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Îäåðæàíî íîâèé êëàñ ñèñòåì âàðiàöiéíèõ ðiâíÿíü, ÷åðåç ðîçâ'ÿçêè ÿêèõ âèðàæàþòüñÿ
ìiíiìàêñíi îöiíêè ôóíêöiîíàëiâ âiä íåâiäîìèõ ðîçâ'ÿçêiâ ïî÷àòêîâî�êðàéîâèõ çàäà÷ äëÿ ðiâ-
íÿííÿ òåïëîïðîâiäíîñòi.

We obtain a new class of systems of variational equations via whose solutions the minimax
estimates of functionals from unknown solutions to the initial boundary value problem for the heat
equations are expressed.

Âñòóï. Áiëüøiñòü ðåçóëüòàòiâ â îáëàñòi
ìiíiìàêñíîãî îöiíþâàííÿ ñòàíiâ ñèñòåì, ùî
îïèñóþòüñÿ ðiâíÿííÿìè ç ÷àñòèííèìè ïîõi-
äíèìè, áóëî îòðèìàíî ç âèêîðèñòàííÿì òðà-
äèöiéíîãî ôîðìóëþâàííÿ âiäïîâiäíèõ âàðià-
öiéíèõ êðàéîâèõ çàäà÷ (äèâ. [1, 2] òà âêàçàíó
òàì ëiòåðàòóðó).

Òàêèé ïiäõiä äîçâîëÿ¹, íàïðèêëàä, â íå-
ñòàöiîíàðíèõ çàäà÷àõ òåïëîïðîâiäíîñòi, îöi-
íþâàòè íåâiäîìèé ðîçïîäië òåìïåðàòóðè çà
¨¨ ñïîñòåðåæåííÿìè. Îäíàê íå ìåíøèé, à ÷à-
ñòî íàâiòü é áiëüøèé iíòåðåñ ÿâëÿ¹ ñîáîþ çà-
äà÷à îöiíþâàííÿ òåïëîâîãî ïîòîêó, à òàêîæ
çàäà÷à îöiíþâàííÿ òåìïåðàòóðè çà ñïîñòå-
ðåæåííÿìè òåïëîâîãî ïîòîêó.

Âiäìiòèìî, ùî âiäîìi íà äàíèé ìîìåíò
ìåòîäè îöiíþâàííÿ íå äîçâîëÿþòü âèðiøó-
âàòè ïîäiáíi çàäà÷i.

Â ðîáîòi çàïðîïîíîâàíî íîâèé ìåòîä1,
ÿêèé äîçâîëÿ¹ îöiíþâàòè ðàçîì ç ðîçïîäi-
ëîì òåìïåðàòóð, é òåïëîâèé ïîòiê çà çãàäó-
âàíèìè ñïîñòåðåæåííÿìè.

Ïåðåðàõîâàíi çàäà÷i îöiíþâàííÿ ìàþòü
âàæëèâå ïðèêëàäíå çíà÷åííÿ â áàãàòüîõ
îáëàñòÿõ, òîìó ¨õíié òåîðåòè÷íèé àíàëiç ¹
àêòóàëüíèì.

Ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè. Â
pîáîòi âèêîðèñòîâóþòüñÿ òàêi ïîçíà÷åííÿ:

ÿêùî U1 òà U2 � ëiíiéíi òîïîëîãi÷íi ïðî-
1Âiäìiòèìî, ùî â ðîáîòi [3] ïîäiáíèé ìåòîä ðîçðîáëåíèé

äëÿ çàäà÷ îöiíþâàííÿ çà íåïîâíèìè äàíèìè ðîçâ'ÿçêiâ òà
ïðàâèõ ÷àñòèí ëiíiéíèõ åëiïòè÷íèõ ðiâíÿíü.

ñòîðè, òî L(U1, U2) � êëàñ âñiõ íåïåðåðâíèõ
âiäîáðàæåíü U1 â U2;

H � ãiëüáåðòiâ ïðîñòið íàä R çi ñêàëÿðíèì
äîáóòêîì (·, ·)H òà íîðìîþ ‖ · ‖H ;

x = (x1, . . . , xn) ∈ Rn � ïðîñòîðîâà çìií-
íà;

dx = dx1 . . . dxn � ìiðà Ëåáåãà â Rn;
÷åðåç χM(x) áóäåìî ïîçíà÷àòè õàðàêòå-

ðèñòè÷íó ôóíêöiþ ìíîæèíè M ⊂ Rn.
Ïîçíà÷èìî ÷åðåç Hs(Rn) ïðîñòið Ñîáîë¹-

âà ïîðÿäêó s:

Hs(Rn) = {u ∈ L2(Rn) :

(1 + |y|2)s/2Fu(y) ∈ L2(Rn)},
äå s ≥ 0, L2(Rn) ïðîñòið ôóíêöié, ñóìîâíèõ
ç êâàäðàòîì â Rn, à ÷åðåç Fu(y) ïîçíà÷å-
íî ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ u(x). ßêùî
s < 0, òî ÷åðåç Hs(Rn) ïîçíà÷èìî ïðîñòið,
äâî¨ñòèé äî H−s(Rn).

Íåõàé D îáëàñòü â Rn ç ëiïøèöåâîþ ãðà-
íèöåþ ∂D = Γ. Òîäi ÷åðåç dΓ áóäåìî ïî-
çíà÷àòè åëåìåíòè ìiðè íà ïîâåðõíi Γ. ×åðåç
L2(Γ) ïîçíà÷èìî ïðîñòið ôóíêöié, ñóìîâíèõ
ç êâàäðàòîì íà ïîâåðõíi Γ.

