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Âêàçàíî óìîâè íà ïàðàìåòðè a
(j)
k , çà ÿêèõ äèôåðåíöiàëüíå ðiâíÿííÿ

z3w′′′ + (a(2)
1 z3 + a

(2)
2 z2)w′′ + (a(1)

1 z3 + a
(1)
2 z2 + a

(1)
3 z)w′ + (a(0)

1 z3 + a
(0)
2 z2 + a

(0)
3 z + a

(0)
4 )w = 0,

ìà¹ öiëèé ðîçâ'ÿçîê, áëèçüêèé äî îïóêëîãî â D = {z : |z| < 1}.

It is indicated the conditions on parameters a
(j)
k , under which a di�erential equation

z3w′′′ + (a(2)
1 z3 + a

(2)
2 z2)w′′ + (a(1)

1 z3 + a
(1)
2 z2 + a

(1)
3 z)w′ + (a(0)

1 z3 + a
(0)
2 z2 + a

(0)
3 z + a

(0)
4 )w = 0,

has an entire solution close-to-convex in D = {z : |z| < 1}.

Îäíîëèñòà àíàëiòè÷íà â D = {z : |z| < 1}
ôóíêöiÿ

f(z) = z +
∞∑

s=2

fsz
s (1)

íàçèâà¹òüñÿ îïóêëîþ, ÿêùî f(D) � îïóêëà
îáëàñòü, i íàçèâà¹òüñÿ ([1], [2, ñ. 583]) áëèçü-
êîþ äî îïóêëî¨ â D, ÿêùî iñíó¹ òàêà îïóêëà
â D ôóíêöiÿ Φ, ùî Re {f ′(z)/Φ′(z)} > 0 (z ∈
D). Äîáðå âiäîìà ([3], [4, ñ. 9]) òàêà ëåìà.
Ëåìà 1. ßêùî

1 ≥ 2f2 ≥ · · · ≥ (s− 1)fs−1 ≥ sfs ≥ · · · > 0,
(2)

òî ôóíêöiÿ (1) ¹ áëèçüêîþ äî îïóêëî¨ â D.
Âèêîðèñòîâóþ÷è öþ ëåìó, Ñ. Øàõ [5] äî-

ñëiäæóâàâ áëèçüêiñòü äî îïóêëîñòi â D öiëèõ
ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ

z2w′′ + (a
(1)
1 z2 + a

(1)
2 z)w′+

+(a
(0)
1 z2 + a

(0)
2 z + a

(0)
3 )w = 0. (3)

Íåâàæêî ïåðåâiðèòè, ùî ôóíêöiÿ (1) ¹
ðîçâ'ÿçêîì ðiâíÿííÿ (3) òîäi i ëèøå òîäi, êî-
ëè a

(1)
2 + a

(3)
0 = 0 i

(s(s + a
(1)
2 − 1) + a

(0)
3 )fs + (a

(1)
1 (s− 1)+

+a
(0)
2 )fs−1 + a

(0)
3 fs−2 = 0 (s ≥ 2). (4)

ßêùî àáî a
(1)
1 = a

(0)
2 = 0, àáî a

(0)
3 = 0, òî

äâî÷ëåííà ðåêóðåíòíà ôîðìóëà (4) äëÿ êî-
åôiöi¹íòiâ fs ïåðåòâîðþ¹òüñÿ íà îäíî÷ëíåí-
íó ðåêóðåíòíó ôîðìóëó, i â öüîìó âèïàäêó
çà äîäàòêîâèõ óìîâ íà iíøi äiéñíi ïàðàìå-
òðè a

