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SOME CHARACTERISTIC PROPERTIES OF ANALYTIC FUNCTIONS IN
D× C OF BOUNDED L-INDEX IN JOINT VARIABLES

Вивчаються характеристичнi властивостi функцiй обмеженого L-iндексу за сукупнiстю
змiнних, якi аналiтичнi в D × C. Отриманi твердження є аналогами вiдомих критерiїв для
функцiй, якi аналiтичнi в одиничнiй кулi, в полiкрузi та для цiлих функцiй вiд декiлькох
змiнних. Вони описують оцiнки максимуму модуля функцiї обмеженого L-iндексу за суку-
пнiстю змiнних у бiкрузi. Зокрема, встановлено аналог теореми Хеймана для цього класу
функцiй, яка має застосування в аналiтичнiй теорiї диференцiальних рiвнянь до аналiтичних
розв’язкiв в одиничнiй кулi та у полiкрузi, а також до цiлих розв’язкiв. Також формулюємо
двi нерозв’язанi задачi про оцiнки зростання для цих функцiй, а також їхнє застосування до
систем рiвнянь з частинним похiдними.

Ключовi слова: аналiтичнi функцiї, теорема Хеймана.

We investigate the characteristic properties of functions of bounded of L-index in joint variables
which are analytic in D×C. The obtained propositions are analogs of known criterion for analytic
functions in the unit ball, in the polydisc and for entire functions of several variables. They described
estimates maximum modulus of the function of bounded of L-index in joint variables in a bidisc.
Particularly, we obtained analog of Hayman’s Theorem for this functions class. The theorem has
applications in analytic theory of differential equations to analytic solutions in the unit ball, in the
polydisc and to entire solutions. Also we posed two unsolved problems about growth estimates for
these functions and its applications to system of partial differential equations.

Keyword: analytic functions, Hayman’s Theorem.

1. Definition and notations. We need some
standard notation. Denote R+ = (0,+∞),
0 = (0, 0), 1 = (1, 1), R = (r1, r2) ∈ R2

+, z =
(z1, z2) ∈ D × C. For A = (a1, a2) ∈ R2, B =
(b1, b2) ∈ R2 we will use formal notations with-
out violation of the existence of these expres-
sions AB = (a1b1, a2b2), A/B = (a1/b1, a2/b2),
AB = ab11 a

b2
2 . The notation A < B means that

aj < bj, j ∈ {1, 2}; the relation A ≤ B is de-
fined similarly. For K = (k1, k2) ∈ Z2

+ denote
‖K‖ = k1 + k2, K! = k1! · k2!.

For z0 ∈ C2 we denote D2(z0, R) := {z ∈
C2 : |zj − z0

j | < rj, j ∈ {1, 2}} the bidisc,

its skeleton T2(z0, R) := {z ∈ C2 : |zj −
z0
j | = rj, j ∈ {1, 2}}, and D2[z0, R] := {z ∈
C2 : |zj − z0

j | ≤ rj, j ∈ {1, 2}} the closed
bidisc, D = {z ∈ C : |z| < 1}. For K =
(k1, k2) ∈ Z2

+, z ∈ C2 and the partial deriva-
tives of function F (z) = F (z1, z2) we use the

following notation

F (K)(z) =
∂‖K‖F (z)

∂zK
=
∂k1+k2F (z)

∂zk11 ∂z
k2
2

.

Let L(z) = (l1(z), l2(z)), where lj(z) : D×C→
R+ is a continuous function.

In this article, we continue to investigate
analytic functions in D × C of bounded L-
index initiated in articles [10,11]. The concept
of bounded index is useful in analytic theory
of differential equations. It allows examining
properties of analytic solutions of differenti-
al equations. If the solution has bounded
index then we immediately deduce its growth
estimates, local behavior of its derivatives,
uniform zero distribution in a some sense
and other properties concerned with regular
behavior. Of course, there is another method
in analytic theory of differential equations - so-
called Wiman-Valiron method. But it is appli-
cable mostly for entire solutions of differenti-
al equations. In multidimensional case the
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method requires many additional assumptions
which are not always such clear and natural as
for the concept of bounded index. Moreover,
we do not know an implementation of Wiman-
Valiron method for the partial differential
equations with coefficients which are analytic
in D× C. So, in the paper we want to deduce
criterion of index boundedness for this class
of analytic functions. Particularly, we prove
analog of Hayman’s Theorem. The theorem
is convenient to investigate index boundedness
of analytic solutions of linear higher-order di-
fferential equations.

An analytic function F : D×C→ C is called
( [10, 11]) a function of bounded L-index (in
joint variables), if there exists n0 ∈ Z+ such
that for all z ∈ D× C and for all J ∈ Z2

+

|F (J)(z)|
J !LJ(z)

≤ max
‖K‖≤n0

|F (K)(z)|
K!LK(z)

. (1)

The least such integer n0 is called the L-index
in joint variables of the function F and is
denoted by N(F,L,D × C) = n0. It is an
analog of the definition of an analytic function
of bounded L-index in joint variables (see defi-
nitions for various classes of analytic functions
in [2, 4, 5, 7, 14, 15,17]).

ByQ(D×C) we denote the class of functions
L which satisfy the conditions

(∀z ∈ D× C) : l1(z) > β/(1− |z2|),
(∀r1 ∈ [0, β], ∀r2 ∈ (0,+∞)) :

0 < λ1,j(R) ≤ λ2,j(R) < +∞,
where β > 1 is a some constant, and

λ1,j(z0, R) = inf
z∈D2[z0,R/L(z0)]

lj(z)/lj(z
0)

λ2,j(z0, R) = sup
z∈D2[z0,R/L(z0)]

lj(z)/lj(z
0),

λ1,j(R) = inf
z0∈D×C

λ1,j(z0, R),

λ2,j(R) = sup
z0∈D×C

λ2,j(z0, R), j ∈ {1, 2}.

A similar condition was used for other classes
of analytic functions of bounded index as one
so several variables [13,19,21].
2. Main criteria. Denote B2 = (0, β] ×
(0,+∞), β := (β, β). We have proved such
theorem.