Ââåäåìî òàêi ïðîñòîðè Ñîáîë¹âà ç âiäïî-
âiäíèìè íîðìàìè:

Hs(D) = {u|D : u ∈ Hs(Rn)} (s ∈ R),

L2(D) := H0(D), Hs(Γ) =



u|∂D : u ∈ Hs+1/2(Rn) (s > 0),
L2(Γ) (s = 0),
H−s(Γ)′ (s < 0),
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H−s(Γ)′ � äâî¨ñòèé ïðîñòið äî H−s(Γ).
Äëÿ áóäü-ÿêî¨ ëiïøèöåâî¨ îáëàñòi D ïî-

çíà÷èìî ÷åðåç γD : C0(D̄) → C0(Γ) âèãëÿäó
(γDu)(x) := u(x), x ∈ Γ, u ∈ C0(D̄), îïå-
ðàòîð, ùî ìîæå áóòè ðîçøèðåíèé äî íåïå-
ðåðâíîãî òà ñþð'¹êòèâíîãî îïåðàòîðà γD :
H1(D) → H1/2(Γ).

Íåõàé D(D) (âiäïîâiäíî D(D̄)) � ïðî-
ñòið íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié
ç êîìïàêòíèì íîñi¹ì, ùî ìiñòèòüñÿ â D (âiä-
ïîâiäíî â D̄); D(D) = {D(D)}n; D(D̄) =
{D(D̄)}n. Ïîçíà÷èìî ÷åðåç D′(D) ìíîæèíó
ëiíiéíèõ íåïåðåâíèõ ôóíêöiîíàëiâ (ðîçïîäi-
ëiâ) íà D. ßêùî T ∈ D′(D), òî ÷åðåç <
T, φ > ïîçíà÷èìî éîãî çíà÷åííÿ íà ôóíêöi¨
φ ∈ D(D). Ïîêëàäåìî D′(D) = {D′(D)}n.

ßêùî T ∈ D′(D), òî ïîõiäíà ∂
∂xi

T âèçíà-
÷à¹òüñÿ ðiâíiñòþ

<
∂

∂xi

T, φ >= − < T,
∂

∂xi

φ > ∀φ ∈ D(D).

Äëÿ áóäü-ÿêîãî v ∈ D′(D) ïîêëàäåìî

grad v :=

(
∂v

∂x1

, . . . ,
∂v

∂xn

)T

,

ùî âèçíà÷à¹ ëiíiéíèé äèôåðåíöiàëüíèé îïå-
ðàòîð grad ç D′(D) â D′(D).

Âèçíà÷èìî ëiíiéíèé äèôåðåíöiàëüíèé
îïåðàòîð div ç D′(D) â D′(D) ðiâíiñòþ

divv :=
n∑

i=1

∂vi

∂xi

∀v = (v1, . . . , vn)T ∈ D′(D).

×åðåç Hs
0(D), s ∈ R, ïîçíà÷èìî çàìèêàí-

íÿ D(D) â Hs(D).
Äàëi âèêîðèñòîâóþòüñÿ òàêi ïîçíà÷åííÿ:
L2(D)n � ãiëüáåðòiâ ïðîñòið, ùî ñêëàäà¹-

òüñÿ ç âåêòîð-ôóíêöié u = (u1, . . . , un), êîì-
ïîíåíòè ÿêèõ íàëåæàòü ïðîñòîðó L2(D), iç
çâè÷àéíîþ íîðìîþ òà ñêàëÿðíèì äîáóòêîì,
ùî âiäïîâiäàþòü äîáóòêó öüîãî ïðîñòîðó;

H(div; D) := {v ∈ L2(D)n, divv ∈ L2(D)}
� ãiëüáåðòiâ ïðîñòið ç íîðìîþ

‖v‖H(div;D) := {‖v‖2
L2(D)n + ‖divv‖2

L2(D)}1/2;

γν : H(div, D) → H−1/2(Γ) � ëiíiéíèé íåïå-
ðåðâíèé îïåðàòîð òàêèé, ùî γνv = çâóæåí-
íþ (v, ν)Rn íà Γ äëÿ êîæíî¨ âåêòîð-ôóíêöi¨

v ∈ D(D̄), ν � îäèíè÷íèé âåêòîð çîâíiøíüî¨
íîðìàëi äî Γ;

t � ÷àñîâà çìiííà; D((t0, T )) � ïðî-
ñòið íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié
ç êîìïàêòíèì íîñi¹ì íà iíòåðâàëi (t0, T );
L2 (t0, T ; H) � ïðîñòið ôóíêöié t → f(t), ùî
âiäîáðàæàþòü iíòåðâàë (t0, T ) â ïðîñòið H,
âèìiðíèõ (ïî âiäíîøåííþ äî ìiðè Ëåáåãà dt)
íà iíòåðâàëi (t0, T ) iç çíà÷åííÿìè â ãiëüáåð-
òîâîìó ïðîñòîði H é òàêèõ, ùî

T∫

t0

‖f(·, t)‖2
Hdt < ∞.

ßêùî f ∈ L2 (t0, T ; H) , òî ìîæíà
âèçíà÷èòè óçàãàëüíåíó ïîõiäíó df/dt ÿê
¹äèíèé åëåìåíò ïðîñòîðó D′((t0, T ); H) =
L(D((t0, T )); H)) óçàãàëüíåíèõ ôóíêöié iç
çíà÷åííÿìè â H, ÿêà çàäîâîëüíÿ¹ ñïiââiäíî-
øåííÿ
〈df

dt
, ϕ

〉
= −

T∫

t0

f(t)
dϕ(t)

dt
dt, ∀ϕ ∈ D((t0, T )),

äå iíòåãðàë â ïðàâié ÷àñòèíi ðîçóìi¹òüñÿ â
ñåíñi Áîõíåðà.