(j)
k Ñ. Øàõ ïîêàçàâ [5], ùî iñíó¹ öiëèé

ðîçâ'ÿçîê (1) ðiâíÿííÿ (3), òàêèé, ùî âií i
âñi éîãî ïîõiäíi ¹ áëèçüêèìè äî îïóêëèõ â D
ôóíêöiÿìè. Îñêiëüêè ó çàãàëüíîìó âèïàäêó
äâî÷ëåííî¨ ðåêóðåíòíî¨ ôîðìóëè äëÿ äîñëi-
äæåííÿ áëèçüêîñòi äî îïóêëîñòi ôóíêöi¨ (1)
âèêîðèñòàòè áåñïîñåðåäíüî ëåìó 1 íå âäà¹-
òüñÿ, Ç.Ì. Øåðåìåòà [6] äîâåëà íàñòóïíó ëå-
ìó.
Ëåìà 2. ßêùî f0 = 0, f1 = 1 i fs = ξsfs−1 +
ηsfs−2 äëÿ âñiõ s ≥ 2, äå ξs, ηs > 0 (s ≥ 2) i

1 ≥ 2ξ2 ≥ 3

2
ξ3 + 3η3 ≥ · · · ≥

≥ s + 1

s
ξs+1 +

s + 1

s− 1
ηs+1 ≥ · · · > 0,

òî ïðàâèëüíi íåðiâíîñòi (2).
Äëÿ äîñëiäæåííÿ áëèçüêîñòi äî îïóêëîñòi

öiëîãî ðîçâ'ÿçêó (1) äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ (3) ç êîìïëåêñíèìè ïàðàìåòðàìè â
[7] ó çàãàëüíîìó âèïàäêó ðåêóðåíòíî¨ ôîð-
ìóëè (4) âèêîðèñòîâóâàëàñü íàñòóïíà ëåìà
([3], [8]).
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Ëåìà 3. ßêùî
∞∑

s=2

s|fs| ≤ 1, òî ôóíêöiÿ (1)
¹ áëèçüêîþ äî îïóêëî¨ â D.

Áåçïîñåðåäíiì óçàãàëüíåííÿì ðiâíÿííÿ
(3) ¹ ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ

znw(n) +
n∑

j=1

(
j+1∑

k=1

a
(n−j)
k zn−k+1

)
w(n−j) = 0.

(5)
Â [9] äîâåäåíî, ùî öiëà ôóíêöiÿ f(z) =

∞∑
s=0

fsz
s ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (5) òîäi i ëèøå

òîäi, êîëè äëÿ êîæíîãî s ∈ Z+

min{s,n}∑
m=0

min{s,n}−m∑

k=0

a
(k)
n+1−k−m(s−m)!

(s− k −m)!
fs−m = 0,

(6)
äå a

(n)
1 = 1, i, âèêîðèñòîâóþ÷è ëåìó 3,

äîñëiäæåíî áëèçüêiñòü äî îïóêëîñòi öiëèõ
ðîçâ'ÿçêiâ ðiâíÿííÿ (5) ó âèïàäêó, êîëè n-
÷ëåííà ðåêóðåíòíà ôîðìóëà (6) çâîäèòüñÿ
äî îäíî÷ëåííî¨.

Òóò ìè ïîêàæåìî, ùî ëåìó 3 ìîæíà áåç-
ïîñåðåäíüî çàñòîñîâóâàòè i ó âèïàäêó n-
÷ëåííî¨ ðåêóðåíòíî¨ ôîðìóëè, à ùîá çàñòî-
ñóâàòè ëåìó 1, ìîæíà îòðèìàòè àíàëîã ëåìè
2. Äëÿ ñêîðî÷åííÿ îá'¹ìó ñòàòòi îáìåæèìîñü
âèïàäêîì n = 3.
Ëåìà 4. Íåõàé f0 = 0, f1 = 1, f2 = ξ2f1,
f3 = ξ3f2 + η3f1 i fs = ξsfs−1 + ηsfs−2 + ζsfs−3

äëÿ âñiõ s ≥ 4, äå âñi ξs, ηs, ζs ¹ äîäàòíèìè.
Ïðèïóñòèìî, ùî 2ξ2 ≤ 1, 3η3 ≤ (2 − 3ξ3)ξ2,
4ζ4 ≤ (3− 4ξ4)(η3 + ξ2ξ3)− 4η4ξ2 i äëÿ s ≥ 4

s

s− 1
ξs ≥ s + 1

s
ξs+1,

s

s− 2
ηs ≥ s + 1

s− 1
ηs+1,

s

s− 3
ζs ≥ s + 1

s− 2
ζs+1. (7)

