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Æèòîìèðñüêèé íàöiîíàëüíèé àãðîåêîëîãi÷íèé óíiâåðñèòåò

ËIÍIÉÍI ÊÐÀÉÎÂI ÇÀÄÀ×I ÄËß ÍÅÒÅÐÎÂÈÕ
ÎÏÅÐÀÒÎÐÍÈÕ ÐIÂÍßÍÜ Ó ÁÀÍÀÕÎÂÎÌÓ ÏÐÎÑÒÎÐI
Ðîçãëÿíóòî ëiíiéíi êðàéîâi çàäà÷i äëÿ îïåðàòîðíèõ ðiâíÿíü ç íåòåðîâèì îïåðàòîðîì,

ÿêèé äi¹ â áàíàõîâîìó ïðîñòîði. Ïîáóäîâàíî ðîçâ'ÿçêè íåîäíîðiäíî¨ çàäà÷i Êîøi äëÿ òàêèõ
îïåðàòîðíèõ ðiâíÿíü. Îòðèìàíî óìîâè iñíóâàííÿ òà ôîðìóëè äëÿ ïðåäñòàâëåííÿ ðîçâ'ÿçêiâ
òàêèõ êðàéîâèõ çàäà÷. Ïîáóäîâàíî óçàãàëüíåíèé îïåðàòîð Ãðiíà, äîñëiäæåíî éîãî âëàñòèâîñòi
òà çâ'ÿçîê ç óçàãàëüíåíî-îáåðíåíèì îïåðàòîðîì ëiíiéíî¨ êðàéîâî¨ çàäà÷i.

The paper deals with linear boundary value problems for the operator equations with Noeter's
operator with functions in Banach space. The authors construct the solutions of the homogeneous
and heterogeneous Cauchy problem for the operator equations of the kind. The authors also get the
solvability conditions and formulae for presenting the solutions of such boundary value problem.
The authors have construct a generalized Green operator, investigated its characters and links
generally inverses operator of the linear boundary value problem.

Ïîáóäîâà ðîçâ'ÿçêiâ ëiíiéíèõ êðàéîâèõ
çàäà÷

(Lx)(t) = f(t), (1)
`x(·) = α, (2)

äå L− ëiíiéíèé îáìåæåíèé ôóíêöiîíàëüíî-
äèôåðåíöiàëüíèé îïåðàòîð, `− ëiíiéíèé
îáìåæåíèé ôóíêöiîíàë, çàëåæèòü âiä
ðîçâ'ÿçíîñòi îïåðàòîðíîãî ðiâíÿííÿ (1).
Äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü,
äèôåðåíöiàëüíèõ ðiâíÿíü ç âiäõèëåííÿì
àðãóìåíòó, äèôåðåíöiàëüíèõ ðiâíÿíü ç iì-
ïóëüñíîþ äi¹þ ðiâíÿííÿ (1) êðàéîâî¨ çàäà÷i
(1), (2) ¹ âñþäè ðîçâ'ÿçíèì [1]. Äëÿ òàêèõ
êðàéîâèõ çàäà÷ îòðèìàíi óìîâè ðîçâ'ÿçíîñòi
i ôîðìóëè äëÿ ïðåäñòàâëåííÿ ¨õ ðîçâ'ÿçêiâ
[2], [3], [4].

Ó ðîáîòi ïîñòàâëåíi íàñòóïíi çàäà÷i: äî-
ñëiäèòè ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ íåòå-
ðîâîãî îïåðàòîðíîãî ðiâíÿííÿ (1), îòðèìàòè
êðèòåði¨ ðîçâ'ÿçíîñòi òà ôîðìóëè äëÿ ïðåä-
ñòàâëåííÿ ðîçâ'ÿçêiâ êðàéîâî¨ çàäà÷i (1), (2)
ó âèïàäêó, êîëè îïåðàòîð L âèõiäíîãî ðiâíÿ-
ííÿ ¹ íåòåðîâèì.

1. Çàäà÷à Êîøi äëÿ íåòåðîâîãî îïå-
ðàòîðíîãî ðiâíÿííÿ. Íåõàé B1 i B2− áà-
íàõîâi ïðîñòîðè âåêòîð-ôóíêöié z : [a, b] →
Rn; f : [a, b] → Rn1 , −∞ < a ≤ t ≤
b < +∞; L : B1 → B2− ëiíiéíèé îáìåæå-
íèé íåòåðiâ îïåðàòîð, µ = dim N(L) < ∞,

ν = dim N(L∗ = dim YL < ∞); µ 6= ν, äå
N(L)− íóëü-ïðîñòið îïåðàòîðà L, N(L∗)−
íóëü-ïðîñòið îïåðàòîðà L∗, ùî ¹ ñïðÿæåíèì
äî îïåðàòîðà L; ` : B1 → Rm− ëiíiéíèé
îáìåæåíèé âåêòîð-ôóíêöiîíàë.

