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ÅËÅÌÅÍÒÀÌÈ ÃIÁÐÈÄÍÎÃÎ ÄÈÔÅÐÅÍÖIÀËÜÍÎÃÎ ÎÏÅÐÀÒÎÐÀ

ËÅÆÀÍÄÐÀ-ÔÓÐ'�-ÅÉËÅÐÀ ÍÀ ÏÎËßÐÍIÉ ÎÑI
Ìåòîäîì ïîðiâíÿííÿ ðîçâ'ÿçêiâ, ïîáóäîâàíèõ íà ïîëÿðíié îñi ç äâîìà òî÷êàìè ñïðÿæå-

ííÿ äëÿ ñåïàðàòíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü Ëåæàíäðà, Ôóð'¹ òà Åéëåðà ìåòîäîì
ôóíêöié Êîøi é ìåòîäîì âiäïîâiäíîãî ãiáðèäíîãî iíòåãðàëüíîãî ïåðåòâîðåííÿ, îá÷èñëåíî ïî-
ëiïàðàìåòðè÷íó ñiì'þ íåâëàñíèõ iíòåãðàëiâ.

By the method of comparison of decision, built on the polar axis with two contact points
for the separate system of di�erential equations of Lezhandr, Fourier and Euler by the method
of functions Cauchy and by the method of the proper hybrid integral transform, polyparametric
family of in�nite integrals is calculated.

Ïîáóäó¹ìî îáìåæåíèé íà ìíîæèíi I+
2 =

{r : r ∈ (0, R1) ∪ (R1, R2) ∪ (R2,∞)} ðîçâ'ÿ-
çîê ñåïàðàòíî¨ ñèñòåìè çâè÷àéíèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü Ëåæàíäðà, Ôóð'¹ òà Åéëå-
ðà äëÿ ìîäèôiêîâàíèõ ôóíêöié

(Λ(µ) − q2
1)u1(r) = −g1(r), r ∈ (0, R1),

(d2/dr2 − q2
2)u2(r) = −g2(r), r ∈ (R1, R2),

(B∗
α − q2

3)u3(r) = −g3(r), r ∈ (R2,∞) (1)

çà óìîâàìè ñïðÿæåííÿ
[
(αk

j1d/dr + βk
j1)uk(r)− (αk

j2d/dr + βk
j2)×

×uk+1(r)
]∣∣∣

r=Rk

= ωjk, j, k = 1, 2. (2)

Ó ðiâíîñòÿõ (1), (2) qi > 0, αm
jk ≥ 0,

βm
jk ≥ 0, c1kc2k > 0, cjk = αk

2jβ
k
1j − αk

1jβ
k
2j, Λ(µ)

� óçàãàëüíåíèé äèôåðåíöiàëüíèé îïåðàòîð
Ëåæàíäðà [1]; B∗

α � äèôåðåíöiàëüíèé îïåðà-
òîð Åéëåðà [2]:

Λ(µ) =
d2

dr2
+ cth r

d

dr
+

1

4
+

1

2

( µ2
1

1− ch r
+

+
µ2

2

1 + ch r

)
; µj ≥ 0, µ1 ≥ µ2;

B∗
α = r2 d2

dr2
+ (2α + 1)r

d

dr
+ α2, 2α + 1 > 0,

(µ) = (µ1, µ2).

Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ
äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ Ëåæàíäðà
(Λ(µ) − q2

1)v = 0 óòâîðþþòü óçàãàëüíåíi
ïðè¹äíàíi ôóíêöi¨ Ëåæàíäðà ïåðøîãî ðîäó
P

(µ)
ν1 (chr) òà äðóãîãî ðîäó L

(µ)
ν1 (chr) [1],

ν1 = −1/2 + q1; ôóíäàìåíòàëüíó ñèñòåìó
ðîçâ'ÿçêiâ äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ
Ôóð'¹ (d2/dr2− q2

2)v = 0 óòâîðþþòü ôóíêöi¨
v1 = ch q2r òà v2 = sh q2r [2]; ôóíäàìåíòàëü-
íó ñèñòåìó ðîçâ'ÿçêiâ äëÿ äèôåðåíöiàëüíîãî
ðiâíÿííÿ Åéëåðà (B∗

