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GLOBAL SOLVABILITY OF MIXED PROBLEM FOR HYPERBOLIC
SYSTEM OF THE FIRST ORDER STOCHASTIC EQUATIONS

3a JI0II0MOT0I0 METO/Y XapaKTEePUCTUK Ta Teopemu bBaHaxa PO HEPYXOMY TOYKY JIOBEIEHO
icCHyBaHHSI Ta €IUHICTb PO3B’SI3KY MIIIAHOI 3a1a4l /I CTOXACTUIHOI rinepOo/iaHOl HAIBIIHITHOT

CHACTEMU PiBHSAHB IEPIIOTO MOPSIKY.

We prove the existence and uniqueness theorem for stochastic partial differential equations
of first order. The proof is based on the characteristics method, Banach fixed point theorem and a

space metric with weighted functions.

1. Introduction. A lot of processes are
modeled by differential hyperbolic systems of
first order equations: flows on the network,
the level of demand in the economy, populati-
on distribution, and others (see for example
[1] - [3]). We consider the case where a
process is modeled by a mixed nonlinear
problem for semilinear hyperbolic system.
Input parameters of a continuous model
are determined from empirical data. Empi-
rical data cannot be considered completely
accurate, so it is advisable to take into account
the error of the model input date. In this paper
we consider the error of input data as the
product of a nonlinear function by a white noi-
se process.

The existence of a global solution for semi-
linear hyperbolic systems of first order equati-
ons are researched by J. Turo, namely the
Cauchy problem [4] and the Cauchy problem
with delay [5]. Particular cases of the Cauchy
problem were considered by Ogawa in [9] and
Gikhman |8].

We used the method of Maulenov-Myshkys
[6] for finding a global solution of the mixed
problem for semilinear hyperbolic systems. In
this paper we find sufficient conditions for the
existence and uniqueness of global solutions
to mixed problem for a semilinear hyperbolic
system of first order stochastic equations. The
results are established using the method of
characteristics and the Banach fixed point
theorem.

2. Statement of the problem. Let

(Q, F, P) be a complete probability space. We
assume that there exist a set of sub-g-algebras
Fi,t € [0,T] of F such that F;, C F if
0 < s < t. The process w being a p-dimensional
standard Wiener process adapted to F;, t €
[0, 7] such that w(t + h;w) — w(t;w), h > 0, is
independent on F;,t € [0,T].

Let L, = L,(:R"), 1 < p < oo be
the space of all random variables ¢ : Q —
R™ with finite L,-norm ||, = (E[¢[2)"”,
where E is the expectation; | - |, is norm on
R™, which is defined by the rule |y(z,t)|, =
rgléalx\yi(x,t)\ai(x,t), y(x,t) € R" « €

C(IL; (0, +00)), IT = (0,1) x (0,7). Denote by
C (ﬁ; Lj) ,7 € {1,2} the space of all processes
y : I — L; which are continuous (y has a
version with continuous sample paths almost
surely) and adapted to the F; for each x €
[0, 1]. We consider on C' (IT; L;) the norm ||y|| =
sup_|ly(z, t)l;,5 € {1,2}.
(z,t)€ll

In a domain II we consider a semilinear
hyperbolic system of first order equations with
a random coefficient
%(x,t;w) + /\(x,t;w)%(x,t;w) =

= fly(z, tiw), 2, t;w)+
+9(y(z, tw), z, tw)i(t; w),

(1)

where y : IT x 2 — R" is a vector function
solution, A is a map from II x €2 to the space
n X n of diagonal of real-valued matrices
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Ao, t:w) = diag(h (z, tw),

Xo(z,t;w), ..., A\, tw)),

fR"xII x Q — R"is a nonlinear drift
vector function, ¢ is a map from R” x II x
Q) to the space p x p of real-valued matrices
M, »(R) (the diffusion function), w(t; w) is the
p-dimensional white noise process.

