
ÓÄÊ 517.956

c©2010 ð. Â.Â. Ãîðîäåöüêèé, I.Ñ. Òóïêàëî
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÁÀÃÀÒÎÒÎ×ÊÎÂÀ ÇÀÄÀ×À ÄËß ÅÂÎËÞÖIÉÍÈÕ ÑÈÍÃÓËßÐÍÈÕ
ÐIÂÍßÍÜ ÍÅÑÊIÍ×ÅÍÍÎÃÎ ÏÎÐßÄÊÓ

Äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü áàãàòîòî÷êîâî¨ çàäà÷i äëÿ åâîëþöiéíîãî ðiâíÿííÿ ç
ïñåâäî-Áåññåëåâèì îïåðàòîðîì íåñêií÷åííîãî ïîðÿäêó â êëàñi ðîçïîäiëiâ Ñîáîë¹âà-Øâàðöà.

We prove the correct solvability of a multi-point problem for evolution equation with pseudo-
Bessel operator of in�nite order in the class of distribution of Sobolev-Shvarts.

ßê âiäîìî, áàãàòî çàäà÷ ïðàêòèêè ìîäå-
ëþþòüñÿ êðàéîâèìè çàäà÷àìè äëÿ åâîëþ-
öiéíèõ ñèíãóëÿðíèõ ðiâíÿíü ç îïåðàòîðîì
Áåññåëÿ ç íåëîêàëüíèìè óìîâàìè (äèôó-
çiéíi ïðîöåñè â àíiçîòðîïíèõ ñåðåäîâèùàõ,
ÿâèùà òåïëîìàñîïåðåíîñó, ðàäiàëüíi êîëè-
âàííÿ õâèëü, çàäà÷i ïðî âçà¹ìîäiþ òië, òî-
ùî). Áàãàòîòî÷êîâi ñèíãóëÿðíi ïàðàáîëi÷íi
çàäà÷i ó âñüîìó ïðîñòîði òà â öèëiíäðè-
÷íié îáëàñòi äîñëiäæóâàëèñÿ â [1]. Ó ïðà-
öÿõ [2, 3] âèâ÷àëèñÿ âëàñòèâîñòi îïåðàòîðà

ϕ(Bν) =
∞∑

k=0

ckB
k
ν , äå Bν � îïåðàòîð Áåññåëÿ

ïîðÿäêó ν > −1/2 (ϕ(Bν) â [2, 3] íàçèâà¹-
òüñÿ îïåðàòîðîì Áåññåëÿ íåñêií÷åííîãî ïî-
ðÿäêó). Åâîëþöiéíi ðiâíÿííÿ ç îïåðàòîðîì
ϕ(Bν) ¹ ïðèðîäíèì óçàãàëüíåííÿì ñèíãó-
ëÿðíèõ ïàðàáîëi÷íèõ ðiâíÿíü ç îïåðàòîðîì
Áåññåëÿ, ÿêèé âèðîäæó¹òüñÿ çà ïðîñòîðîâîþ
çìiííîþ. Â [2, 3] äîâåäåíî êîðåêòíó ðîçâ'ÿ-
çíiñòü çàäà÷i Êîøi äëÿ åâîëþöiéíîãî ðiâíÿí-
íÿ ∂u/∂t = ϕ(Bν)u â êëàñi ïî÷àòêîâèõ óìîâ,
ÿêi ¹ óçàãàëüíåíèìè ôóíêöiÿìè íåñêií÷åí-
íîãî ïîðÿäêó òèïó óëüòðàðîçïîäiëiâ. Ó ïðà-
öi [4] âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü äâî-
òî÷êîâî¨ çàäà÷i äëÿ âêàçàíîãî åâîëþöiéíîãî
ðiâíÿííÿ ó âèïàäêó, êîëè êðàéîâà óìîâà ¹
óçàãàëüíåíîþ ôóíêöi¹þ òèïó ðîçïîäiëiâ. Ó
öié ðîáîòi àíàëîãi÷íèé ðåçóëüòàò îòðèìàíî
ó âèïàäêó m-òî÷êîâî¨ çàäà÷i (m ≥ 2) äëÿ
åâîëþöiéíîãî ðiâíÿííÿ ∂u/∂t = ϕ(Bνu). Çà-
çíà÷èìî, ùî ïðè äîñëiäæåííi òàêî¨ çàäà÷i
âèêîðèñòîâó¹òüñÿ ïiäõiä, âiäìiííèé âiä ìå-
òîäèêè, çàñòîñîâàíî¨ â ïðàöi [4].

1. Ïðîñòîðè îñíîâíèõ òà óçàãàëüíå-

íèõ ôóíêöié.
Ïðîñòið îñíîâíèõ ôóíêöié

◦
S ≡

◦
S(R).

Íàãàäà¹ìî, ùî ïðîñòið S(R) ñêëàäà¹òüñÿ ç
íåñêií÷åííî äèôåðåíöiéîâíèõ íà Rôóíêöié,
ÿêi ñïàäàþòü ïðè |x| → ∞ ðàçîì ç óñiìà ñâî-
¨ìè ïîõiäíèìè øâèäøå çà áóäü-ÿêèé ñòåïiíü
|x|−1, òîáòî ϕ ∈ S, ÿêùî
∀{k, m} ⊂ Z+ ∃ckm = ckm(ϕ) > 0 ∀x ∈ R :

|xkDm
x ϕ(x)| ≤ ckm.

Ïîñëiäîâíiñòü ôóíêöié {ϕn, n ≥ 1} ⊂ S
íàçèâà¹òüñÿ çáiæíîþ â S äî ôóíêöi¨ ϕ ∈ S,
ÿêùî

∀{k, m} ⊂ Z+ : xkDm
x ϕn

R
⇒

n→∞
xkDm

x ϕ.

Ó ïðîñòîði S âèçíà÷åíi, ¹ ëiíiéíèìè i
íåïåðåðâíèìè îïåðàöi¨ äèôåðåíöiþâàííÿ òà
ëiíiéíî¨ çàìiíè çìiííî¨. Â S ìîæíà ââåñòè
ñòðóêòóðó çëi÷åííî íîðìîâàíîãî ïðîñòîðó,
ÿêùî ïîêëàñòè

‖ϕ‖p = sup
x∈R

0≤m≤p

{(1 + |x|)p|Dm
x ϕ(x)|},

p ∈ Z+, ϕ ∈ S.

