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Âñòàíîâëåíî íåîáõiäíi òà äîñòàòíi óìîâè îïòèìàëüíîãî êåðóâàííÿ ñèñòåìîþ, ùî îïè-
ñó¹òüñÿ íåëîêàëüíîþ êðàéîâîþ çàäà÷åþ ç îáìåæåíèì âíóòðiøíiì i ôiíàëüíèì êåðóâàííÿìè.
Êðèòåðié ÿêîñòi çàäà¹òüñÿ ñóìîþ îá'¹ìíîãî i ïîâåðõíåâîãî iíòåãðàëiâ.

The necessary and su�cient conditions of optimal control of the system which is described by
nonlocal boundary-value problem with limited internal and �nal control was established. Criterion
of quality is determined by the sum of volume and surface integrals.

Íåîáõiäíiñòü îïòèìàëüíîãî êåðóâàííÿ
ïðîöåñàìè, ùî îïèñóþòüñÿ ðiâíÿííÿìè ïà-
ðàáîëi÷íîãî òèïó, âèíèêà¹ ïðè ðîçâ'ÿçàííi
áàãàòüîõ ïðèêëàäíèõ çàäà÷, çîêðåìà ïðè äî-
ñëiäæåííi ïðîöåñiâ íàãðiâàííÿ i îõîëîäæåí-
íÿ ìàñèâíèõ åëåìåíòiâ êîíñòðóêöié, ïîøè-
ðåííÿ ïîëiâ òåìïåðàòóðè àáî êîíöåíòðàöi¨.
Âèâ÷åííÿ òàêèõ çàäà÷ ïðîâîäèëîñÿ â [1 � 3].

Ïîñòàíîâêà çàäà÷i òà îñíîâíi îáìå-
æåííÿ. Íåõàé D � îáìåæåíà âèïóêëà
îáëàñòü ç Rn, ç ìåæåþ ∂D. Â îáëàñòi Q =
[0, T ) × D ðîçãëÿíåìî çàäà÷ó çíàõîäæåííÿ
ôóíêöié u(t, x, p(x), q(x)), p(x) i q(x), ÿêi ðå-
àëiçóþòü ìiíiìóì ôóíêöiîíàëó

I(p, q) =

T∫

0

dt

∫

D

F1(t, x, u, ux, p)dx+

+

∫

D

F2(x, u(t1, x, p, q), . . . , u(tN , x, p, q), q)dx

(1)
íà êëàñi ôóíêöié (u, p, q), iç ÿêèõ (p, q) ∈
V ≡ {p ∈ C(α)(D), p1 ≤ p ≤ p2, q ∈
C(2+α)(D), q1 ≤ q ≤ q2}, à u(t, x, p, q) ¹
ðîçâ'ÿçêîì ðiâíÿííÿ

(Lu)(t, x) ≡ ∂u

∂t
−

n∑
ij=1

aij(t, x)
∂2u

∂xi∂xj

−

−
n∑

i=1

ai(t, x)
∂u

∂xi

− a0(t, x)u =

= f(t)ψ(p(x)), (2)

ùî çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

u(0, x) +
N∑

j=1

dj(x)u(tj, x) = ϕ(x, q), (3)

à íà ái÷íié ìåæi Γ = [0, T ) × ∂D êðàéîâó
óìîâó

(Bu)(t, x)|Γ ≡
( n∑

k=1

bk(t, x)
∂u

∂xk

+b0(t, x)u
)∣∣∣

Γ
=

= g(t, x). (4)

Íåõàé äëÿ çàäà÷i (1) � (4) âèêîíóþòüñÿ
óìîâè:

10. Êîåôiöi¹íòè aij, ai ∈ C(α)(Q), i ∈
{0, . . . , n} i äëÿ äîâiëüíîãî âåêòîðà ξ =
(ξ1, . . . , ξn) âèêîíó¹òüñÿ íåðiâíiñòü

π1|ξ|2 ≤
n∑

i,j=1

aij(t, x)ξiξj ≤ π2|ξ|2,

äå π1, π2 � ôiêñîâàíi äîäàòíi ñòàëi, |ξ|2 =
n∑

i=1

ξ2
i .

20. Êîåôiöi¹íòè dj ∈ C(2+α)(D), j =
{1, . . . , N}, bk ∈ C(1+α)(Γ), k = 0, n,
N∑

j=1

|dj(x)| ≤ µ < 1, äå µ � äîâiëüíå ÷èñëî

i âåêòîð −→b = {b1, b2, . . . , bn} óòâîðþ¹ ç íîð-
ìàëëþ −→n â òî÷öi (t, x) ∈ Γ ãîñòðèé êóò.

30. Ôóíêöi¨ f(t) ∈ C(α
2
)([0, T ), g(t, x) ∈

C(1+α)(Γ), qk ∈ C(2+α)(D), pk ∈ C(α)(D),
k = 1, 2.
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40. Ìåæà ∂D íàëåæèòü äî êëàñó C(2+α).