×åðåç W (t0, T ) ïîçíà÷èìî ïðîñòið ôóí-
êöié f ∈ L2 (t0, T ; H1

0 (D)) òàêèõ, ùî df/dt ∈
L2 (t0, T ; L2(D)) .

Â ïîäàëüøîìó áóäåìî ïðèïóñêàòè, ùî
ãðàíèöÿ Γ îáëàñòi D êëàñó C2. Íàì áóäå íå-
îáõiäíèé íàñòóïíèé ðîçêëàä Õîäæà ïðîñòî-
ðó L2(D)n, ñïðàâåäëèâèé äëÿ òàêîãî êëàñó
îáëàñòåé:

L2(D)n = gradH1
0 (D)⊕H1 ⊕H2, (1)

äå gradH1
0 (D), H1, H2, � âçà¹ìíî îðòîãî-

íàëüíi ïðîñòîðè,

gradH1
0 (D) = {u ∈ L2(D)n, u = grad p,

p ∈ H1
0 (D)}, H1 = {u ∈ L2(D)n, u = grad p,

p ∈ H1(D), ∆p = 0},
H2 = {u ∈ L2(D)n, divu = 0, γνu = 0},

áóäü-ÿêi äâà ç ÿêèõ ïåðåòèíàþòüñÿ ïî {0}
(äèâ., íàïðèêëàä, [4, 5]).

Ïîñòàíîâêà çàäà÷i. Íåõàé ñòàí ñèñòåìè
õàðàêòåðèçó¹òüñÿ ôóíêöi¹þ ϕ(x, t), ùî ìà¹
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çìiñò òåìïåðàòóðè, òà âèçíà÷à¹òüñÿ ÿê óçà-
ãàëüíåíèé ðîçâ'ÿçîê ïî÷àòêîâî-êðàéîâî¨ çà-
äà÷i Äiðiõëå äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi:

ϕt −∆ϕ = f â Q = D × (t0, T ), (2)

ϕ = 0 íà Γ× (t0, T ), (3)
ϕ = ϕ0 íà D (4)

ïiä ÿêèì, ó âiäïîâiäíîñòi äî [6, 7], ðîçóìi¹-
òüñÿ ðîçâ'ÿçîê íàñòóïíî¨ çìiøàíî¨ âàðiàöié-
íî¨ çàäà÷i:

ϕ ∈ W (t0, T ), j ∈ L2(t0, T ; H(div, D)), (5)

(j(·, t),ψ)L2(D)n + (ϕ(·, t), divψ)L2(D) = 0

∀ψ ∈ H(div, D), (6)
(ϕt(·, t), χ)L2(D) − (div j(·, t), χ)L2(D) =

= (f(·, t), χ)L2(D) ∀χ ∈ L2(D), (7)
ϕ(·, t0) = ϕ0(·) â D, (8)

äå j = gradϕ, a f(x, t) òà ϕ0(x) � íåâiäîìi
ôóíêöi¨, ùî íàëåæàòü ìíîæèíi

G0 :=
{

(f̃ , ϕ̃0) ∈ L2(Q)× L2(D) :
(
Q1(f̃ − f0), f̃ − f0

)
L2(Q)

+

+
(
Q2(ϕ̃0 − a0), ϕ̃0 − a0

)
L2(D)

≤ 1
}

, (9)

f0 ∈ L2(Q) òà a0 ∈ L2(D) � çàäàíi ôóíêöi¨,
Q1 : L2(Q) → L2(Q), Q2 : L2(D) → L2(D) �
íåïåðåðâíi äîäàòíî âèçíà÷åíi ñàìîñïðÿæåíi
îïåðàòîðè, îáåðíåíi äî ÿêèõ ¹ îáìåæåíèìè,
Q = D × (t0, T ).

Âiäçíà÷èìî, ùî â (2)�(8) j òà ϕ iäåíòèôi-
êóþòüñÿ ç ôóíêöiÿìè j(x; t) òà ϕ(x; t), òàêè-
ìè, ùî j(t) òà ϕ(t) ïîçíà÷àþòü ôóíêöi¨ x →
j(x; t) òà x → ϕ(x; t) äëÿ ìàéæå âñiõ t. Ïî-
õiäíà â ñåíñi ðîçïîäiëiâ dϕ

dt
iäåíòèôiêó¹òüñÿ

ç ïîõiäíîþ ∂ϕ
∂t

ôóíêöi¨ ϕ â D′(D× (t0, T )) òà
ðiâíîñòi (6), (7) âèêîíóþòüñÿ ìàéæå ñêðiçü
íà iíòåðâàëi (t0, T ).

Äëÿ áóäü-ÿêèõ f ∈ L2(Q), ϕ0 ∈ L2(D)
iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó âàðiàöiéíî¨
çàäà÷i (5)�(8) ïîêàçàíî â [6, 7].