Let us define sets of indices:

I={1,2,...n};
Iy ={i € I)\i(z,t;w) >0, (z,t;w) € I x Q};
I ={icI\(z,t;w) <0, (z,t;w) € I x Q},

where my = card(ly), me = card(l}).
For system (1) we set initial conditions

y(x,0;w)

and boundary conditions for ¢ € [0, 7]

=y'(zw), z€[0,] (2

(3)

Yien, (1 tiw) = Y (yigr, (I, tw), w),  (4)
where y¥ : [0,]] x Q — R"; 70 : R*™™ x [0, T| x
Q— R™ A RY™2 x [0,7T] x Q — R™ are
nonlinear functions.

3. Main results.
Let us define the functions by

Yicy (07 ta w) = Vg(ylgéfo (Oa ta w)) tv LU),

errl=n=at e Iy, i€ I
_ e i €lo, i ¢ I
Oéi(ﬁ,t) - ep(lf:t)fat’ i ¢ Iy, i € I;
epl—at7 i ¢ [07 i ¢ Il7
for all (x,t) € Il and all i € I.

By L we denote the Lipschitz constant wi-
th respect to the solution y = y(z,t), A is the
constant such that A = max |Ai(z,t)]. The

1el,

(z,t)ell
function h = h(y,z,t), h : R® x II — R sati-
sfies the Lipschitz condition if it satisfies the
condition

’h(yax7t) - h(@vzatﬂ < LI?gX'yl - g2|7
where y,y € R".
Fix ag, po > 0 then the parameters a and p

are defined by

p = sup {In (4L)/(21),0} + po.

a = sup {pA,plA, 2L(1+T)x
% emax{pl,pl2/4}} + ag.

We denote by & = pi(1;x,t),i € I the
solution of the Cauchy problem

d.
L e e

Moreover, these solutions are characteristics
of system (1). Suppose that (¢;(x;(z,t);z,t),
Xi(x,t)), i € I are the points of intersection
of the characteristics p; = ;(7;2,t) and the
boundary of the domain II in the direction of
decreasing argument 7.

Let us define the domains:

=z, (x,t) € IL.

II' = {(z,t) € 10| xi(z,t) =0}, i€ [
Iy ={(z,t) € O] @i(xi(z,t);2,t) = 0} i € Io;
I ={(z,t) € II| p;(xs(x,t);2,t) =1} ,i € L.

We define by  f(y[ei(T;z,t)]) =
fy(pi(T;z,t), 1), 0i(T;2,t),7)  the  value
of the function f f(y(m t),z,t) on the
characteristic curve ¢; = @;(7;2,t). Along
the characteristic curves, the component
Yi,1 € I of the solution of system (1) satisfies
the following system of stochastic operator
equations

yi(‘r? t) = m%[y](xv t)+

/ filylpi(r; 2, 1)])dr+

xi(z, t)

+Z/ 0ii (Wi (s 2. D)y (7), (5)

J %Zﬂct

where the operator is defined by R;[y](z,t) =

y?(gpi(o;x,t)), (xat) € H%,
7?(%&10(07Xi(mat»?Xi(xat))? ('Tat) € HB?
7£<yi¢fz(laXi(x7t))7Xi(xvt>>7 (:L‘,t) € H%

Definition. A wvector function y €
C (ﬁ; LQ) that satisfies system of operator
equations (5) on the set I1 and conditions (2)-
(4) is called a solution of problem (1)-(4).
Theorem. Suppose the following conditions
hold:
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1. A € C(IL;R™) N Lip,(IL; R™); 2\ 1/2
— E 7 7t [ Jt 2
2 f € C(R* x T Ly(R™) N Lip,(R” x (o per (I?éazxw (7 Dle(a ))
IT; L (2, R™)), - o\ 1/2
g € C(@n x 1L Ly(Q2; Moxp(R))) N > e T gy E (max (.t )
Lipy(R" x TT; Ly (2 My (R))): 2 o\ Pl
3.y € C([0,1; R"); Thus, finding the solution of problem (1)-

(4) is reduced to the finding of a fixed point of
the operator A in the space C' (H; Lz).
By the definitions of y;(z,t)