Î÷åâèäíî, ùî ‖ϕ‖0 ≤ ‖ϕ‖1 ≤ · · · ≤
‖ϕ‖p ≤ . . . . Ñèìâîëîì Sp ≡ Sp(R) ïîçíà-
÷èìî ïîïîâíåííÿ ïðîñòîðó S çà p-íîðìîþ;
ïðè öüîìó S0 ⊃ S1 ⊃ S1 ⊃ . . . , âêëàäåí-
íÿ Sp+1 ⊂ Sp, p ∈ Z+, ¹ íåïåðåðâíèì i êîì-
ïàêòíèì. Îòæå, S = lim

p→∞
pr Sp. Çáiæíiñòü â

îòðèìàíîìó çëi÷åííî íîðìîâàíîìó ïðîñòîði
ñïiâïàäà¹ ç ðàíiøå ââåäåíîþ çáiæíiñòþ â S.
Ïðîñòið S ¹ ïîâíèì [5].
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Ñèìâîëîì
◦
S ïîçíà÷àòèìåìî ñóêóïíiñòü

óñiõ ïàðíèõ ôóíêöié ç ïðîñòîðó S. Îñêiëü-
êè

◦
S óòâîðþ¹ ïiäïðîñòið S, òî â

◦
S ïðè-

ðîäíèì ñïîñîáîì ââîäèòüñÿ òîïîëîãiÿ. Öåé
ïðîñòið ç âiäïîâiäíîþ òîïîëîãi¹þ íàçèâàòè-
ìåìî îñíîâíèì ïðîñòîðîì, à éîãî åëåìåíòè
� îñíîâíèìè ôóíêöiÿìè. Ó ïðîñòîði

◦
S âè-

çíà÷åíi i ¹ íåïåðåðâíèìè îïåðàòîð Áåññåëÿ
Bν = d2/dx2 + (2ν + 1)x−1d/dx, ν > −1/2,
îïåðàòîð óçàãàëüíåíîãî çñóâó àðãóìåíòó T ξ

x ,
ÿêèé âiäïîâiäà¹ îïåðàòîðó Áåññåëÿ [6]:

T ξ
xϕ(x) = bν

π∫

0

ϕ(
√

x2 + ξ2 − 2xξ cos ω)×

× sin2ν ωdω, ϕ ∈ ◦
S,

äå bν = Γ(ν+1)/(Γ(1/2)Γ(ν+1/2)), ν > −1/2,
à òàêîæ ïðÿìå òà îáåðíåíå ïåðåòâîðåííÿ
Áåññåëÿ [6]:

ψ(σ) ≡ FBν [ϕ](σ) :=

∞∫

0

ϕ(x)jν(σx)x2ν+1dx,

ϕ ∈ ◦
S,

ϕ(x) ≡ FBν [ψ](x) := cν

∞∫

0

ψ(σ)jν(σx)σ2ν+1dσ,

äå cν = (22νΓ2(ν + 1))−1, ν > −1/2, jν

� íîðìîâàíà ôóíêöiÿ Áåññåëÿ, ïðè öüîìó
FBν [

◦
S] =

◦
S. Îñêiëüêè äî îñíîâíèõ ôóíêöié

ç ïðîñòîðó
◦
S ìîæíà ñêiëüêè çàâãîäíî ðàçiâ

çàñòîñóâàòè îïåðàòîð Áåññåëÿ, òî ïðîñòið
◦
S

ìîæíà îçíà÷èòè ùå é òàê [7]:
◦
S = {ϕ ∈ S : ϕ(−x) = ϕ(x), x ∈ R

∣∣∣

∀{k,m} ⊂ Z+ ∃ckm > 0 ∀x ∈ R :

(1 + x2)k|Bmϕ(x)| ≤ ckm}.
Çàçíà÷èìî òàêîæ, ùî îïåðàöiÿ óçàãàëüíå-

íîãî çñóâó àðãóìåíòó äèôåðåíöiéîâíà (íà-
âiòü íåñêií÷åííî äèôåðåíöiéîâíà) â ïðîñòî-
ði

◦
S.

Ïðîñòîðè òèïó W òà
◦

W . Íåõàé Ω, M �
äèôåðåíöiéîâíi, ïàðíi íà R ôóíêöi¨, íåâiä'-
¹ìíi, çðîñòàþ÷i òà îïóêëi íà [0,∞); ïðè÷îìó
M(0) = Ω(0) = 0, lim

x→+∞
M(x) = lim

x→+∞
Ω(x) =

+∞. Çà äîïîìîãîþ ôóíêöié M òà Ω Á.Ë. Ãó-
ðåâè÷ óâiâ ïðîñòîðè WM , WΩ, WΩ

M , íàçâàíi
íèì ïðîñòîðàìè òèïó W (äèâ. [8]). Çîêðåìà,
ñèìâîëîì WΩ

M ïîçíà÷à¹òüñÿ ñóêóïíiñòü óñiõ
öiëèõ ôóíêöié ϕ: C→ C, äëÿ ÿêèõ

∃ a, b, c > 0∀z = x + iy ∈ C :

|ϕ(z)| ≤ c exp{−M(ax) + Ω(by)}
(ñòàëi a, b, c çàëåæèòü ëèøå âiä ôóíêöi¨ ϕ).
Ñèìâîëîì

◦
W

Ω
M

ïîçíà÷èìî ñóêóïíiñòü óñiõ
öiëèõ ïàðíèõ ôóíêöié ç ïðîñòîðó WΩ

M . Ñó-
êóïíiñòü ôóíêöié, çàäàíèõ íà R, ÿêi äîïó-
ñêàþòü àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ êîì-
ïëåêñíó ïëîùèíó C i ÿê ôóíêöi¨ êîìïëå-
êñíî¨ çìiííî¨ ¹ åëåìåíòàìè ïðîñòîðó

◦
W

Ω
M
,

ïîçíà÷èìî ñèìâîëîì
◦

W
Ω
M

(R). Iç ðåçóëüòà-
òiâ, îòðèìàíèõ â [9] âèïëèâà¹, ùî

◦
W

Ω
M

(R) ⊂
◦
S(R). Îòæå, íà ôóíêöiÿõ ç ïðîñòîðó

◦
W

Ω
M

(R)
âèçíà÷åíå ïåðåòâîðåííÿ Áåññåëÿ, ïðè öüîìó
FBν [

◦
W

Ω
M

(R)] =
◦

W
Ω1

M1
(R), äå Ω1 òà M1 � ôóí-

êöi¨, äâî¨ñòi çà Þíãîì âiäïîâiäíî äî ôóí-
êöié M òà Ω [8].