50. Bϕ|x∈∂D = g(0, x) +
N∑

j=1

dj(x)g(tj, x),

( n∑

k=1

bk(t, x)
∂dj(x)

∂xk

)∣∣∣
Γ

= 0.

60. Ôóíêöi¨ ψ(p(x)) ∈ C(α)(D), ϕ(x, q) ∈
C(2+α)(D), F1(t, x, u, ux, p) ∈ C(α)(Q),
F2(x, u(t1, x, p, q), . . . , u(tN , x, p, q), q) ∈
C(2+α)(D) i ìàþòü ãåëüäåðîâi ïîõiäíi
äðóãîãî ïîðÿäêó çà àðãóìåíòàìè ux, p, q i
u(tk, x, p, q) íåïåðåðâíi ÿê ôóíêöi¨ âiä (t, x).

Iñíóâàííÿ òà çîáðàæåííÿ ðîçâ'ÿçêó
çàäà÷i (2) � (4). Ðîçãëÿíåìî â îáëàñòi Q
íåëîêàëüíó êðàéîâó çàäà÷ó (2) � (4). Íåõàé
f(t)ψ(p(x)) ≡ f1(t, x), äå f1(t, x) ∈ C(α)(Q).
Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
10 � 50. Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i
(2) � (4) ó ïðîñòîði C(2+α)(Q) i äëÿ íüîãî
ñïðàâåäëèâà íåðiâíiñòü

‖u‖C(2+α)(Q) ≤ c(‖f1‖C(α)(Q) + ‖ϕ‖C(2+α)(D)+

+‖g‖C(1+α)(Γ)). (5)

Äîâåäåííÿ. Ðîçâ'ÿçîê çàäà÷i (2) � (4)
áóäåìî øóêàòè ó âèãëÿäi

u(t, x) =

∫

D

E(t, x, 0, ξ)u(0, ξ)dξ + V (t, x),

(6)
äå E(t, x, τ, ξ) � ôóíêöiÿ Ãðiíà îäíîðiäíî¨
êðàéîâî¨ çàäà÷i

Lu(t, x) = f1(t, x),

u(0, x) = ϕ(x, q), Bu(t, x)|Γ = 0, (7)

à V (t, x) � ðîçâ'ÿçîê çàäà÷i ç êîñîþ ïîõiäíîþ

LV (t, x) = f1(t, x),

V (0, x) = ϕ(x, q), BV (t, x)|Γ = g(t, x). (8)

Ïðè âèêîíàííi óìîâ 10 � 50 ðîçâ'ÿçîê çà-
äà÷i (8) iñíó¹ i äëÿ íüîãî ïðàâèëüíà îöiíêà

‖V ‖C(2+α)(Q) ≤ c(‖f1‖C(α)(Q) + ‖ϕ‖C(2+α)(D)+

+‖g‖C(1+α)(Γ)).

Çàäîâîëüíèâøè íåëîêàëüíó óìîâó (3),
îäåðæèìî

u(0, x) +
N∑

j=1

dj(x)

∫

D

E(tj, x, 0, ξ)u(0, ξ)dξ =

= −
N∑

j=1

dj(x)V (tj, x). (10)

Ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ (10)
âiäíîñíî ôóíêöi¨ u(0, x) øóêà¹ìî ìåòîäîì
ïîñëiäîâíèõ íàáëèæåíü. Ðåêóðåíòíi ñïiââiä-
íîøåííÿ äëÿ ïîñëiäîâíèõ íàáëèæåíü ìàþòü
âèãëÿä

u(0)(0, x) = −
N∑

j=1

dj(x)V (tj, x) ≡ F (x),

u(k)(0, x) = F (x)−

−
N∑

j=1

dj(x)

∫

D

E(tj, x, 0, ξ)u(k−1)(0, ξ)dξ.

Îñêiëüêè E(tj, x, 0, ξ) ≥ 0, 0 ≤∫
D

E(tj, x, 0, ξ)dξ ≤ 1, òî âðàõîâóþ÷è îáìåæå-

ííÿ 20, ìà¹ìî
∣∣∣

N∑
j=1

dj(x)

∫

D

E(tj, x, 0, ξ)dξ
∣∣∣ ≤

N∑
j=1

|dj(x)| ≤

≤ µ < 1.

Òîìó, îöiíþþ÷è ðiçíèöi ìiæ ïîñëiäîâíèìè
íàáëèæåííÿìè, îäåðæèìî

|u(k)(0, x)− u(k−1)(0, x)| ≤ µk‖V ‖C(Q).