47" € CR™ x [0,T): Ly(Q;R™)) N
Lip,(R"™ x [0,T]; L (Q R™)),
7 oe C(R™™2 x [0, T]; Ly(2; R™™2)) N
Lip,(R"™2 x [0, T]; Lo (2, R"7™2)); Yi(z,t) <t —x/A, i € I,
5. 40(0) =242, (0),0), i € L, Xi(w t) St—(—a)/A, i€l

y?ell(l) = fyl(y?ﬁl(l), 0), j € I (zero-order Denote by Ay H(y*) = AvH(y*) = H(y') —

compatibility conditions). H(y?). The Cauchy-Schwarz inequality implies
that
Then there exists a unique solution of problem
(1)-(4). E (|AFly) (@, t)ai(z, )?) <
HoBenennsi. We introduce an operator 2

A = (A, A, A)A 0 C(IL L) —
C (ﬁ; Lg), where A; are defined by the right SE /fi(y[%(f;:E,t)])ai(x,t)df <

hand sides of operator system (5), i.e. i(x,t)

A1) = Blyl (. 0) + Fll(e. )+ < ﬁff(y[%w’t”” il 7 )<

+gz[y](x7t)7 Z'EI, t
< TLQ/ E(maIXIAkyk(%(T;x,t),T)X
0 1€

where
xozi(x7t)|2)d7' < TL2(|Ary* | x
/ Fylei(r . ) t o N\
Xi(x,t) X | max dT,ZG[. (6)
OI’JGI Oéj(@i(T;xat)?T)

We get a similar estimate for the components
(z,1) Z / 9i;(ylei(T;2,t)])dw; (1) G;,i € I of the operator G

il E (|AkGily") (. t)ai(z, t)[?) <
forall i € I. 5
Note that the space C (ﬁ; Lg) is complete
with respect to the imposed norm. This fact <F Z/g” yloi(Tyx, t)]) oy (z, t)dw; (1) |<

follows from the inequalities =
Xz z,tw)

2 1/2 n ! 2
(;ggﬁ ( (nilgx |yi(z, )]z, )) ) S < QZE /gij(y[%(ﬂx,t)])ozi(x,t)dT <
) 1/2 J= i(x,t)
< emax{pl,pl2/4} Sup E (maX |y2 (I7 t)l) ’ n /
(a.t)eTl el

<23 B[ [lastulai(riathaute 0dr <
= (@)
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n t
< 2L2Z/ E(maIXIAky’“(soi(T;x,t),T)X
1€
j=1"0

xag(z, O )dr < 2L Axg |2

t ) 2
></ max %i(2, 1) dr.
o ti€l \a;(@i(T;2,t),7)

By the choice of functions «; = a;(z,t), we

get

E (max |Ak9%i[yk](a:,t)ai(:c,t)‘2> <

el

< L?’max{ max

( a;(z,t) )2
i€lo,j¢lo Oéj(oa Xi (ZL’, t)) ’
max

(MY 1Axy" |
iel;,j¢I, Oéj(LXi(xvt)) '

Since (a+b+c)? < 2(a®+b*+¢?), it follows

that
B (|8l (e it )) <
<28 (| AR o 1)
+ [ ALy (, t) (e, )| +
+ 161, Dot )]

2
|+
By the choice a and p, we get

( a;(x,t) )2
sup max |————— | =
(2,t)€IT i€lo,j¢lo \ O (0, Xi (ZE, t))

= sup max

2
< Oéi(l’,t) ) _ —2pl
— ] =e
(z,t)eTl “€ LI ¢ a;(l, xi(z, 1))

and
/t a;(x,t) 2d < emax{zmmﬂﬂ}
max [ ——= c L ——,
ijel \ a; (s, 0 2a
since pAmax{1,l} < a.
As a result, we obtain
1ARALY*]|| < 2L (7' +
1/2
1+T emax{Qpl,plQ/Q}
s Al

2a

where 2L [ e 2Pl

1/2

1 T max{?pl,pl2/2}
(L+T)e <1.

2a

Then A is a contractive operator on
C (ﬁ; L2) with the chosen functions «; =
a;(x,t) and parameters a, p. Therefore, by the
Banach fixed point theorem, there exists a uni-
que fixed point of the operator A in C' (ﬁ; LQ).
This point is a solution of problem (1)—(4).

N

w
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