α − q2
3)v3 = 0 ñêëàäàþòü

ôóíêöi¨ v1 = r−α−q3 òà v2 = r−α+q3 [2].
Íàÿâíiñòü ôóíäàìåíòàëüíî¨ ñèñòåìè

ðîçâ'ÿçêiâ äà¹ ìîæëèâiñòü ïîáóäóâàòè
ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2) ìåòîäîì
ôóíêöié Êîøi [2, 3]:

u1(r) = A1P
(µ)
ν1

(ch r) +

R1∫

0

E1(r, ρ)g1(ρ) sh ρdρ,

r ∈ (0, R1),

u2(r) = A2 ch q2r + B2 sh q2r +

R2∫

R1

E2(r, ρ)×

×g2(ρ)dρ, r ∈ (R1, R2),

u3(r) = A3r
−α−q3 +

∞∫

R2

E3(r, ρ)g∗3(ρ)ρ2α+1dρ,

r ∈ (R2,∞). (3)
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Òóò Ej(r, ρ) � ôóíêöi¨ Êîøi [2, 3]:

Ej(r, ρ)
∣∣∣
r=ρ+0

− Ej(r, ρ)
∣∣∣
r=ρ−0

= 0,

dEj(r, ρ)

dr

∣∣∣
r=ρ+0

− dE(r, ρ)

dr

∣∣∣
r=ρ−0

= − 1

ϕj(ρ)
,

(4)
ϕ1(r) = sh r, ϕ2(r) = 1, ϕ3(r) = r2α+1, g∗3(r) =
r−2g3(r).

Ïðèïóñòèìî, ùî ôóíêöiÿ Êîøi

E1(r, ρ) =





−
E1 ≡ C1P

(µ)
ν1 (ch r),
0 < r < ρ < R1,

+

E1 ≡ C2P
(µ)
ν1 (ch r) + D2L

(µ)
ν1 (ch r),

0 < ρ < r < R1.

Âëàñòèâîñòi (4) ôóíêöi¨ Êîøi äàþòü àë-
ãåáðà¨÷íó ñèñòåìó:

(C2 − C1)P
(µ)
ν1

(ch ρ) + D2L
(µ)
ν1

(ch ρ) = 0,

(C2−C1)P
(µ)′
ν1

(ch ρ)+D2L
(µ)′
ν1

(ch ρ) = −(sh2 ρ)−1.

Çâiäñè îòðèìó¹ìî ñïiââiäíîøåííÿ:

C2 − C1 = −B(µ)(q1)L
(µ)
ν1

(ch ρ),

D2 = B(µ)(q1)P
(µ)
ν1

(ch ρ), (5)

B(µ)(q1) =
π

2

2µ1

2µ2
×

×Γ(1/2 + q1 − ν+
1 )Γ(1/2 + q1 − ν−1 )

Γ(1/2 + q1 + ν+
1 )Γ(1/2 + q1 + ν−1 )

,

ν±1 =
1

2
(µ1 ± µ2).

Äîïîâíèìî ñèñòåìó (5) àëãåáðà¨÷íèì ðiâ-
íÿííÿì:

(α1
11d/dr + β1

11)
+

E1

∣∣∣
r=R1

= 0 :

Z
(µ),11
ν1;11 (ch R1)C2 + Z

(µ),12
ν1;11 (ch R1)D2 = 0. (6)

Iç ñèñòåìè (5), (6) çíàõîäèìî, ùî

C1 = [Z
(µ),1
ν1;11(ch R1)]

−1F
(µ),1
ν1;11(ch R1, ch ρ)B(µ)(q1).

Öèì ôóíêöiÿ Êîøi E1(r, ρ) âèçíà÷åíà é
âíàñëiäîê ñèìåòði¨ âiäíîñíî äiàãîíàëi r = ρ
ìà¹ ñòðóêòóðó:

E1(r, ρ) =
Bµ(q1)

Z
(µ);11
ν1;11 (ch R1)

× (7)

×
{

P
(µ)
ν1 (ch r)F

(µ);1
ν1;11(ch R1, ch ρ), 0 < r < ρ < R1

P
(µ)
ν1 (ch ρ)F

(µ);1
ν1;11(ch R1, ch r), 0 < ρ < r < R1.