Òîäi ïðàâèëüíi íåðiâíîñòi (2).
Äîâåäåííÿ. Îñêiëüêè f2 = ξ2, f3 = ξ3ξ2 +

η3 i f4 = ξ4(ξ3ξ2 +η3)+η4ξ2 +ζ4, òî íåðiâíîñòi
1 ≥ 2f2 ≥ 3f3 ≥ 4f4 ëåãêî âèïëèâàþòü ç
íåðiâíîñòåé 2ξ2 ≤ 1, 3η3 ≤ (2− 3ξ3)ξ2, 4ζ4 ≤
(3− 4ξ4)(η3 + ξ2ξ3)− 4η4ξ2.

Ïðèïóñòèìî òåïåð, ùî s ≥ 4 i

1 ≥ 2f2 ≥ · · · ≥ (s− 1)fs−1 ≥ sfs.

Òîäi ç îãëÿäó íà (7) ìà¹ìî

(s + 1)fs+1 =
s + 1

s
ξs+1sfs+

+
s + 1

s− 1
ηs+1(s−1)fs−1+

s + 1

s− 2
ζs+1(s−2)fs−2 ≤

≤ s

s− 1
ξs(s− 1)fs−1 +

s

s− 2
ηs(s− 2)fs−2+

+
s

s− 3
ζs(s− 3)fs−3 =

= s(ξsfs−1 + ηsfs−2 + ζsfs−3) = sfs,

ùî i òðåáà áóëî äîâåñòè.
Äëÿ n = 3 äèôåðåíöiàëüíå ðiâíÿííÿ (5)

ìà¹ âèãëÿä

z3w′′′ + (a
(2)
1 z3 + a

(2)
2 z2)w′′+

+(a
(1)
1 z3 + a

(1)
2 z2 + a

(1)
3 z)w′+

+(a
(0)
1 z3 + a

(0)
2 z2 + a

(0)
3 z + a

(0)
4 )w = 0, (8)

à ç íàâåäåíîãî âèùå òâåðäæåííÿ ç [9] âè-
ïëèâà¹, ùî öiëà ôóíêöiÿ f(z) =

∞∑
s=0

fsz
s ¹

ðîçâ'ÿçêîì ðiâíÿííÿ (8) òîäi i ëèøå òîäi, êî-
ëè a

(0)
4 f0 = 0,

(a
(0)
4 + a

(1)
3 )f1 + a

(0)
3 f0 = 0 (9)

(a
(0)
4 +2a

(1)
3 +2a

(2)
2 )f2+(a

(0)
3 +a

(1)
2 )f1+a

(0)
2 f0 = 0

(10)
i äëÿ s ≥ 3

(a
(0)
4 + sa

(1)
3 + s(s− 1)a

(2)
2 + s(s− 1)(s− 2))fs+

+(a
(0)
3 + (s− 1)a

(1)
2 + (s− 1)(s− 2)a

(2)
1 )fs−1+

+(a
(0)
2 + (s− 2)a

(1)
1 )fs−2 + a

(0)
1 fs−3 = 0. (11)

Ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ (8)
áóäåìî øóêàòè ó âèãëÿäi (1). Òîäi ç ñïiââiä-
íîøåííÿ (9) âèïëèâà¹, ùî a

(0)
4 + a

(1)
3 = 0.