Ïðîñòið óçàãàëüíåíèõ ôóíêöié (
◦
S)′.

Ñèìâîëîì (
◦
S)′ ïîçíà÷àòèìåìî ïðîñòið óñiõ

ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íàä âiä-
ïîâiäíèì ïðîñòîðîì îñíîâíèõ ôóíêöié çi
ñëàáêîþ çáiæíiñòþ, à éîãî åëåìåíòè íàçè-
âàòèìåìî óçàãàëüíåíèìè ôóíêöiÿìè.

Çãîðòêó óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (
◦
S)′ ç

îñíîâíîþ ôóíêöi¹þ çàäàìî ôîðìóëîþ

(f∗ϕ)(x) = 〈fξ, T
ξ
xϕ(x)〉 = 〈fξ, T

x
ξ ϕ(ξ)〉, ϕ ∈ ◦

S,

ïðè öüîìó f ∗ ϕ ¹ íåñêií÷åííî äèôåðåíöi-
éîâíîþ íà R ôóíêöi¹þ, îñêiëüêè îïåðàöiÿ
óçàãàëüíåíîãî çñóâó àðãóìåíòó íåñêií÷åííî
äèôåðåíöiéîâíà ó ïðîñòîði

◦
S.

ßêùî ϕ ∈ ◦
S, òî FBν [ϕ] ∈ ◦

S, òîìó ïåðåòâî-
ðåííÿ Áåññåëÿ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (

◦
S)′

âèçíà÷à¹òüñÿ çà äîïîìîãîþ ñïiââiäíîøåííÿ

〈FBν [f ], ϕ〉 = 〈f, FBν [ϕ]〉, ∀ϕ ∈ ◦
S,
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ïðè öüîìó FBν [f ] ∈ (
◦
S)′. ßêùî óçàãàëüíåíà

ôóíêöiÿ f ∈ (
◦
S)′ � çãîðòóâà÷ ó ïðîñòîði

◦
S,

òî äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ ◦
S ïðàâèëüíîþ

¹ ôîðìóëà [7]: FBν [f ∗ϕ] = FBν [f ]·FBν [ϕ], ïðè
öüîìó FBν [f ] � ìóëüòèïëiêàòîð ó ïðîñòîði

◦
S.

2. m-òî÷êîâà çàäà÷à
Ðîçãëÿíåìî åâîëþöiéíå ðiâíÿííÿ

∂u(t, x)

∂t
= Bu(t, x), (1)

(t, x) ∈ (0, T )× R+ ≡ Ω+,

äå îïåðàòîð B ïîáóäîâàíèé çà ñòàëèì ñèì-
âîëîì A(σ), ÿêèé, ÿê ôóíêöiÿ σ, çàäîâîëü-
íÿ¹ íàñòóïíi óìîâè: ôóíêöiÿ A(σ) äîïóñêà¹
àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ êîìïëåêñíó
ïëîùèíó, A ∈ ◦

P
Ω
M
, äå ñèìâîëîì

◦
P

Ω
M

ïîçíà-
÷åíî êëàñ öiëèõ ïàðíèõ îäíîçíà÷íèõ ôóí-
êöié ϕ: C → C, ÿêi ¹ ìóëüòèïëiêàòîðàìè â
ïðîñòîði

◦
W

Ω
M

i òàêèìè, ùî eϕ ∈ ◦
W

Ω
M
. ßêùî

ðîçâèíåííÿ ôóíêöi¨ A â ñòåïåíåâèé ðÿä ìà¹
âèãëÿä

A(σ) =
∞∑

k=0

c2kσ
2k, σ ∈ R,

òî, ÿê âèïëèâà¹ ç ðåçóëüòàòiâ, íàâåäåíèõ ó
ïðàöi [2], ó ïðîñòîði

◦
W

Ω1

M1
(R) âèçíà÷åíèé i ¹

íåïåðåðâíèì îïåðàòîð Áåññåëÿ íåñêií÷åííî-
ãî ïîðÿäêó

B =
∞∑

k=0

c2k(−Bν)
k ≡ F−1

Bσ→x
[A(σ)FBx→σ ],

ν > −1/2, (òóò Ω1 òà M1 � ôóíêöi¨, äâî¨ñòi
çà Þíãîì âiäïîâiäíî äî ôóíêöié M òà Ω).

Äëÿ ðiâíÿííÿ (1) çàäàìî m-òî÷êîâó çàäà-
÷ó (m ≥ 2):

µu(t, ·)|t=0 −
m∑

k=1

µku(t, ·)|t=tk = ϕ, (2)

ϕ ∈ W Ω1

M1
(R),

äå {µ, µ1, . . . , µm} ⊂ (0, +∞) � ôiêñîâàíi ÷è-

ñëà, µ >

m∑

k=1

µk, 0 < t1 < · · · < tm = T . Êëà-

ñè÷íèé ðîçâ'ÿçîê u ∈ C1((0, T ),
◦

W
Ω1

M1
(R))

çàäà÷i (1), (2) øóêà¹ìî çà äîïîìîãîþ ïå-
ðåòâîðåííÿ Áåññåëÿ (äèâ. [4]). Ó ðåçóëüòàòi
îòðèìà¹ìî, ùî ðîçâ'ÿçîê öi¹¨ çàäà÷i çîáðà-
æà¹òüñÿ ôîðìóëîþ

u(t, x) = cν

∞∫

0

exp{tA(σ)}
µ−

m∑
k=1

µk exp{tkA(σ)}
×

×jν(xσ)σ2ν+1dσ.

Ââåäåìî ïîçíà÷åííÿ:

G(t, t1, . . . , tm; x) ≡ G(t, x) = F−1
Bν

[Q(t, σ)](x),

äå

Q(t, σ) = exp{tA(σ)}
(
µ−

m∑

k=1

µk exp{tkA(σ)}
)−1

.