Ââåäåìî äî ðîçãëÿäó ôóíêöi¨:

V m1
jk (q2Rm) = αm

jkq2 sh q2Rm + βm
jk ch q2Rm ≡

≡ (αm
jkd/dr + βm

jk) ch q2r|r=Rm ,

V m2
jk (q2Rm) = (αm

jkd/dr + βm
jk) sh q2r|r=Rm ≡

≡ αm
jkq2 ch q2Rm + βm

jk sh q2Rm,

Φm
jk(q2Rm, q2r) = V m2

jk (q2Rm) ch q2r−
−V m1

jk (q2Rm) sh q2r,

∆jk(q2R1, q2R2) = V 11
j2 (q2R1)V

22
k1 (q2R2)−

−V 12
j2 (q2R1)V

21
k1 (q2R2), j, k = 1, 2.

Áåçïîñåðåäíüî ïåðåâiðÿ¹òüñÿ, ùî ôóí-
êöiÿ Êîøi

E2(r, ρ) = − 1

q2∆11(q2R1, q2R2)
×

×





Φ1
12(q2R1, q2r)Φ

2
11(q2R2, q2ρ),

R1 < r < ρ < R2,
Φ1

12(q2R1, q2ρ)Φ2
11(q2R2, q2r),

R1 < ρ < r < R2.

(8)

Ââåäåìî äî ðîçãëÿäó ôóíêöi¨:

Zm1
α;jk(q3, Rm) = [(βm

jk−αR−1
m αm

jk)−αm
jkR

−1
m q3]R

−α−q3
m ,

Zm2
α;jk(q3, Rm) = [(βm

jk−αR−1
m αm

jk)+αm
jkR

−1
m q3]R

−α+q3
m ,

Ψm∗
α,jk(q3, r) = Zm2

α,jk(q3, Rm)r−α−q3−Zm1
α,jk(q3, Rm)×

×r−α+q3 .

Âëàñòèâîñòi (4) çàäîâîëüíÿ¹ ôóíêöiÿ Êî-
øi

E3(r, ρ) = − 1

2q3Z21
α;12(q3, R2)

× (9)

×
{

ρ−α−q3Ψ2∗
α;12(q3, r), R2 < r < ρ < ∞,

r−α−q3Ψ2∗
α;12(q3, ρ), R2 < ρ < r < ∞.

Óìîâè ñïðÿæåííÿ (2) äëÿ âèçíà÷åííÿ âå-
ëè÷èí A1, A2, A3 òà B2 äàþòü íåîäíîðiäíó
àëãåáðà¨÷íó ñèñòåìó ç ÷îòèðüîõ ðiâíÿíü:

Z
(µ);11
ν1;11 (ch R1)A1−V 11

j2 (q2R1)A2−V 12
j2 (q2R1)B2 =

= ωj1 + δj2G12, j = 1, 2,

V 21
j1 (q2R2)A2+V 22

j1 (q2R2)B2−Z21
α,j2(q3, R2)B3 =
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= ωj2 + δj2G23. (10)

Ó ñèñòåìi (10) áåðóòü ó÷àñòü ôóíêöi¨

G12 =
c11

shR1

R1∫

0

P
(µ)
ν1 (ch ρ)

Z
(µ);11
ν1;11 (ch R1)

g1(ρ)shρdρ+

+c21

R2∫

R1

Φ2
11(q2R1, q2ρ)

∆11(q2R1, q2R2)
g2(ρ)dρ,

G23 = −c12

R2∫

R1

Φ1
12(q2R1, q2ρ)

∆11(q2R1, q2R2)
g2(ρ)dρ+

+
c22

R2α+1
2

∞∫

R2

ρ−α−q3

Z21
α;12(q3, R2)

g3(ρ)ρ2α−1dρ

òà ñèìâîë Êðîíåêåðà δj2 (δ12 = 0, δ22 = 1)
[4].