Îòæå, ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ
(10) çîáðàæà¹òüñÿ ðiâíîìiðíî çáiæíèì ôóí-
êöiîíàëüíèì ðÿäîì

u(0, x) = F (x) +
∞∑

k=1

(u(k)(0, x)− u(k−1)(0, x))

i äëÿ íüîãî ñïðàâåäëèâà îöiíêà

|u(0, x)| ≤ µ

1− µ
‖V ‖C(Q). (11)

Âñòàíîâèìî ôîðìóëó çîáðàæåííÿ
ðîçâ'ÿçêó çàäà÷i (2) � (4). Âðàõîâóþ÷è
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îáìåæåííÿ µ < 1 âèçíà÷à¹ìî ðîçâ'ÿçîê
iíòåãðàëüíîãî ðiâíÿííÿ (10) ó âèãëÿäi

u(0, x) = F (x) +

∫

D

R(x, y)F (y)dy, (12)

äå R(x, y) � ðåçîëüâåíòà, ÿêà çàäîâîëüíÿ¹ ií-
òåãðàëüíå ðiâíÿííÿ

R(x, ξ) +
N∑

j=1

dj(x)E(tj, x, 0, ξ) =

= −
∫

D

N∑
j=1

dj(x)E(tj, x, 0, ξ)R(y, ξ)dy,

çâiäêè îòðèìó¹ìî îöiíêó
∫

D

R(x, y)dy ≤ µ

1− µ
.

Ïiäñòàâèâøè ó ðiâíiñòü (12) çàìiñòü F (y)
çíà÷åííÿ

F (y) = −
N∑

j=1

aj(x)
[ tj∫

0

dτ

∫

D

G1(tj, y, τ, ξ)×

×f1(τ, ξ)dξ +

∫

D

G1(tj, y, 0, ξ)ϕ(ξ, q)dξ+

+

tj∫

0

dτ

∫

∂D

G2(tj, y, τ, ξ)g(τ, ξ)dξS
]
, (13)

äå (G1, G2) � ôóíêöiÿ Ãðiíà çàäà÷i ç êîñîþ
ïîõiäíîþ (8) iç [2], i çìiíèâøè ïîðÿäîê iíòå-
ãðóâàííÿ, îòðèìó¹ìî

u(0, x) =
N∑

j=1

[ tj∫

0

dτ

∫

D

Γ1(tj, x, τ, ξ)f1(τ, ξ)dξ+

+

∫

D

Γ1(tj, x, 0, ξ)ϕ(ξ, q)dξ+

+

tj∫

0

dτ

∫

∂D

Γ2(tj, x, τ, ξ)g(τ, ξ)dξS
]
,

äå

Γm(tj, x, τ, ξ) = −dj(x)Gm(tj, x, τ, ξ)−

−
∫

D

R(x, y)dj(y)Gm(tj, y, τ, ξ)dy, m = 1, 2.

Ïiäñòàâëÿþ÷è çíà÷åííÿ u(0, x) ó ïîâåðõ-
íåâèé iíòåãðàë ðiâíîñòi (6), çìiíèâøè ïîðÿ-
äîê iíòåãðóâàííÿ, îäåðæèìî çîáðàæåííÿ

u(t, x) =

t∫

0

dτ

∫

D

G1(t, x, τ, ξ)f1(τ, ξ)dξ+

+

∫

D

G1(t, x, 0, ξ)ϕ(ξ, q)dξ+

+

t∫

0

dτ

∫

∂D

G2(t, x, τ, ξ)g(τ, ξ)dξS+

+
N∑

j=1

[ tj∫

0

dτ

∫

D

Z
(1)
j (t, x, τ, ξ)f1(τ, ξ)dξ+

+

∫

D

Z
(1)
j (t, x, 0, ξ)ϕ(ξ, q)dξ+

+

tj∫

0

dτ

∫

∂D

Z
(2)
j (t, x, τ, ξ)g(τ, ξ)dξS

]
,

äå

Z
(m)
j (t, x, τ, ξ) =

∫

D

E(t, x, 0, y)Γm(tj, y, τ, ξ)dy,

m = 1, 2, j = {1, . . . , N}.
Âðàõîâóþ÷è ôîðìóëó äëÿ îöiíêè ïîõi-

äíèõ ôóíêöi¨ Ãðiíà E(t, x, τ, ξ) îäíîðiäíî¨
êðàéîâî¨ çàäà÷i òà ñïiââiäíîøåííÿ (10), ìà-
¹ìî

‖u(0, x)‖C(2+α)(Q) ≤ c(‖f1‖C(α)(Q)+‖ϕ‖C(2+α)(D)+

+‖g‖C(1+α)(Γ)).

Òîäi âðàõîâóþ÷è çîáðàæåííÿ u(t, x) ôîð-
ìóëîþ (6) i îöiíêó (14), îäåðæó¹ìî íåðiâ-
íiñòü (5).