Ââàæàþ÷è, ùî a
(1)
3 +sa

(2)
2 +s(s−2) = Bs 6= 0

äëÿ âñiõ s ≥ 2, i äëÿ ïðîñòîòè âèêëàäó, ïðè-
ïóñêàþ÷è, íàïðèêëàä, ùî a

(1)
2 = a

(1)
1 = a

(2)
1 =

0, ç (10)-(11) îòðèìó¹ìî ðiâíîñòi

f2 = −a
(0)
3

B2

, f3 = − a
(0)
3

2B3

f2 − a
(0)
2

2B3

f1 (12)
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i äëÿ âñiõ s ≥ 4

fs = − a
(0)
3

(s− 1)Bs

fs−1−

− a
(0)
2

(s− 1)Bs

fs−2 − a
(0)
1

(s− 1)Bs

fs−3. (13)

Âèêîðèñòîâþ÷è öi ðiâíîñòi i ëåìó 4, äîâå-
äåìî òåïåð òàêó òåîðåìó.
Òåîðåìà 1. Íåõàé a

(0)
4 + a

(1)
3 = a

(1)
2 = a

(1)
1 =

a
(2)
1 = 0, a

(1)
3 > 0, a

(2)
2 > 0, a

(0)
1 < 0, a

(0)
2 < 0 i

a
(0)
3 < 0. Ïðèïóñòèìî, ùî

|a(0)
3 | ≤ a

(1)
3 + 2a

(2)
2

2
,

|a(0)
2 | ≤ |a(0)

3 |(4a(1)
3 + 12a

(2)
2 − 3|a(0)

3 |+ 12)

3(a
(1)
3 + 2a

(2)
2 )

(14)
i

|a(0)
1 | ≤ (9a

(1)
3 + 36a

(2)
2 − 4|a(0)

3 |+ 72)

8(a
(1)
3 + 2a

(2)
2 )

×

×(|a(0)
2 (a

(1)
3 + 2a(2)) + |a(3)

0 |2)
(a

(1)
3 + 3a

(2)
2 + 3)

− |a(0)
3 |

3(a
(1)
3 + 2a(2))

.

(15)
Òîäi äèôåðåíöiàëüíå ðiâíÿííÿ (8) ìà¹ öiëèé
ðîçâ'ÿçîê (1), ÿêèé ¹ áëèçüêîþ äî îïóêëî¨ â
D ôóíêöi¹þ.

Äîâåäåííÿ. Ïðèéìåìî

ξs =
|a(0)

3 |
(s− 1)Bs

(s ≥ 2),

ηs =
|a(0)

2 |
(s− 1)Bs

(s ≥ 3),

ζs =
|a(0)

1 |
(s− 1)Bs

(s ≥ 4).

Òîäi ç (12) i (13) îòðèìó¹ìî ðiâíîñòi f2 =
ξ2f1, f3 = ξ3f2 + η3f1 i fs = ξsfs−1 + ηsfs−2 +
ζsfs−3 äëÿ âñiõ s ≥ 4. Íåâàæêî ïåðåâiðè-
òè, ùî ç íåðiâíîñòåé (14) i (15) âèïëèâà-
þòü íåðiâíîñòi 2ξ2 ≤ 1, 3η3 ≤ (2 − 3ξ3)ξ2 i
4ζ4 ≤ (3 − 4ξ4)(η3 + ξ2ξ3) − 4η4ξ2. Îñêiëüêè
a

(1)
3 > 0 i a

(2)
2 > 0, òî Bs ↑ +∞ (2 ≤ s →∞).

Òîìó ïîñëiäîâíîñòi (ξs) (ηs) i (ζs) ¹ ñïàäíè-
ìè, i îòæå, äëÿ s ≥ 4 ïðàâèëüíi íåðiâíîñòi

(7). Çà ëåìîþ 4 ïðàâèëüíi íåðiâíîñòi (2), i
îòæå, ôóíêöiÿ f ¹ áëèçüêîþ äî îïóêëî¨ â D.
Òåîðåìó 1 äîâåäåíî.