Ïîçíà÷èìî ÷åðåç {fi}µ
i=1 ⊂ N(L) i

{ϕs(·)}ν
s=1 ⊂ N(L∗)− áàçèñè íóëü-ïðîñòîðiâ

N(L) i N(L∗), âiäïîâiäíî. Äëÿ åëåìåíòiâ
{fi}µ

i=1 i ôóíêöiîíàëiâ {ϕs}ν
s=1 iñíóþòü ñïðÿ-

æåíî áiîðòîãîíàëüíi ñèñòåìà ôóíêöiîíàëiâ
{γj}µ

j=1 ⊂ N∗(L) ⊂ B∗
1 i ïîâíà ñèñòåìà åëå-

ìåíòiâ {ψk}ν
k=1 ⊂ YL ⊂ B2. Çà òåîðåìîþ

Õàíà-Áàíàõà êîæåí iç ôóíêöiîíàëiâ {γj}µ
j=1,

ÿêèé âèçíà÷åíèé íà ïiäïðîñòîði N(L) ⊂ B1

ìîæå áóòè ïðîäîâæåíèì, iç çáåðåæåííÿì
íîðìè, íà âåñü ïðîñòið B1, à êîæåí ç ôóí-
êöiîíàëiâ {ϕs}ν

s=1− íà âåñü ïðîñòið B2.
Äàëi ïîçíà÷èìî ìàòðèöi:

X(t) = (f1(t), f2(t), . . . , fµ(t)),

Γ (·) = (γ1(·), γ2(·), . . . γµ(·))T ,

Φ(·) = (ϕ1(·), ϕ2(·), . . . , ϕν(·))T ,

Ψ(t) = (ψ1(t), ψ2(t), . . . , ψν(t)),

äå (ΓX)(·) = Eµ, (ΦΨ)(·) = Eν , Eµ, Eν−
îäèíè÷íi ìàòðèöi.

Òîäi ïðîåêòîðè PN(L) : B1 → N(L), PYL
:

B2 → YL ìîæíà çàïèñàòè àíàëiòè÷íî çà äî-
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ïîìîãîþ íàñòóïíèõ ôîðìóë:

(PN(L)z)(t) = X(t)(Γz)(·), ∀z ∈ B1,

(PYL
y)(t) = Ψ(t)(Φy)(·), ∀y ∈ B2.

(3)

Ðîçãëÿíåìî çàäà÷ó ïðî óìîâè ðîçâ'ÿçíî-
ñòi òà çàãàëüíèé âèãëÿä ðîçâ'ÿçêiâ íåòåðîâî-
ãî îïåðàòîðíîãî ðiâíÿííÿ

(Lz)(t) = f(t), (4)

ùî çàäîâîëüíÿþòü ïî÷àòêîâó óìîâó

z(t0) = z0, t0 ∈ [a, b], z0 ∈ Rn. (5)

Îçíà÷åííÿ 1. Çàäà÷ó (4), (5) íàçèâàòè-
ìåìî çàäà÷åþ Êîøi äëÿ íåîäíîðiäíîãî îïå-
ðàòîðíîãî ðiâíÿííÿ (4).

Âiäîìî [4], [5], ùî íåòåðîâå îïåðàòîð-
íå ðiâíÿííÿ (4), âíàñëiäîê éîãî íîðìàëüíî¨
ðîçâ'ÿçíîñòi, ìà¹ ðîçâ'ÿçêè äëÿ òèõ i ëèøå
òèõ f(t) ∈ B2, ÿêi çàäîâîëüíÿþòü óìîâó

(PYL
f)(t) = 0.

Ç ôîðìóëè (3) äëÿ ïðîåêòîðà PYL
ìà¹ìî,

ùî âíàñëiäîê ëiíiéíî¨ íåçàëåæíîñòi âåêòîðiâ
ìàòðèöi-îïåðàòîðà Ψ(t) öÿ óìîâà åêâiâàëåí-
òíà óìîâi

(Φf)(·) = 0, (6)
ÿêà ñêëàäà¹òüñÿ ç ν = dim N(L∗) ëiíiéíî íå-
çàëåæíèõ óìîâ.

Âiäïîâiäíî äî [6], ïðè âèêîíàííi óìîâè
(6) çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (4) ìîæíà
çàïèñàòè ó âèãëÿäi

z(t) = (PN(L)ẑ)(t) + (L−f)(t), (7)

äå PN(L) : B1 → N(L)− ïðîåêòîð (3), ẑ(t)−
äîâiëüíèé åëåìåíò ïðîñòîðó B1, L−− îáìå-
æåíèé óçàãàëüíåíî îáåðíåíèé îïåðàòîð äî
íåòåðîâîãî îïåðàòîðà L, ïîáóäîâà ÿêîãî âè-
êëàäåíà â [4].

Âèêîðèñòîâóþ÷è ïðåäñòàâëåííÿ (3) ïðî-
åêòîðà PN(L), îòðèìà¹ìî

(PN(L)ẑ)(t) = X(t)(Γ ẑ)(·) = X(t)c, (8)

äå X(t)− (n × µ)-âèìiðíà ìàòðèöÿ, c =
col(γ1ẑ)(·), (γ2ẑ)(·), .., )− äîâiëüíèé âåêòîð-
ñòîâïåöü iç ñòàëèìè êîìïîíåíòàìè, c ∈ Rµ.