Theorem 1 ( [10]). Let L ∈ Q(D × C). An
analytic function F : D×C→ C has bounded
L-index in joint variables if and only if for each
R ∈ B2 there exist n0 ∈ Z+, p0 > 0 such that
for every z0 ∈ D × C there exists K0 ∈ Z2

+,
‖K0‖ ≤ n0, and

max

{
|F (K)(z)|
K!LK(z)

: ‖K‖ ≤ n0,

z ∈ D2
[
z0, R/L(z0)

]}
≤ p0

|F (K0)(z0)|
K0!LK0(z0)

. (2)

In the proofs of the following statements we
will use methods developed for entire functions
and for analytic functions in a polydisc and in
the unit ball [1–5,7, 8].
Theorem 2. Let L ∈ Q(D × C). In order
that an analytic function F : D × C → C
be of bounded L-index in joint variables it is
necessary that for every R ∈ B2 ∃n0 ∈ Z+

∃p ≥ 1 ∀z0 ∈ D × C ∃K0 ∈ Z2
+, ‖K0‖ ≤ n0,

and

max
{
|F (K0)(z)| : z ∈ D2

[
z0, R/L(z0)

]}
≤

≤ p|F (K0)(z0)| (3)

and it is sufficient that for every R ∈ B2 ∃n0 ∈
Z+ ∃p ≥ 1 ∀z0 ∈ D × C ∃ K0

1 = (k0
1, 0) and

K0
2 = (0, k0

2) such that k0
1 ≤ n0, k

0
2 ≤ n0 and

max
{
|F (K0

j )(z)| : z ∈ D2
[
z0, R/L(z0)

]}
≤

≤ p|F (K0
j )(z0)| ∀j ∈ {1, 2}, (4)

Proof. The proof of Theorem 1 implies
that the inequality (2) is true for some K0.
Therefore, we have

p0

K0!

|F (K0)(z0)|
LK0(z0)

≥

≥max

{
|F (K0)(z)|
K0!LK0(z)

: z ∈ D2
[
z0, R/L(z0)

]}
=

= max

{
|F (K0)(z)|

K0!

LK0
(z0)

LK0(z0)LK0(z)
:

z ∈ D2
[
z0, R/L(z0)

]}
≥

≥ max

{
|F (K0)(z)|

K0!

∏2
j=1 (λ2,j(R))−n0

LK0(z0)
:

z ∈ D2
[
z0, R/L(z0)

]}
.

22 ISSN 2309-4001. Буковинський математичний журнал. 2018. – Т. 6, № 1–2.



This inequality implies

p0

∏2
j=1(λ2,j(R))n0

K0!

|F (K0)(z0)|
LK0(z0)

≥

≥ max

{
|F (K0)(z)|
K0!LK0(z0)

: z ∈ D2
[
z0, R/L(z0)

]}
.

(5)

From (5) we obtain inequality (3) with p =
p0

∏2
j=1 (λ2,j(R))n0 . The necessity of condition

(3) is proved.
Now we prove the sufficiency of (4). We wi-

ll use methods which are developed for analytic
functions in the bidisc [8] and in the unit ball
[1]. Suppose that for every R ∈ B2 ∃n0 ∈
Z+, p > 1 such that ∀z0 ∈ D × C and some
K0
J ∈ Z2

+ with k0
j ≤ n0 the inequality (4) holds.

We write Cauchy’s formula as following
∀z0 ∈ D× C ∀s ∈ Z2

+

F (K0
J+S)(z0)

S!
=

=
1

(2πi)2

∫
T2(z0,R/L(z0))

F (K0
J )(z)

(z − z0)S+1
dz.

This yields

|F (K0
j+S)(z0)|
S!

≤

≤ 1

(2π)2

∫
T2(z0,R/L(z0))

|F (K0
j )(z)|

|z − z0|S+1
|dz|≤

≤ 1

(2π)2
max{|F (K0

j )(z)| : z∈D2[z0, R/L(z0)]}×

×
∫

T2(z0,R/L(z0))

LS+1(z0)

RS+1
|dz| =

=max{|F (K0
j )(z)| : z∈D2[z0, R/L(z0)]}L

S(z0)

RS
.

Now we put R = β and use (4)

|F (K0
j+S)(z0)|
S!

≤ LS(z0)

β‖S‖
×

×max{|F (K0
j )(z)| : z ∈ D2[z0, R/L(z0)]} ≤

≤ pLS(z0)

β‖S‖
|F (K0

j )(z0)|. (6)

We choose S ∈ Z2
+ such that ‖S‖ ≥ s0, where

p
βs0
≤ 1. Therefore (6) implies that for all j ∈

{1, 2} and k0
j ≤ n0

|F (K0
j+S)(z0)|

LK0
j+S(z0)(K0

j + S)!
≤

≤ p

β‖S‖
S!K0

j !

(S +K0
j )!

|F (K0
j )(z0)|

LK0
j (z0)K0

j !
≤

≤ |F
(K0

j )(z0)|
LK0

j (z0)K0
j !
.

Consequently, N(F,L,D× C) ≤ n0 + s0.

Denote L̃(z) = (l̃1(z), l̃2(z)). L � L̃
means that there exist Θ1 = (θ1,j, θ1,2) ∈ R2

+,
Θ2 = (θ2,j, θ2,2) ∈ R2

+ such that ∀z ∈ D × C
θ1,j l̃j(z) ≤ lj(z) ≤ θ2,j l̃j(z), j ∈ {1, 2}.

Theorem 3. Let L ∈ Q(D × C) and L � L̃.
An analytic function F : D × C → C has
bounded L̃-index in joint variables if and only
if it has bounded L-index in joint variables.

Proof. It is easy to prove that if L ∈
Q(D× C) and L � L̃ then L̃ ∈ Q(D× C).

Let N(F, L̃,D × C) = ñ0 < +∞. Then
by Theorem 1 for every R̃ = (r̃1, . . . , r̃n) ∈ B2

there exists p̃ ≥ 1 such that for each z0 ∈ D×C
and some K0 with ‖K0‖ ≤ ñ0, the inequality
(2) holds with L̃ and R̃ instead of L and R.
Hence

p̃

K0!

|F (K0)(z0)|
LK0(z0)

=
p̃

K0!

