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ËÅÆÀÍÄÐÀ-ÔÓÐ'�-ÅÉËÅÐÀ ÍÀ ÏÎËßÐÍIÉ ÎÑI

Ìåòîäîì äåëüòà-ïîäiáíî¨ ïîñëiäîâíîñòi (ÿäðî Äiðiõëå) çàïðîâàäæåíî ãiáðèäíå iíòåãðàëü-
íå ïåðåòâîðåííÿ Ëåæàíäðà-Ôóð'¹-Åéëåðà íà ïîëÿðíié îñi.

The method of δ-like sequence (Dirichlet kernel) introduced hybrid integral transform of
Legandre-Fourie-Euler on polar axis.

Âèâ÷åííÿ ôiçèêî-òåõíi÷íèõ õàðàêòåðè-
ñòèê êîìïîçèòíèõ ìàòåðiàëiâ, ÿêi çíàõîäÿ-
òüñÿ â ðiçíèõ óìîâàõ åêñïëóàòàöi¨, ìàòåìà-
òè÷íî ïðèâîäèòü äî çàäà÷i iíòåãðóâàííÿ ñå-
ïàðàòíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
äðóãîãî ïîðÿäêó íà êóñêîâî-îäíîðiäíîìó ií-
òåðâàëi. Îäíèì iç åôåêòèâíèõ ìåòîäiâ îäåð-
æàííÿ iíòåãðàëüíîãî çîáðàæåííÿ àíàëiòè-
÷íîãî ðîçâ'ÿçêó òàêèõ çàäà÷ ¹ ìåòîä ãiáðè-
äíèõ iíòåãðàëüíèõ ïåðåòâîðåíü, çàïî÷àòêî-
âàíèé â ðîáîòi [8]. Îñíîâíi ïîëîæåííÿ òåîði¨
ãiáðèäíèõ iíòåãðàëüíèõ ïåðåòâîðåíü (ÃIÏ)
çàêëàäåíî â ðîáîòi [9]. Äàíà ñòàòòÿ ïðèñâÿ-
÷åíà çàïðîâàäæåííþ îäíîãî ç òèïiâ ÃIÏ.

Çàïðîâàäèìî iíòåãðàëüíå ïåðåòâîðåííÿ,
ïîðîäæåíå íà ìíîæèíi I+

2 = {r : r ∈
(0, R1) ∪ (R1, R2) ∪ (R2,∞)} ãiáðèäíèì äè-
ôåðåíöiàëüíèì îïåðàòîðîì (ÃÄÎ)

M(µ)
α = θ(r)θ(R1 − r)Λ(µ) + θ(r −R1)×
×θ(R2 − r)d2/dr2 + θ(r −R2)B

∗
α, (1)

θ(x) � îäèíè÷íà ôóíêöiÿ Ãåâiñàéäà [1].
Ó ðiâíîñòi (1) áåðóòü ó÷àñòü äèôåðåí-

öiàëüíèé îïåðàòîð Ëåæàíäðà [2] Λ(µ) =

d2/dr2+cth rd/dr+
1

4
+

1

2

( µ2
1

1− ch r
+

µ2
2

1 + ch r

)
,

äèôåðåíöiàëüíèé îïåðàòîð Ôóð'¹ d2/dr2 òà
äèôåðåíöiàëüíèé îïåðàòîð Åéëåðà [3] B∗

α =
r2d2/dr2 + (2α + 1)rd/dr + α2, 2α + 1 > 0,
µ1 ≥ µ2 ≥ 0, (µ) = (µ1, µ2).

Îçíà÷åííÿ. Îáëàñòþ âèçíà÷åííÿ ÃÄÎ
M

(µ)
α íàçâåìî ìíîæèíó G âåêòîð-ôóíêöié

g(r) = {g1(r); g2(r); g3(r)} ç òàêèìè âëà-
ñòèâîñòÿìè: 1) âåêòîð-ôóíêöiÿ f(r) =
{Λ(µ)[g1(r)]; g

′′
2(r); B

∗
α[g3(r)]} íåïåðåðâíà íà

I+
2 ; 2) ôóíêöi¨ gj(r) çàäîâîëüíÿþòü óìîâè
îáìåæåííÿ

lim
r→0

[rγ1g1(r)] = 0, lim
r→∞

[rγ2g3(r)] = 0, (2)

3) ôóíêöi¨ gj(r) çàäîâîëüíÿþòü óìîâè ñïðÿ-
æåííÿ

[
(αk

j1d/dr + βk
j1)gk(r)− (αk

j2d/dr+

+βk
j2)gk+1(r)

]∣∣∣
r=Rk

= 0, j, k = 1, 2. (3)

Ââàæà¹ìî, ùî âèêîíàíi óìîâè íà êîåôi-
öi¹íòè: αk

jm ≥ 0, βk
jm ≥ 0, c1kc2k > 0, cjk =

αk
2jβ

k
1j − αk

1jβ
k
2j.

