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Âîëèíñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè, Ëóöüê

ÄÎ ÍÅÐIÂÍÎÑÒI ËÅÁÅÃÀ ÄËß ÔÓÍÊÖIÉ ÁÀÃÀÒÜÎÕ ÇÌIÍÍÈÕ Â
ÐIÂÍÎÌIÐÍIÉ ÌÅÒÐÈÖI

Âñòàíîâëåíî îöiíêó âiäõèëåííÿ ôóíêöié âiä ¨õ ñóì Ôóð'¹ ÷åðåç íàéêðàùi íàáëèæåííÿ
öèõ ôóíêöié.

We obtain the estimate for deviation of functions from their Fourier sums by the best approxi-
mation by trigonometric polynomials.

1. Íåõàé Rd − d-âèìiðíèé åâêëi-
äîâèé ïðîñòið ç äiéñíèìè åëåìåíòàìè
x = (x1, . . . , xd); (x, y) = x1y1 + · · ·+ xnyn;
T d = [0, 2π)d, à Lp(T

d), 1 ≤ p ≤ ∞ � ïðî-
ñòið âèìiðíèõ 2π-ïåðiîäè÷íèõ ïî êîæíié
çìiííié ôóíêöié f(x), x ∈ T d, çi ñêií÷åííîþ
íîðìîþ

‖f‖Lp(T d) = ‖f‖p =


 1

(2π)d

∫

T d

|f(x)|pdx




1/p

,

1 ≤ p < ∞ ,

‖f‖∞ = ‖f‖C(T d) = ‖f‖C = max
x∈T d

|f(x)|.

Îçíà÷èìî ÷åðåç ¤n i ¦n ìíîæèíè âåêòîðiâ
ç öiëî÷èñåëüíèìè êîîðäèíàòàìè:

¤n = {k = (k1, . . . , kd) : |kj| ≤ n, kj ∈ Z,

j = 1, d},
¦n = {k = (k1, . . . , kd) :

|k| = |k1|+ · · ·+ |kd| ≤ n, kj ∈ Z, j = 1, d},
à ÷åðåç Γ¤

n i Γ¦n îçíà÷èìî ìíîæèíè òðèãîíî-
ìåòðè÷íèõ ïîëiíîìiâ ç ãàðìîíiêàìè iç ¤n i
¦n, òîáòî

Γ¤
n = {t¤n (x) : t¤n (x) =

∑

k∈¤n

ake
i(k,x), ak ∈ C},

Γ¦n = {t¦n(x) : t¦n(x) =
∑

k∈¦n

ake
i(k,x), ak ∈ C}.

Íàéêðàùèì íàáëèæåííÿì ôóíêöié
f ∈ Lp(T

d) â ìåòðèöi Lp(T
d) ïîëiíîìàìè ç

Γ¤
n àáî Γ¦n íàçèâàþòü âåëè÷èíè

E¤
n (f)p = inf

t¤n∈Γ¤
n

‖f(x)− t¤n (x)‖p,

E¦
n(f)p = inf

t¦n∈Γ¦n
‖f(x)− t¦n(x)‖p.

Ïðè d = 1

En(f)p = inf
tn∈Γn

‖f(x)− tn(x)‖p,

äå Γn = {tn(x) : tn(x) =
n∑

k=−n

ake
ikx,

k ∈ Z, ak ∈ C}.
Äëÿ f ∈ Lp(T

d) ââåäåìî ÷àñòèííi ñóìè
ðÿäó Ôóð'¹:

S¤
n (f ; x) =

∑

k∈¤n

cke
i(k,x), (1)

S¦n(f ; x) =
∑

k∈¦n

cke
i(k,x), (2)

äå ck = 1
(2π)d

∫
T d

f(t)e−i(k,t)dt - êîåôiöi¹íòè

Ôóð'¹ ôóíêöi¨ f .
×åðåç ρ¤

n (f)p i ρ¦n(f)p áóäåìî ïîçíà÷àòè
âåëè÷èíè

ρ¤
n (f)p = ‖f(x)− S¤

n (f ; x)‖p ,

ρ¦n(f)p = ‖f(x)− S¦n(f ; x)‖p .