ΘK0

2 |F (K0)(z0)|
ΘK0

2 LK0(z0)
≥

≥ p̃

K0!

|F (K0)(z0)|
ΘK0

2 L̃K0(z0)
≥

≥ 1

ΘK0

2

max

{
|F (K)(z)|
K!L̃K(z)

: ‖K‖ ≤ ñ0,

z ∈ D2
[
z0, R̃/L̃(z)

]}
≥

≥ 1

ΘK0

2

max

{
ΘK

1 |F (K)(z)|
K!LK(z)

: ‖K‖ ≤ ñ0,

z ∈ D2
[
z0, R̃/L̃(z)

]}
≥

≥
min

0≤‖K‖≤n0

{ΘK
1 }

ΘK0

2

max

{
|F (K)(z)|
K!LK(z)

: ‖K‖ ≤ ñ0,
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z∈D2
[
z0, R̃/L̃(z)

]}
.

In view of Theorem 1 we obtain that the functi-
on F has bounded L-index.

Theorem 4. Let L ∈ Q(D× C). An analytic
function F : D× C→ C has bounded L-index
in joint variables if and only if there exist R ∈
B2, n0 ∈ Z+, p0 > 1 such that for each z0 ∈
D2(z0, R) and for some K0 ∈ Z2

+ with ‖K0‖ ≤
n0 the inequality (2) holds.

Proof. The necessity of this theorem
follows from the necessity of Theorem 1. We
prove the sufficiency. The proof of Theorem
1 with R = β implies that N(F,L,D × C) <
+∞.

The formulation of the theorem uses idea
about replacing of universal quantifier by exi-
stential quantifier. The replacement relaxes
the sufficient conditions of index boundedness
(see its implementation for entire functions in
[9]). Let L∗(z) = R0L(z)

R
, R0 = β. In general

case from validity of (2) for F and L with
R = (r1, . . . , rn), rj < β, j ∈ {1, 2} we obtain

max

{
|F (K)(z)|

K!(R0L(z)/R)K
: ‖K‖ ≤ n0,

z ∈ D2
[
z0, R0/L

∗(z0)
]}
≤

≤ max

{
|F (K)(z)|
K!LK(z)

: ‖K‖ ≤ n0,

z∈D2
[
z0, R/L(z0)

]}
≤

≤ p0

K0!

|F (K0)(z0)|
LK0(z0)

=
β‖K

0‖p0

RK0K0!

|F (K0)(z)|
(R0L(z)/R)K0 <

<
p0β

nn0∏2
j=1 r

n0
j

|F (K0)(z)|
K0!(L∗(z))K0 .

i. e. (2) holds for F, L∗ and R0 = (β, β). Now
as above we apply Theorem 1 to the functi-
on F (z) and L∗(z) = R0L(z)/R. This implies
that F is of bounded L∗-index in joint vari-
ables. Therefore, by Theorem 3 the function
F has bounded L-index in joint variables.
3. Estimate of maximum modulus.
For an analytic function F (z) we put
M(R, z0, F ) = max{|F (z)| : z ∈ T2(z0, R)}.

The following Theorems 5 and 7 are given
in article [11] without proof.

Theorem 5. Let L ∈ Q(D×C). If an analytic
function F : D × C → C has bounded L-index
in joint variables then for any R′, R′′ ∈ B2,
R′ < R′′, there exists p1 = p1(R′, R′′) ≥ 1 such
that for each z0 ∈ D× C

M
(
R′′/L(z0), z0, F

)
≤p1M

(
R′/L(z0), z0, F

)
.

(7)

Proof. Let N(F,L,D × C) = N < +∞.
Suppose that inequality (7) does not hold, i.e.
there exist R′, R′′ ∈ B2, R′ < R′′, such that for
each p∗ ≥ 1 and some z0 = z0(p∗)

M
(
R′′/L(z0), z0, F

)
>p∗M

(
R′/L(z0), z0, F

)
.

(8)

By Theorem 2 there exists a number p0 =
p0(R′′) ≥ 1 such that for every z0 ∈ D × C
and for some k0 ∈ Z2

+, k
0
1 + k0

2 ≤ N, one has

M
(
R′′/L(z0), z0, F (k01 ,k

0
2)
)
≤ p0|F (k01 ,k

0
2)(z0)|.

(9)
We put

b1 =p0N !
(r′′1r′′2
r′1r
′
2

)N
λN2,1(R′′)λN2,2(R′′)

N∑
j=1

(N − j)!
(r
′′
1 )j

,

b2 =p0λ
N
2,2(R′′)

N∑
j=1

(N − j)!
(r
′′
2 )j

max
{

(r
′′

1 )−N , 1
}
,

p∗ = p0(N !)2

(
r
′′
1r
′′
2

r
′
1r
′
2

)N
+ b1 + b2 + 1.

Let z0 = z0(p∗) be a point for which
inequality (8) holds and k0 is such for which
(9) holds. We choose z∗ and z∗(j1,j2) such that

M
(
R′/L(z0), z0, F

)
= |F (z∗)|,

M
(
R′′/L(z0), z0, F (j1,j2)

)
= |F (j1,j2)(z∗(j1,j2))|

for every j = (j1, j2) ∈ Z2
+, j1 + j2 ≤ N. We

apply Cauchy’s inequality

|F (j1,j2)(z0)| ≤ j1!j2!

(
l1(z0)

r
′
1

)j1
×

×
(
l2(z0)

r
′
2

)j2
|F (z∗)| (10)
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for estimate the difference

|F (j1,j2)(z∗j,1, z
∗
j,2)− F (j1,j2)(z0

1 , z
∗
j,2)| =

=

∣∣∣∣∣
∫ z∗j,1

z01

F (j1+1,j2)(ζ, z∗j,2)dζ

∣∣∣∣∣ ≤
≤max

{
|F (j1+1,j2)(ζ, z∗j,2)| : |ζ−z0

1 |=
r
′′
1

l1(z0)

}
×

×
∫ z∗j,1

z01

|dζ| = |F (j1+1,j2)(z∗(j1+1,j2))|
r
′′
1

l1(z0)
.