Çàóâàæèìî, ùî ç óìîâ ñïðÿæåííÿ (3) äëÿ
u(r) = {u1; u2; u3} ∈ G òà v(r) = {v1; v2; v3} ∈
G âèïëèâà¹ áàçîâà òîòîæíiñòü

(
uj(r)

dvj

dr
− vj

duj(r)

dr

)∣∣∣∣∣
r=Rj

=
c2j

c1j

×

×
(
uj+1(r)

dvj+1

dr
− vj+1(r)

duj+1

dr

]∣∣∣∣∣
r=Rj

. (4)

Ââåäåìî äî ðîçãëÿäó ÷èñëà

σ1 =
c11c12

c21c22

R2α+1
2

sh R1

, σ2 =
c12

c22

R2α+1
2 , σ3 = 1,

(5)
âàãîâó ôóíêöiþ

σ(r) = θ(r)θ(R1 − r)σ1 sh r + θ(r −R1)×

×θ(R2 − r)σ2 + θ(r −R2)σ3r
2α−1 (6)
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òà ñêàëÿðíèé äîáóòîê

(u(r), v(r)) =

∞∫

0

u(r)v(r)σ(r) dr ≡

≡
R1∫

0

u1(r)v1(r)σ1 sh rdr +

R2∫

R1

u2(r)v2(r)×

×σ2 dr +

∞∫

R2

u3(r)v3(r)σ3r
2α−1 dr. (7)

Áåçïîñåðåäíüî ïåðåâiðÿ¹òüñÿ, ùî ÃÄÎ
M

(µ)
α ñàìîñïðÿæåíèé

(M(µ)
α [u(r)], v(r)) = (u(r),M(µ)

α [v(r)]). (8)

Äîñòàòíüî ïðîiíòåãðóâàòè äâà ðàçè ÷à-
ñòèíàìè ïiä çíàêîì iíòåãðàëiâ, ñêîðèñòàòèñÿ
áàçîâîþ òîòîæíiñòþ (4), óìîâàìè îáìåæåí-
íÿ (2) â òî÷êàõ r = 0 òà r = ∞ é ñòðóêòóðîþ
σ1, σ2, σ3.

Ðiâíiñòü (8) ïîêàçó¹, ùî ÃÄÎ M
(µ)
α ìà¹

äiéñíèé ñïåêòð. Îñêiëüêè îïåðàòîð M
(µ)
α ìà¹

íà ìíîæèíi I+
2 îäíó îñîáëèâó òî÷êó r =

∞, òî éîãî ñïåêòð íåïåðåðâíèé [4]. Ìîæíà
ââàæàòè, ùî ñïåêòðàëüíèé ïàðàìåòð β ∈
(0,∞). Éîìó âiäïîâiäà¹ ñïåêòðàëüíà âåêòîð-
ôóíêöiÿ

V (µ)
α (r, β) = θ(r)θ(R1−r)V

(µ)
α;1 (r, β)+θ(r−R1)×

×θ(R2−r)V
(µ)
α;2 (r, β)+θ(R2−r)V

(µ)
α;3 (r, β). (9)

Ïðè öüîìó ôóíêöi¨ V
(µ)
α;j (r, β) ïîâèííi çà-

äîâîëüíÿòè äèôåðåíöiàëüíi ðiâíÿííÿ

(Λ(µ) + b2
1)V

(µ)
α;1 (r, β) = 0, r ∈ (0, R1),

(d2/dr2 + b2
2)V

(µ)
α;2 (r, β) = 0, r ∈ (R1, R2),

(B∗
α + b2

3)V
(µ)
α;3 (r, β) = 0, r ∈ (R2,∞), (10)

òà óìîâè ñïðÿæåííÿ (3); bj(β) = (β2 +k2
j )

1/2,
k2

j ≥ 0, j = 1, 3.
Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ

äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ Ëåæàí-
äðà (Λ(µ) + b2

1)v = 0 ñêëàäàþòü ôóíêöi¨
P

(µ)
−1/2+ib1

(ch r) òà L
(µ)
−1/2+ib1

(ch r) [2]; ôóíäà-
ìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äëÿ äèôåðåí-
öiàëüíîãî ðiâíÿííÿ Ôóð'¹ (d2/dr2 + b2

2)v = 0

ñêëàäàþòü òðèãîíîìåòðè÷íi ôóíêöi¨ cos b2r
òà sin b2r [3]; ôóíäàìåíòàëüíó ñèñòåìó
ðîçâ'ÿçêiâ äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ
Åéëåðà (B∗

α + b2
3)v = 0 ñêëàäàþòü ôóíêöi¨

v1 = r−α cos(b3 ln r) òà v2 = r−α sin(b3 ln r) [3].
ßêùî ïîêëàñòè

V
(µ)
α;1 (r, β) = A1P

(µ)
ν∗1

(ch r), ν∗1 = −1/2 + ib1,

V
(µ)
α;2 (r, β) = A2 cos b2r + B2 sin b2r,

V
(µ)
α;3 (r, β) = A3r

−α cos(b3 ln r)+

+B3r
−α sin(b3 ln r), (11)

òî óìîâè ñïðÿæåííÿ (3) äëÿ âèçíà÷åííÿ ï'ÿ-
òè âåëè÷èí äàþòü îäíîðiäíó àëãåáðà¨÷íó ñè-
ñòåìó ç ÷îòèðüîõ ðiâíÿíü:

Z
(µ),11
ν∗1 ;j1 (ch R1)A1 − v11

j2(b2R1)A2−

−v12
j2(b2R1)B2 = 0, j = 1, 2,

v21
j1(b2R2)A2 + v22

j1(b2R2)B2−
−Y 21

α;j2(b3, R2)A3 − Y 22
α;j2(b3, R2)B3 = 0. (12)

Ïðè äîâiëüíîìó A1 6= 0 ðîçãëÿíåìî àëãå-
áðà¨÷íó ñèñòåìó ñòîñîâíî A2, B2

v11
j2(b2R1)A2 + v12

j2(b2R1)B2 = Z
(µ),11
ν∗1 ;j1 (ch R1)A1.