Ìîæíà ïîêàçàòè, ùî çàãàëüíiøà çàäà÷à

ϕ ∈ W (t0, T ), j ∈ L2(t0, T ; H(div, D)),
(10)

(j(·, t),ψ)L2(D)n + (ϕ(·, t), divψ)L2(D) = g

∀ψ ∈ H(div, D), (11)
(ϕt(·, t), χ)L2(D) − (div j(·, t), χ)L2(D) =

= (f(·, t), χ)L2(D) ∀χ ∈ L2(D), (12)
ϕ(·, t0) = ϕ0(·) â D, (13)

à òàêîæ çàäà÷à

ϕ̃ ∈ W (t0, T ), j̃ ∈ L2(t0, T ; H(div, D)),
(14)

(̃j(·, t),ψ)L2(D)n + (ϕ̃(·, t), divψ)L2(D) = g̃

∀ψ ∈ H(div, D), (15)
(ϕ̃t(·, t), χ)L2(D) + (div j̃(·, t), χ)L2(D) =

= (f̃(·, t), χ)L2(D) ∀χ ∈ L2(D), (16)
ϕ̃(·, T ) = ϕ̃0(·) â D, (17)

îäíîçíà÷íî ðîçâ'ÿçíi äëÿ áóäü-ÿêèõ ôóí-
êöié g, g̃ ∈ L2(t0, T ; gradH1

0 (D)) òàêèõ, ùî
∂g
∂t

, ∂g̃
∂t
∈ L2(t0, T ; gradH1

0 (D)), òà äëÿ áóäü-
ÿêèõ ôóíêöié f, f̃ ∈ L2(Q), ϕ0, ϕ̃0 ∈ L2(D).
Äiéñíî, çà äîïîìîãîþ çàìiíè ϕ1 = ϕ +
ϕ1, äå ôóíêöiÿ ϕ1(·, t) ∈ H1

0 (D) òàêà, ùî
gradϕ1(·, t) = g(·, t), çàäà÷à (10)�(13) çâîäè-
òüñÿ äî çàäà÷i âèãëÿäó (5)�(8), ÿêà ìà¹ ¹äè-
íèé ðîçâ'ÿçîê.

Îäíîçíà÷íà ðîçâ'ÿçíiñòü çàäà÷i (14)�(17)
âèïëèâà¹ òîãî, ùî â ðåçóëüòàòi çàìiíè çìií-
íî¨ t′ = T − t + t0 öÿ çàäà÷à çâîäèòüñÿ äî
çàäà÷i âèãëÿäó (10)�(13). Öi ôàêòîðè áóäóòü
âèêîðèñòàíi â ïîäàëüøîìó.

Ç ôiçè÷íî¨ òî÷êè çîðó, êðàéîâà çàäà÷à
(2)�(4), àáî åêâiâàëåíòíà ¨é çàäà÷à (5)�(8),
ìîäåëþ¹ íåñòàöiîíàðíèé ïðîöåñ ðîçïîâñþ-
äæåííÿ òåïëà â îáëàñòi D, ïðè öüîìó ôóí-
êöi¨ j(x, t) òà f(x, t) âiäïîâiäíî ìàþòü çìiñò
òåïëîâîãî ïîòîêó òà îá'¹ìíî¨ ùiëüíîñòi òå-
ïëîâèõ äæåðåë â òî÷öi x â ìîìåíò ÷àñó t.

Çàäà÷à, ùî äîñëiäæó¹òüñÿ â öié ðîáîòi,
ïîëÿãà¹ â òîìó, ùîá çà ñïîñòåðåæåííÿìè íà
÷àñîâîìó iíòåðâàëi (t0, T )

y
(1)
i1

(x, t, ω) =

T∫

t0

∫

D
(1)
i1

K
(1)
i1

(x, t, ξ, τ)×

×j(ξ, τ) dξ dτ + η
(1)
i1

(x, t, ω), t ∈ (t0, T ),
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x ∈ D
i
(1)
1

, i1 = 1, n1, (18)

y
(2)
i2

(x, t, ω) =

T∫

t0

∫

D
(2)
i2

K
(2)
i2

(x, t, ξ, τ)×

×ϕ(ξ) dξ dτ + η
(2)
i2

(x, t, ω),

t ∈ (t0, T ), x ∈ D
i
(1)
2

, i2 = 1, n2 (19)
òåïëîâîãî ïîòîêó j òà òåìïåðàòóðè ϕ îöiíè-
òè çíà÷åííÿ ëiíiéíîãî ôóíêöiîíàëó

l(j, ϕ) :=

T∫

t0

∫

D

(l
(1)
0 (x, t), j(x, t))Rn dx dt+

+

T∫

t0

∫

D

l
(2)
0 (x, t)ϕ(x, t) dx dt (20)

â êëàñi ëiíiéíèõ çà ñïîñòåðåæåííÿìè îöiíîê
âèãëÿäó

l̂(j, ϕ) :=

=

T∫

t0

n1∑
i1=1

∫

D
(1)
i1

(u
(1)
i1

(x, t),y
(1)
i1

(x, t))Rn dx dt+

+

T∫

t0

n2∑
i1=2

∫

D
(2)
i2

u
(2)
i2

(x, t)y
(2)
i2

(x, t) dx dt + c. (21)

Òóò D
(k)
ik

, k = 1, 2, � ïiäîáëàñòi D, ïðè÷î-
ìó (D̄

(k)
ik

⊂ D), K
(2)
i2

∈ L2(Q
(2)
i2

) × L2(Q
(2)
i2

),

K
(1)
i1

(x, t, ξ, τ)-n × n-ìàòðèöÿ ç åëåìåíòàìè,
ùî íàëåæàòü L2(Qi1)× L2(Qi1), äå

Q
(1)
i1

= D
(1)
i1
× (t0, T ), Q

(2)
i1

= D
(2)
i1
× (t0, T ).

l
(1)
0 ∈ L2((t0, T ), L2(D)n),

∂l
(1)
0

∂t
∈

L2((t0, T ), L2(D)n) òà l
(2)
0 ∈ L2(Q) � çà-

äàíi ôóíêöi¨, u
(1)
i1

∈ L2(Q
(1)
i1

)n, u
(2)
i2

∈
L2(Q

(2)
i2

), c ∈ R, y
(1)
i1

(x, t, ω) =

(y
(1)
i1,1(x, t, ω), . . . , y

(1)
i1,n(x, t, ω))T , η

(1)
i1

(x, t, ω)