Ïiäñòàâèâøè âèðàç (8) â ðiâíÿííÿ (7),
îòðèìà¹ìî çàãàëüíèé ðîçâ'ÿçîê íåòåðîâîãî
îïåðàòîðíîãî ðiâíÿííÿ (4)

z(t) = X(t)c + (L−f)(t). (9)

Ç ïðåäñòàâëåííÿ (9) ìà¹ìî, ùî áóäü-
ÿêèé åëåìåíò z(t) íóëü-ïðîñòîðó N(L) ìî-
æíà ïðåäñòàâèòè ó âèãëÿäi

z(t) = X(t)c.

Öå ñïiââiäíîøåííÿ ñïðàâåäëèâå äëÿ áóäü-
ÿêîãî t ∈ [a, b], âêëþ÷àþ÷è i t = t0. Îò-
æå, äëÿ áóäü-ÿêîãî z0 = z(t0) iñíó¹ åëåìåíò
c ∈ Rµ òàêèé, ùî âèêîíó¹òüñÿ ðiâíiñòü

z0 = X(t0)c,

äå X(t0) : Rµ → Rn− (n×µ)-âèìiðíà ìàòðè-
öÿ çi ñòàëèìè êîìïîíåíòàìè.

Iñíóâàííÿ äëÿ áóäü-ÿêîãî z0 = z(t0) åëå-
ìåíòó c îçíà÷à¹, ùî àëãåáðà¨÷íå ðiâíÿííÿ

X(t0)c = z0

âñþäè ðîçâ'ÿçíå. Öå îçíà÷à¹, ùî íóëü-
ïðîñòið N(X∗(t0)) = {0}, ïðîåêòîð íà ïiä-
ïðîñòið YX(t0) ⊂ Rn äîðiâíþâàòèìå íóëåâi,
PYX(t0)

≡ 0, ∀t0 ∈ [a, b]. Çâiäñè ìà¹ìî, ùî
àëãåáðà¨÷íå ðiâíÿííÿ

X(t0)c = z0 − (L−f)(t0),

ÿêå îòðèìàíå ç ðiâíÿííÿ (9) ïðè t = t0 âñþäè
ðîçâ'ÿçíå i [7, c. 175] éîãî çàãàëüíèé ðîçâ'ÿ-
çîê ìà¹ íàñòóïíèé âèãëÿä

c = PN(X(t0))ĉ + X−(t0)[z0 − (L−f)(t0)], (10)

äå PN(X(t0))− ïðîåêòîð áàíàõîâîãî ïðîñòî-
ðó Rµ íà íóëü-ïðîñòið N(X(t0)) ìàòðèöi
X(t0), ĉ− äîâiëüíèé âåêòîð ïðîñòîðó Rµ,
X−(t0)− óçàãàëüíåíî-îáåðíåíà ìàòðèöÿ äî
ìàòðèöi X(t0). Îñêiëüêè ïðîåêòîð PYX(t0)

≡
0, òî ç ôîðìóëè (22)[7, c. 174] ìà¹ìî, ùî
óçàãàëüíåíî-îáåðíåíà ìàòðèöÿ X−(t0) áó-
äå ïðàâîþ îáåðíåíîþ ìàòðèöåþ X−1

r (t0),
X−(t0) ≡ X−1

r (t0).
Ïiäñòàâèâøè âèðàç (10) â ðiâíÿííÿ (9),

îòðèìà¹ìî çàãàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi
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(4), (5)

z(t) = X(t){PN(X(t0))ĉ+

X−1
r (t0)[z0 − (L−f)(t0)]}+ (L−f)(t) =

X0(t)ĉ + (G0f)(t) + X(t)X−1
r (t0)z0,

äå X0(t) = X(t)PN(X(t0)), ĉ− äîâiëüíèé âå-
êòîð ç ïðîñòîðó Rµ

(G0f)(t) = (L−f)(t)−X(t)X−1
r (t0)(L

−f)(t0),

äå G0− îïåðàòîð Ãðiíà íàïiâîäíîðiäíî¨
(z0 = 0) çàäà÷i Êîøi (4), (5).

Òàêèì ÷èíîì, äîâåäåíî íàñòóïíó òåîðå-
ìó:

Òåîðåìà 1. Íåõàé L : B1 → B2− íåòå-
ðiâ îïåðàòîð. Òîäi çàäà÷à Êîøi (4), (5) ìà¹
ðîçâ'ÿçîê äëÿ áóäü-ÿêèõ z0 = z(t0), t0 ∈ [a, b]
i òèõ i òiëüêè òèõ f(t) ∈ B2, ÿêi çàäîâîëü-
íÿþòü óìîâó (6), i ¨¨ çàãàëüíèé ðîçâ'ÿçîê
ìîæíà ïðåäñòàâèòè ó âèãëÿäi

z(t) = X0(t)ĉ + X(t)X−1
r (t0)z0 + (G0f)(t).