(13)
Âèçíà÷íèê àëãåáðà¨÷íî¨ ñèñòåìè (13)

v11
12(b2R1)v

12
22(b2R1)− v11

22(b2R1)v
12
12(b2R1) =

= c21b2 6= 0.

Îòæå, àëãåáðà¨÷íà ñèñòåìà (13) ìà¹ ¹äè-
íèé ðîçâ'ÿçîê [5]:

A2 = (c21b2)
−1[Z

(µ),11
ν∗1 ;11 (ch R1)v

12
22(b2R1)−

−Z
(µ),11
ν∗1 ;21 (ch R1)v

12
12(b2R1)], (14)

B2 = (c21b2)
−1[−Z

(µ),11
ν∗1 ;11 (ch R1)v

11
22(b2R1)+

+Z
(µ),11
ν∗1 ;21 (ch R1)v

11
12(b2R1)].

Ïðè âèçíà÷åíèõ A2, B2 ðîçãëÿíåìî àëãå-
áðà¨÷íó ñèñòåìó ñòîñîâíî A3, B3:

Y 21
α;j2(b3, R2)A3 + Y 22

α;j2(b3, R2)B3 =

= A1(c21b2)
−1a(µ);j(β). (15)
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Òóò ïðèéíÿòi ïîçíà÷åííÿ:

δkj(b2R1, b2R2) = v11
j2(b2R1)v

22
k1(b2R2)−

−v12
j2(b2R1)v

21
k1(b2R2),

a(µ);j(β) = Z
(µ),11
ν∗1 ;21 (ch R1)δ1j(b2R1, b2R2)−

−Z
(µ),11
ν∗1 ;11 (ch R1)δ2j(b2R1, b2R2).

Âèçíà÷íèê àëãåáðà¨÷íî¨ ñèñòåìè (15)

qα(β) ≡ Y 21
α;12Y

22
α;22 − Y 21

α;22Y
22
α;12 =

= c22b3R
−(2α+1)
2 6= 0.

Àëãåáðà¨÷íà ñèñòåìà (15) ìà¹ ¹äèíèé
ðîçâ'ÿçîê [5]:

A1 = c21b2qα(β), A3 = ω
(µ)
α;2(β),

B3 = −ω
(µ)
α;1(β) 6= 0, (16)

ω
(µ)
α;j (β) = a(µ);1(β)Y 2j

α;22(b3, R2)−
−a(µ);2(β)Y 2j

α;12(b3, R2), j = 1, 2.

Ïiäñòàâèâøè âèçíà÷åíi ôîðìóëàìè (14)
òà (16) âåëè÷èíè Aj òà Bk ó ðiâíîñòi (11),
ìà¹ìî ôóíêöi¨ V

(µ)
α;j (r, β):

V
(µ)
α;1 (r, β) = c21b2qα(β)P

(µ)
ν∗1

(ch r), (17)

V
(µ)
α;2 (r, β) = qα(β)[Z

(µ),11
ν∗1 ;11 (ch R1)ϕ

1
22(b2R1, b2r)−

−Z
(µ),11
ν∗1 ;21 (ch R1)ϕ

1
12(b2R1, b2r)],

ϕ1
j2(b2R1, b2r) = v12

j2(b2R1) cos b2r−
−v11

j2(b2R1) sin b2r, j = 1, 2,

V
(µ)
α;3 (r, β) = [ω

(µ)
α;2(β)r−α cos(b3 ln r)−

−ω
(µ)
α;1(β)r−α sin(b3 ln r)].

Ç öèì ñïåêòðàëüíà ôóíêöiÿ V
(µ)
α (r, β) âè-

çíà÷åíà.
Íàÿâíiñòü âàãîâî¨ ôóíêöi¨ σ(r), ñïå-

êòðàëüíî¨ ôóíêöi¨ V
(µ)
α (r, β) òà ñïåêòðàëüíî¨

ùiëüíîñòi

Ω(µ)
α (β) = β[b3(β)]−1([ω

(µ)
α;1(β)]2 + [ωα;2(β)]2)−1

(18)

äîçâîëÿ¹ âèçíà÷èòè ïðÿìå H
(µ)
α òà îáåðíå-

íå H
−(µ)
α ãiáðèäíå iíòåãðàëüíå ïåðåòâîðåííÿ

(ÃIÏ), ïîðîäæåíå íà ïîëÿðíié îñi ÃÄÎM(µ)
α :

Hα[g(r)] =

∞∫

0

g(r)V (µ)
α (r, β)σ(r)dr ≡ g̃(β),

(19)

H−(µ)
α [g̃(β)] =

2

π

∞∫

0

g̃(β)V (µ)
α (r, β)Ω(µ)

α (β)dβ ≡

≡ g(r). (20)

Ìàòåìàòè÷íèì îá ðóíòóâàííÿì ôîðìóë
(19), (20) ¹ òâåðäæåííÿ.