òà η
(2)
i2

(x, t, ω) � ðåàëiçàöiÿ íåâiäî-
ìèõ âèïàäêîâèõ ïîëiâ η

(1)
i1

(x, t) =

(η
(1)
i1,1(x, t), . . . , η

(1)
i1,n(x, t))T òà η

(2)
i2

(x, t), ùî

¹ ïåðåøêîäàìè ó ñïîñòåðåæåííÿõ. Ïðè
öüîìó ïðèïóñêà¹òüñÿ, ùî

η := (η
(1)
1 , . . . , η(1)

n1
, η

(2)
1 , . . . , η(2)

n2
) ∈ G1, (22)

äå ÷åðåç G1 ïîçíà÷åíî ìíîæèíó åëåìåíòiâ
η̃ := (η̃

(1)
1 , . . . , η̃(1)

n1
, η̃

(2)
1 , . . . , η̃

(2)
n2 ), êîìïîíåí-

òè η̃
(1)
i1

(x, t) = (η̃
(1)
i1,1(x, t), . . . , η̃

(1)
i1,n(x, t))T òà

η̃
(2)
i2

(x, t) ÿêèõ � âèïàäêîâi ïîëÿ, âèçíà÷åíi â
îáëàñòÿõ Q

(1)
i1

, i1 = 1, n1, òà Q
(2)
i2

, i2 = 1, n2,
çi çíà÷åííÿìè â Rn òà R âiäïîâiäíî, ç iíòå-
ãðîâíèìè çà Ëåáåãîì â öèõ îáëàñòÿõ íåâiäî-
ìèìè äðóãèìè ìîìåíòíèìè ôóíêöiÿìè äðó-
ãîãî ïîðÿäêó E‖η̃(1)

i1
(x, t)‖2

Rn òà E(η̃
(2)
i2

(x, t))2

òà íóëüîâèìè ñåðåäíiìè, ùî çàäîâîëüíÿþòü
òàêi óìîâè:

(i) âåêòîðíi âèïàäêîâi ïîëÿ η̃
(1)
i1

(x, t) òàê
ñàìî, ÿê é âèïàäêîâi ïîëÿ η̃

(2)
i2

(x, t) ïîïàð-
íî íåêîðåëüîâàíi, òîáòî âçà¹ìíi êîðåëÿöiéíi
ìàòðèöi ïîëiâ η̃

(1)
i1

(x, t) òà η̃
(1)
j1

(x, t), à òàêîæ
âçà¹ìíi êîðåëÿöiéíi ôóíêöi¨ ïîëiâ η̃

(2)
i2

(x, t)

òà η̃
(2)
j2

(x, t) ïðè i1 6= j1 òà i2 6= j2 � íóëüî-
âi; êîìïîíåíòè η̃

(1)
i1,j(x, t) âåêòîðíèõ âèïàäêî-

âèõ ïîëiâ η̃
(1)
i1

(x, t), i1 = 1, n1, j1 = 1, n, íå-
êîðåëüîâàíi ç âèïàäêîâèìè ïîëÿìè η̃

(2)
i2

(x, t),

i2 = 1, n2;

(ii) êîðåëÿöiéíi ìàòðèöi R̃
(1)
i1

(x, t, y, τ) =

Eη̃
(1)
i1

(x, t)(η̃
(1)
i1

(y, τ))T ïîëiâ η̃
(1)
i1

(x, t),

(x, t, y, τ) ∈ Q
(1)
i1

× Q
(1)
i1

, i1 = 1, n1, òà
êîðåëÿöiéíi ôóíêöi¨ R̃

(2)
i2

(x, t, y, τ) =

Eη̃
(2)
i2

(x, t, ω)η̃
(2)
i2

(y, τ, ω) ïîëiâ η̃
(2)
i2

(x, t, ω),

(x, t, y, τ) ∈ Q
(1)
i2
× Q

(2)
i2

, i2 = 1, n2, çàäîâîëü-
íÿþòü íåðiâíîñòi:

T∫

t0

∫

D
(1)
i1

Sp [Q̃
(1)
i1

(x, t)R̃
(1)
i1

(x, t, x, t)] dx d ≤ 1,

i1 = 1, n1,

T∫

t0

∫

D
(2)
i2

Q̃
(2)
i2

(x, t)R̃
(2)
i2

(x, t, x, t) dx dt ≤ 1,

i2 = 1, n2, (23)
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äå Q̃
(1)
i1

(x, t) � äîäàòíî âèçíà÷åíi n × n-
ìàòðèöi ç íåïåðåðâíèìè â îáëàñòÿõ Q̄

(1)
i1

åëåìåíòàìè, Q̃
(2)
i2

(x) � äîäàòíi íåïåðåðâíi â
îáëàñòÿõ Q̄

(2)
i2

ôóíêöi¨, à ñèìâîë Sp ïîçíà-
÷à¹ ñëiä ìàòðèöi Q̃

(1)
i1

(x, t)R̃
(1)
i1

(x, t, x, t), òîá-
òî ñóìó ¨¨ äiàãîíàëüíèõ åëåìåíòiâ.