Çàóâàæåííÿ 1. ßêùî îïåðàòîðíå ðiâíÿ-
ííÿ (4) ¹ âñþäè ðîçâ'ÿçíèì, òî PYL

≡ 0.
Â öüîìó âèïàäêó îïåðàòîð L ìàòèìå îáìå-
æåíèé ïðàâèé îáåðíåíèé îïåðàòîð L−1

r [7].
ßêùî, êðiì òîãî, ìàòðèöÿ X(t) ìà¹ îáåð-
íåíó äëÿ áóäü-ÿêîãî t ∈ [a, b], òî PN(X(t0)) =
0 i çàäà÷à Êîøi (4), (5) áóäå âñþäè i îäíî-
çíà÷íî ðîçâ'ÿçíîþ. Ïðè öüîìó ¨¨ ðîçâ'ÿçîê
ìà¹ íàñòóïíèé âèãëÿä

z(t) = X(t)X−1(t0)z0 + (L−1
r f)(t)−

−X(t)X−1(t0)(L
−1
r f)(t0).

2. Ëiíiéíi êðàéîâi çàäà÷i äëÿ íåòå-
ðîâèõ îïåðàòîðíèõ ðiâíÿíü. Ðîçãëÿíåìî
çàäà÷i ïðî íåîáõiäíi i äîñòàòíi óìîâè ðîçâ'ÿ-
çíîñòi òà ïðåäñòàâëåííÿ ðîçâ'ÿçêiâ íåòåðî-
âîãî îïåðàòîðíîãî ðiâíÿííÿ

(Lz)(t) = f(t), (11)

ÿêi çàäîâîëüíÿþòü óìîâè

`z(·) = α, (12)

äå ` = col(l1, l2, l3, . . . , lm)− ëiíiéíèé îáìå-
æåíèé âåêòîð-ôóíêöiîíàë, ÿêèé äi¹ ç áàíà-
õîâîãî ïðîñòîðó B1 â åâêëiäiâ ïðîñòið Rm,
α ∈ Rm.

Îçíà÷åííÿ 2. Ñèñòåìó ëiíiéíèõ îïå-
ðàòîðíèõ ðiâíÿíü (11), (12) íàçèâàòèìå-
ìî ëiíiéíîþ íåîäíîðiäíîþ êðàéîâîþ çàäà÷åþ
äëÿ íåòåðîâîãî ðiâíÿííÿ (11), à ðiâíÿííÿ
(`z)(·) = col(l1z(·), l2z(·), l3z(·), . . . , lmz(·)) =
col(α1, α2, α3, . . . , αm)− êðàéîâèìè óìîâàìè
öi¹¨ çàäà÷i.

Âèêîðèñòîâóþ÷è ïiäõiä, çàïðîïîíîâàíèé
ó [8], êðàéîâó çàäà÷ó (3), (4) áóäåìî ðîçãëÿ-
äàòè ÿê îïåðàòîðíå ðiâíÿííÿ

(Λz)(t) =

([
L
`

]
z

)
(t) =

[
f(t)
α

]
= g(t)

ç ëiíiéíèì îáìåæåíèì íîðìàëüíî ðîçâ'ÿ-
çíèì îïåðàòîðîì Λ = col[L, l], ÿêèé äi¹ ç
áàíàõîâîãî ïðîñòîðó B1 ó ïðÿìèé äîáóòîê
B2 × Rm ôóíêöiîíàëüíîãî áàíàõîâîãî ïðî-
ñòîðó B2 òà åâêëiäîâîãî ïðîñòîðó Rm, Λ :
B1 → B2 ×Rm.

Îïåðàòîð Λ áóäå îáìåæåíèì, ÿêùî íîðìó
â ïðîñòîði B2 × Rm âèçíà÷èòè íàñòóïíèì
÷èíîì:

‖(f, α)‖B2×Rm = ‖f‖B2 + ‖α‖Rm ,

äå f ∈ B2, α ∈ Rm.
Âèùå áóëî ñêàçàíî, ùî íåòåðîâå íîð-

ìàëüíî ðîçâ'ÿçíå îïåðàòîðíå ðiâíÿííÿ (11)
ðîçâ'ÿçíå äëÿ òèõ i òiëüêè òèõ f(t) ∈ B2,
ÿêi çàäîâîëüíÿþòü óìîâó (6). Ïðè âèêîíàí-
íi öèõ ν óìîâ çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ
(11) ìàòèìå âèãëÿä (9).

Äëÿ òîãî, ùîá ðîçâ'ÿçîê (9) íåîäíîðiäíî-
ãî îïåðàòîðíîãî ðiâíÿííÿ (11) áóâ ðîçâ'ÿç-
êîì êðàéîâî¨ çàäà÷i (11), (12) íåîáõiäíî i äî-
ñòàòíüî, ùîá âåêòîð c ∈ Rµ çàäîâîëüíÿâ àë-
ãåáðà¨÷íó ñèñòåìó

`X(·)c + `(L−f)(·) = α,

ÿêó îòðèìàíî ïiñëÿ ïiäñòàíîâêè ðîçâ'ÿçêó
(9) â êðàéîâó óìîâó (12).