Òåîðåìà 1 (ïðî iíòåãðàëüíå çîáðàæåí-
íÿ). ßêùî âåêòîð-ôóíêöiÿ

f(r) = [θ(r)θ(R1 − r)
√

sh r + θ(r −R1)×
×θ(R2 − r) · 1 + θ(r −R2)r

α−1/2]g(r)

íåïåðåðâíà, àáñîëþòíî ñóìîâíà é ìà¹ îáìå-
æåíó âàðiàöiþ íà ìíîæèíi (0,∞), òî äëÿ
áóäü-ÿêîãî r ∈ I+

2 ñïðàâäæó¹òüñÿ iíòå-
ãðàëüíå çîáðàæåííÿ

g(r) =
2

π

∞∫

0

V (µ)
α (r, β)

∞∫

0

g(ρ)V (µ)
α (ρ, β)×

×σ(ρ)dρΩ(µ)
α (β)dβ. (21)

Äîâåäåííÿ Â îñíîâi äîâåäåííÿ òåîðå-
ìè çíàõîäèòüñÿ íåâëàñíèé ïîäâiéíèé iíòå-
ãðàë [6]

2

π

∞∫

0

∞∫

0

Ψ(λ)V (µ)
α (r, λ)Ω(µ)

α (λ)dλV (µ)
α (r, β)×

×σ(r)dr =

{
Ψ(β), λ = β ∈ (0,∞),
0, λ = β∈(0,∞),

(22)

äå ôóíêöiÿ Ψ(λ) çàáåçïå÷ó¹ àáñîëþòíó çái-
æíiñòü âíóòðiøíüîãî iíòåãðàëó.

Ïðèïóñòèìî, ùî ôóíêöiÿ

g(r) =
2

π

∞∫

0

Ψ(β)V (µ)
α (r, β)Ω(µ)

α (β)dβ. (23)
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Ïîìíîæèìî ðiâíiñòü (23) íà âèðàç
V

(µ)
α (r, β)σ(r)dr é ïðîiíòåãðó¹ìî ïî r âiä

r = 0 äî r = ∞. Â ñèëó ðiâíîñòi (22) ìà¹ìî
∞∫

0

g(r)V (µ)
α (r, λ)σ(r)dr = Ψ(λ). (24)

Ïiäñòàâèâøè ôóíêöiþ

Ψ(β) =

∞∫

0

g(ρ)V (µ)
α (ρ, β)σ(ρ)dρ

ó ðiâíiñòü (23), ïðèõîäèìî äî iíòåãðàëüíîãî
çîáðàæåííÿ (21).

Çàóâàæåííÿ. ßêùî g(r) êóñêîâî-
íåïåðåðâíà, òî çëiâà â ðiâíîñòi (21) áóäå
ñòîÿòè 1/2[f(r + 0) + f(r − 0)].

Çàñòîñóâàííÿ çàïðîâàäæåíîãî ÃIÏ áàçó¹-
òüñÿ íà îñíîâíié òîòîæíîñòi ÃIÏ ÃÄÎ M

(µ)
α .

Âèçíà÷èìî âåëè÷èíè òà ôóíêöi¨:

d1 = σ1 sh R1c
−1
11 , d2 = σ2c

−1
12 ,

g̃1(β) =

R1∫

0

g1(r)V
(µ)
α;1 (r, β)σ1 sh rdr,

g̃2(β) =

R2∫

R1

g2(r)V
(µ)
α;2 (r, β)σ2dr,

g̃3(β) =

∞∫

R2

g3(r)V
(µ)
α;3 (r, β)σ1r

2α−1dr,

Z
(µ),k
α;i2 (β) = (αk

i2d/dr + βk
i2)V

(µ)
α;k+1(r, β)|r=Rk

;

i, k = 1, 2.
Òåîðåìà 2 (ïðî îñíîâíó òîòîæíiñòü).

ßêùî âåêòîð-ôóíêöiÿ f(r) = {Λ(µ)[g1(r)];
g′′2(r); B∗

α[g3(r)]} íåïåðåðâíà íà ìíîæèíi I+
2 ,

à ôóíêöi¨ gj(r) çàäîâîëüíÿþòü óìîâè îáìå-
æåííÿ (2) òà óìîâè ñïðÿæåííÿ

[(
αk

j1

d

dr
+ βk

j1

)
gk(r)−

−
(
αk

j2

d

dr
+βk

j2

)
gk+1(r)

]∣∣∣
r=Rk

= ωjk, j, k = 1, 2,

òî ñïðàâäæó¹òüñÿ îñíîâíà òîòîæíiñòü
ÃIÏ ÃÄÎ M

(µ)
α :

H(µ)
α

[
M(µ)

α [g(r)]
]

= −β2g̃(β)−
3∑

i=1

k2
i g̃i+

+
2∑

k=1

dk[Z
(µ),k
α;12 (β)ω2k − Z

(µ),k
α;22 (β)ω1k]. (25)

Äîâåäåííÿ. Çãiäíî ïðàâèëà (19)

H(µ)
α [M(µ)

α [g(r)]] =

∞∫

0

M(µ)
α [g(r)]V (µ)

α (r, β)×

×σ(r)dr =

R1∫

0

Λ(µ)[g1(r)])Vα;1(µ)(r, β)σ1 sh rdr+

+

R2∫

R1

dg2

dr
V

(µ)
α;2 (r, β)σ2dr+

+

∞∫

R2

B∗
α[g3(r)])V

(µ)
α;3 (r, β)σ3r

2α−1dr ≡ I. (26)

Ïðîiíòåãðó¹ìî ïiä çíàêàìè iíòåãðàëiâ
äâà ðàçè ÷àñòèíàìè:

I = σ1

(
sh r

[dg1

dr
V

(µ)
α;1 (r, β)−g1(r)

dV
(µ)
α;1

dr

])∣∣∣∣∣

R1

0

+

+σ2

[dg2

dr
V

(µ)
α;2 (r, β)− g2(r)

dV
(µ)
α;2 (r, β)

dr

]∣∣∣∣∣

R2

R1

+

+σ3

(
r2α+1

[dg3

dr
V

(µ)
α;3 (r, β)−g3(r)

dV
(µ)
α;3 (r, β)

dr

])∣∣∣∣∣

∞

R2

+

+

R1∫

0

g1(r)(Λ(µ)[V
(µ)
α;1 (r, β)])σ1 sh rdr+

+

R2∫

R1

g2(r)
(d2V

(µ)
α;2 (r, β)

dr2

)
σ2dr+

+

∞∫

R2

g3(r)(B
∗
α[V

(µ)
α;3 (r, β)])σ3r

2α−1dr. (27)
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Â ñèëó óìîâ îáìåæåíîñòi ïîçàiíòåãðàëüíi
÷ëåíè â òî÷êàõ r = 0 òà r = ∞ ïåðåòâîðþþ-
òüñÿ â íóëü.

ßêùî óìîâè ñïðÿæåííÿ íåîäíîðiäíi, òî â
áàçîâié òîòîæíîñòi (5) ñïðàâà ñòîÿòèìå ùå
äîäàíîê

1

c1j

[Z
(µ),j
α;12 (β)ω2j − Z

(µ),j
α;22 (β)ω1j].

Â ñèëó áàçîâî¨ òîòîæíîñòi (5) ìà¹ìî:
1) σ1 sh R1[g

′
1(R1)V

(µ)
α;1 (R1, β) −

g1(R1)V
(µ)
α;1

′
(R1, β)] − σ2 [g′2(R1)V

(µ)
α;2 (R1, β) −

g2(R1)V
(µ)
α;2

′
(R1, β)] = (σ1 sh R1c21c

−1
11 − σ2)

[g′2(R1) V
(µ)
α;2 (R1, β) − g2(R1)V

(µ)
α;2

′
(R1, β)] =

(c11c12R
2α+1
2 (c21c22 sh R1)

−1 sh R1c21(c11)
−1 −

c12R
2α+1
2 c−1

22 )[g′2(R1)V
(µ)
α;2 (R1, β) − g2(R1)

V
(µ)
α;2

′
(R1, β)] = (c12c

−1
22 R2α+1

2 ) [g′2 V
(µ)
α;2 (r, β)−

g2(r)V
(µ)
α;2

′∣∣∣
r=R1

=

= 0 · [g′2V (µ)
α;2 (r, β)− g2(r)V

(µ)
α;2

′
]
∣∣∣
r=R1

= 0 (28)

2) σ2[g
′
2V

(µ)
α;2 (r, β) − g2(r)V

(µ)
α;2

′
]
∣∣∣
r=R2

−
σ3R

2α+1
2 [g′3V

(µ)
α;3 (r, β) − g3(r)V

(µ)
α;3

′
]
∣∣∣
r=R2

=

(σ2c22c
−1
12 − σ3R

2α+1
2 )[g′3V

(µ)
α;3 (r, β) −

g3(r)V
(µ)
α;3

′
]
∣∣∣
r=R2

= 0 (29)
îñêiëüêè

σ2
c22

c12

− σ2R
2α+1
2 =

c12

c22

R2α+1
2

c22

c12

−R2α+1
2 =

= R2α+1
2 −R2α+1

2 = 0.

Iç äèôåðåíöiàëüíèõ òîòîæíîñòåé

(Λ(µ) + b2
1)V

(µ)
α;1 (r, β) ≡ 0,

(d2/dr2 + b2
2)V

(µ)
α;2 (r, β) ≡ 0,

(B∗
α + b2

3)V
(µ)
α;3 (r, β) ≡ 0

çíàõîäèìî, ùî

Λ(µ)[V
(µ)
α;1 (r, β)] ≡ −(β2 + k2

1)V
(µ)
α;1 (r, β),

d2V
(µ)
α;2

dr
≡ −(β2 + k2

2)V
(µ)
α;2 (r, β),

B∗
α[V

(µ)
α;3 (r, β)] ≡ −(β2 + k2

3)V
(µ)
α;3 (r, β). (30)

Â ñèëó ðiâíîñòåé (28), (29) òà (30) çíàõî-
äèìî, ùî

I = −
R1∫

0

(β2 + k2
1)g1(r)V

(µ)
α;1 (r, β)σ1 sh rdr−

−
R2∫

R1

(β2 + k2
2)g2(r)V

(µ)
α;2 (r, β)σ2dr−

−
∞∫

R2

(β2 + k2
3)V

(µ)
α;3 (r, β)g3(r)σ3r

2α−1dr. (31)

ßêùî òåïåð â (31) ðîç'¹äíàòè ñóìè ïiä
çíàêîì iíòåãðàëà íà äâà äîäàíêè, òî ïðèõî-
äèìî äî òîòîæíîñòi (25) ïðè ωjk = 0. ßêùî
æ ωjk 6= 0, òî ìà¹ìî îñíîâíó òîòîæíiñòü
(25).