Êðiì òîãî, áóäåìî ïðèïóñêàòè, ùî iíòå-
ãðàëüíi îïåðàòîðè G

(j)
i âèãëÿäó

Gi1ψ(x, t) =

T∫

t0

∫

D
(1)
i1

K
(1)
i1

(x, t, ξ, τ)ψ(ξ, τ) dξ dτ,

òà

Pi1ψ(x, t) =

T∫

t0

∫

D
(1)
i1

(K
(1)
i1

)T (ξ, τ, x, t)×

×ψ(ξ, τ) dξ dτ,

¹ òàêèìè, ùî âîíè âiäîáðàæàþòü ïðî-
ñòîðè L2(t0, T ; L2(D

(1)
i1

)) = L2(Q
(1)
i1

) â
L2(t0, T ; gradH1

0 (D
(1)
i1

)), ïðè÷îìó

∂(Gi1ψ)

∂t
,

∂(Pi1ψ)

∂t
∈ L2(t0, T ; gradH1

0 (D
(1)
i1

)),

i1 = 1, . . . , n1. Ëåãêî ïîáóäóâàòè ïðèêëàäè
òàêèõ îïåðàòîðiâ, íàïðèêëàä, ç âèðîäæåíè-
ìè ÿäðàìè.

Ââåäåìî ïîçíà÷åííÿ H := L2(Q
(1)
1 )n×. . .×

L2(Q
(1)
n1 )n × L2(Q

(2)
1 )× . . . × L2(Q

(2)
n2 ). Òîäi H

� ãiëüáåðòiâ ïðîñòið, ùî ñêëàäà¹òüñÿ ç åëå-
ìåíòiâ

u := (u
(1)
1 , . . . ,u(1)

n1
, u

(2)
1 , . . . , u(2)

n2
)

ç êîìïîíåíòàìè u
(1)
i1
∈ L2(Q

(1)
i1

)n, i1 = 1, n1,

u
(2)
i2

∈ L2(Q
(2)
i2

), i2 = 1, n2, íîðìà â ÿêîìó
âèçíà÷à¹òüñÿ çà ôîðìóëîþ

‖u‖H :=
( T∫

t0

n1∑
i1=1

‖u(1)
i1

(·, t)‖2

L2(D
(1)
i1

)n
dt+

+

T∫

t0

n2∑
i2=1

‖u(2)
i2

(·, t)‖2

L2(D
(2)
i2

)
dt

)1/2

.

Îçíà÷åííÿ. Îöiíêó

̂̂
l(j, ϕ) =

T∫

t0

n1∑
i1=1

∫

D
(1)
i1

(û
(1)
i1

(x, t),

y
(1)
i1

(x, t))Rn dx dt +

T∫

t0

n2∑
i2=1

∫

D
(2)
i2

û
(2)
i2

(x, t)×

× y
(2)
i2

(x, t) dx dt + ĉ (24)

áóäåìî íàçèâàòè ìiíiìàêñíîþ îöiíêîþ âèðà-
çó l(j, ϕ), ÿêùî ôóíêöi¨ û(1)

i1
(x), û

(2)
i2

(x) òà ÷è-
ñëî ĉ âèçíà÷àþòüñÿ ç óìîâè

inf
u∈H, c∈R

σ(u, c) = σ(û, ĉ), (25)

äe

σ(u, c) := sup
(f̃ ,ϕ̃0)∈G0, η̃∈G1

E[l(̃j, ϕ̃)− l̂(̃j, ϕ̃)]2,

(̃j, ϕ̃) � ðîçâ'ÿçîê çàäà÷i (6)�(8) ïðè f(x, t) =

f̃(x, t), ϕ0(x) = ϕ̃0(x),

l̂(̃j, ϕ̃) =

T∫

t0

n1∑
i1=1

∫

D
(1)
i1

(u
(1)
i1

(x, t),

ỹ
(1)
i1

(x, t))Rndx dt +

T∫

t0

n2∑
i2=1

∫

D
(2)
i2

u
(2)
i2

(x, t)×

×ỹ
(2)
i2

(x, t) dx dt + c, (26)

a

ỹ
(1)
i1

(x, t) =

T∫

t0

∫

D
(1)
i1

K
(1)
i1

(x, t, ξ, τ )̃j(ξ, τ) dξ dτ+

+η̃
(1)
i1

(x, t),

ỹ
(2)
i2

(x, t) =

T∫

t0

∫

D
(2)
i2

K
(2)
i2

(x, t, ξ, τ)ϕ̃(ξ, τ) dξ dτ+

+η̃
(2)
i2

(x, t).

Âåëè÷èíó
σ = [σ(û, ĉ)]1/2 (27)
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íàçâåìî ïîõèáêîþ ìiíiìàêñíîãî îöiíþâàííÿ
âèðàçó (20).

Âiäìiòèìî, ùî iíòåãðàëè â (24) òà (26), ùî
ðîçóìiþòüñÿ ÿê iíòåãðàëè Ëåáåãà, iñíóþòü ç
éìîâiðíiñòþ 1.

Îñíîâíi ðåçóëüòàòè. Ââåäåìî äî
ðîçãëÿäó ïðè êîæíîìó ôiêñîâàíîìó
u = (u

(1)
1 , . . . ,u

(1)
n1 , u

(2)
1 , . . . , u

(2)
n2 ) ∈ H

ïàðó ôóíêöié (z1(x, t;u), z2(x, t;u)) ∈
L2((t0, T ), H(div, D)) × W (t0, T ) ÿê ðîçâ'ÿ-
çîê òàêî¨ âàðiàöiéíî¨ çàäà÷i:

(z1(·, t;u),ψ)L2(D)n + (z2(·, t;u), divψ)L2(D)

= −(l
(1)
0 −

n1∑

k1=1

χ
D

(1)
k1

(·)
T∫

t0

∫

D
(1)
k1

(K
(1)
k1

)T (ξ, τ, ·, ·)×

×u
(1)
k1

(ξ, τ) dξ dτ, ψ)L2(D)n ∀ψ ∈ H(div, D),

(28)

(
∂z2(·, t;u)

∂t
, χ

)

L2(D)

+ (div z1(·, t), χ)L2(D)

= −(l
(2)
0 −

n2∑

k2=1

χ
D

(2)
k2

(·)
T∫

t0

∫

D
(2)
k2

K
(2)
k2

(ξ, τ, ·, ·)×

× u
(2)
k2

(ξ, τ) dξ dτ, χ)L2(D) ∀χ ∈ L2(D), (29)

z2(·, T ) = 0 â D, (30)

äå ÷åðåç χDki
(x), i = 1, 2, ïîçíà÷åíî õàðà-

êòåðèñòè÷íi ôóíêöi¨ ìíîæèí Dki
. Ôóíêöi¨

z1(x, t;u), z2(x, t;u) âèçíà÷àþòüñÿ ç ðiâíÿíü
(28) � (30) ¹äèíèì ÷èíîì.