Ïîçíà÷èìî ÷åðåç Q = `X(·) (m × µ)-
âèìiðíó ìàòðèöþ çi ñòàëèìè êîìïîíåíòà-
ìè; PN(Q) : Rµ → N(Q)− (µ × µ)-âèìiðíó
ìàòðèöþ-ïðîåêòîð; PYQ

: Rm → YQ− (m ×
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m)-âèìiðíó ìàòðèöþ-ïðîåêòîð; Q−− (µ ×
m)-âèìiðíó ìàòðèöþ óçàãàëüíåíî-îáåðíåíó
äî ìàòðèöi Q.

Ç àëãåáðà¨÷íîãî ðiâíÿííÿ

Qc = α− `(L−f) (13)

çíàéäåìî êîíñòàíòó c ∈ Rµ, ïðè ÿêié ðîçâ'ÿ-
çîê (9) ðiâíÿííÿ (11), iñíóþ÷èé ïðè âèêî-
íàííi óìîâè (6), áóäå ðîçâ'ÿçêîì êðàéîâî¨
çàäà÷i (11), (12). Ç òåîðåìè 3.9 [4, c. 92] ìà¹-
ìî, ùî ðiâíÿííÿ (13) ðîçâ'ÿçíå òîäi i òiëüêè
òîäi, êîëè âèêîíàíî óìîâó

PYQd
{α− `L−)(·)} = 0, (d = m− rank Q)

i ïðè öüîìó ìà¹ ρ-ïàðàìåòðè÷íó (ρ = µ −
rank Q) ñiì'þ ðîçâ'ÿçêiâ ó âèãëÿäi

c = PNρ(Q)cρ + Q−{α− `L−f)(·)} (14)

äå PYQd
− (d×m)-âèìiðíà ìàòðèöÿ, ÿêà ñêëà-

äåíà ç ïîâíî¨ ñèñòåìè d ëiíiéíî íåçàëåæíèõ
ðÿäêiâ ìàòðèöi-ïðîåêòîðà PYQ

, PNρ(Q)− (µ×
ρ)-âèìiðíà ìàòðèöÿ, ÿêà ñêëàäåíà ç ïîâíî¨
ñèñòåìè ρ (ρ = µ − rank Q) ëiíiéíî íåçàëå-
æíèõ ñòîâïöiâ ìàòðèöi-ïðîåêòîðà PN(Q).

Ïiäñòàâëÿþ÷è çíàéäåíèé âåêòîð êîí-
ñòàíò c (14) â âèðàç (9), îòðèìà¹ìî çàãàëü-
íèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (11), (12):

z(t) = Xρ(t)cρ + (Gf)(t) + X(t)Q−α.

Òóò Xρ(t) = X(t)PNρ(Q)− (n × ρ)-âèìiðíà
ìàòðèöÿ, ñòîâïöi ÿêî¨ ¹ ïîâíîþ ñèñòåìîþ
ρ− ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ îäíîði-
äíî¨ (f(t) = 0, α = 0) êðàéîâî¨ çàäà÷i (11),
(12); cρ ∈ Rρ; G : B2 → ker ` ⊂ B1,

(Gf)(t) = (L−f)(t)−X(t)Q−`(L−f)(·)−
(15)

óçàãàëüíåíèé îïåðàòîð Ãðiíà íàïiâîäíîði-
äíî¨ (α = 0) êðàéîâî¨ çàäà÷i (11), (12).

Òàêèì ÷èíîì, äëÿ êðàéîâî¨ çàäà÷i (11),
(12) ñïðàâåäëèâå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2. Íåõàé L : B1 → B2−
íåòåðiâ îïåðàòîð. Òîäi, ÿêùî rank Q ≤
min(m,µ), òî îäíîðiäíà (f(t) = 0, α = 0)
êðàéîâà çàäà÷à, âiäïîâiäíà (11), (12), ìà¹
ρ = µ − rank Q i òiëüêè ρ ëiíiéíî íåçàëå-
æíèõ ðîçâ'ÿçêiâ

z(t) = Xρ(t)cρ, cρ ∈ Rρ.

Íåîäíîðiäíà êðàéîâà çàäà÷à (11), (12)
ìà¹ ðîçâ'ÿçîê äëÿ òèõ i òiëüêè òèõ f(t) ∈
B2 i α ∈ Rm, ÿêi çàäîâîëüíÿþòü ν + d
(d = m − rank Q) ëiíiéíî íåçàëåæíi óìî-
âè {

(PYL
f)(·) = 0,

PYQd
{α− `L−f)(·)} = 0,

(16)

i ïðè öüîìó ìà¹ ρ-ïàðàìåòðè÷íó ñiì'þ ëi-
íiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ

z(t, cρ) = Xρ(t)cρ +(Gf)(t)+X(t)Q−α. (17)

Íàñëiäîê 1. ßêùî rank Q = µ, òî µ ≤
m. Â öüîìó âèïàäêó îäíîðiäíà (f(t) = 0, α =
0) êðàéîâà çàäà÷à, âiäïîâiäíà (11), (12), íå
ìà¹ ðîçâ'ÿçêó, îêðiì òðèâiàëüíîãî.