Êðèòåðié îïòèìàëüíîñòi ðîçâ'ÿçêó
çàäà÷i (1) � (4). Ïîçíà÷èìî ÷åðåç

−→u = (u0, u1, u2, . . . , un+1) =

= (u, ux1 , ux2 , . . . , uxn , p),
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−→ω = (u(t1, x, p, q), u(t2, x, p, q), . . . ,

u(tN , x, p, q), q) = (ω1, . . . , ωN+1),

G̃(t, x, 0, ξ) ≡ G1(t, x, 0, ξ)+
N∑

j=1

Z
(1)
j (t, x, 0, ξ),

λ(ξ) =

T∫

0

f(τ)dτ

T∫

τ

dt

∫

D

∂F1

∂u0

(t, x,−→u )×

×G1(t, x, τ, ξ)dx +
N∑

j=1

tj∫

0

f(τ)dτ

T∫

τ

dt×

×
∫

D

∂F1

∂u0

(t, x,−→u )Z
(1)
j (t, x, τ, ξ)dx+

+
N∑

i=1

T∫

0

f(τ)dτ

T∫

τ

dt

∫

D

∂F1

∂ui

(t, x,−→u )×

×∂G1

∂xi

(t, x, τ, ξ)dx +
N∑

j=1

tj∫

0

f(τ)dτ

T∫

τ

dt×

×
∫

D

n∑
i=1

∂F1

∂ui

(t, x,−→u )
∂Z

(1)
j

∂xi

(t, x, τ, ξ)dx+

+
N∑

j=1

tj∫

0

f(τ)dτ

∫

D

∂F2

∂ωj

(x,−→ω , q)G1(tj, x, τ, ξ)dx+

+
N∑

j=1

N∑

k=1

tk∫

0

f(τ)dτ

∫

D

∂F2

∂ωj

(x,−→ω , q)×

×Z
(1)
k (tk, tj, x, τ, ξ)dx,

µ(ξ) ≡
T∫

0

dt
[ ∫

D

∂F1

∂u0

(t, x,−→u )G̃(t, x, 0, ξ)+

+
n∑

i=1

∂F1

∂ui

(t, x,−→u )
∂G̃

∂xi

(t, x, 0, ξ)
]
dx+

+
N∑

j=1

∫

D

∂F2

∂ωj

(x,−→ω , q)G̃(tj, x, 0, ξ)dx,

Hλ(ξ, un+1) ≡ λ(ξ)ψ(uN+1) +

T∫

0

F1(t, ξ,
−→u )dt,

Hµ(ξ, ωN+1) ≡ µ(ξ)ϕ(ξ, ωN+1) + F2(ξ,
−→ω , q).

Ïðàâèëüíi òàêi òåîðåìè.
Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè

10 � 60. Òîäi
à) ÿêùî ôóíêöi¨ Hλ i Hµ ¹ ìîíîòîí-

íî çðîñòàþ÷èìè çà àðãóìåíòàìè un+1 òà
ωN+1 âiäïîâiäíî, òî îïòèìàëüíèìè êåðóâà-
ííÿìè áóäóòü p1(x) i q1(x), à îïòèìàëüíèé
ðîçâ'ÿçîê çàäà÷i (1) � (4) ìà¹ âèãëÿä

u(t, x, p, q) ≡ u(t, x, p1, q1);

á) ÿêùî ôóíêöiÿ Hλ ìîíîòîííî çðîñòà-
þ÷à çà àðãóìåíòîì un+1, à Hµ ¹ ìîíîòîííî
ñïàäíà çà àðãóìåíòîì ωN+1, òî îïòèìàëü-
íèìè êåðóâàííÿìè áóäóòü p1(x) i q2(x), à
îïòèìàëüíèé ðîçâ'ÿçîê çàäà÷i (1) � (4) ìà¹
âèãëÿä

u(t, x, p, q) ≡ u(t, x, p1, q2);

â) ÿêùî ôóíêöiÿ Hλ ìîíîòîííî ñïà-
äíà çà àðãóìåíòîì un+1, à Hµ ¹ ìîíî-
òîííî çðîñòàþ÷à çà àðãóìåíòîì ωN+1, òî
îïòèìàëüíèìè êåðóâàííÿìè áóäóòü p2(x) i
q1(x), à îïòèìàëüíèé ðîçâ'ÿçîê çàäà÷i (1) �
(4) ìà¹ âèãëÿä

u(t, x, p, q) ≡ u(t, x, p2, q1);

ã) ÿêùî ôóíêöi¨ Hλ i Hµ ¹ ìîíîòîííî
ñïàäíèìè çà àðãóìåíòàìè un+1 òà ωN+1

âiäïîâiäíî, òî îïòèìàëüíèìè êåðóâàííÿìè
áóäóòü p2(x) i q2(x), à îïòèìàëüíèé ðîçâ'ÿ-
çîê çàäà÷i (1) � (4) ìà¹ âèãëÿä

u(t, x, p, q) ≡ u(t, x, p2, q2)

Äîâåäåííÿ. Ðîçãëÿíåìî âèïàäîê à). Íå-
õàé ∆p � äîïóñòèìèé ïðèðiñò êåðóâàííÿ
un+1(x), à ∆q � äîïóñòèìèé ïðèðiñò êåðóâà-
ííÿ ωN+1(x). ×åðåç ∆u ïîçíà÷èìî ïðèðiñò
ôóíêöi¨ u(t, x, p, q). Òîäi ∆u â îáëàñòi Q áó-
äå ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i

(L∆u)(t, x) = f(t)∆ψ(un+1),

∆u(0, x) +
N∑

j=1

dj(x)∆u(tj, x, p, q) =

= ∆ϕ(x, ωN+1), (15)
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(B∆u)(t, x)|Γ = 0.