Ëîãi÷íó ñõåìó çàñòîñóâàííÿ çàïðîâàäæå-
íîãî ôîðìóëàìè (19), (20) ÃIÏ Ëåæàíäðà-
Ôóð'¹-Åéëåðà ïîêàæåìî íà òèïîâèõ çàäà÷àõ
ìàòåìàòè÷íî¨ ôiçèêè íåîäíîðiäíèõ ñåðåäî-
âèù.

Çàäà÷à êâàçiñòàòèêè. Ïîáóäóâàòè
îáìåæåíèé â îáëàñòi D+

2 = {(t, r) : t ∈
(0,∞); r ∈ I+

2 } ðîçâ'ÿçîê ïàðàáîëi÷íî¨
ñèñòåìè [7]

∂u1

∂t
+ γ2

1u1 − Λ(µ)[u1] = f1(t, r), r ∈ (0, R1),

∂u2

∂t
+γ2

2u2− ∂2u2(t, r)

∂r2
= f2(t, r), r ∈ (R1, R2),

∂u3

∂t
+γ2

3u3−B∗
α[u3(t, r)] = f3(t, r), r ∈ (R2,∞),

(32)
çà ïî÷àòêîâèìè óìîâàìè

u1(t, r)|t=0 = g1(r), r ∈ (0, R1),

u2(t, r)|t=0 = g2(r), u3(t, r)|t=0 = g3(r) (33)

òà óìîâàìè ñïðÿæåííÿ
[(

αk
j1

∂

∂r
+ βk

j1

)
uk(t, r)−

−
(
αk

j2

∂

∂r
+βk

j2

)
uk+1(t, r)

]∣∣∣
r=Rk

= ωjk(t); (34)

j, k = 1, 2.
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Ðîçâ'ÿçàííÿ. Çàïèøåìî ñèñòåìó (32) é
ïî÷àòêîâi óìîâè (33) â ìàòðè÷íié ôîðìi:



( ∂

∂t
+ γ2

3 − Λ(µ)

)
u1(t, r)

( ∂

∂t
+ γ2

2 −
∂2

∂r2

)
u2(t, r)( ∂

∂t
+ γ2

3 −B∗
α

)
u3(t, r)




=




f1(t, r)
f2(t, r)
f3(t, r)


 ,




u1(t, r)
u2(t, r)
u3(t, r)




∣∣∣∣∣∣
t=0

=




g1(r)
g2(r)
g3(r)


 . (35)

Iíòåãðàëüíèé îïåðàòîð Hα,(µ) çãiäíî ïðà-
âèëà (19) çîáðàçèìî ó âèãëÿäi îïåðàòîðíî¨
ìàòðèöi-ðÿäêà:

Hα,(µ)[. . . ] =
[ R1∫

0

. . . V
(µ)
α;1 (r, β)σ1 sh rdr

R2∫

R1

. . . V
(µ)
α;2 (r, β)σ2dr

∞∫

R2

. . . V
(µ)
α;3 (r, β)σ3r

2α−1dr
]
. (36)

Çàñòîñó¹ìî îïåðàòîðíó ìàòðèöþ-ðÿäîê
(36) äî çàäà÷i (35) çà ïðàâèëîì ìíîæåí-
íÿ ìàòðèöü. Âíàñëiäîê îñíîâíî¨ òîòîæíîñòi
(25) îòðèìó¹ìî çàäà÷ó Êîøi:

3∑
i=1

( d

dt
+ β2 + γ2

i + k2
i

)
ũi(t, β) = F̃ (t, β),

ũ(t, β)|t=0 = g̃(β). (37)

Ïðèïóñòèìî, ùî max{γ2
1 ; γ

2
2 ; γ

2
3} = γ2

3 > 0.
Ïîêëàäåìî k2

1 = γ2
3−γ2

1 ≥ 0, k2
2 = γ2

3−γ2
2 ≥ 0,

k2
3 = 0. Çàäà÷à Êîøi (37) íàáóâà¹ âèãëÿäó:

( d

dt
+ β2 + γ2

3

)
ũ(t, β) = F̃ (t, β),

ũ(t, β)
∣∣∣
t=0

= g̃(β). (38)

Ðîçâ'ÿçêîì çàäà÷i Êîøi (38) ¹ ôóíêöiÿ

ũ(t, β) = e−ω2tg̃(β) +

t∫

0

e−ω2(t−τ)F̃ (τ, β)dτ,

ω2 = (β2 + γ2
3). (39)

Ó ôîðìóëàõ (37) � (39) ôóíêöiÿ

F̃ (t, β) = f̃(t, β) +
2∑

k=1

dk

[
Z

(µ),k
α;12 (β)ω2k(t)−

−Z
(µ),k
α;22 (β)ω1k(t)

]
.

Iíòåãðàëüíèé îïåðàòîð H
−(µ)
α çãiäíî ïðà-

âèëà (20) ÿê îáåðíåíèé äî (36) çîáðàçèìî ó
âèãëÿäi îïåðàòîðíî¨ ìàòðèöi-ñòîâïöÿ:

H−(µ)
α [. . . ] =




2
π

∞∫
0

. . . V
(µ)
α;1 (r, β)Ω

(µ)
α (β)dβ

2
π

∞∫
0

. . . V
(µ)
α;2 (r, β)Ω

(µ)
α (β)dβ

2
π

∞∫
0

. . . V
(µ)
α;3 (r, β)Ω

(µ)
α (β)dβ




.