(11)
Since (z0

1 , z
∗
j,2) ∈ D2 [z0, R′′/L(z0)] , for k ∈

{1, 2} we have |z∗j,k − z0
k| =

r
′′
k

lk(z0)
and

lk(z
0
1 , z
∗
j,2) ≤ λ2,k(R

′′)lk(z
0). Putting j = k0

in (10), by Theorem 1 we obtain

|F (j1,j2)(z0
1 , z
∗
j,2)| ≤ j1!j2!p0|F (k0)(z0)|×

×
lj11 (z0

1 , z
∗
j,2)lj22 (z0

1 , z
∗
j,2)

k0
1!k0

2!l
k01
1 (z0)l

k02
2 (z0)

≤

≤
j1!j2!λj12,1(R′′)λj22,2(R′′)lj11 (z0)lj22 (z0)

k0
1!k0

2!l
k01
1 (z0)l

k02
2 (z0)

p0k
0
1!k0

2!×

×
(
l1(z0)

r
′
1

)k01 ( l2(z0)

r
′
2

)k02
|F (z∗)| ≤

≤ j1!j2!λj12,1(R′′)λj22,2(R′′)p0
lj11 (z0)lj22 (z0)

(r′1)k
0
1(r′2)k

0
2

|F (z∗)|.

(12)

From inequalities (11) and (12) it follows that

|F (j1+1,j2)(z∗(j1+1,j2))| ≥

≥ l1(z0)

r
′′
1

(|F (j1,j2)(z∗j,1, z
∗
j,2)|−|F (j1,j2)(z0

1 , z
∗
j,2)|)≥

≥ l1(z0)

r
′′
1

(|F (j1,j2)(z∗j,1, z
∗
j,2)|−

−j1!j2!λj12,1(R′′)λj22,2(R′′)p0
lj11 (z0)lj22 (z0)

(r′1)k
0
1(r′2)k

0
2

|F (z∗)|)=

=
l1(z0)

r
′′
1

|F (j1,j2)(z∗j,1, z
∗
j,2)|−j1!j2!λj12,1(R′′)×

×λj22,2(R′′)p0l1(z0)
lj11 (z0)lj22 (z0)

r′′1(r′1)k
0
1(r′2)k

0
2

|F (z∗)|.

We choose j = (j1, j2) = (k0
1, k

0
2) and deduce

|F (k01 ,k
0
2)(z∗k0)|≥

l1(z0)

r
′′
1

|F (k01−1,k02)(z∗(k01−1,k02))|−

−p0(k0
1 − 1)!k0

2!l
k01
1 (z0)l

k02
2 (z0)

r
′′
1 (r′1)k

0
1(r′2)k

0
2

×

×λj12,1(R′′)λj22,2(R′′)|F (z∗)| ≥

≥ l
2
1(z0)

(r
′′
1 )2
|F (k01−2,k02)(z∗(k01−2,k02))|−

−p0(k0
1 − 2)!k0

2!l
k01
1 (z0)l

k02
2 (z0)

(r
′′
1 )2(r′1)k

0
1(r′2)k

0
2

×

×λj12,1(R′′)λj22,2(R′′)|F (z∗)|−

−p0(k0
1 − 1)!k0

2!l
k01
1 (z0)l

k02
2 (z0)

r
′′
1 (r′1)k

0
1(r′2)k

0
2

λj12,1(R′′)×

×λj22,2(R′′)|F (z∗)| ≥

≥ . . . ≥ l
k01
1 (z0)

(r
′′
1 )k

0
1

|F (0,k02)(z∗0,k02
)|−

−p0k
0
2!l

k01
1 (z0)l

k02
2 (z0)

(r
′′
1 )k

0
1(r′1)k

0
1(r′2)k

0
2

λj12,1(R′′)λj22,2(R′′)|F (z∗)|−

− . . .− p0(k0
1 − 2)!k0

2!l
k01
1 (z0)l

k02
2 (z0)

(r
′′
1 )2(r′1)k

0
1(r′2)k

0
2

λj12,1(R′′)×

×λj22,2(R′′)|F (z∗)|− p0(k0
1 − 1)!k0

2!l
k01
1 (z0)l

k02
2 (z0)

r
′′
1 (r′1)k

0
1(r′2)k

0
2

×

×λj12,1(R′′)λj22,2(R′′)|F (z∗)| =

=
l
k01
1 (z0)

(r
′′
1 )k

0
1

|F (0,k02)(z∗(0,k02))|−
p0k

0
2!l

k01
1 (z0)l

k02
2 (z0)

(r′1)k
0
1(r′2)k

0
2

×

×λj12,1(R′′)λj22,2(R′′)|F (z∗)|
k01∑
j1=1

(k0
1 − j1)!

(r
′′
1 )j1

≥

≥ l
k01
1 (z0)

(r
′′
1 )k

0
1

l
k02
2 (z0)

(r
′′
2 )k

0
2

|F (z∗(0,0))|−
p0k

0
2!l

k01
1 (z0)l

k02
2 (z0)

(r′1)k
0
1(r′2)k

0
2

×

×λk
0
1

2,1(R′′)λ
k02
2,2(R′′)|F (z∗)|

k01∑
j1=1

(k0
1 − j1)!

(r
′′
1 )j1

−

− p0l
k01
1 (z0)l

k02
2 (z0)

(r′1)k
0
1(r′2)k

0
2(r

′′
1 )k

0
1

λ
k02
2,2(R′′)|F(z∗)|

k02∑
j2=1

(k0
2 − j2)!

(r
′′
2 )j2

=

=
l
k01
1 (z0)l

k02
2 (z0)

(r′′1)k
0
1(r′′2)k

0
2

|F (z∗(0,0))|−|F (z∗)|(̃b1+b̃2),

(13)
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where

b̃1 =
p0k

0
2!l

k01
1 (z0)l

k02
2 (z0)

(r′1)k
0
1(r′2)k

0
2

λ
k01
2,1(R′′)λ

k02
2,2(R′′)×

×
k01∑
j1=1

(k0
1−j1)!