Ïåðåéäåìî äî ðîçãëÿäó ðiâíÿííÿ (8) ç
êîìïëåêñíèìè ïàðàìåòðàìè. Ñïî÷àòêó äî-
âåäåìî íàñòóïíó çàãàëüíó ëåìó.
Ëåìà 5. Íåõàé f0 = 0, f1 = 1, f2 = ξ2f1,
f3 = ξ3f2 + η3f1 i fs = ξsfs−1 + ηsfs−2 + ζsfs−3

äëÿ âñiõ s ≥ 4. Ïðèéìåìî

ξ∗ = max

{
s + 1

s
|ξs+1| : s ≥ 2

}
,

η∗ = max

{
s + 2

s
|ηs+2| : s ≥ 2

}
,

ζ∗ = max

{
s + 3

s
|ζs+3| : s ≥ 2

}

i ïðèïóñòèìî, ùî ξ∗ + η∗ + ζ∗ < 1. Òîäi
∞∑

s=2

s|fs| ≤ 2|ξ2|+ 3|η3|+ 4|ζ4|
1− (ξ∗ + η∗ + ζ∗)

. (16)

Äîâåäåííÿ. Îñêiëüêè
∞∑

s=2

s|fs| ≤ 2|ξ2|+ 3|ξ3||f2|+ 3|η3|+
∞∑

s=4

s|fs| ≤

≤ 2|ξ2|+ 3|ξ3||ξ2|+ 3|η3|+

+
∞∑

s=4

s(|ξs||fs−1|+ |ηs||fs−2|+ |ζs||fs−3|) =

= 2|ξ2|+3|ξ3||ξ2|+3|η3|+
∞∑

s=3

(s+1)|ξs+1||fs|+

+
∞∑

s=2

(s + 2)|ηs+2||fs|+
∞∑

s=1

(s + 3)|ζs+3||fs| =

= 2|ξ2|+3|ξ3||ξ2|+3|η3|+
∞∑

s=2

(s+1)|ξs+1||fs|−

−3|ξ3||ξ2|+
∞∑

s=2

(s + 2)|ηs+2||fs|+

+
∞∑

s=2

(s + 3)|ζs+3||fs|+ 4|ζ4| =

= 2|ξ2|+ 3|η3|+ 4|ζ4|+

+
∞∑

s=2

{(s+1)|ξs+1|+(s+2)|ηs+2|+(s+3)|ζs+3|}|fs|,
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çâiäêè
∞∑

s=2

(
1− s + 1

s
|ξs+1| − s + 2

s
|ηs+2|−

− s + 3

s
|ζs+3|

)
s|fs| ≤ 2|ξ2|+ 3|η3|+ 4|ζ4|.

Çâiäñè ç îãëÿäó íà îçíà÷åííÿ ξ∗, η∗ i ζ∗ îòðè-
ìó¹ìî (16). Ëåìó 5 äîâåäåíî.

Äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ (8) ç
êîìïëåêñíèìè ïàðàìåòðàìè ïðàâèëüíà íà-
ñòóïíà òåîðåìà.
Òåîðåìà 2. Íåõàé a

(0)
4 + a

(1)
3 = a

(1)
2 = a

(1)
1 =

a
(2)
1 = 0, a

(1)
3 + 2a

(2)
2 6= 0, a

(1)
3 + 3a

(2)
2 + 3 6= 0,

a
(1)
3 +4a

(2)
2 +12 6= 0. Ïðèïóñòèìî, ùî |a(1)

3 |+
3|a(2)

2 | < 3 i

2|a(0)
3 |

|a(1)
3 + 2a

(2)
2 |

+
3|a(0)

2 |
2|a(1)

3 + 3a
(2)
2 + 3|

+

+
4|a(0)

1 |
3|a(1)

3 + 4a
(2)
2 + 8|

≤

≤ 1−
(

3|a(0)
3 |

4(3− |a(1)
3 | − 3|a(2)

2 |)
+

2|a(0)
2 |

3(8− |a(1)
3 | − 4|a(2)

2 |)
+

+
2|a(0)

2 |
3(8− |a(1)

3 | − 4|a(2)
2 |)

+

+
5|a(0)

1 |
8(15− |a(1)

3 | − 5|a(2)
2 |)

)
. (17)

Òîäi äèôåðåíöiàëüíå ðiâíÿííÿ (8) ìà¹ öiëèé
ðîçâ'ÿçîê (1), ÿêèé ¹ áëèçüêîþ äî îïóêëî¨ â
D ôóíêöi¹þ.