Ëåìà 1. Çàäà÷à çíàõîäæåííÿ ìiíiìà-
êñíî¨ îöiíêè âèðàçó l(j, ϕ) åêâiâàëåíòíà çà-
äà÷i îïòèìàëüíîãî êåðóâàííÿ ñèñòåìîþ,
ùî îïèñó¹òüñÿ êðàéîâîþ çàäà÷åþ (28)�(30)
ç ôóíêöiîíàëîì âàðòîñòi âèãëÿäó

I(u) =

T∫

t0

∫

D

(Q−1
1 z2(x, t;u), z2(x, t;u))Rn dx dt+

+

∫

D

Q−1
2 z2(x, t0;u)z2(x, t0;u) dx

+

T∫

t0

n1∑
i1=1

∫

D
(1)
i1

((Q̃
(1)
i1

)−1u
(1)
i1

(x, t),u
(1)
i1

(x))Rn dx dt

+

T∫

t0

n2∑
i2=1

∫

D
(2)
i2

(Q̃
(2)
i2

)−1u
(2)
i2

(x)u
(2)
i2

(x, t) dx dt → min
u∈H

.

(31)

Äîâåäåííÿ. Íåõàé (̃j, ϕ̃) � äîâiëüíèé
ðîçâ'ÿçîê çàäà÷i (6)�(8) ïðè f(x, t) =

f̃(x, t), ϕ0(x) = ϕ̃0(x). Çâiäñè òà çi ñïiââiäíî-
øåíü (18)�(21) îòðèìà¹ìî

l(̃j, ϕ̃)− l̂(̃j, ϕ̃) =

T∫

t0

∫

D

(l
(1)
0 (x, t), j̃(x))Rn dx dt+

+

T∫

t0

∫

D

l
(2)
0 (x, t)ϕ̃(x, t) dx dt

−
T∫

t0

n1∑
i1=1

∫

D
(1)
i1

(u
(1)
i1

(x, t), ỹ
(1)
i1

(x, t))Rn dx dt−

−
T∫

t0

n2∑
i2=1

∫

D
(2)
i2

u
(2)
i2

(x, t)ỹ
(2)
i2

(x, t) dx dt− c

=

T∫

t0

∫

D

(l
(1)
0 (x, t), j̃(x, t))Rn dx dt−

−
T∫

t0

n1∑
i1=1

∫

D
(1)
i1

(u
(1)
i1

(x, t),

T∫

t0

∫

D
(1)
i1

K
(1)
i1

(x, t, ξ, τ)×

×j̃(ξ, τ) dξ dτ)Rndxdt+

T∫

t0

∫

D

l
(2)
0 (x)ϕ̃(x, t)dxdt−

−
T∫

t0

n2∑
i2=1

∫

D
(2)
i2

u
(2)
i2

(x, t)

T∫

t0

∫

D
(2)
i2

K
(2)
i2

(x, t, ξ, τ)×

×ϕ̃(ξ, τ) dξ dτ dx dt
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−
T∫

t0

n1∑
i1=1

∫

D
(1)
i1

(u
(1)
i1

(x, t), η̃
(1)
i1

(x, t))Rn dx dt−

−
T∫

t0

n2∑
i2=1

∫

D
(2)
i2

u
(2)
i2

(x, t)η̃
(2)
i2

(x, t) dx dt− c =

=

T∫

t0

∫

D

(
l
(1)
0 (x, t)−

n1∑
i1=1

χDi1
(x)×

×
T∫

t0

∫

D
(1)
i1

(K
(1)
i1

)T (ξ, τ, x, t)u
(1)
i1

(ξ, τ) dξ dτ,

j̃(x, t)
)
Rn dx dt+

T∫

t0

∫

D

(
l
(2)
0 (x, t)−

n2∑
i2=1

χDi2
(x)×

×
T∫

t0

∫

D
(2)
i2

K
(2)
i2

(ξ, τ, x, t)u
(2)
i2

(ξ, τ) dξ dτ
)×

×ϕ̃(x, t) dx dt−
T∫

t0

n1∑
i1=1

∫

D
(1)
i1

(u
(1)
i1

(x, t),

η̃
(1)
i1

(x, t))Rn dx dt−
T∫

t0

n2∑
i2=1

∫

D
(2)
i2

u
(2)
i2

(x, t)×

×η̃
(2)
i2

(x, t) dx dt− c. (32)
Òîìó, âðàõîâóþ÷è, ùî âíàñëiäîê òåîðåìè
Ôóáiíi òà (23)

E
[ T∫

t0

n1∑
i1=1

∫

D
(1)
i1

(u
(1)
i1

(x, t), η̃
(1)
i1

(x, t))Rn dx dt+

+

T∫

t0

n2∑
i2=1

∫

D
(2)
i2

u
(2)
i2

(x, t)η̃
(2)
i2

(x, t) dx dt
]