Òîäi, ìîæíà äîâåñòè (äèâ. [4]), ùî

u(t, x) =

∞∫

0

T ξ
xG(t, x)ϕ(ξ)ξ2ν+1dξ ≡ G(t, x)∗ϕ(x),

(t, x) ∈ (0, T )× R ≡ Ω.

Äîñëiäèìî âëàñòèâîñòi ôóíêöié Q(t, σ) òà
G(t, x). Ïðàâèëüíèì ¹ íàñòóïíå òâåðäæåííÿ.

Ëåìà 1. Ïðè ôiêñîâàíîìó t ∈ (0, T ] ôóí-
êöiÿ Q(t, σ) ¹ åëåìåíòîì ïðîñòîðó

◦
S =

◦
S(R); ïîõiäíi ôóíêöi¨ Q(t, σ) (ïî çìiííié σ)
çàäîâîëüíÿþòü óìîâó

∀{k, s} ⊂ Z+ ∃βks > 0 ∀σ ∈ R :

|σkDs
σQ(t, σ)| ≤ βks · ϕs(t),

äå
ϕs(t) =

{
t, 0 < t ≤ 1,
ts, t > 1.

Äîâåäåííÿ. Ââåäåìî ïîçíà÷åííÿ:

Q1(t, σ) := exp{tA(σ)},

Q2(σ) :=
(
µ−

m∑

k=1

µk exp{−tkA(σ)}
)−1

.

Òîäi Q(t, σ) = Q1(t, σ) · Q2(σ). Iç âëàñòèâî-
ñòåé ôóíêöi¨ A(σ) âèïëèâà¹, ùî Q1(t, σ), ÿê
ôóíêöiÿ σ, ïðè êîæíîìó t > 0 ¹ åëåìåíòîì

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2010. Âèïóñê 528. Ìàòåìàòèêà. 29



ïðîñòîðó
◦

W
Ω
M
. Óðàõóâàâøè öåé ôàêò, ñêî-

ðèñòà¹ìîñÿ õàðàêòåðèñòèêîþ ïðîñòîðó WΩ
M

ó òåðìiíàõ îöiíîê ïîõiäíèõ ôóíêöié öüîãî
ïðîñòîðó íà äiéñíié îñi, îòðèìàíîþ ó ïðàöi
[10]:

(ψ ∈ WΩ
M) ⇔

(
∃c1, a1, b1 > 0 ∀k ∈ Z+

∃νk ∈ [0, k), ν0 = 0, ∀s ∈ Z+ ∃ρs ∈ [0, s),

ρ0 = 0,∀x ∈ R : |xkψ(s)(x)| ≤ c1s!
( b1

ρs

)s

×

×
(νk

a1

)k

exp{Ω(ρs)−M(νk)}
)
, x ∈ R, (3)

äå ρs � ðîçâ'ÿçîê ðiâíÿííÿ xω(x) = s,
xω(x) = s, s ∈ Z+, νk � ðîçâ'ÿçîê ðiâíÿííÿ
xµ(x) = k, k ∈ Z+. Çàçíà÷èìî, ùî íåðiâíîñòi
(3) åêâiâàëåíòíi òàêèì íåðiâíîñòÿì [10]

|ψ(s)(σ)| ≤ c1
s!bs

1

ρs
s

exp{Ω(ρs)−M(a1σ)}, σ ∈ R.

(4)
Ç (3) òà âèãëÿäó ôóíêöi¨ Q1(t, σ) âèïëèâà¹,
ùî ôóíêöiÿ Q1 òà ¨¨ ïîõiäíi (ïî σ) çàäîâîëü-
íÿþòü íåðiâíîñòi

|σkDs
σQ1(t, σ)| ≤ c1s!t

s
( b1

ρs

)s(νk

a1

)k

×

× exp{Ω(ρs)−M(νk)}, (5)

äå ñòàëi c1, a1, b1 > 0 íå çàëåæàòü âiä t. Ç
óðàõóâàííÿì (4) çíàõîäèìî, ùî íåðiâíîñòi
(5) åêâiâàëåíòíi íàñòóïíèì íåðiâíîñòÿì

|Ds
σQ1(t, σ)| ≤ c1s!t

s bs
1

ρs
s

exp{Ω(ρs)−M(a1σ)}.
(6)

Çàóâàæèìî, ùî

D1
σQ2(σ) = Q2

2(σ)A′(σ)
m∑

k=1

µktk×

× exp{tkA(σ)} = Q2
2(σ)D1

σR(σ),

äå

R(σ) := µ−
m∑

k=1

µk exp{tkA(σ)}.

Îòæå, äëÿ l ≥ 1

Dl
σ(D1

σQ2(σ)) = Dl
σ(Q2

2(σ) ·D1
σR(σ)) =

=
l∑

i=0

Ci
l D

i
σQ

2
2(σ) ·Dl+1−i

σ R(σ).

Äëÿ îá÷èñëåííÿ i îöiíêè ïîõiäíî¨ Di
σQ

2
2(σ)

ñêîðèñòà¹ìîñÿ ôîðìóëîþ Ôàà äå Áðóíî äè-
ôåðåíöiþâàííÿ ñêëàäåíî¨ ôóíêöi¨

Ds
σF (g(σ)) =

s∑
m=1

dm

dgm
F (g) ·

∑ s!

m1! . . . ml!
×

×
( d

dσ
g(σ)

)m1

. . .
( 1

l!

dl

dσl
g(σ)

)ml

,

äå çíàê ñóìè ïîøèðþ¹òüñÿ íà âñi ðîçâ'ÿçêè â
öiëèõ íåâiä'¹ìíèõ ÷èñëàõ ðiâíÿííÿ s = m1 +
2m2 + · · · + lml, m = m1 + · · · + ml. Ó öié
ôîðìóëi ïîêëàäåìî F = g−2, g = R; òîäi

|Di
σQ

2
2(σ)| =

∣∣∣∣∣
i∑

j=1

dj

dRj
(R−2)

∑
j1+···+jν=j

j1+2j2+···+νjν=i

i!

j1! . . . jν !
×

×
( d

dσ
R(σ)

)j1
. . .