Äîâåäåííÿ. Ïðèéìåìî

ξs = − a
(0)
3

(s− 1)Bs

(s ≥ 2),

ηs = − a
(0)
2

(s− 1)Bs

(s ≥ 3),

ζs = − a
(0)
1

(s− 1)Bs

(s ≥ 4).

Òîäi ç (12) i (13) îòðèìó¹ìî ðiâíîñòi f2 =
ξ2f1, f3 = ξ3f2 + η3f1 i fs = ξsfs−1 +
ηsfs−2 + ζsfs−3 äëÿ âñiõ s ≥ 4. Îñêiëüêè

|ξ2| =
|a(0)

3 |
|a(1)

3 + 2a
(2)
2 |

, |η3| =
|a(0)

2 |
2|a(1)

3 + 3a
(2)
2 + 3|

i |ζ4| = |a(0)
1 |

3|a(1)
3 + 4a

(2)
2 + 8|

, òî

2|ξ2|+ 3|η3|+ 4|ζ4| = 2|a(0)
3 |

|a(1)
3 + 2a

(2)
2 |

+

+
3|a(0)

2 |
2|a(1)

3 + 3a
(2)
2 + 3|

+
4|a(0)

1 |
3|a(1)

3 + 4a
(2)
2 + 8|

. (18)

Äëÿ s ≥ 3 ìà¹ìî |Bs| ≥ (s(s − 2) − |a(1)
3 | −

s|a(2)
2 |) = B(s). Ç óìîâè |a(1)

3 |+ 3|a(2)
2 | < 3 âè-

ïëèâà¹, ùî ôóíêöiÿ B(x) ¹ äîäàòíîþ i çðî-
ñòàþ÷îþ íà [3, +∞). Òîìó äëÿ s ≥ 2 ìà¹ìî

s + 1

s
|ξs+1| = s + 1

s

|a(0)
3 |

s|Bs+1| ≤

≤ 3

2

|a(0)
3 |

2B(3)
=

3|a(0)
3 |

4(3− |a(1)
3 | − 3|a(2)

2 |)
.

Ïîäiáíî äîâîäèòüñÿ, ùî

s + 2

s
|ηs+2| ≤ 2|a(0)

2 |
3(8− |a(1)

3 | − 4|a(2)
2 |)

i

s + 3

s
|ζs+3| ≤≤ 5|a(0)

1 |
8(15− |a(1)

3 | − 5|a(2)
2 |)

.

Òîìó

ξ∗ + η∗ + ζ∗ ≤ 3|a(0)
3 |

4(3− |a(1)
3 | − 3|a(2)

2 |)
+

+
2|a(0)

2 |
3(8− |a(1)

3 | − 4|a(2)
2 |)

+
5|a(0)

1 |
8(15− |a(1)

3 | − 5|a(2)
2 |)

.

(19)
Ç îãëÿäó íà (18), (19) i óìîâó (17) ç íåðiâíî-
ñòi (16) îòðèìó¹ìî íåðiâíiñòü

∞∑
s=2

s|fs| ≤ 1, i
îòæå, ç îãëÿäó íà ëåìó 3 òåîðåìó 2 äîâåäåíî.
Çàóâàæåííÿ. Âèêîðèñòîâóþ÷è ìåòîä
Âiìàíà-Âàëiðîíà, ìîæíà ïîêàçàòè, ùî ÿêùî
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a
(0)
4 + a

(1)
3 = a

(1)
2 = a

(1)
1 = a

(2)
1 = 0 i a

(0)
1 6= 0,

òî äëÿ öiëîãî ðîçâ'ÿçêó f äèôåðåíöiàëüíî-
ãî ðiâíÿííÿ (8) ïðàâèëüíà àñèìïòîòè÷íà
ðiâíiñòü ln Mf (r) = (1 + o(1))

3

√
|a(0)

1 | r ïðè
r → +∞, äå Mf (r) = max{|f(z)| : |z| = r}.
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