Ðîçãëÿíåìî ïðèðiñò ôóíêöiîíàëó:

∆I(p, q) = I(p + ∆p, q)− I(p, q)+

+I(p + ∆p, q + ∆q)− I(p + ∆p, q) ≡
≡ ∆pI(p, q) + ∆qI(p, q).

Ñêîðèñòà¹ìîñÿ ôîðìóëîþ Òåéëîðà, òîäi

∆pI(p, q) =

T∫

0

dτ

∫

D

[∂F1

∂u
∆pu+

n∑
i=1

∂F1

∂ui

∆pui+

+o(|∆pu|2) + o(|∆pui|2) + o(|∆p|2)
]
dx+

+

∫

D

( N∑
j=1

∂F2

∂ωj

∆pωj + o(|∆pωj|2)
)
dx, (16)

à

∆qI(p, q) =

T∫

0

dτ

∫

D

[∂F1

∂u
∆qu+

n∑
i=1

∂F1

∂ui

∆qui+

+o(|∆qu|2)+o(|∆qui|2)
]
dx+

∫

D

[ N∑
j=1

∂F2

∂ωj

∆qωj+

+
∂F2

∂q
∆q + o(|∆qωj|2) + o(|∆q|2)

]
dx. (17)

Ïîâíèé ïðèðiñò ôóíêöi¨ ∆u(t, x, p, q) ìî-
æíà çàïèñàòè ÷åðåç ÷àñòèííi ïðèðîñòè íà-
ñòóïíèì ÷èíîì: ∆u(p, q) ≡ ∆pu(p, q) +
∆qu(p, q), äå ∆pu(p, q) � ðîçâ'ÿçîê îäíîðiäíî¨
êðàéîâî¨ çàäà÷i

(L∆pu)(t, x, p, q) = f(t)∆pψ(un+1),

∆pu(0, x)+
N∑

j=1

dj(x)∆pu(tj, x, p, q) = 0, (18)

(B∆pu)(t, x, p, q)|Γ = 0,

i ∆qu(p, q) � ðîçâ'ÿçîê îäíîðiäíî¨ êðàéîâî¨
çàäà÷i

(L∆qu)(t, x, p, q) = 0,

∆qu(0, x) +
N∑

j=1

dj(x)∆qu(tj, x, p, q) =

= ∆qϕ(x, ωN+1), (19)

(B∆qu)(t, x, p, q)|Γ = 0.

Çà òåîðåìîþ 1, iñíó¹ ôóíêöiÿ Ãðiíà çà-
äà÷ (18), (19) i ïðèðiñò ∆u(t, x, p, q) çîáðà-
æà¹òüñÿ ôîðìóëîþ

∆u(t, x, p, q) =

t∫

0

dτ

∫

D

G1(t, x, τ, ξ)f(τ)×

×∆pψ(p(ξ))dξ +
N∑

j=1

tj∫

0

Z
(1)
j (t, x, τ, ξ)f(τ)×

×∆pψ(p(ξ))dξ +

∫

D

G1(t, x, 0, ξ)∆qϕ(ξ, q)dξ+

+
N∑

j=1

∫

D

Z
(1)
j (t, x, 0, ξ)∆qϕ(ξ, q)dξ. (20)

Çíàéäåìî çíà÷åííÿ ∆ui(t, x, p, q) i ∆ωj:

∆ui(t, x, p, q) =

t∫

0

dτ

∫

D

∂G1

∂xi

(t, x, τ, ξ)f(τ)×

×∆pψ(p(ξ))dξ +
N∑

j=1

tj∫

0

∂Z
(1)
j

∂xi

(t, x, τ, ξ)f(τ)×

×∆pψ(p(ξ))dξ+

∫

D

∂G1

∂xi

(t, x, 0, ξ)∆qϕ(ξ, q)dξ+

+
N∑

j=1

∫

D

∂Z
(1)
j

∂xi

(t, x, 0, ξ)∆qϕ(ξ, q)dξ, (21)

i ∈ {1, . . . , n},
i

∆ωj ≡
tj∫

0

dτ

∫

D

G1(tj, x, τ, ξ)f(τ)∆pψ(p(ξ))dξ+

+
N∑

k=1

tk∫

0

dτ

∫

D

Z
(1)
k (tk, tj, x, τ, ξ)f(τ)×

×∆pψ(p(ξ))dξ +

∫

D

G1(tj, x, 0, ξ)∆qϕ(ξ, q)dξ+
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+
N∑

k=1

∫

D

Z
(1)
k (tk, tj, x, 0, ξ)∆qϕ(ξ, q)dξ. (22)

Ïiäñòàâèâøè ôîðìóëè (20) � (22) ó (16), (17)
i çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ, çíàõîäè-
ìî

∆I(p, q) =

∫

D

∆pHλ(ξ, p)∆pdξ+

+

∫

D

∆qHµ(ξ, q)∆qdξ. (23)

ßêùî p = p1(x), q = q1(x), Hλ i Hµ çàäî-
âîëüíÿþòü óìîâè òåîðåìè 2, òî ïðè äîñèòü
ìàëèõ ∆p i ∆q ìà¹ìî, ùî ∆I(p1, q1) > 0.