(r
′′
1 )j1

=p0k
0
2!
l
k01
1 (z0)l

k02
2 (z0)

(r′′1)
k01(r′′2)

k02

(r′′1)
k01(r′′2)k

0
2

(r′1)
k01(r′2)k

0
2

×

×λk
0
1

2,1(R′′)λ
k02
2,2(R′′)

k01∑
j1=1

(k0
1 − j1)!

(r
′′
1 )j1

≤

≤p0N !
l
k01
1 (z0)l

k02
2 (z0)

(r′′1)
k01(r′′2)

k02

(
r′′1r
′′
2

r′1r
′
2

)N
λN2,1(R′′)λN2,2(R′′)×

×
N∑
j=1

(N − j)!
(r
′′
1 )j

=
l
k01
1 (z0)l

k02
2 (z0)

(r′′1)k
0
1(r′′2)k

0
2

b1,

b̃2 =
p0

(r
′′
1 )k

0
1

l
k01
1 (z0)l

k02
2 (z0)

(r′′1)k
0
1(r′′2)k

0
2

λ
k02
2,2(R′′)

k02∑
j2=1

(k0
2 − j2)!

(r
′′
2 )j2

≤

≤p0
l
k01
1 (z0)l

k02
2 (z0)

(r′′1)k
0
1(r′′2)k

0
2

λN2,2(R′′)
N∑
j=1

(N − j)!
(r
′′
2 )j

×

×max

{
1

(r
′′
1 )N

, 1

}
=
l
k01
1 (z0)l

k02
2 (z0)

(r′′1)k
0
1(r′′2)k

0
2

b2. (14)

Inequality (13) implies that

|F (k01 ,k
0
2)(z∗(k01 ,k02))| ≥

l
k01
1 (z0)l

k02
2 (z0)

(r′′1)k
0
1(r′′2)k

0
2

|F (z∗)|×

×

(
|F (z∗(0,0))|
|F (z∗)|

− (b1 + b2)

)
. (15)

In view of (8) we have that
|F (z∗

(0,0)
)|

|F (z∗)| ≥ p∗ >

b1 + b2. Hence, applying (10) and (9) to (15),
we deduce

|F (k01 ,k
0
2)(z∗(k01 ,k02))| ≥

l
k01
1 (z0)l

k02
2 (z0)

(r′′1)k
0
1(r′′2)k

0
2

|F (z∗)|×

×(p∗ − (b1 + b2)) ≥

≥ l
k01
1 (z0)l

k02
2 (z0)

(r′′1)k
0
1(r′′2)k

0
2

(p∗ − (b1 + b2))×

×|F
(k01 ,k

0
2)(z0)|(r′1)k

0
1(r′2)k

0
2

k0
1!k0

2!l
k01
1 (z0)l

k02
2 (z0)

≥

≥
(
r
′
1r
′
2

r
′′
1r
′′
2

)N
(p∗ − (b1 + b2))

|F (k01 ,k
0
2)(z∗

(k01 ,k
0
2)

)|
p0(N !)2

.

Therefore, p∗ ≤ p0(N !)2
(
r
′′
1 r
′′
2

r
′
1r
′
2

)N
+ b1 + b2, but

it contradicts of choice p∗ = p0(N !)2
(
r
′′
1 r
′′
2

r
′
1r
′
2

)N
+

b1 + b2 + 1. Thus, inequality (7) is valid.

Theorem 6. Let L ∈ Q(D × C), F be an
analytic in D × C function. If there exist
R′, R′′ ∈ B2, R′ < R′′, and p1 ≥ 1 such that
for each z0 ∈ D× C inequality (7) holds, then
the function F has bounded L-index in joint
variables.

Proof. At first, we assume that R′ < 1 <
R′′. Let z0 ∈ D × C be an arbitrary point.
We expand a function F in power series in
D2(z0, R)

F (z) =
∑
k≥0

bk(z − z0)k =

=
∑

k1≥0,k2≥0

bk1,k2(z1 − z0
1)k1(z2 − z0

2)k2 , (16)

where k = (k1, k2), bk = bk1,k2 =
F (k1,k2)(z01 ,z

0
2)

k1!k2!
,

R = (r1, r2).
Let µ(R, z0, F ) = max{|bk|Rk : k ≥ 0} =

max{|bk1,k2|rk11 r
k2
2 : k1 ≥ 0, k2 ≥ 0} be a

maximal term of series (16) and ν(R) =
ν(R, z0, F ) = (ν1(R), ν2(R)) be a set of indi-
ces such that

µ(R, z0, F ) = |bν(R)|Rν(R),

‖ν(R)‖=ν1(R)+ν2(R)=max{k1+k2 : k1≥0,

k2≥0, |bk|Rk=µ(R, z0, F )}.

We apply Cauchy’s inequality

∀R = (r1, r2), 0 < rj < 1, j ∈ {1, 2} :

µ(R, z0, F ) ≤M(R, z0, F ).

For given R′ and R′′, such that 0 < r′j < 1,
1 < r′′j < β, we conclude

M(R′R, z0, F ) ≤
∑
k≥0

|bk|(R′R)k ≤

≤
∑
k≥0

µ(R, z0, F )(R′)k=µ(R, z0, F )
∑
k≥0

(R′)k=

=
2∏
j=1

1

1− r′j
µ(R, z0, F ).
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Besides,

lnµ(R, z0, F ) = ln{|bν(R)|Rν(R)} =

= ln

{
|bν(R)|(RR′′)ν(R) 1

(R′′)ν(R)

}
=

= ln{|bν(R)|(RR′′)ν(R)}+ ln

{
1

(R′′)ν(R)

}
≤

≤ lnµ(R′′R, z0, F )− ‖ν(R)‖ ln min{r′′1 , r′′2}.

