f is a function

of improved regular growth. This completes the proof of Theorem 1.
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Õàöü Ð.Â. Ðåãóëÿðíå çðîñòàííÿ êîåôiöi¹íòiâ Ôóð'¹ ëîãàðèôìi÷íî¨ ïîõiäíî¨ öiëèõ ôóíêöié

ïîêðàùåíîãî ðåãóëÿðíîãî çðîñòàííÿ // Áóêîâèíñüêè�è ìàòåì. æóðíàë � 2019. � Ò.7, �1.

� C. 114�120.

Íåõàé f � öiëà ôóíêöiÿ, f(0) = 1, (λn) � ïîñëiäîâíiñòü ¨¨ íóëiâ, Ω = {|λn| : n ∈
N} i F (z) = zf ′(z)/f(z), z = reiφ. Öiëà ôóíêöiÿ f íàçèâà¹òüñÿ ôóíêöi¹þ ïîêðàùåíîãî

ðåãóëÿðíîãî çðîñòàííÿ, ÿêùî äëÿ äåÿêèõ ρ ∈ (0,+∞), ρ1 ∈ (0, ρ) i 2π-ïåðiîäè÷íî¨ ρ-

òðèãîíîìåòðè÷íî îïóêëî¨ ôóíêöi¨ h(φ) ̸≡ −∞ iñíó¹ ìíîæèíà U ⊂ C, ÿêà ìiñòèòüñÿ â
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îá'¹äíàííi êðóãiâ iç ñêií÷åííîþ ñóìîþ ðàäióñiâ òàêà, ùî log |f(z)| = |z|ρh(φ)+o(|z|ρ1), U ̸∋
z = reiφ → ∞. Â ðîáîòi äîâåäåíî, ùî äëÿ òîãî ùîá öiëà ôóíêöiÿ f ïîðÿäêó ρ ∈ (0,+∞)

ç íóëÿìè íà ñêií÷åííié ñèñòåìi ïðîìåíiâ {z : arg z = ψj}, j ∈ {1, . . . ,m}, 0 ≤ ψ1 < ψ2 <

. . . < ψm < 2π, áóëà ôóíêöi¹þ ïîêðàùåíîãî ðåãóëÿðíîãî çðîñòàííÿ, íåîáõiäíî i äîñòàòíüî,

ùîá äëÿ äåÿêèõ ρ2 ∈ (0, ρ), k0 ∈ Z i êîæíîãî k ∈ {k0, k0 + 1, . . . , k0 +m− 1}, âèêîíóâàëîñü

ck(r, F ) =
1

2π

∫ 2π

0

e−ikφF (reiφ) dφ = dkr
ρ + o(rρ2), r → +∞, r /∈ Ω, dk ∈ C.
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