Âèçíà÷èìî ôóíêöi¨:

A(µ);j(q) = Z
(µ),11
ν1;11 (ch R1)∆2j(q2R1, q2R2)−

−Z
(µ),11
ν1;21 (ch R1)∆1j(q2R1, q2R2), j = 1, 2,

Bα;j(q) = Z21
α;22(q3, R2)∆j1(q2R1, q2R2)−

−Z21
α;12(q3, R2)∆j2(q2R1, q2R2),

θ(µ),1(r, q) = Z
(µ),11
ν1;11 (ch R1)Φ

1
22(q2R1, q2r)−

−Z
(µ),11
ν1;21 (ch R1)Φ

1
12(q2R1, q2r),

θα,2(r, q) = Z21
α;12(q3, R2)Φ

2
21(q2R2, q2r)−

−Z21
α;22(q3, R2)Φ

2
11(q2R2, q2r).

Ïðèïóñòèìî, ùî âèêîíàíà óìîâà îäíî-
çíà÷íî¨ ðîçâ'ÿçíîñòi êðàéîâî¨ çàäà÷i (1), (2):
âèçíà÷íèê àëãåáðà¨÷íî¨ ñèñòåìè (10) âiäìií-
íèé âiä íóëÿ [4]

∆(µ),α(q) ≡ Z21
α;22(q3, R2)A(µ);1(q)−

−Z21
α;12(q3, R2)A(µ);2(q) = Zν1;11

(µ),11(ch R1)×

×Bα,2(q)− Zν1;21
(µ),11(ch R1)Bα,1(q) 6= 0. (11)

Âèçíà÷èìî ãîëîâíi ðîçâ'ÿçêè êðàéîâî¨ çà-
äà÷i (1), (2):

1) ïîðîäæåíi íåîäíîðiäíiñòþ óìîâ ñïðÿæåí-
íÿ ôóíêöi¨ Ãðiíà

R1
(µ),(α);11(r, q) =

Bα;2(q)

∆(µ),α(q)
P (µ)

ν1
(ch r),

R1
(µ),(α);21(r, q) = − Bα;1(q)

∆(µ),α(q)
P (µ)

ν1
(ch r),

R1
(µ),(α);12(r, q) = − c21q2

∆(µ),α(q)
Z21

α;22(q3, R2)P
(µ)
ν1

(ch r),

R1
(µ),(α);22(r, q) =

c21q2

∆(µ),α(q)
Z21

α;12(q3, R2)P
(µ)
ν1

(ch r),

R2
(µ),(α);11(r, q) = −Z

(µ),11
ν1;21 (ch R1)

∆(µ),α(q)
θα,2(r, q),

R2
(µ),(α);21(r, q) =

Z
(µ),11
ν1;11 (ch R1)

∆(µ),α(q)
θα,2(r, q),

(12)

R2
(µ),(α);12(r, q) = − Z21

α;22

∆(µ),α(q)
θ(µ),1(r, q),

R2
(µ),(α);22(r, q) =

Z21
α;12

∆(µ),α(q)
θ(µ),1(r, q),

R3
(µ),(α);11(r, q) = − c21q2

∆(µ),α(q)
Z

(µ),11
ν1;21 (ch R1)r

−α−q3 ,

R3
(µ),(α);21(r, q) =

c21q2

∆(µ),α(q)
Z

(µ),11
ν1;11 (ch R1)r

−α−q3 ,

R3
(µ),(α);12(r, q) =

A(µ),2

∆(µ),α(q)
r−α−q3 ,

R3
(µ),(α);22(r, q) = −A(µ),1(q)

∆(µ),α(q)
r−α−q3 ;

2) ïîðîäæåíi íåîäíîðiäíiñòþ ñèñòåìè ôóí-
êöi¨ âïëèâó

H(µ),α;11(r, ρ, q) =
B(µ)(q1)

∆(µ),α(q)
×

×
{

P
(µ)
ν1 (ch r)[Bα,2(q)F

(µ);1
ν1;11(ch R1, ch ρ)−

P
(µ)
ν1 (ch ρ)[Bα,2(q)F

(µ);1
ν1;11(ch R1, ch r)−

−Bα,1(q)F
(µ);1
ν1;21(ch R1, ch r)], 0 < r < ρ < R1,

−Bα,1(q)F
(µ);1
ν1;21(ch R1, ch ρ)], 0 < ρ < r < R1,

H(µ),α;12(r, ρ, q) =
c21

∆(µ),α(q)
P (µ)