Ïðè d = 1

ρn(f)p = ‖f(x)− Sn(f ; x)‖p ,
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Sn(f ; x) =
n∑

k=−n

cke
ikx.

À. Ëåáåã [1] äîâiâ íåðiâíiñòü

ρn(f)p ≤ BEn(f)p ln n , p = 1,∞ .

Ê.I. Îñêîëêîâ [2] âñòàíîâèâ îöiíêó, ÿêà
áiëüø òî÷íî âðàõîâó¹ âëàñòèâîñòi ïîñëiäîâ-
íîñòi {En(f)p} , p = 1,∞ , à ñàìå

ρn(f)p ≤ B

n∑

k=0

En+k(f)p

k + 1
, p = 1,∞ .

Ñ.Ï. Áàéáîðîäîâ [3] äëÿ ôóíêöié
f(·) ∈ Lp(T

d), 1 ≤ p ≤ ∞, ïîêàçàâ, ùî

ρ¤
n (f)p ≤ B(d)

s∑

k=0

E¤
n+k(f)p

lnd−1(k + 2)

k + 1
,

äå

s = min(n, [eθ]) , θ =

{
1/(p− 1), 1 ≤ p ≤ 2,
p− 1, 2 ≤ p ≤ ∞.

2. Íàìè äîâåäåíî íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé f ∈ C(T d) i ¨¨ ÷àñòèí-

íà ñóìà âèçíà÷à¹òüñÿ ôîðìóëîþ (2).Òîäi

ρ¦n(f)p ≤ B(d)
n∑

k=0

E¦
n+k(f)p

lnd−1(k + 2)

k + 1
,

p = 1,∞ . (3)

Äîâåäåííÿ. Ïðè âñòàíîâëåííi öi¹¨ òåî-
ðåìè áóäåìî âèêîðèñòîâóâàòè iäå¨ äîâåäåí-
íÿ òåîðåìè 1 ç ðîáîòè [2]. Äëÿ öüîãî ââå-
äåìî äåÿêi ïîçíà÷åííÿ i âèçíà÷åííÿ. Íåõàé
µ = max{k : k ≤ 2n− 1, E¦

k(f)C > 0} i âè-
çíà÷èìî íàòóðàëüíi ÷èñëà n0, n1, . . . , np íà-
ñòóïíèì ÷èíîì:

n0 = n; nν+1 = min{k : E¦
k(f)∞ ≤ 1

2
E¦

nν
(f)∞},

ν = 0, 1, . . . , p− 1 ,

äå p = max{k : E¦
nk

(f)∞ > E¦
µ(f)∞},

np+1 = µ + 1.

Âiäìiòèìî òàêi âëàñòèâîñòi ïîñëiäîâíîñòi
{nν}, ν = 0, p + 1 (äèâ.[2]), ÿêi âèïëèâàþòü
ç ¨¨ îçíà÷åííÿ:

n0 = n < n1 < · · · < np < np+1 = µ + 1 ≤ 2n;
(4)

E¦
nν+1

(f)∞ ≤ 1

2
E¦

nν
(f)∞, ν = 0, 1, . . . , p− 1;

(5)
E¦

k(f)∞ ≥ 1

2
E¦

nν
(f)∞ , (6)

ÿêùî k + 1 ≤ nν+1, ν = 0, 1, . . . , p.
Äëÿ ñóì

δk =
∑

ν: nν+1≥k+1

E¦
nν

(f)∞ (7)

ñïðàâåäëèâà îöiíêà

δk ≤ B(d)E¦
k(f)∞ , k = n, n+1, . . . , µ , (8)