Íåîäíîðiäíà êðàéîâà çàäà÷à (11), (12) ç
íåòåðîâèì îïåðàòîðîì L : B1 → B2 ìà¹
ðîçâ'ÿçîê äëÿ òèõ i òiëüêè òèõ f(t) ∈ B2

i α ∈ Rm, ÿêi çàäîâîëüíÿþòü ν + d (d =
m− µ) ëiíiéíî íåçàëåæíi óìîâè

{
(PYL

f)(·) = 0,
PYQd

{α− `L−f)(·)} = 0,

i ïðè öüîìó ìà¹ ¹äèíèé ðîçâ'ÿçîê

z(t) = (Gf)(t) + X(t)Q−α.

Äiéñíî, ÿêùî rank Q = µ, òî PN(Q) ≡ 0 i
Xρ(t) = 0.

Íàñëiäîê 2. ßêùî rank Q = m, òî m ≤
µ. Â öüîìó âèïàäêó îäíîðiäíà (f(t) = 0, α =
0) êðàéîâà çàäà÷à, âiäïîâiäíà (11), (12), ìà¹
ρ i òiëüêè ρ = µ − m ëiíiéíî íåçàëåæíèõ
ðîçâ'ÿçêiâ

z(t) = Xρ(t)cρ, cρ ∈ Rρ.

Íåîäíîðiäíà êðàéîâà çàäà÷à (11), (12) ç
íåòåðîâèì îïåðàòîðîì L : B1 → B2 ìà¹
ðîçâ'ÿçîê äëÿ òèõ i òiëüêè òèõ f(t) ∈
B2, ÿêi çàäîâîëüíÿþòü ν ëiíiéíî íåçàëåæíi
óìîâè

(PYL
f)(·) = 0

i ïðè öüîìó ìà¹ ρ-ïàðàìåòðè÷íó ñiì'þ ëi-
íiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ

z(t, cρ) = Xρ(t)cρ + (Gf)(t) + X(t)Q−α.
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Äiéñíî, ÿêùî rank Q = m, òî PYQ
≡ 0 i

PYQd
= 0.

Äàëi ðîçãëÿíåìî êðàéîâó çàäà÷ó (11),
(12) â ïðèïóùåííi, ùî îïåðàòîðíå ðiâíÿ-
ííÿ (11) � âñþäè ðîçâ'ÿçíå. Öå îçíà÷à¹,
ùî R(L) = B2 i îòæå PYL

≡ 0. Ç íà-
ñëiäêó 2 òåîðåìè 2.3 [4, c. 55] îïåðàòîðíå
ðiâíÿííÿ(Lz)(t) = f(t) ðîçâ'ÿçíå ïðè áóäü-
êîìó f(t) ∈ B2 i ìà¹ ðîçâ'ÿçîê

z(t) = X(t)c + (L−1
r f)(t), cµ ∈ Rµ,

äå L−1
r − ëiíiéíèé îáìåæåíèé ïðàâèé îáåð-

íåíèé îïåðàòîð äî îïåðàòîðà L.
Çàâäÿêè âñþäè ðîçâ'ÿçíîñòi ðiâíÿííÿ

(Lx)(t) = f(t) òåîðåìà 2 ñïðîùó¹òüñÿ i ôîð-
ìóëþ¹òüñÿ íàñòóïíèì ÷èíîì.

Òåîðåìà 3. Íåõàé L : B1 → B2− íå-
òåðiâ îïåðàòîð i N(L∗) = {0}. Òîäi, ÿêùî
rank Q ≤ min(m,µ), òî îäíîðiäíà (f(t) =
0, α = 0) êðàéîâà çàäà÷à, âiäïîâiäíà (11),
(12), ìà¹ ρ i òiëüêè ρ (ρ = µ − rank Q) ëi-
íiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ

z(t) = Xρ(t)cρ, cρ ∈ Rρ.

Íåîäíîðiäíà êðàéîâà çàäà÷à (11), (12)
ðîçâ'ÿçíà äëÿ òèõ i òiëüêè òèõ f(t) ∈ B2

i α ∈ Rm, ÿêi çàäîâîëüíÿþòü d, d =
m− rank Q, ëiíiéíî íåçàëåæíi óìîâè

PYQd
{α− `(L−1

r f)(·)} = 0,

i ïðè öüîìó ìà¹ ρ-ïàðàìåòðè÷íó ñiì'þ
ðîçâ'ÿçêiâ

z(t) = Xρ(t)cρ + (Gf)(t) + X(t)Q−α,

äå (Gf)(t) = (L−1
r f)(t)−X(t)Q−`(L−1

r f)(·)−
óçàãàëüíåíèé îïåðàòîð Ãðiíà.