ν1
(ch r)θα;2(ρ, q),

H(µ),α;13(r, ρ, q) =
c21c22q2

R2α+1
2 ∆(µ),α(q)

P (µ)
ν1

(ch r)ρ−α−q3 ,
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H(µ),α;21(r, ρ, q) =
c11

sh R1

P
(µ)
ν1 (ch ρ)

∆(µ),α(q)
θα;2(r, q),

H(µ),α;22(r, ρ, q) =
1

q2∆(µ),α(q)
{

θ(µ),1(r, q)θα,2(ρ, q), R1 < r < ρ < R2,
θ(µ),1(ρ, q)θα,2(r, q), R1 < ρ < r < R2,

H(µ),α;23(r, ρ, q) =
c22

R2α+1
2

θ(µ);1(r, q)

∆(µ),α(q)
×

×ρ−α−q3 , (13)

H(µ),α;31(r, ρ, q) =
c11c12q2

sh R1∆(µ),α(q)
P (µ)

ν1
(ch ρ)×

×r−α−q3 ,

H(µ),α;32(r, ρ, q) =
c12

∆(µ),α(q)
θ(µ);1(ρ, q)r−α−q3 ,

H(µ),α;33(r, ρ, q) =
1

2q3∆(µ),α(q)
×

×
{

ρ−α−q3
[
A(µ),2(q)Ψ

2∗
α;12(q2, r) −

r−α−q3
[
A(µ),2(q)Ψ

2∗
α;12(q2, ρ) −

−A(µ),1(q)Ψ
2∗
α;22(q2, r)

]
, R2 < r < ρ < ∞,

−A(µ),1(q)Ψ
2∗
α;22(q2, ρ)

]
, R2 < ρ < r < ∞.

Ó ðåçóëüòàòi îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi àë-
ãåáðà¨÷íî¨ ñèñòåìè (10), ïiäñòàíîâêè âèçíà-
÷åíèõ âåëè÷èí Aj (j = 1, 3) òà B2 ó ðiâíîñòi
(3) ìà¹ìî (ïiñëÿ íèçêè åëåìåíòàðíèõ ïåðå-
òâîðåíü) ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i
(1), (2):

uj(r) =
3∑

m,k=1

Rj
(µ),α;mk(r, q)ωmk+

+

R1∫

0

H(µ),α;j1(r, ρ, q)g1(ρ)shρdρ+

+

R2∫

R1

H(µ),α;j2(r, ρ, q)g2(ρ)dρ+ (14)

+

∞∫

R2

H(µ),α;j3(r, ρ, q)g3(ρ)ρ2α−1dρ, j = 1, 3.

Ïîáóäó¹ìî òåïåð ðîçâ'ÿçîê êðàéîâî¨ çà-
äà÷i (1), (2) ìåòîäîì iíòåãðàëüíîãî ïåðåòâî-
ðåííÿ, ïîðîäæåíîãî íà ìíîæèíi I+

2 ãiáðè-
äíèì äèôåðåíöiàëüíèì îïåðàòîðîì (ÃÄÎ)

M(µ),α = θ(r)θ(R1 − r)Λ(µ) + θ(r −R1)×
×θ(R2 − r)d2/dr2 + θ(r −R2)B

∗
α, (15)

θ(x) � îäèíè÷íà ôóíêöiÿ Ãåâiñàéäà [3].
ÃÄÎ M(µ),α ñàìîñïðÿæåíèé i ìà¹ îäíó

îñîáëèâó òî÷êó r = ∞. Òîìó éîãî ñïåêòð
äiéñíèé òà íåïåðåðâíèé [5]. Ìîæíà ââàæàòè,
ùî ñïåêòðàëüíèé ïàðàìåòð β ∈ (0,∞). Éîìó
âiäïîâiäà¹ ñïåêòðàëüíà âåêòîð-ôóíêöiÿ

V(µ),α(r, β) = θ(r)θ(R1 − r)V(µ),α;1(r, β)+

+θ(r −R1)θ(R2 − r)V(µ),α;2(r, β)+

+θ(r −R2)V(µ),α;3(r, β). (16)