Íåõàé p1(x) i q1(x) � îïòèìàëüíi êåðóâà-
ííÿ, òîáòî ∆I > 0. Ïåðåâiðèìî âèêîíàííÿ
óìîâ òåîðåìè 2 à). ßêùî ôóíêöi¨ Hλ òà Hµ

íå ¹ ìîíîòîííî çðîñòàþ÷èìè çà àðãóìåíòà-
ìè un+1 i ωN+1 âiäïîâiäíî, òî DpHλ i DqHµ

� çíàêîçìiííi âåëè÷èíè, òîáòî DpHλ > 0 â
D+ ⊂ D i DqHµ > 0 â D+

1 ⊂ D, à DpHλ < 0
i DqHµ < 0 â D− ⊂ D \ D+ i D−

1 ⊂ D \ D+
1

âiäïîâiäíî.
Âèêîðèñòàâøè òåîðåìó ïðî ñåðåäí¹ çíà-

÷åííÿ, ìà¹ìî

∆I(p, q) = DpHλ(x
+, p)

∫

D+

∆pdξ−

−|DpHλ(x
−, p)|

∫

D−

∆pdξ + DqHµ(x+, q)×

×
∫

D+
1

∆qdξ − |DqHµ(x−, p)|
∫

D−1

∆qdξ.

Ïðè äîñèòü ìàëèõ ∆p i ∆q çíàê ∆I âèçíà-
÷à¹òüñÿ ÷îòèðìà äîäàíêàìè ñóìè. Ðiçíèöÿ
ïåðøèõ äâîõ i íàñòóïíèõ äâîõ çìiíþ¹ çíàê
â çàëåæíîñòi âiä âåëè÷èí mes D+, mes D−

1 ,
∆p i ∆q. Ïðè äîñèòü ìàëié mes D+ i ∆p > 0,
∆q > 0 ìà¹ìî, ùî ∆I < 0 i íàâïàêè, ∆I > 0,
ÿêùî ìàëà mes D−

1 i ∆p > 0, ∆q > 0. Îòæå,
ôóíêöiîíàë íå äîñÿãà¹ ìiíiìóìó.

Âèïàäêè á) � â) äîâîäÿòüñÿ àíàëîãi÷íî.
Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè

10 � 60 i ôóíêöi¨ Hλ(x, p) i Hµ(x, q) íå ¹ ìî-
íîòîííèìè çà àðãóìåíòàìè p i q âiäïîâiä-
íî. Äëÿ òîãî, ùîá êåðóâàííÿ (p(0), q(0)) ∈ V

i âiäïîâiäíèé ðîçâ'ÿçîê u(t, x, p(0), q(0)) êðà-
éîâî¨ çàäà÷i (2) � (4) áóëè îïòèìàëüíèìè,
íåîáõiäíî òà äîñòàòíüî, ùîá âèêîíóâàëèñÿ
óìîâè:

à) ôóíêöiÿ Hλ(x, p) çà àðãóìåíòîì p ìà¹
â òî÷öi p(0) ìiíiìàëüíå çíà÷åííÿ;

á) ôóíêöiÿ Hµ(x, q) çà àðãóìåíòîì q ìà¹
â òî÷öi q(0) ìiíiìàëüíå çíà÷åííÿ;

â) äëÿ äîâiëüíîãî íåíóëüîâîãî âåêòîðà−→y = (y0, y1, . . . , yn, yn+1) i (t, x) ∈ Q âèêî-
íó¹òüñÿ íåðiâíiñòü

K1(t, x,−→u ) =
n+1∑
ij=0

∂2F1(t, x,−→u )

∂ui∂uj

yiyj > 0;

ã) äëÿ äîâiëüíîãî íåíóëüîâîãî âåêòîðà−→
ξ = (ξ1, ξ2, . . . , ξN+1) i (t, x) ∈ Q âèêîíó¹-
òüñÿ íåðiâíiñòü

K2(x,
−→
ξ ) =

N+1∑

kl=1

∂2F2(x,−→ω )

∂ωk∂ωl

ξkξl > 0.