ÿêà âèïëèâà¹ iç âëàñòèâîñòåé (4)-(6).
Íåõàé t̂¦nν

∈ Γ¦nν
� ïîëiíîì íàéêðàùîãî

íàáëèæåííÿ ôóíêöi¨ f ∈ C(T d), à

V ¦
n (f ; x) =

1

n + 1

2n∑

k=n

S¦k(f ; x)

� ñóìè Âàëëå Ïóññåíà [4]. Â ðîáîòi [5] âñòà-
íîâëåíî, ùî

‖f(x)− V ¦
n (f ; x)‖C ≤ B(d)E¦

n(f)∞ . (9)

Ïðè d = 1 òàêà íåðiâíiñòü áóëà âñòàíîâ-
ëåíà Âàëëå Ïóññåíîì [4].

Òåïåð, âiäïîâiäíî äî (9), áóäåìî ìàòè

δ¦n(f)∞ ≤ ‖f(x)− V ¦
n (f ; x)‖C+

+‖V ¦
n (f ; x)− S¦n(f ; x)‖C ≤

≤ B(d)E¦
n(f)∞+‖V ¦

n (f ; x)−S¦n(f ; x)‖C . (10)

Îñêiëüêè

V ¦
n (f ; x)− S¦n(f ; x) =

=
2n∑

k=n+1

2n− k + 1

n + 1

∑

|l|=k

cle
i(l,x) =

1

(2π)d
×
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×
∫

T d

f(x− u)
2n∑

k=n+1

2n− k + 1

n + 1

∑

|l|=k

ei(l,u)du =

=

p∑
ν=0

1

(2π)d
×

×
∫

T d

f(x− u)

nν+1∑

k=nν+1

2n− k + 1

n + 1

∑

|l|=k

ei(l,u)du ,

òî, ïîçíà÷èâøè ÷åðåç t¦∗nν
(u) ïîëiíîì íàé-

êðàùîãî íàáëèæåííÿ ç ãàðìîíiêàìè ç ¦nν

äëÿ ôóíêöi¨ f(x) òà âðàõóâàâøè îðòîãîíàëü-
íiñòü ñèñòåìè {ei(l,u)}, çíàéäåìî

V ¦
n (f ; x)− S¦n(f ; x) =

=

p∑
ν=0

1

(2π)d

∫

T d

[
f(x− u)− t¦∗nν

(x− u)
]×

×
nν+1∑

k=nν+1

2n− k + 1

n + 1

∑

|l|=k

ei(l,u)du .

Äàëi, âèêîðèñòîâóþ÷è óçàãàëüíåíó íåðiâ-
íiñòü Ìiíêîâñüêîãî, áóäåìî ìàòè

‖V ¦
n (f ; x)−S¦n(f ; x)‖C ≤

p∑
ν=0

E¦
nν

(f)∞
1

(2π)d
Iν ,

(11)
äå

Iν =
1

(2π)d
×

×
∫

T d

∣∣∣∣∣∣

nν+1−nν∑
s=1

2n− nν − s + 1

n + 1

∑

|l|=nν+s

ei(l,u)

∣∣∣∣∣∣
du .

Òåïåð îöiíèìî iíòåãðàë Iν . Äëÿ ñïðîùå-
ííÿ âèêëàäó îöiíêó ïðîâåäåìî äëÿ âèïàä-
êó d = 2. Ïðè d > 2 ìiðêóâàííÿ àíàëîãi-
÷íi.Òàêèì ÷èíîì

Iν ≤ I(0,0)
ν + I(1,0)

ν + I(0,1)
ν + I(1,1)

ν ,

äå

I(α1,α2)
ν =

1

(2π)2

∫

T 2

|
nν+1−nν∑

s=1

2n− nν − s + 1

n + 1
×

×
∑

(−1)α1 l1+(−1)α2 l2=nν+s

ei(l,u)|du ,

αi = 0, 1 , i = 1, 2 .