Çàóâàæåííÿ 2. Òåîðåìà 3 îïèñó¹ êëàñ
íåòåðîâèõ êðàéîâèõ çàäà÷ äëÿ âñþäè ðîçâ'ÿ-
çíèõ îïåðàòîðíèõ ðiâíÿíü (4). Òàêi çàäà-
÷i äåòàëüíî ðîçãëÿíóòi ó âèïàäêàõ, êîëè
(Lz)(t) = ż(t) − A(t)z(t)− çâè÷àéíèé äèôå-
ðåíöiàëüíèé îïåðàòîð, L : C1[a, b] → C[a, b]
[2], [5], äèôåðåíöiàëüíèé îïåðàòîð iç çîñåðå-
äæåíèì âiäõèëåííÿì àðãóìåíòó (Lz)(t) =
ż(t)− A(t)(Sh)z(t), L : Dp[a, b] → Lp[a, b] [3],

[4]. Ó öèõ âèïàäêàõ ïðàâèé îáåðíåíèé îïå-
ðàòîð L−1

r ìà¹ iíòåãðàëüíå ïðåäñòàâëåííÿ

(L−1
r f)(t) =

∫ b

a

K(t, s)g(s)ds,

äå K(t, s)− ìàòðèöÿ Êîøi.
Óçàãàëüíåíèé îïåðàòîð Ãðiíà ìà¹ âè-

ãëÿä:
(Gf)(t) =

∫ b

a
K(t, s)f(s)ds−

−X(t)Q−`
∫ b

a
K(·, s)f(s)ds.

Çàóâàæåííÿ 3. ßêùî ôóíêöiîíàë ` çà-
äîâîëüíÿ¹ óìîâó [9, c. 15]

`

∫ b

a

K(·, s)f(s)ds =

∫ b

a

`K(·, s)f(s) ds,

òî óçàãàëüíåíèé îïåðàòîð Ãðiíà ìà¹ ïðåä-
ñòàâëåííÿ

(Gf)(t) =

∫ b

a

G(t, s)f(s) ds,

ÿäðî ÿêîãî
G(t, s) = K(t, s)−X(t)Q−`K(·, s)

íàçèâà¹òüñÿ óçàãàëüíåíîþ ìàòðèöåþ Ãði-
íà.

3. Óçàãàëüíåíèé îïåðàòîð Ãðiíà òà
éîãî âëàñòèâîñòi. Ïîáóäîâàíèé óçàãàëü-
íåíèé îïåðàòîð Ãðiíà (15) G : B2 → ker ` ⊂
B1 ãðà¹ âàæëèâó ðîëü ïðè àíàëiçi ëiíiéíèõ
i ñëàáêî íåëiíiéíèõ êðàéîâèõ çàäà÷ äëÿ îïå-
ðàòîðíèõ ðiâíÿíü. Ç éîãî äîïîìîãîþ ïðè âè-
êîíàííi âiäïîâiäíèõ óìîâ ðîçâ'ÿçíîñòi áóäó-
¹òüñÿ çàãàëüíèé ðîçâ'ÿçîê íàïiâîäíîðiäíî¨
(α ≡ 0) êðàéîâî¨ çàäà÷i (3), (4).

Ðîçãëÿíåìî äåÿêi âëàñòèâîñòi óçàãàëüíå-
íîãî îïåðàòîðà Ãðiíà
(Gf)(t) = (L−f)(t)−X(t)Q−`(L−f)(·). (18)

Äëÿ ñïðîùåííÿ çàïèñiâ ôîðìóë ïðè ðîç-
ãëÿäi âëàñòèâîñòåé óçàãàëüíåíîãî îïåðàòîðà
Ãðiíà íàäàëi áóäåìî îïóñêàòè äóæêè i çìií-
íi.

Ëåìà 1. Óçàãàëüíåíèé îïåðàòîð Ãðiíà G
çàäîâîëüíÿ¹ ñïiââiäíîøåíÿ

ΛG =

[
IB2 − PYL

PYQ
`L−

]
. (19)
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Äîâåäåííÿ. Äiéñíî, ïiäñòàâèâøè â (19) çà-
ìiñòü G éîãî âèðàç (18), îòðèìà¹ìî:

ΛG =




L

`


 [L− −XQ−`L−] =

=




L(L− −XQ−`L−)

`(L− −XQ−`L−)


 =

=




LL− − LXQ−`L−

`L− − `XQ−`L−


 =

=




LL−

(IRm −QQ−)`L−


 =




(IB2 − PYL
)

PYQ
`L−


 ,

îñêiëüêè
LX = 0, IRm −QQ− = PYQ

.

Çàóâàæåííÿ 4. Ó âèïàäêó, êîëè ðiâíÿ-
ííÿ Lz = f âñþäè ðîçâ'ÿçíå, âëàñòèâiñòü
(19) íàáåðå âèãëÿäó:

ΛG =




IB2

PYQ
`L−1

r


 ,

îñêiëüêè R(L) = B2, L− = L−1
r , à PYL

≡ 0.
ßê ïîêàçàíî âèùå, ïðè âèêîíàííi óìîâ

(16) êðàéîâà çàäà÷à

Λz =

[
L
`

]
z =

[
f
α

]

ìà¹ ðîçâ'ÿçîê, ÿêèé ìà¹ âèãëÿä (17).
Äëÿ îáìåæåíîãî óçàãàëüíåíî-îáåðíåíîãî

îïåðàòîðà
[

L
`

]−
: B2 ×Rm → B1

ìà¹ìî ïðåäñòàâëåííÿ
[

L
`

]− [
f
α

]
= Gf + XQ−α,

äå Gf =

[
L
`

]− [
f
0

]
− ðîçâ'ÿçîê êðàéîâî¨

çàäà÷i
Lz = f,
`z = 0;

XQ−α =

[
L
`

]− [
0
α

]
− ðîçâ'ÿçîê êðàéîâî¨

çàäà÷i
Lz = 0,
`z = α.