This implies that

‖ν(R)‖ ≤ 1

ln min{r′′1 , r′′2}
(lnµ(R′′R, z0, F )−

− lnµ(R, z0, F )) ≤

≤ 1

ln min{r′′1 , r′′2}
(lnM(R′′R, z0, F )−

− ln((1− r′1)(1− r′2)M(R′R, z0, F ))) ≤

≤ 1

ln min{r′′1 , r′′2}
(lnM(R′′R, z0, F )−

− lnM(R′R, z0, F )))−
∑2

j=1 ln(1− r′j)
ln min{r′′1 , r′′2}

=

=
1

ln min{r′′1 , r′′2}
ln
M(R′′R, z0, F )

M(R′R, z0, F )
−

−
∑2

j=1 ln(1−Rj)

ln min{r′′1 , r′′2}
. (17)

Put R = 1
L(z0)

. Now let N(F, z0,L) be a L-
index of the function F in joint variables at
point z0 i. e. it is the least integer for which
inequality (1) holds at the point z0. Clearly
that

N(F, z0,L) ≤ ν

(
1

L(z0)
, z0, F

)
= ν(R, z0, F ).

(18)
But

M
(
R′′/L(z0), z0, F

)
≤

≤ p1(R′, R′′)M
(
R′/L(z0), z0, F

)
. (19)

Therefore, from (17), (18), (19) we obtain that
∀z0 ∈ D× C

N(F, z0,L) ≤

≤
−
∑2

j=1 ln(1− r′j)
ln min{r′′1 , r′′2}

+
ln p1(R′, R′′)

ln min{r′′1 , r′′2}
.

This means that F has bounded L-index in
joint variables, if R′ < 1 < R′′ anf R′, R′′ ∈ B2.

Now we will prove the theorem for any R′ <
R′′. For entire functions of several variables
the constraint R′ < 1 < R was first removed
in [6]. From (7) with R1 < R2 it follows that

max
{
|F (z)| : z ∈ T2

(
z0,

2R′′

R′+R′′
R′+R′′

2L(z0)

)}
≤

≤P1max
{
|F (z)| : z∈T2

(
z0,

2R′

R′+R′′
R′+R′′

2L(z0)

)}
.

Denoting L̃(z) = 2L(z)
R′+R′′

, we obtain

max
{
|F (z)| : z∈T2

(
z0,

2R′′

(R′ +R′′)L̃(z0)

)}
≤

≤P1max
{
|F (z)| : z∈T2

(
z0,

2R′′

(R′+R′′)L̃(z0)

)}
,

where 2R′

R′+R′′
< 1 < 2R′′

R′+R′′
. Taking into account

the first part of the proof, we conclude that
the function F has bounded L̃-index in joint
variables. By Theorem 3, the function F is of
bounded L-index in joint variables.
4. Analog of Hayman’s Theorem.
Theorem 7 is an analogue of known Theorem
of Hayman, which was established for entire
functions of one complex variable (see [12]). Its
applications to differential equations are consi-
dered for analytic functions in the unit bidi-
sc [16], in the unit ball [3].

Theorem 7. Let L ∈ Q(D × C). An analytic
function F : D × C → C has bounded L-index
in joint variables if and only if there exist p ∈
Z+ and c ∈ R+ such that for each z ∈ D × C
the inequality

max

{
|F (j1,j2)(z)|
lj11 (z)lj22 (z)

: j1 + j2 = p+ 1

}
≤

≤ cmax

{
|F (k1,k2)(z)|
lk11 (z)lk22 (z)

: k1 + k2 ≤ p

}
(20)

holds.

Proof. Let N = N(F,L,C × D) < +∞.
We obtain immediately the necessity from the
definition of the boundedness of L-index in joi-
nt variables with p = N and c = ((N + 1)!)2.
We prove the sufficiency. If F ≡ 0 then
theorem is obvious. Thus, we suppose that
F 6≡ 0. Let (20) holds, z0 ∈ D × C, z ∈
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T2
(
z0, β

L(z0)

)
. For all j = (j1, j2) ∈ Z2

+,
j1 + j2 ≤ p+ 1 we have

|F (j1,j2)(z)|
lj11 (z0)lj22 (z0)

≤ |F
(j1,j2)(z)|lj11 (z)lj22 (z)

lj11 (z0)lj22 (z0)lj11 (z)lj22 (z)
≤

≤ λj11,1(β)λj21,2(β)
|F (j1,j2)(z)|
lj11 (z)lj22 (z)

≤

≤ λj11,1(β)λj21,2(β)c max
0≤k1+k2≤p

|F (k1,k2)(z)|
lk11 (z)lk22 (z)

=

= λj12,1(β)λj22,2(β)c×

× max
0≤k1+k2≤p

lk11 (z0)lk22 (z0)|F (k1,k2)(z)|
lk11 (z0)lk22 (z0)lk11 (z)lk22 (z)

≤

≤ λj12,1(β)λj22,2(β)c×

× max
0≤k1+k2≤p

1

λk11,1(β)λk21,2(β)

|F (k1,k2)(z)|
lk11 (z0)lk22 (z0)

≤

≤ cmax{λj12,1(β)λj22,2(β) : j1 + j2 ≤ p+ 1}×

×max

{
1

λk11,1(β)λk21,2(β)
: k1 + k2 ≤ p

}
×

×max
{ |F (k1,k2)(z)|
lk11 (z0)lk22 (z0)

: k1 + k2 ≤ p
}

=B ·G(z),

where

B = cmax{λj12,1(β)λj22,2(β) : j1 + j2 ≤ p+ 1}×
×max

{
λ−k11,1 (β)λ−k21,2 (β) : k1 + k2 ≤ p

}
,

G(z) = max

{
|F (k1,k2)(z)|
lk11 (z0)lk22 (z0)

: k1 + k2 ≤ p

}
.

We choose z(1) = (z
(1)
1 , z

(1)
2 ) ∈

T2 (z0,1/(2βL(z0))) and z(2) = (z
(2)
1 , z

(2)
2 ) ∈

T2 (z0,β/L(z0)) such that F (z(1)) 6= 0 and

|F (z(2))| =
= max

{
|F (z)| : z∈T2

(
z0,β/L(z0)

)}
6=0.
(21)

These points exist, otherwise if F (z) ≡ 0
on skeleton T2 (z0,1/(2βL(z0))) or
T2 (z0,β/L(z0)) then by the uniqueness
theorem F ≡ 0 in D × C. We connect the

points z(1) and z(2) with plane

α : z2 = k2z1 + c2

z2 − z(1)
2

z
(2)
2 − z

(1)
2

=
z1 − z(1)

1

z
(2)
1 − z

(1)
1

, k2 =
z

(2)
2 − z

(1)
2

z
(2)
1 − z

(1)
1

,

c2 =
z

(1)
2 z

(2)
1 − z

(1)
1 z

(2)
2

z
(2)
1 − z

(1)
1

.