Îöiíèìî I
(1,0)
ν :

I(1,0)
ν =

1

(2π)2

∫

T 2

|
nν+1−nν∑

s=1

2n− nν − s + 1

n + 1
×

×
∑

−l1+l2=nν+s
l1<0, l2>0

ei(l,u)ei nν
2

u1ei nν
2

u2|du =

=
1

(2π)2

∫

T 2

|
nν+1−nν∑

s=1

2n− nν − s + 1

n + 1
×

×
∑

−j1+j2=s

j1≤nν
2 , j2≥−nν

2

ei(j,u)|du .

Çàñòîñóâàâøè ïåðåòâîðåííÿ Àáåëÿ, çíà-
éäåìî

nν+1−nν∑
s=1

2n− nν − s + 1

n + 1
(Ds(u)−Ds−1(u)) =

=

nν+1−nν∑
s=1

2n− nν − s + 1

n + 1
Ds(u)−

−
nν+1−nν−1∑

s=0

2n− nν − s

n + 1
Ds(u) =

=
2n− nν+1 + 1

n + 1
Dnν+1−nν (u)−2n− nν

n + 1
D0(u)+

+
1

n + 1

nν+1−nν∑
s=1

Ds(u) ,

äå

Ds(u) =
∑

−j1+j2=s

j1≤nν
2 , j2≥−nν

2

ei(j,u) .
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Òàêèì ÷èíîì,

I(1,0)
ν ≤ B(2)(

∫

T 2

|Dnν+1−nν (u)|du+

+
1

n + 1

∫

T 2

|
nν+1−nν∑

s=1

Ds(u)|du).

Äàëi, âèêîðèñòîâóþ÷è ðåçóëüòàòè ðîáiò
[6] àáî [7] , áóäåìî ìàòè

I(1,0)
ν ≤ B(2) ln2(nν+1−nν) ≤ B(2) ln2(nν+1−n).

Àíàëîãi÷íî îöiíþþòüñÿ i ðåøòà iíòåãðà-
ëiâ I

(α1,α2)
ν . Òîìó â d-âèìiðíîìó âèïàäêó áó-

äåìî ìàòè

Iν ≤ B(d) lnd(nν+1 − n + 1) =

= B(d)

nν+1∑

k=n+1

(lnd(k − n + 1)− lnd(k − n)) ≤

≤ B(d)

nν+1∑

k=n+1

lnd−1(k − n + 1)

k − n
. (12)

Ïiäñòàâëÿþ÷è îöiíêó (12) â (11) , îòðè-
ìó¹ìî

‖V ¦
n (f ; x)− S¦n(f ; x)‖C ≤

≤ B(d)

p∑
ν=0

E¦
nν

(f)∞

nν+1∑

k=n+1

lnd−1(k − n + 1)

k − n
.

(13)
Çìiíþþ÷è â ïðàâié ÷àñòèíi ñïiââiäíîøå-

ííÿ (13) ïîðÿäîê ñóìóâàííÿ i âèêîðèñòîâó-
þ÷è (8), çíàéäåìî

‖V ¦
n (f ; x)− S¦n(f ; x)‖C ≤

≤ B(d)

n1∑

k=n+1

lnd−1(k − n + 1)

k − n
×

×(E¦
n0

(f)∞ + · · ·+ E¦
np

(f)∞)+

+B(d)

n2∑

k=n1+1

lnd−1(k − n + 1)

k − n
×

×(E¦
n1

(f)∞ + · · ·+ E¦
np

(f)∞) + · · ·+

+B(d)

np+1∑

k=np+1

lnd−1(k − n + 1)

k − n
E¦

np
(f)∞ ≤

≤ B(d)

µ+1∑

k=n+1

E¦
k(f)∞

lnd−1(k − n + 1)

k − n
.

Ç îñòàííüî¨ íåðiâíîñòi òà ñïiââiäíîøåííÿ
(10) âèïëèâà¹ òâåðäæåííÿ òåîðåìè 1.
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