Òåîðåìà 4. Îïåðàòîð

Λ− = [G XQ−]

¹ îáìåæåíèì óçàãàëüíåíî-îáåðíåíèì äî ëi-
íiéíîãî îáìåæåíîãî îïåðàòîðà Λ =

[
L
`

]
.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òåîðåìè íåîá-
õiäíî i äîñòàòíüî ïîêàçàòè, ùî îïåðàòîð Λ−

çàäîâîëüíÿ¹ âëàñòèâîñòi

1. Λ−ΛΛ− = Λ−; 2. ΛΛ−Λ = Λ,

ùî âèçíà÷àþòü óçàãàëüíåíî-îáåðíåíèé îïå-
ðàòîð. ßê ïîêàçàíî â [10] äðóãà ç âëàñòè-
âîñòåé ¹ íàñëiäêîì ïåðøî¨. Òîìó ïîêàæå-
ìî ùî îïåðàòîð Λ− çàäîâîëüíÿ¹ âëàñòèâîñòi
Λ−ΛΛ− = Λ−. Îñêiëüêè LX ≡ 0, `X = Q,
òî:

ΛΛ− =

[
L
`

]
[G XQ−] =




LG LXQ−

`G `XQ−


 =

=




IB2 − PYL
0

PYQ
`L− QQ−


 .

Iç ñïiââiäíîøåíü L−PYL
= 0, Q−PYQ

= 0,
GPYL

= 0 ìà¹ìî, ùî

Λ−ΛΛ− = [G XQ−]




IB2 − PYL
0

PYQ
`L− QQ−


 =

= [G(IB2−PYL
)+XQ−PYQ

`L− XQ−QQ−] =

= [G−GPYL
+XQ−PYQ

`L− XQ−] =
[
G XQ−]

.

Îáìåæåíiñòü îïåðàòîðà Λ− ¹ íàñëiäêîì
îáìåæåíîñòi îïåðàòîðiâ L−, G òà XQ−. Òà-
êèì ÷èíîì, îïåðàòîð Λ− : B2 × Rm → B1

¹ îáìåæåíèì óçàãàëüíåíî-îáåðíåíèì äî îïå-
ðàòîðà Λ âèõiäíî¨ êðàéîâî¨ çàäà÷i.

Âèêîðèñòîâóþ÷è ôîðìóëó ΛΛ− =
IB2×Rm − PYΛ

[4], ùî çâ'ÿçó¹ óçàãàëüíåíî-
îáåðíåíèé îïåðàòîð Λ− i ïðîåêòîð PYΛ

,
à òàêîæ âëàñòèâiñòü (19) óçàãàëüíåíîãî
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îïåðàòîðà Ãðiíà, çíàéäåìî ïðîåêòîð PYΛ
,

ÿêèé ìà¹ áëîêîâó ñòðóêòóðó:

PYΛ
= IB2×Rm − ΛΛ− =

=




IB2 0

0 IRm


−

[
L
`

]
[G XQ−] =

=




IB2 0

0 IRm


−




IB2 −PYL
0

PYQ
`L− QQ−


 =

=



PYL

0

−PYQ
`L− IRm −QQ−


 =

=



PYL

0

−PYQ
`L− PYQ


 .

Îïåðàòîð PYΛ
äiéñíî ¹ ïðîåêòîðîì,

îñêiëüêè çàäîâîëüíÿ¹ âëàñòèâîñòi P2
YΛ

=
PYΛ

:

P2
YΛ

=



PYL

0

−PYQ
`L− PYQ




2

=

=



P2

YL
0

−PYQ
`L−PYL

− P2
YQ

`L− P2
YQ


 =

=



PYL

0

−PYQ
`L− PYQ


 = PYΛ

.

Î÷åâèäíî, ùî óìîâà PYΛ

[
f
α

]
= 0 åêâi-

âàëåíòíà óìîâàì ðîçâ'ÿçíîñòi (16) êðàéîâî¨
çàäà÷i (11), (12).

Çàóâàæåííÿ 5. ßêùî îïåðàòîðíå ðiâíÿ-
ííÿ (11) â êðàéîâié çàäà÷i (11), (12) ¹ âñþäè
ðîçâ'ÿçíèì, òî ïðîåêòîð PYΛ

ìà¹ âèãëÿä:



0 0

−PYQ
`L−1

r PYQ


 ,

îñêiëüêè â öüîìó âèïàäêó PYL
≡ 0, à L− =

L−1
r .
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