Ôóíêöi¨ V(µ),α;j(r, β) ïîâèííi çàäîâîëüíÿ-
òè äèôåðåíöiàëüíi ðiâíÿííÿ

(Λ(µ) + b2
1)V(µ),α;1(r, β) = 0, r ∈ (0, R1),

(d2/dr2 + b2
2)V(µ),α;2(r, β) = 0, r ∈ (R1, R2),

(B∗
α+b2

3)V(µ),α;3(r, β) = 0, r ∈ (R2,∞), (17)

òà óìîâè ñïðÿæåííÿ

[(αk
j1d/dr + βk

j1)V(µ),α;k(r, β)− (αk
j2d/dr+

+βk
j2)V(µ),α;k+1(r, β)]

∣∣∣
r=Rk

= 0, j, k = 1, 2,

(18)
bj(β) = (β2 + k2

j )
1/2, k2

j ≥ 0, j = 1, 3.
Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ

äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ Ëåæàí-
äðà (Λ(µ) + b2

1)v = 0 óòâîðþþòü óçà-
ãàëüíåíi ïðè¹äíàíi ôóíêöi¨ Ëåæàíäðà
v1 = P

(µ)
ν∗1

(ch r) òà v2 = L
(µ)
ν∗1

(ch r) [1],
ν∗1 = −1/2 + ib1; ôóíäàìåíòàëüíó ñèñòåìó
ðîçâ'ÿçêiâ äëÿ äèôåðåíöiàëüíîãî ðiâíÿ-
ííÿ Ôóð'¹ (d2/dr2 + b2

2)v = 0 ñêëàäàþòü
òðèãîíîìåòðè÷íi ôóíêöi¨ v1 = cos b2r òà
v2 = sin b2r [2]; ôóíäàìåíòàëüíó ñèñòåìó
ðîçâ'ÿçêiâ äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ
Åéëåðà (B∗

α + b2
3)v = 0 ñêëàäàþòü ôóíêöi¨

v1 = r−α cos(b3 ln r) òà v2 = r−α sin(b3 ln r) [3].
ßêùî ïîêëàñòè

V(µ),α;1(r, β) = A1P
(µ)
ν∗1

(ch r), r ∈ (0, R1),
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V(µ),α;2(r, β) = A2 cos b2r+B2 sin b2r, r ∈ (R1, R2),

V(µ),α;3(r, β) = [A3 cos(b3 ln r)+B3 sin(b3 ln r)]r−α,

r ∈ (R2,∞), (19)

òî óìîâè ñïðÿæåííÿ ïðè äîâiëüíîìó
A1(β) 6= 0 äàþòü äëÿ âèçíà÷åííÿ âåëè-
÷èí Aj òà Bj (j = 2, 3) àëãåáðà¨÷íó ñèñòåìó
ç ÷îòèðüîõ ðiâíÿíü:

v11
j2(b2R1)A2 + v12

j2(b2R1)B2 = A1Z
(µ),11
ν∗1 ;j1 (ch R1),

Y 21
α,j2(b3, R2)A3 + Y 22

α,j2(b3, R2)B3 =

= v21
j1(b2R2)A2 + v22

j1(b2R2)B2, j = 1, 2. (20)

Ó ñèñòåìi (20) áåðóòü ó÷àñòü ôóíêöi¨:

vm1
jk (b2Rm) = −αm

jkb2 sin b2Rm + βm
jk cos b2Rm;

vm2
jk (b2Rm) = αm

jkb2 cos b2Rm + βm
jk sin b2Rm;

Y 21
α,j2(b3, R2) = [(β2

j2 − αα2
j2R

−1
2 ) cos(b3 ln R2)−

−b3R
−1
2 α2

j2 sin(b3 ln R2)]R
−α
2 ,

Y 22
α,j2(b3, R2) = [(β2

j2 − αα2
j2R

−1
2 ) sin(b3 ln R2)+

+b3R
−1
2 α2

j2 cos(b3 ln R2)]R
−α
2 .

Ââåäåìî äî ðîçãëÿäó ôóíêöi¨:

a(µ);j(β) = Z
(µ),11
ν∗1 ;11 (ch R1)δ2j(b2R1, b2r2)−

−Z
(µ),11
ν∗1 ;21 (ch R1)δ1j(b2R1, b2r2),

δjk(b2R1, b2R2) = v11
j2(b2R1)v

22
k1(b2R2)−

−v12
j2(b2R1)v

21
k1(b2R2), j, k = 1, 2;

w(µ),α;j(β) = a(µ),2(β)Y 2j
α;12(b3, R2)−

−a(µ),1(β)Y 2j
α;22(b3, R2).