Äîâåäåííÿ. Äîñòàòíiñòü. Íåõàé âèêî-
íóþòüñÿ óìîâè 1) � 4). Çàïèøåìî ïðèðiñò
ôóíêöiîíàëó çà äîïîìîãîþ ôîðìóëè Òåéëî-
ðà

∆I(p(0), q(0)) =

∫

D

(
DpHλ(x, p(0))∆p+

+
1

2
K1(t, x, ∆pu) +

1

2
K∗

1(t, x, ∆pu)
)
dx+

+

∫

D

[
DqHµ(x, q(0))∆q +

1

2
K2(x, ∆qω)+

+
1

2
K∗

2(x, ∆qω)
]
dx,

äå

K1(t, x, ∆pu) =
n+1∑
ij=0

∂2F1

∂ui∂uj

(t, x,−→u (0))∆pui×

×∆puj + λ(t, x)D2
ppf(t, x, p(0))(∆p)2,

K∗
1(t, x, ∆pu) =

n+1∑
ij=0

(D2
uiuj

F1(t, x, −̃→u (0)
)−

−D2
uiuj

F1(t, x,−→u (0)))∆pui∆quj,
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K2(x, ∆qω) =
N+1∑

kl=1

∂2F2

∂ωl∂ωk

∆qωk×

×∆qωl + µ(x)D2
qqϕ(x, q)∆q2,

K∗
2(x, ∆qω) =

N+1∑

kl=1

(D2
ωkωl

F2(x, −̃→ω (0)
)−

−D2
ωkωl

F2(x,−→ω (0)))∆qωl∆qωk.

Ïîçíà÷èìî ÷åðåç δ1 ≡ inf
|y|=1

K1(t, x,−→y ) i

δ2 ≡ inf
|ξ|=1

K2(x,
−→
ξ ). Çà óìîâàìè â) i ã) òåî-

ðåìè ìà¹ìî, ùî δ1(t, x) > 0, δ2(x) > 0 äëÿ
âñiõ x ∈ D, (t, x) ∈ Q. Òîäi

K1(t, x, ∆pu) ≥ δ1(t, x)|∆pu|2;
K∗

1(t, x, ∆pu) ≤ c|∆pu|2+α; (24)

K2(x, ∆qω) ≥ δ2(x)|∆qω|2;
K∗

2(x, ∆qω) ≤ c|∆qω|2+α. (25)

Ïðè äîñèòü ìàëèõ ∆p i ∆q òàêèõ, ùî
|∆pu| ≤

( 1

2c
δ1(t, x)

) 1
α i |∆qω| ≤

( 1

2c
δ2(x)

) 1
α ,

îäåðæó¹ìî îöiíêó ôóíêöiîíàëó

∆I(p(0), q(0)) ≥ 1

4

∫

D

δ1(t, x)|∆pu|2dx+

+
1

4

∫

D

δ2(x)|∆qω|2dx.

Îòæå, p(0), q(0) � îïòèìàëüíi êåðóâàííÿ, à
u(t, x, p(0), q(0)) � îïòèìàëüíèé ðîçâ'ÿçîê.

Íåîáõiäíiñòü. Íåõàé p(0), q(0) � îïòè-
ìàëüíi êåðóâàííÿ, òîáòî ∆I(p(0), q(0)) > 0.
ßêùî ïðèïóñòèòè, ùî DpHλ 6= 0 i DqHµ 6= 0,
òî ∆I(p(0), q(0)) çìiíþâàòèìå çíàê â çàëå-
æíîñòi âiä çíàêó ∆p i ∆q, ùî ñóïåðå÷èòü
íàÿâíîñòi ìiíiìóìó ôóíêöiîíàëó I(p, q) â òî-
÷öi (p(0), q(0)). Âèçíà÷èìî ïîâåäiíêó âåëè÷èí
DpHλ i DqHµ ó îêîëi òî÷îê (p(0), q(0)). Äëÿ
öüîãî çàïèøåìî ïðèðiñò ôóíêöiîíàëó ó âè-
ãëÿäi

∆I =

∫

D

[DpHλ(x, p(0)+θ∆p)∆p+o(|∆pu|2)]dx+

+

∫

D

[DqHµ(x, q(0) + θ∆q)∆q + o(|∆qωj|2)]dx.

Äëÿ òîãî, ùîá âèêîíóâàëàñÿ íåðiâíiñòü
∆I > 0, íåîáõiäíî, ùîá âèêîíóâàëèñÿ òàêi
íåðiâíîñòi: DpHλ > 0 ïðè p > p(0); DqHµ > 0
ïðè q > q(0) i DpHλ < 0 ïðè p < p(0);
DqHµ < 0 ïðè q < q(0). Òîìó â òî÷öi p(0)

ôóíêöiÿ Hλ(x, p) äîñÿãà¹ ìiíiìàëüíîãî çíà-
÷åííÿ, à â òî÷öi q(0) ôóíêöiÿ Hµ(x, q) äîñÿãà¹
ìiíiìàëüíîãî çíà÷åííÿ.