( 1

ν!

dν

dσν
R(σ)

)jν

∣∣∣∣∣.

Óðàõóâàâøè íåðiâíiñòü (6) çíàéäåìî, ùî
∣∣∣ 1

ν!

dν

dσν
R(σ)

)jν
∣∣∣ ≤ 1

ν!

m∑

k=1

µk

∣∣∣ dν

dσν
etkA(σ)

∣∣∣ ≤

≤ c1

m∑

k=1

µkt
ν
k

bν
1

ρν
ν

eΩ(ρν)−M(a1σ) ≤

≤ c1µ0T
ν bν

1

ρν
ν

eΩ(ρν)−M(a1σ), µ0 =
m∑

k=1

µk.

Òîäi
∣∣∣
( d

dσ
R(σ)

)j1
∣∣∣ . . .

∣∣∣
( 1

ν!

dν

dσν
R(σ)

)jν
∣∣∣ ≤

≤ (c1µ0)
j1+···+jν

(Tb1)
j1+2j2+···+νjν

ρj1
1 ρ2j2

2 . . . ρνjν
ν

×

× exp{j1Ω(ρ1) + · · ·+ jνΩ(ρν)−
−(j1 + · · ·+ jν)M(a1σ)}.

Iç âëàñòèâîñòåé ïîñëiäîâíîñòi {ρν , ν ∈
Z+} òà ôóíêöi¨ Ω âèïëèâàþòü íåðiâíîñòi

ρ2 ≥ ρ1, . . . , ρν ≥ ρ1, Ω(ρ1) ≤ Ω(ρν), . . . ,

Ω(ρν−1) ≤ Ω(ρν).
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Îòæå,
∣∣∣
( d

dσ
R(σ)

)j1
∣∣∣ . . .

∣∣∣
( 1

ν!

dν

dσν
R(σ)

)jν
∣∣∣ ≤

≤ (c1µ0)
j (Tb1)

i

ρi
1

ej(Ω(ρν)−M(a1σ)).

Òàêèì ÷èíîì,

|Di
σQ

2
2(σ)| ≤ i!

(Tb1)
i

ρi
1

i∑
j=1

(c1µ0)
j×

×ej(Ω(ρi))−M(a1σ) 1

R2+j(σ)
≤

≤ i · i! (Tb1)
i

ρi
1

βiei(Ω(ρi))

i∑
j=1

1

|R2+j(σ)| ≤

≤ i!b̃ieiΩ(ρi)

i∑
j=1

1

|R2+j(σ)| ,

äå β = max{1, c1µ0}, b̃ = 2Tb1β/ρ1.
Ñêîðèñòàâøèñü âëàñòèâîñòÿìè ôóíêöi¨

A(σ) îäåðæèìî, ùî

exp{tkA(σ)} ≤ βk exp{−tkM(aσ)} ≤ βk,

βk > 0, k ∈ {1, . . . , m}, σ ∈ R.

Òîäi
m∑

k=1

µk exp{tkA(σ)} ≤
m∑

k=1

µkβk ≤ β0

m∑

k=1

µk =

= β0µ0, σ ∈ R,

äå β0 = max{β1, . . . , βm}. Íàäàëi ââàæàòèìå-
ìî, ùî µ > µ0β0. Òîäi

1

|R(σ)| =
1∣∣∣µ−

m∑
k=1

µk exp{tkA(σ)}
∣∣∣
≤ 1

µ− µ0β0

.

Îòæå,
1

|R2+j(σ)| ≤ (µ− µ0β0)
−(2+j) = α0B̃

j,

α0 = (µ− µ0β0)
−2, B̃ = (µ− µ0β0)

−1, σ ∈ R.

Ïiäñóìîâóþ÷è, çíàõîäèìî, ùî

|Di
σQ

2
2(σ)| ≤ α0i!b̃

i · eiΩ(ρi)

i∑
j=1

B̃j ≡ δi, σ ∈ R.

Ìiðêóþ÷è àíàëîãi÷íî äî ïîïåðåäíüîãî äi-
ñòàíåìî, ùî

|Dl+1−i
σ R(σ)| ≤ δ̃l+1−i, 0 ≤ i ≤ l, σ ∈ R. (7)

Óðàõóâàâøè îöiíêè (6), (7), ïðèéäåìî äî
íåðiâíîñòåé

|σkDs
σQ(t, σ)| ≤

s∑
p=0

Cp
s |σkDp

σQ1(t, σ)|×

×|Ds−p
σ Q2(σ)| ≤ c1

s∑
p=0

Cp
s p!tp

( b1

ρp

)p(νk

a1

)k

×

×eΩ(ρp)−M(νk)δ′′s−p ≤ βks·ϕs(t), σ ∈ R, ρ0
0 := 1,

äå

βks = c1

s∑
p=0

Cp
s p!

( b1

ρp

)p

eΩ(ρp)
(νk

a1

)k

,

ϕs(t) =

{
t, 0 < t ≤ 1,
ts, t > 1.

Òâåðäæåííÿ äîâåäåíî.
Ëåìà 2. Ôóíêöiÿ Q(t, σ), t ∈ (0, T ], ÿê

àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷å-
ííÿìè â ïðîñòîði

◦
S, äèôåðåíöiéîâíà ïî t.

Äîâåäåííÿ. Íåîáõiäíî äîâåñòè, ùî ãðà-
íè÷íå ñïiââiäíîøåííÿ

Φ∆t(σ) :=
1

∆t
[Q(t + ∆t, σ)−Q(t, σ)] −→

∆t→0

→ ∂

∂t
Q(t, σ), σ ≥ 0,

âèêîíó¹òüñÿ â ðîçóìiííi çáiæíîñòi â ïðîñòî-
ði S, òîáòî

σpDq
σΦ∆t

R
⇒

∆t→0
σpDq

σ

( ∂

∂t
Q(t, ·)

)
(8)

äëÿ äîâiëüíèõ {p, q} ⊂ Z+.
Ôóíêöiÿ Q(t, σ) äèôåðåíöiéîâíà ïî t ó

çâè÷àéíîìó ðîçóìiííi, òîìó

Φ∆t(σ) =
∂

∂t
Q(t + θ∆t, σ), 0 < θ < 1, σ ≥ 0.