Ó ðåçóëüòàòi ñòàíäàðòíîãî ðîçâ'ÿçàííÿ
àëãåáðà¨÷íî¨ ñèñòåìè (20) [4] é ïiäñòàíîâ-
êè îäåðæàíèõ çíà÷åíü Aj (j = 1, 3) òà Bk

(k = 2, 3) ó ðiâíîñòi (19) ìà¹ìî ôóíêöi¨:

V(µ),α;1(r, β) = c21b2
c22b3

R2α+1
2

P
(µ)
ν∗1

(ch r),

V(µ),α;2(r, β) =
c22b3

R2α+1
2

[Z
(µ),11
ν∗1 ,11 (ch R1)×

×(v12
22(b2R1) cos b2r − v11

22(b2R1) sin b2r)−
−Z

(µ),11
ν∗1 ,21 (ch R1)(v

12
12(b2R1) cos b2r−

−v11
12(b2R1) sin b2r)],

V(µ),α;3(r, β) = w(µ),α;2(β)r−α cos(b3 ln r)−
−w(µ),α;1(β)r−α sin(b3 ln r). (21)

Îòæå, ñïåêòðàëüíà âåêòîð-ôóíêöiÿ
V(µ),α(r, β) âèçíà÷åíà.

Âèçíà÷èìî ÷èñëà

σ1 =
c11c12

c21c22

R2α+1
2

sh R1

, σ2 =
c12

c22

R2α+1
2 , σ3 = 1,

âàãîâó ôóíêöiþ

σ(r) = θ(r)θ(R1 − r)σ1 sh r + θ(r −R1)×
×θ(R2 − r)σ2 + θ(r −R2)σ3r

2α−1 (22)

i ñïåêòðàëüíó ùiëüíiñòü

Ω(µ),α(β) = β[b3(β)]−1([w(µ),α;1(β)]2+

+[w(µ),α;2(β)]2)−1. (23)

Íàÿâíiñòü ñïåêòðàëüíî¨ âåêòîð-ôóíêöi¨
V(µ),α(r, β), âàãîâî¨ ôóíêöi¨ σ(r) òà ñïå-
êòðàëüíî¨ ùiëüíîñòi Ω(µ),α(β) äîçâîëÿ¹ âè-
çíà÷èòè ïðÿìå H(µ),α é îáåðíåíå H−1

(µ),α ãiáðè-
äíå iíòåãðàëüíå ïåðåòâîðåííÿ (ÃIÏ), ïîðî-
äæåíå íà ìíîæèíi I+

2 ÃÄÎ M(µ),α [6]:

H(µ),α[g(r)] =

∞∫

0

g(r)V(µ),α(r, βn)σ(r)dr ≡ g̃(β),

(24)

H−1
(µ),α[g̃(β)] =

2

π

∞∫

0

g̃(β)V(µ),α(r, βn)×

×Ω(µ),α(β)dβ ≡ g(r), (25)

H(µ),α[M(µ),α[g(r)]] = −β2g̃(β)−
3∑

m=1

k2
mg̃m(β)+

+
2∑

k=1

hk[Z
k
(µ),α;12(β)w2k − Zk

(µ),α;22(β)w1k].

(26)
Òóò g(r) = {g1(r); g2(r); g3(r)} � âåêòîð-

ôóíêöiÿ ç îáëàñòi âèçíà÷åííÿ ÃÄÎ M(µ),α;

g̃1(β) =

R1∫

0

g1(r)V(µ),α;1(r, β)σ1 sh rdr,
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g̃2(β) =

R2∫

R1

g2(r)V(µ),α;2(r, β)σ2dr,

g̃3(β) =

∞∫

R2

g3(r)V(µ),α;3(r, β)σ3r
2α−1dr,

h1 = σ1 sh R1 · c−1
11 , h2 = σ2c

−1
12 , Zk

(µ),α;i2(β) =

(αk
i2d/dr + βk

i2)V(µ),α;k+1(r, β)|r=Rk
, k = 1, 2.

�äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2),
ïîáóäîâàíèé ìåòîäîì çàïðîâàäæåíîãî ôîð-
ìóëàìè (24) � (26) ÃIÏ çà âiäîìîþ ëîãi÷íîþ
ñõåìîþ [7], ìà¹ ñòðóêòóðó:

uj(r) =

R1∫

0

( 2

π

∞∫

0

S(µ),α;j(r, β)V(µ),α;1(ρ, β)dβ
)
×

×g1(ρ)σ1 sh ρdρ +

R2∫

R1

( 2

π

∞∫

0

S(µ),α;j(r, β)×

×V(µ),α;2(ρ, β)dβ
)
g2(ρ)σ2dρ+

+

∞∫

R2

( 2

π

∞∫

0

S(µ),α;j(r, β)V(µ),α;3(ρ, β)dβ
)
×

×g3(ρ)σ3ρ
2α−1dρ +

2∑

k=1

hk

[( 2

π

∞∫

0

Zk
(µ),α;12(β)×

×S(µ),α;j(r, β)dβ
)
w2k −

( 2

π

∞∫

0

Zk
(µ),α;22(β)×

×S(µ),α;j(r, β)dβ
)
w1k

]
, (27)

S(µ),α;j(r, β) = (β2+γ2)−1V(µ),α;j(r, β)Ω(µ),α(β),

γ2 = max{q2
1; q

2
2; q

2
3}, j = 1, 3.

Ïîðiâíþþ÷è ðîçâ'ÿçêè (14) òà (27) â ñèëó
¹äèíîñòi, ìà¹ìî íàñòóïíi ôîðìóëè îá÷èñëå-
ííÿ íåâëàñíèõ iíòåãðàëiâ:

2

π

∞∫

0

S(µ),α;j(r, β)V(µ),α;k(ρ, β)dβ =

= σ−1
k H(µ),α;jk(r, ρ, q), j, k = 1, 3; (28)

2

π

∞∫

0

Zk
(µ),α;12(β)S(µ),α;j(r, β)dβ =

= h−1
k Rj

(µ),α;2k(r, q), k = 1, 2, j = 1, 3; (29)

2

π

∞∫

0

Zk
(µ),α;22(β)S(µ),α;j(r, β)dβ =

= −h−1
k Rj

(µ),α;1k(r, q), k = 1, 2, j = 1, 3. (30)

Ïiäñóìêîì âèêîíàíîãî â ðîáîòi äîñëiäæå-
ííÿ ¹ òâåðäæåííÿ.

Òåîðåìà. ßêùî âåêòîð-ôóíêöiÿ f(r) =
{Λ(µ)[g1(r)]; g

′′
2(r); B

∗
α[g3(r)]} íåïåðåðâíà íà

ìíîæèíi I+
2 ; ôóíêöi¨ gj(r) çàäîâîëüíÿþòü

óìîâè îáìåæåííÿ

lim
r→0

[
sh r

(dg1

dr
V(µ),α;1(r, β)−

−g1(r)
dV(µ),α;1(r, β)

dr

)]
= 0,

lim
r→∞

[
r2α+1

(dg3

dr
V(µ),α;3(r, β)−

−g3(r)
dV(µ),α;3(r, β)

dr

)]
= 0

òà óìîâè ñïðÿæåííÿ (2) i âèêîíó¹òüñÿ
óìîâà (11) îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi êðàéî-
âî¨ çàäà÷i (1), (2), òî ìàþòü ìiñöå ôîðìóëè
(28) � (30) îá÷èñëåííÿ íåâëàñíèõ iíòåãðà-
ëiâ çà âëàñíèìè åëåìåíòàìè ÃÄÎ M(µ),α,
âèçíà÷åíîãî ðiâíiñòþ (15).

Çàóâàæèìî, ùî ôîðìóëè (28) � (30) ïî-
ïîâíþþòü äîâiäêîâó ìàòåìàòè÷íó ëiòåðàòó-
ðó â îáëàñòi îá÷èñëåííÿ íåâëàñíèõ iíòåãðà-
ëiâ âiä ñóïåðïîçèöi¨ ñïåöiàëüíèõ ôóíêöié
ìàòåìàòè÷íî¨ ôiçèêè.
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