(40)
Çàñòîñó¹ìî îïåðàòîðíó ìàòðèöþ-

ñòîâïåöü (40) äî ìàòðèöi-åëåìåíòà [ũ(t, β)],
äå ôóíêöiÿ ũ(t, β) âèçíà÷åíà ôîðìóëîþ
(39), çà ïðàâèëîì ìíîæåííÿ ìàòðèöü. Ó
ðåçóëüòàòi íèçêè åëåìåíòàðíèõ ïåðåòâîðåíü
ìà¹ìî iíòåãðàëüíå çîáðàæåííÿ ¹äèíîãî
àíàëiòè÷íîãî ðîçâ'ÿçêó ïàðàáîëi÷íî¨ çàäà÷i
(32) � (34):

uj(t, r) =
2

π

∞∫

0

ũ(t, β)V
(µ)
α;j (r, β)Ω(µ)

α (β)dβ =

=

t∫

0

R1∫

0

H(µ)
α;j1(t−τ, r, ρ)[f1(τ, ρ)+δ+(τ)g1(ρ)]×

×σ1 sh ρdρdτ +

t∫

0

R2∫

R1

H(µ)
α;j2(t− τ, r, ρ)[f2(τ, ρ)+

+δ+(τ)g2(ρ)]σ2dρdτ +

t∫

0

∞∫

R2

H(µ)
α;j3(t− τ, r, ρ)×

×[f3(τ, ρ) + δ+(τ)g3(ρ)]σ3ρ
2α−1dρdτ+ (41)

+
2∑

k=1

dk

[ t∫

0

R
(µ),jk
α;12 (t− τ, r)ω2k(τ)dτ−
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−
t∫

0

R
(µ),jk
α;22 (t− τ, r)ω1k(τ)dτ

]
; j = 1, 3.

Òóò δ+(t) � äåëüòà-ôóíêöiÿ, çîñåðåäæåíà â
òî÷öi t = 0+ [1].

Ó ôîðìóëàõ (41) áåðóòü ó÷àñòü ãîëîâíi
ðîçâ'ÿçêè ïàðàáîëi÷íî¨ çàäà÷i (32) � (34):
1) ïîðîäæåíi íåîäíîðiäíiñòþ ñèñòåìè ôóí-
êöi¨ âïëèâó

H(µ)
α;jk(t, r, ρ) =

2

π

∞∫

0

e−ω2tV
(µ)
α;j (r, β)V

(µ)
α;k (ρ, β)×

×Ω(µ)
α (β)dβ j, k = 1, 3, (42)

2) ïîðîäæåíi íåîäíîðiäíiñòþ óìîâ ñïðÿæåí-
íÿ ôóíêöi¨ Ãðiíà

R
(µ),jk
α;i2 (t, r) =

2

π

∞∫

0

e−ω2tZ
(µ),k
α;i2 (β)V

(µ)
α;j (r, β)×

×Ω(µ)
α (β)dβ i, k = 1, 2, j = 1, 3. (43)

Çàóâàæèìî, ùî îäåðæàíèé ðîçâ'ÿçîê ïà-
ðàáîëi÷íî¨ çàäà÷i íîñèòü àëãîðèòìi÷íèé õà-
ðàêòåð. Öå äîçâîëÿ¹ óñïiøíî éîãî âèêîðè-
ñòîâóâàòè ÿê â òåîðåòè÷íèõ äîñëiäæåííÿõ,
òàê i â ÷èñëîâèõ ðîçðàõóíêàõ.

Çàäà÷à äèíàìiêè. Ïîáóäóâàòè îáìåæå-
íèé â îáëàñòi D+

2 ðîçâ'ÿçîê ãiïåðáîëi÷íî¨ ñè-
ñòåìè

∂2u1

∂t2
+ γ2

1u1 − Λ(µ)[u1] = f1(t, r), r ∈ (0, R1),

∂2u2

∂t2
+ γ2

2u2 − ∂2u2

∂r2
= f2(t, r), r ∈ (R1, R2),

(44)

∂2u3

∂t2
+ γ2

3u3 −B∗
α[u3] = f3(t, r), r ∈ (R2,∞)

çà ïî÷àòêîâèìè óìîâàìè

uj(t, r)|t=0 = ϕj(r),
∂uj

∂t

∣∣∣∣
t=0

= ψj(r), j = 1, 3,

(45)
òà óìîâàìè ñïðÿæåííÿ (34).

Ðîçâ'ÿçàííÿ. Çàïèøåìî ñèñòåìó (44) é
ïî÷àòêîâi óìîâè (45) â ìàòðè÷íié ôîðìi:




(
∂2

∂t2
+ γ2

1 − Λ(µ)

)
u1

(
∂2

∂t2
+ γ2

2 −
∂2

∂r2

)
u2(

∂2

∂t2
+ γ2

3 −B∗
α

)
u3




=




f1(t, r)
f2(t, r)
f3(t, r)


 ,




u1

u2

u3




∣∣∣∣∣∣
t=0

=




ϕ1(r)
ϕ2(r)
ϕ3(r)


 ,

∂

∂t




u1

u2

u3




∣∣∣∣∣∣
t=0

=




ψ1

ψ2

ψ3


 . (46)

Äî çàäà÷i (46) çàñòîñó¹ìî çà ïðàâèëîì
ìíîæåííÿ ìàòðèöü îïåðàòîðíó ìàòðèöþ-
ðÿäîê (36). Âíàñëiäîê îñíîâíî¨ òîòîæíî-
ñòi (25) îäåðæó¹ìî â ïðèïóùåííi, ùî
max{γ2