ßêùî K1(t, x, ∆pu) ≤ 0 i K2(x, ∆qω) ≤ 0 i
â îáëàñòi Q, òî çà óìîâîþ 1) îäåðæèìî, ùî
∆I ≤ 0, ùî íåìîæëèâî.

Íåõàé K1(t, x, ∆pu) > 0 â îáëàñòi Q+ ⊂
Q i K2(x, ∆qω) > 0 â Q+ ⊂ Q òà
K1(t, x, ∆pu) = −|K1(t, x, ∆pu)| < 0 i
K2(x, ∆qω) = −|K2(x, ∆qω)| < 0 â îáëàñòi
Q− ⊂ Q \Q+ i D− ⊂ D \D+ âiäïîâiäíî. Âè-
êîðèñòîâóþ÷è òåîðåìó ïðî ñåðåäí¹ äëÿ ïðè-
ðîñòó ∆I, îäåðæèìî

∆I(p(0), q(0)) =

∫ ∫

Q+

K1(t, x, ∆pu)dtdx−

−
∫ ∫

Q−

|K1(t, x, ∆pu)|dtdx+

+

∫ ∫

Q

K∗
1(t, x, ∆pu)dtdx+

+

∫ ∫

D+

K2(x, ∆qω)dx−
∫ ∫

D−

|K2(x, ∆qω)|dx+

+

∫ ∫

D

K∗
2(x, ∆qω)dx = K1(t

+, x+, ∆pu
+)×

×mes Q+ − |K1(t
−, x−, ∆pu

−)|mes Q−+

+

∫ ∫

Q+

K∗
1(t, x, ∆pu)dtdx + K2(x

+, ∆qω
+)×

×mes D+ − |K2(x
−, ∆qω

−)|mes D−+

+

∫ ∫

D

K∗
2(x, ∆qω)dx.

Ðiçíèöi öèõ äîäàíêiâ çìiíþþòü çíàê ∆I
â çàëåæíîñòi âiä âåëè÷èíè çíà÷åíü mes Q+,
mes Q−, mes D+ i mes D−: ïðè äîñèòü ìà-
ëié mes Q− i mes D− ïðèðiñò ôóíêöiîíàëó
∆I(p(0), q(0)) > 0. Îòæå, ïðè çíàêîçìiííèõ
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ôîðìàõ K1(t, x, ∆pu) i K2(x, ∆qω) ôóíêöiî-
íàë íå äîñÿãà¹ ìiíiìàëüíîãî çíà÷åííÿ.

Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè
10 � 60. Òîäi

1) ÿêùî ôóíêöiÿ Hλ(x, p) � ìîíîòîííî
ñïàäíà (çðîñòàþ÷à), à Hµ(x, q) çàäîâîëüíÿ¹
óìîâè:

à) ôóíêöiÿ Hµ(x, q) çà àðãóìåíòîì q
ìà¹ â òî÷öi q(0) ìiíiìàëüíå çíà÷åííÿ;

á) äëÿ äîâiëüíîãî íåíóëüîâîãî âåêòî-
ðà −→ξ = (ξ1, . . . , ξN+1) i (t, x) ∈ Q âèêîíó¹-
òüñÿ íåðiâíiñòü

K2(x,
−→
ξ ) > 0,

òî îïòèìàëüíèìè êåðóâàííÿìè áóäóòü p2

(p1) i q(0), à îïòèìàëüíèé ðîçâ'ÿçîê çàäà÷i
(1) � (4) ìà¹ âèãëÿä

u(t, x, p, q) ≡ u(t, x, p2, q
(0))

(
u(t, x, p, q) ≡ u(t, x, p1, q

(0))
)
;

2) ÿêùî ôóíêöiÿ Hµ(x, q) � ìîíîòîííî
çðîñòàþ÷à (ñïàäíà), à Hλ(x, p) çàäîâîëüíÿ¹
óìîâè:

à) ôóíêöiÿ Hλ(x, p) çà àðãóìåíòîì p
ìà¹ â òî÷öi p(0) ìiíiìàëüíå çíà÷åííÿ;

á) äëÿ äîâiëüíîãî íåíóëüîâîãî âåêòî-
ðà −→y = (y0, y1, . . . , yn, yn+1) i (t, x) ∈ Q âèêî-
íó¹òüñÿ íåðiâíiñòü

K1(t, x,−→y ) =
n+1∑
ij=0

∂2F1(t, x,−→u )

∂ui∂uj

yiyj > 0,

òî îïòèìàëüíèìè êåðóâàííÿìè áóäóòü p(0)

i q1 (q2), à îïòèìàëüíèé ðîçâ'ÿçîê çàäà÷i (1)
� (4) ìà¹ âèãëÿä

u(t, x, p, q) ≡ u(t, x, p(0), q1)

(
u(t, x, p, q) ≡ u(t, x, p(0), q2)

)
.

Äîâåäåííÿ òåîðåìè 4 âèïëèâà¹ iç òåîðåì
2 i 3.
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