Óðàõóâàâøè âèãëÿä ôóíêöi¨ Q(t, σ) çíàéäå-
ìî, ùî

Φ∆t(σ)− ∂

∂t
Q(t, σ) =

∂

∂t
(Q(t + θ∆t, σ)−
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−Q(t, σ)) = θ∆t
∂2

∂2
Q(t + θ1∆t, σ) =

= θ∆t·A2(σ)Q1(t+θ1∆t, σ)·Q2(σ), 0 < θ1 < 1.

Òîäi

Λp,q(σ) :=
∣∣∣σpDq

σ

(
Φ∆t(σ)− ∂

∂t
Q(t, σ)

)∣∣∣ =

= θ|∆t| ·
∣∣∣σp

q∑

l=0

C l
qD

l
σ(A2(σ)×

×Q1(t + θ1∆t, σ)) ·Dq−l
σ Q2(σ)

∣∣∣.
Çãiäíî ç iíòåãðàëüíîþ ôîðìóëîþ Êîøi ìà¹-
ìî, ùî

Dl
σ(A2(σ) ·Q1(t + θ1∆t, σ)) =

=
l!

2πi

∫

ΓR

A2(z)Q1(t + θ1∆t, z)

(z − σ)l+1
dz,

l ∈ Z+, z = σ + iτ, σ ≥ 0, τ ∈ R,

äå ΓR � êîëî ðàäióñà R ç öåíòðîì ó òî÷öi σ.
Iç âëàñòèâîñòåé ôóíêöié A òà Q1 âèïëèâà-
þòü íàñòóïíi íåðiâíîñòi:

∆
(σ)
l := |Dl

σ(A2(σ)Q1(t + θ1∆t, σ))| ≤

≤ l!

Rl
max
z∈ΓR

|A2(z)Q1(t + θ1∆t, z)| ≤

≤ l!

Rl
c2
ε exp{2M(ε(σ + R) + 2Ω(εR))−

−(t + θ1∆t)M(a1σ0) + 2TΩ(b1R)}.
Òóò ââàæà¹ìî, ùî t + θ1∆t ≥ t/2, t + θ1∆t ≤
2T , ε > 0 � äîâiëüíà ñòàëà, cε > 0 � ñòà-
ëà, ÿêà âiäïîâiäà¹ ε > 0 (cε iñíó¹ âíàñëiäîê
óìîâ, ÿêi çàäîâîëüíÿ¹ ôóíêöiÿ A), σ0 � òî-
÷êà ìàêñèìóìó ôóíêöi¨ exp

{
− t

2
M(a1σ)

}
.

Îñêiëüêè M ¹ çðîñòàþ÷îþ íà [0,∞) ôóíêöi-
¹þ, òî σ0 ∈ {0, σ−R}, òîáòî σ0 = σ +βR, äå
β ∈ {0,−1}, ïðè÷îìó β = 0, ÿêùî σ = 0.

Iç âëàñòèâîñòi îïóêëîñòi ôóíêöi¨ M âè-
ïëèâàþòü íåðiâíîñòi

−M(a1(σ + βR)) ≤ −M(a1σ)−M(a1βR).

Àíàëîãi÷íî, ÿêùî 2T ≤ N , äå N ∈ N, òî
2TΩ(b1R) ≤ NΩ(b1R) ≤ Ω(b1NR).

ßêùî ââàæàòè òàêîæ, ùî 0 < t/2 ≤ 1,
òî äëÿ îïóêëî¨ ôóíêöi¨ M ñïðàâäæó¹òüñÿ
íåðiâíiñòü t

2
M(a1σ) ≥ M

( t

2
a1σ

)
, òîáòî

− t

2
M(a1σ) ≤ −M

( t

2
a1σ

)
. Îòæå,

∆l(σ) ≤ c2
ε

l!

Rl
exp

{
M(2ε(σ+R))−M

( t

2
a1σ

)
+

+Ω(b0R)
}

,

äå b0 = 2ε + b1N . Ïîêëàäåìî ε = a1t/4 (t �
ôiêñîâàíå) i ùå îäèí ðàç ñêîðèñòà¹ìîñÿ íå-
ðiâíîñòi îïóêëîñòi äëÿ ôóíêöi¨ M , ç ÿêî¨ âè-
ïëèâà¹, ùî

M(2ε(σ + R))−M
( t

2
a1σ

)
≤ −M

( t

2
a1σ−

−2ε(σ+R)
)

= −M
(
− t

4
a1R

)
= −M

( t

4
a1R

)
.

Òîäi

∆
(σ)
l ≤ c2

ε

l!

Rl
exp{Ω(b0R)} ≤ c2

εl!ϕl,

ϕl = min
R

(R−n exp{Ω(b0R)}) ≡ min
R

ϕ̃l(R).

Ëåãêî áà÷èòè, ùî

ϕ̃′l(R) = eΩ(b0R)(b0Ω
′(b0R)− lR−1)R−l =

= eΩ(b0R)(b0ω(b0R)− lR−1)R−l

(òóò ω = Ω′, ω � ôóíêöiÿ, çà ÿêîþ áóäó¹òüñÿ

ôóíêöiÿ Ω: Ω(ξ) =

ξ∫

0

ω(y)dy). Ïðèðiâíÿâ-

øè ϕ̃′l(R) äî íóëÿ, äiñòàíåìî ñïiââiäíîøåí-
íÿ äëÿ âiäøóêàííÿ R: b0Rω(b0R) = l, l ∈ Z+.
Áåçïîñåðåäíüî ïåðåêîíó¹ìîñÿ â òîìó, ùî êî-
æíà ôóíêöiÿ ϕ̃l, l ∈ Z+, äîñÿãà¹ ñâîãî ìiíi-
ìóìó â òî÷öi Rl = ρl, äå ρl � ðîçâ'ÿçîê ðiâ-
íÿííÿ σω(σ) = l, l ∈ Z+, σ ∈ [0,∞). Ïðè
öüîìó

min
R

ϕ̃l(R) = ρ−l
l exp{Ω(ρl)}.