Let G̃(z1) = G(z)|α be a restriction of the
function G onto α. All functions F (k1,k2)|α are
analytic functions of variable z1 and G̃(z

(1)
1 ) =

G(z(1))|α 6= 0, because F (z(1)) 6= 0. That’s why
zeros of the function G̃(z1) are isolated as zeros
of a function of one variable. Therefore we can
choose piecewise analytic curve γ onto α :

z = z(t) = (z1(t), k2z1(t) + c2), t ∈ [0, 1],

which connect the points z(1), z(2) and such
that G(z(t)) 6= 0 and

∫ 1

0
|z′1(t)|dt ≤ 2β

l1(z0)
.

For a construction of the curve we connect
z(1) and z(2) by a line z∗1(t) = (z

(2)
1 − z

(1)
1 )t +

z
(1)
1 , t ∈ [0, 1]. The curve γ can cross poi-
nts z1 at which the function G̃(z1) = 0. The
number of such points m = m(z(1), z(2)) is fini-
te. Let (z∗1,k) be a sequence of these points in
ascending order of the value |z(1)

1 − z∗1,k|, k ∈
{1, 2, ...,m}. We choose r < min

1≤k≤m−1
{|z∗1,k −

z∗1,k+1|, |z∗1,1 − z
(1)
1 |, |z∗1,m − z

(2)
1 |,

2β2−1
2πβl1(z0)

}. Now
we construct circles with centre at the points
z∗1,k and corresponding radii r′k <

r
2k

such that
G̃(z1) 6= 0 for all z1 on the circles. It is possi-
ble, because F 6≡ 0. Every such circle is di-
vided onto two semicircles by the line z∗1(t).
The required piecewise-analytic curve consists
with arcs of the constructed semicircles and
segments of line z∗1(t), which connect the arcs
in series between themselves or with the points
z

(1)
1 , z

(2)
1 . The length of z1(t) in C is less than

β
l1(z0)

+ 1
2βl1(z0)

+ πr ≤ 2β
l1(z0)

.
Then∫ 1

0

|z′2(t)|dt = |k2|
∫ 1

0

|z′1(t)|dt ≤

≤
∣∣z(2)

2 − z
(1)
2

∣∣∣∣z(2)
1 − z

(1)
1

∣∣ · 2β

l1(z0)
≤ 2β2 + 1

2βl2(z0)
· 2βl1(z0)

2β2 − 1
×
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× 2β

l1(z0)
=

2β(2β2 + 1)

(2β2 − 1)l2(z0)
.

Hence,∫ 1

0

2∑
i=1

li(z
0)|z′i(t)|dt =

∫ 1

0

l1(z0)|z′1(t)|dt+

+

∫ 1

0

l2(z0)|z′2(t)|dt ≤

≤ l1(z0) · 2β

l1(z0)
+ l2(z0) · 2β(2β2 + 1)

(2β2 − 1)l2(z0)
=

=
8β3

2β2 − 1
= S. (22)

Since the function z = z(t) is piece-wise
analytic on [0, 1], then for arbitrary k ∈
Z2

+, j ∈ Z2
+, ‖k‖ ≤ p, ‖j‖ ≤ p, k 6= j either

|F (k1,k2)(z1(t), z2(t))|
lk11 (z0)lk22 (z0)

≡ |F
(j1,j2)(z1(t), z2(t))|
lj11 (z0)lj22 (z0)

(23)

or the equality

|F (k1,k2)(z1(t), z2(t))|
lk11 (z0)lk22 (z0)

=
|F (j1,j2)(z1(t), z2(t))|

lj11 (z0)lj22 (z0)
(24)

holds only for a finite set of points tk ∈ [0; 1].
Then for function G(z(t)) as maximum of such
expressions |F

(j1,j2)(z1(t),z2(t))|
l
j1
1 (z0)l

j2
2 (z0)

by all ‖j‖ ≤ p two
cases are possible:
1. In some interval of analyticity of the curve
γ the function G(z(t)) identically equals si-
multaneously to some derivatives, that is
(23) holds. It means that G(z(t)) ≡
|F (j1,j2)(z1(t),z2(t))|

l
j1
1 (z0)l

j2
2 (z0)

for some ‖j‖ ≤ p. Clearly, the

function F (j1,j2)(z1(t), z2(t)) is analytic. Then
|F(j1,j2)(z1(t),z2(t))| is continuously differenti-
able function on the interval of analyticity
except points where this partial derivative
equals zero |F (j1,j2)(z1(t), z2(t))| = 0. However,
there are not the points, because in the opposi-
te case G(z(t)) = 0. But it contradicts the
construction of the curve γ.
2. In some interval of analyticity of the curve γ
the function G(z(t)) equals simultaneously to
some derivatives at a finite number of points

tk, that is (24) holds. Then the points tk divi-
de interval of analyticity onto a finite number
of segments, in which of them G(z(t)) equals
to one of partial derivatives, i. e. G(z(t)) ≡
|F (j1,j2)(z1(t),z2(t))|

l
j1
1 (z0)l

j2
2 (z0)

for some j, ‖j‖ ≤ p. As
above, in each from these segments the functi-
ons |F (j1,j2)(z1(t), z2(t))| and G(z(t)) are conti-
nuously differentiable except the points tk.