1 ; γ
2
2 ; γ

2
3} = γ2

3 > 0, çàäà÷ó Êîøi:
(

d2

dt2
+ ω2(β)

)
ũ(t, β) = F̃ (t, β),

ũ(t, β)|t=0 = ϕ̃(β),
dũ(t, β)

dt

∣∣∣∣
t=0

= ψ̃(β). (47)

Áåçïîñåðåäíüî ïåðåâiðÿ¹òüñÿ, ùî ðîçâ'ÿç-
êîì çàäà÷i Êîøi (47) ¹ ôóíêöiÿ

ũ(t, β) =
sinωt

ω
ψ̃(β) +

d

dt

sin ωt

ω
ϕ̃(β)+

+

t∫

0

sin ω(t− τ)

ω
F̃ (τ, β)dτ. (48)

Çàñòîñó¹ìî îïåðàòîðíó ìàòðèöþ-
ñòîâïåöü (40) äî ìàòðèöi-åëåìåíòà [ũ(t, β)],
äå ôóíêöiÿ ũ(t, β) âèçíà÷åíà ôîðìóëîþ
(48), çà ïðàâèëîì ìíîæåííÿ ìàòðèöü.
Ïiñëÿ íèçêè åëåìåíòàðíèõ ïåðåòâîðåíü
ìà¹ìî iíòåãðàëüíå çîáðàæåííÿ ¹äèíîãî
àíàëiòè÷íîãî ðîçâ'ÿçêó äàíî¨ ãiïåðáîëi÷íî¨
çàäà÷i:

uj(t, r) =

t∫

0

R1∫

0

H(µ)
α;j1(t− τ, r, ρ)[f1(τ, ρ)+

+δ+(τ)ψ1(ρ)]σ1 sh ρdρdτ+
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+

t∫

0

R2∫

R1

H(µ)
α;j2(t− τ, r, ρ)[f2(τ, ρ)+

+δ+(τ)ψ2(ρ)]σ2dρdτ+

+

t∫

0

∞∫

R2

H(µ)
α;j3(t− τ, r, ρ)[f3(τ, ρ)+

+δ+(τ)ψ3(ρ)]σ3ρ
2α−1dρdτ+

+
∂

∂t

[ R1∫

0

H(µ)
α;j1(t, r, ρ)ϕ1(ρ)σ1 sh ρdρ+

+

R2∫

R1

H(µ)
α;j2(t, r, ρ)ϕ2(ρ)σ2dρ+

+

∞∫

R2

H(µ)
α;j3(t, r, ρ)ϕ3(ρ)σ3ρ

2α−1dρ
]
+

+
2∑

k=1

dk

[ t∫

0

R
(µ),jk
α;12 (t− τ, r)ω2k(τ)dτ−

−
t∫

0

R
(µ),jk
α;22 (t− τ, r)ω1k(τ)dτ

]
, j = 1, 3. (49)

Ó ôîðìóëàõ (49) áåðóòü ó÷àñòü ãîëîâíi
ðîçâ'ÿçêè äàíî¨ ãiïåðáîëi÷íî¨ çàäà÷i: 1) ïî-
ðîäæåíi íåîäíîðiäíiñòþ ñèñòåìè (44) ôóí-
êöi¨ âïëèâó

H(µ)
α;jk(t, r, ρ) =

2

π

∞∫

0

sinωt

ω
V

(µ)
α;j (r, β)V

(µ)
α;k (ρ, β)×

×Ω(µ)
α (β)dβ, j, k = 1, 3; (50)

2) ïîðîäæåíi íåîäíîðiäíiñòþ óìîâ ñïðÿæåí-
íÿ ôóíêöi¨ Ãðiíà

R
(µ),jk
α;i2 (t, r) =

2

π

∞∫

0

sinωt

ω
Z

(µ),k
α;i2 (β)V

(µ)
α;j (r, β)×

×Ω(µ)
α (β)dβ, i, k = 1, 2, j = 1, 3, (51)

ω = (β2 + γ2
3)

1/2, γ2
3 = max{γ2

1 ; γ
2
2 ; γ

2
3}.

Çàóâàæåííÿ 1. ßêùî max{γ2
1 ; γ

2
2 ; γ

2
3} =

γ2
1 > 0, òî k2

1 = 0, k2
2 = γ2

1 − γ2
2 ≥ 0, k2

3 =
γ2

1 − γ2
3 ≥ 0. Ó öüîìó âèïàäêó ω2 = β2 + γ2

1 .

Çàóâàæåííÿ 2. ßêùî max{γ2
1 ; γ

2
2 ; γ

2
3} =

γ2
2 > 0, òî k2

1 = γ2
2 − γ2

1 ≥ 0, k2
2 = 0, k2

3 =
γ2

2−γ2
3 ≥ 0. Ó öüîìó âèïàäêó ω = (β2+γ2

2)
1/2.

Çàóâàæåííÿ 3. Ñòðóêòóðà ãîëîâíèõ
ðîçâ'ÿçêiâ äîçâîëÿ¹ âèáîðîì ïàðàìåòðiâ
îäåðæóâàòè áóäü-ÿêi ïðàêòè÷íî âàæëèâi âè-
ïàäêè áåçïîñåðåäíüî (â ðàìêàõ äàíî¨ ìîäå-
ëi).
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