Îòæå,

∆l(σ) ≤ c2
εl!ρ

−l
l exp{Ω(ρl)} ≡ γl, (9)

l ∈ Z+, σ ≥ 0,
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ïðè÷îìó ñòàëà γl íå çàëåæèòü âiä ∆t.
Çàóâàæèìî, ùî ÿêùî ïðîàíàëiçóâàòè äî-

âåäåííÿ ëåìè 1, òî ìîæíà ïîáà÷èòè, ùî
îöiíêè ïîõiäíèõ ôóíêöi¨ Q2 ìiñòÿòü ÿê ìíî-
æíèê ôóíêöiþ exp{−M(a1σ)}, òîáòî ìàþòü
âèãëÿä

|Dn
σQ2(σ)| ≤ δn exp{−M(a1σ)},

n ∈ Z+, σ ≥ 0. (10)

Óðàõóâàâøè (9), (10) òà ìiðêóþ÷è àíàëî-
ãi÷íî òîìó, ÿê öå çðîáëåíî ïðè äîâåäåííi ëå-
ìè 1, ïðèéäåìî äî íåðiâíîñòåé

0 ≤ sup
σ≥0

Λp,q(σ) ≤ γp,q · |∆t|, {p, q} ⊂ Z+

(γp,q > 0 íå çàëåæèòü âiä ∆t), çâiäêè i âèïëè-
âà¹ ñïiââiäíîøåííÿ (8) ïðè ∆t → 0. Îòæå,
ó âèïàäêó 0 < t/2 ≤ 1 ëåìà äîâåäåíà. ßêùî
t/2 > 1, òî t/2 = [t/2] + {t/2}. Òîäi

exp
{
− t

2
M(a1σ)

}
= exp

{
−

[ t

2

]
M(a1σ)−

−
{ t

2

}
M(a1σ)

}
≤ exp

{
−

{ t

2

}
M(a1σ)

}
.

Îñêiëüêè 0 < {t/2} < 1, òî öåé âèïàäîê çâî-
äèòüñÿ äî ïîïåðåäíüîãî.

Òâåðäæåííÿ äîâåäåíî.
Äîñëiäèìî òåïåð îñíîâíi âëàñòèâîñòi

ôóíêöi¨ G(t, x). ßê i ó âèïàäêó äâîòî÷êîâî¨
çàäà÷i äëÿ ðiâíÿííÿ (1) (äèâ. [4]) ïåðåêîíó-
¹ìîñÿ â òîìó, ùî ôóíêöiÿ G(t, x) íåïåðåðâ-
íî äèôåðåíöiîéâíà íà ïðîìiæêó (0, T ] (ïðè
ôiêñîâàíîìó x ∈ R). Îñêiëüêè G(t, x) =
F−1

Bν
[Q(t, σ)](x), òî ç ëåìè 1 âèïëèâà¹, ùî

G(t, ·) ∈ ◦
S ïðè êîæíîìó t ∈ (0, T ]. Iç âëà-

ñòèâîñòi íåïåðåðâíîñòi ïåðåòâîðåííÿ Áåññå-
ëÿ (ïðÿìîãî òà îáåðíåíîãî) òà ëåìè 2 äiñòà-
¹ìî òàêîæ, ùî G(t, ·), t ∈ (0, T ], ÿê àáñòðà-
êòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿìè â
ïðîñòîði

◦
S, äèôåðåíöiéîâíà ïî t. Çâiäñè âæå

âèïëèâà¹ ñïiââiäíîøåííÿ
∂

∂
(f ∗G) = f ∗ ∂G

∂t
, ∀f ∈ (

◦
S)′, t ∈ (0, T ]

(äîâåäåííÿ öi¹¨ ôîðìóëè àíàëîãi÷íå äîâå-
äåííþ ïîäiáíîãî ñïiââiäíîøåííÿ ó âèïàäêó
äâîòî÷êîâî¨ çàäà÷i äëÿ ðiâíÿííÿ (1); äèâ.
[4]).

Ëåìà 3. Ó ïðîñòîði (
◦
S)′ ñïðàâäæó¹òüñÿ

ãðàíè÷íå ñïiââiäíîøåííÿ

µ lim
t→+0

G(t, ·)−
m∑

k=1

µk lim
t→tk

G(t, ·) = δ (11)

(òóò δ � äåëüòà-ôóíêöiÿ Äiðàêà).
Äîâåäåííÿ. Ñêîðèñòàâøèñü âëàñòèâi-

ñòþ íåïåðåðâíîñòi ïåðåòâîðåííÿ Áåññåëÿ
FBν : (

◦
S)′ → (

◦
S)′ òà íåïåðåðâíiñòþ G(t, ·) ÿê

àáñòðàêòíî¨ ôóíêöi¨ ïàðàìåòðà t iç çíà÷åí-
íÿìè â ïðîñòîði

◦
S, (11) çàìiíèìî åêâiâàëåí-

òíèì ñïiââiäíîøåííÿì

µ lim
t→+0

FBν [G(t, ·)]−
m∑

k=1

µk lim
t→tk

FBν [G(t, ·)] =

= FBν [δ]. (12)

Óðàõóâàâøè çîáðàæåííÿ ôóíêöi¨ G, (12) ïî-
äàìî ó âèãëÿäi

µ lim
t→+0

Q(t, ·)−
m∑

k=1

µk lim
t→tk

Q(t, ·) = 1. (13)

Ñïiââiäíîøåííÿ (13) ðîçãëÿäà¹ìî â ïðîñòîði
(
◦
S)′. Äëÿ äîâåäåííÿ (13) âiçüìåìî äîâiëüíó
ôóíêöiþ ψ ∈ ◦

S i ñêîðèñòàâøèñü òåîðåìîþ
ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà
Ëåáåãà çíàéäåìî, ùî

µ lim
t→+0

〈Q(t, ·), ψ〉 −
m∑

k=1

µk lim
t→tk

〈Q(t, ·), ψ〉 =

= µ lim
t→+0

∞∫

0

Q(t, σ)ψ(σ)σ2ν+1dσ−

−
m∑

k=1

µk lim
t→tk

∞∫

0

Q(t, σ)ψ(σ)σ2ν+1dσ =

= µ

∞∫

0

Q(0, σ)ψ(σ)σ2ν+1dσ−

−
m∑

k=1

µk

∞∫

0

Q(tk, σ)ψ(σ)σ2ν+1dσ =
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=

∞∫

0

[
µQ(0, σ)−

m∑

k=1

µkQ(tk, σ)
]
ψ(σ)σ2ν+1dσ =

=

∞∫

0

[ µ

µ−
m∑

k=1

µk exp{tkA(σ)}
−

− µ1 exp{t1A(σ)}
µ−

m∑
k=1

µk exp{tkA(σ)}
− · · · −

− µm exp{tmA(σ)}
µ−

m∑
k=1

µk exp{tkA(σ)}

]
ψ(σ)σ2ν+1dσ =

=

∞∫

0

µ−
m∑

k=1

µk exp{tkA(σ)}

µ−
m∑

k=1

µk exp{tkA(σ)}
ψ(σ)σ2ν+1dσ =

= 〈1, ψ〉.
Çâiäñè âæå äiñòà¹ìî, ùî (13) ìà¹ ìiñöå, à,
îòæå, ïðàâèëüíèì ¹ ñïiââiäíîøåííÿ (11).