Taking into account (2) and using the
inequality d

dx
|ϕ(x)| ≤

∣∣ d
dx
ϕ(x)

∣∣ , which holds
for complex-valued functions of real argument
outside a countable set of points, we have

d

dt
G(z(t)) ≤

≤max

{
1

lj11 (z0)lj22 (z0)

∣∣∣∣ ddtF (j1,j2)(z1(t), z2(t))

∣∣∣∣ :

j1 + j2 ≤ p}≤

≤ max
j1+j2≤p

{
|F (j1+1,j2)(z1(t), z2(t))| · |z′1(t)|

lj11 (z0)lj22 (z0)
+

+
|F (j1,j2+1)(z1(t), z2(t))| · |z′2(t)|

lj11 (z0)lj22 (z0)

}
=

= max
j1+j2≤p

{
|F (j1+1,j2)(z(t))| |z

′
1(t)|l1(z0)

lj1+1
1 (z0)lj22 (z0)

+

+|F (j1,j2+1)(z(t))| |z
′
2(t)|l2(z0)

lj11 (z0)lj2+1
2 (z0)

}
≤

≤ (|z′1(t)|l1(z0) + |z′2(t)|l2(z0))×

× max
j1+j2≤p+1

|F (j1,j2)(z1(t), z2(t))|
lj11 (z0)lj22 (z0)

≤

≤

(
2∑
i=1

li(z
0)|z′i(t)|

)
BG(z(t)).

Therefore, (22) yields∣∣∣∣ln G(z(2))

G(z(1))

∣∣∣∣ =

∣∣∣∣∫ 1

0

1

G(z(t))

d

dt
G(z(t))

∣∣∣∣ ≤
≤ B

∫ 1

0

2∑
i=1

li(z
0)|z′i(t)|dt ≤ B · S.

Using (21), we deduce

max
{
|F (z)| : z ∈ T2

(
z0,β/L(z0)

)}
=

= |F (z(2))| ≤ G(z(2)) ≤ G(z(1)) · exp(BS).

Since z(1) ∈ T2(z0,1/(2βL(z0))), the Cauchy
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inequality holds

|F (j)(z(1))|
lj11 (z0)lj22 (z0)

≤

≤ j1!j2!(2β)j1+j2M
(
1/(2βL(z0)), z0, F

)
for every j ∈ Z2

+. Therefore, for j1 + j2 ≤ p we
have

G(z(1))≤(p!)2(2β)2pM(1/(2βL(z0)), z0, F ) and

max
{
|F (z)| : z∈T2

(
z0,β/L(z0)

)}
≤

≤ eBS(p!)2(2β)2p×
×max

{
|F (z)| : z ∈ T2

(
z0,1/(2βL(z0))

)}
.

Hence, by Theorem 6 F is a function of
bounded L-index in joint variables.

Theorem 8. Let β > 1, L ∈ Q(D × C). An
analytic function F : D× C → C has bounded
L-index in joint variables if and only if there
exist c ∈ (0; +∞) and N0 ∈ N such that for
each z ∈ D× C the inequality

N0∑
k1+k2=0

|F (k1,k2)(z)|
k1!k2!lk11 (z)lk22 (z)

≥

≥ c

+∞∑
k1+k2=N0+1

|F (k1,k2)(z)|
k1!k2!lk11 (z)lk22 (z)

(25)

holds.

Proof. Let 1
β
< θj < 1, j ∈ {1, 2}.

If the function F has bounded L-index in
joint variables then by Theorem 3 F has
bounded L̃-index in joint variables, where L̃ =

(l̃1(z), l̃2(z)), l̃j(z) = θjlj(z), j ∈ {1, 2}.
Denote N = N(F, L̃,D× C). Therefore,

max
0≤k1+k2≤N

|F (k1,k2)(z)|
k1!k2!lk11 (z)lk22 (z)

=

= max
0≤k1+k2≤N

θk11 θ
k2
2 |F (k1,k2)(z)|

k1!k2!l̃k11 (z)l̃k22 (z)
≥

≥ (θ1θ2)N max
0≤k1+k2≤N

|F (k1,k2)(z)|
k1!k2!l̃k11 (z)l̃k22 (z)

≥

≥ (θ1θ2)N
|F (j1,j2)(z)|

j1!j2!l̃j11 (z)l̃j22 (z)
=

= θN−j11 θN−j22

|F (j1,j2)(z)|
j1!j2!lj11 (z)lj22 (z)

for all j1 ≥ 0, j2 ≥ 0 and
+∞∑

j1+j2=N+1

|F (j1,j2)(z)|
j1!j2!lj11 (z)lj22 (z)

≤

≤ max
0≤k1+k2≤N

|F (k1,k2)(z)|
k1!k2!lk11 (z)lk22 (z)

×

×
+∞∑

j1+j2=N+1

θj1−N1 θj2−N2 =

=
θ1θ2

(1− θ1)(1− θ2)
max

0≤k1+k2≤N

|F (k1,k2)(z)|
k1!k2!lk11 (z)lk22 (z)

≤

≤ θ1θ2

(1− θ1)(1− θ2)

N∑
k1+k2=0

|F (k1,k2)(z)|
k1!k2!lk11 (z)lk22 (z)

.

Hence, we obtain (25) with N0 = N and
c = θ1θ2

(1−θ1)(1−θ2)
. On the contrary, inequality

(25) implies

max

{
|F (j1,j2)(z)|

j1!j2!lj11 (z)lj22 (z)
: j1 + j2 = N + 1

}
≤

≤
+∞∑

k1+k2=N+1

F (k1,k2)(z)

k1!k2!lk11 (z)lk22 (z)
≤

≤ 1

c

N∑
k1+k2=0

|F (k1,k2)(z)|
k1!k2!lk11 (z)lk22 (z)

≤

≤ (N + 1)N

2c
max

0≤k1+k2≤N

|F (k1,k2)(z)|
k1!k2!lk11 (z)lk22 (z)

and by Theorem 7 F is of bounded L-index in
joint variables.

Analogs of Theorems 5 and 7 were used
[3, 16] to obtain growth estimates analytic
functions in the unit ball of bounded L-index in
joint variables and to deduce sufficient condi-
tions of index boundedness for analytic soluti-
ons in the unit bidisc of some system of partial
differential equations. It is naturally to pose
the similar questions for analytic function in
D× C :

1. What are growth estimates analytic
functions in D×C of bounded L-index in joint
variables?

2. What are sufficient conditions index
boundedness for analytic solutions in D×C of
linear higher-order system of partial differenti-
al equations?

30 ISSN 2309-4001. Буковинський математичний журнал. 2018. – Т. 6, № 1–2.



Now we are not ready to give a full answer
to this questions.
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