Ëåìà äîâåäåíà.
Íàñëiäîê 1. Íåõàé

ω(t, x) = (ϕ ∗G)(t, x), ϕ ∈ (
◦
S∗)′, (t, x) ∈ Ω.

Òîäi â ïðîñòîði (
◦
S)′ ñïðàâäæó¹òüñÿ ãðàíè-

÷íå ñïiââiäíîøåííÿ

µ lim
t→+0

ω(t, ·)−
m∑

k=1

µk lim
t→tk

ω(t, ·) = ϕ (14)

(òóò (
◦
S∗)

′ � êëàñ óçàãàëüíåíèõ ôóíêöié ç
ïðîñòîðó (

◦
S)′, ÿêi ¹ çãîðòóâà÷àìè â ïðî-

ñòîði
◦
S).

Äîâåäåííÿ. Îñêiëüêè
(ϕ∗G)(t, x) = 〈ϕξ, T

ξ
xG(t, x)〉 = 〈ϕξ, T

x
ξ G(t, ξ)〉,

òî ç óìîâè ϕ ∈ (
◦
S∗)

′ òà âëàñòèâîñòi íåïåðåðâ-
íîñòi G(t, ·) ÿê àáñòðàêòíî¨ ôóíêöi¨ ïàðàìå-
òðà t ∈ (0, T ] ó ïðîñòîði

◦
S âèïëèâà¹ íåïå-

ðåðâíiñòü ω(t, ·) ÿê àáñòðàêòíî¨ ôóíêöi¨ ïà-
ðàìåòðà t ∈ (0, T ] ó ïðîñòîði

◦
S. Òîäi, óðàõó-

âàâøè âëàñòèâiñòü íåïåðåðâíîñòi ïåðåòâîðå-
ííÿ Áåññåëÿ FBν : (

◦
S)′ → (

◦
S)′ òà ôîðìóëó

FBν [ϕ∗G] = FBν [ϕ] ·FBν [G] = FBν [ϕ] ·Q(t, σ),

ÿêà ïðàâèëüíà äëÿ äîâiëüíî¨ óçàãàëüíåíî¨
ôóíêöi¨ ϕ ç êëàñó (

◦
S∗)

′, ñïiââiäíîøåííÿ (14)
çàïèøåìî â åêâiâàëåíòíîìó âèãëÿäi

µ lim
t→+0

FBν [ω(t, ·)]−
m∑

k=1

µk lim
t→tk

FBν [ω(t, ·)] =

= FBν [ϕ]
(
µ lim

t→+0
Q(t, ·)−

m∑

k=1

µk lim
t→tk

Q(t, ·)
)

=

= FBν [ϕ].

Iç ëåìè 3 âèïëèâà¹, ùî

µ lim
t→+0

Q(t, ·)−
m∑

k=1

µk lim
t→tk

Q(t, ·) = 1.

Çâiäñè âæå äiñòà¹ìî, ùî ñïiââiäíîøåííÿ (14)
ìà¹ ìiñöå.

Òâåðäæåííÿ äîâåäåíî.
Ôóíêöiÿ G çàäîâîëüíÿ¹ ðiâíÿííÿ (1).

Ñïðàâäi,
∂

∂t
G(t, x) =

∂

∂t
F−1

Bν
[Q(t, σ)] = F−1

Bν

[ ∂

∂t
Q(t, σ)

]
,

BG(t, x) = F−1
Bν

[A(σ)FBν [G(t, x)]] =

= F−1
Bν

[A(σ)Q(t, σ)] = F−1
Bν

[ ∂

∂t
Q(t, σ)

]
.

Çâiäñè âæå âèïëèâà¹, ùî ôóíêöiÿ G çàäî-
âîëüíÿ¹ ðiâíÿííÿ (1).

Ç íàñëiäêó 1 äiñòà¹ìî, ùî äëÿ ðiâíÿííÿ
(1) áàãàòîòî÷êîâó çàäà÷ó ìîæíà ïîñòàâèòè
òàê:

µu(t, ·)|t=0 −
m∑

k=1

µku(t, ·)|t=tk = ϕ, (15)

äå ϕ ∈ (
◦
S∗)

′, {µ, µ1, . . . , µm} ⊂ (0,∞), µ >
m∑

k=1

µk, 0 < t1 · · · < tm = T . Ïiä ðîçâ'ÿç-

êîì çàäà÷i (1), (15) ðîçóìi¹ìî ôóíêöiþ u ∈
C1((0, T ],

◦
Φ), ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ (1)

òà óìîâó (15) â òîìó ñåíñi, ùî

µ lim
t→+0

u(t, ·)−
m∑

k=1

µk lim
t→tk

u(t, ·) = ϕ

(ãðàíèöÿ ðîçãëÿäà¹òüñÿ â ïðîñòîði (
◦
S)′).
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Òåîðåìà 1. Çàäà÷à (1), (15) ¹ êîðåêòíî
ðîçâ'ÿçíîþ; ðîçâ'ÿçîê ïîäà¹òüñÿ ó âèãëÿäi
çãîðòêè

u(t, x) = ϕ ∗G(t, x), (t, x) ∈ Ω+.

Äîâåäåííÿ öi¹¨ òåîðåìè çäiéñíþ¹òüñÿ çà
ñõåìîþ äîâåäåííÿ òåîðåìè 1 ç ïðàöi [4].
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