=

=

n1∑
i1=1

(u
(1)
i1

,Eη̃
(1)
i1

)
L2(Q

(1)
i1

)n+

+

n2∑
i2=1

(u
(2)
i2

,Eη̃
(2)
i2

)
L2(Q

(2)
i2

)
= 0,

iç îòðèìàíîãî ïðåäñòàâëåííÿ çíàõîäèìî

E[l(̃j, ϕ̃)− l̂(̃j, ϕ̃)] =

=

T∫

t0

∫

D

(
l
(1)
0 (x, t)−

n1∑
i1=1

χDi1
(x)×

×
T∫

t0

∫

D
(1)
i1

(K
(1)
i1

)T (ξ, τ, x, t)u
(1)
i1

(ξ, τ) dξ dτ,

j̃(x, t)
)
Rn dx dt +

T∫

t0

∫

D

(
l
(2)
0 (x, t)−

−
n2∑

i2=1

χDi2
(x)

T∫

t0

∫

D
(2)
i2

K
(2)
i2

(ξ, τ, x, t)u
(2)
i2

(ξ, τ)dξdτ
)×

×ϕ̃(x, t) dx dt− c.

Çâiäñè, âðàõîâóþ÷è ñïiââiäíîøåííÿ Dξ =
E|ξ − Eξ|2 = Eξ2 − (Eξ)2 ìiæ äèñïåðñi¹þ Dξ
âèïàäêîâî¨ âåëè÷èíè ξ òà ¨¨ ìàòåìàòè÷íèì
ñïîäiâàííÿì Eξ, â ÿêîìó ξ âèçíà÷à¹òüñÿ ïðà-
âîþ ÷àñòèíîþ (32), çíàõîäèìî

E
∣∣∣∣l(̃j, ϕ̃)− l̂(̃j, ϕ̃)

∣∣∣∣
2

=

=
∣∣∣

T∫

t0

∫

D

(
l
(1)
0 (x, t)−

n1∑
i1=1

χDi1
(x)×

×
T∫

t0

∫

D
(1)
i1

(K
(1)
i1

)T (ξ, τ, x, t)u
(1)
i1

(ξ, τ) dξ dτ,

j̃(x, t)
)
Rn dx dt+

T∫

t0

∫

D

(
l
(2)
0 (x, t)−

n2∑
i2=1

χDi2
(x)×

×
T∫

t0

∫

D
(2)
i2

K
(2)
i2

(ξ, τ, x, t)u
(2)
i2

(ξ, τ) dξ dτ
)×
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×ϕ̃(x.t) dx dt− c
∣∣∣
2

+ E
∣∣∣

T∫

t0

n1∑
i1=1

∫

D
(1)
i1

(u
(1)
i1

(x, t),

η̃
(1)
i1

(x, t, ω))Rn dx dt +

T∫

t0

n2∑
i2=1

∫

D
(2)
i2

u
(2)
i2

(x, t)×

×η̃
(2)
i2

(x, t, ω) dx dt
∣∣∣
2

. (33)

Ïåðåòâîðèìî ñóìó äâîõ iíòåãðàëiâ â ïðàâié
÷àñòèíi (33).

Äëÿ öüîãî, ïðèïóñêàþ÷è â (28) òà (29)
ψ = j̃(·, t) òà χ = ϕ̃(·, t) âiäïîâiäíî, é iíòå-
ãðóþ÷è îáèäâi ÷àñòèíè îòðèìàíèõ ðiâíÿíü
ïî t âiä t0 äî T , îòðèìà¹ìî

J :=

T∫

t0

∫

D

(
l
(1)
0 (x, t)−

n1∑
i1=1

χDi1
(x)×

×
T∫

t0

∫

D
(1)
i1

(K
(1)
i1

)T (ξ, τ, x, t)u
(1)
i1

(ξ, τ) dξ dτ,

j̃(x, t)
)
Rn dx dt+

T∫

t0

∫

D

(
l
(2)
0 (x, t)−

n2∑
i2=1

χDi2
(x)×

×
T∫

t0

∫

D
(2)
i2

K
(2)
i2

(ξ, τ, x, t)u
(2)
i2

(ξ, τ) dξ dτ
)×

×ϕ̃(x, t) dx dt = −
T∫

t0

∫

D

(z1(·, t;u), j̃)L2(D)n dt−

−
T∫

t0

(z2(·, t;u), div j̃)L2(D) dt−

−
T∫

t0

(
∂z2(·, t;u)

∂t
, ϕ̃

)

L2(D)

dt−

−
T∫

t0

(div z1(·, t), ϕ̃)L2(D) dt (34)

Iíòåãðóþ÷è ÷àñòèíàìè òðåòié äîäàíîê ó
ïðàâié ÷àñòèíi (34), çíàõîäèìî2

T∫

t0

(
∂z2(·, t;u)

∂t
, ϕ̃(·, t)

)

L2(D)

dt =

= (z2(·, T ;u), ϕ̃(·, T ))L2(D)

− (z2(·, t0;u), ϕ̃(·, t0))L2(D)−

−
T∫

t0

(
z2(·, t;u),

∂ϕ̃(·, t)
∂t

)

L2(D)

dt

= − (z2(·, t0;u), ϕ̃0(·))L2(D)−

−
T∫

t0

(
z2(·, t;u),

∂ϕ̃(·, t)
∂t

)

L2(D)

dt. (35)

Ç iíøîãî áîêó, ëåãêî áà÷èòè, ùî ç (6)�(8) ïðè
f(x, t) = f̃(x, t), ϕ0(x) = ϕ̃0(x) âèïëèâàþòü
ñïiââiäíîøåííÿ

T∫

t0

(̃j(·, t), z1(·, t;u))L2(D)n dt+

+

T∫

t0

(ϕ̃(·, t), div z1(·, t;u))L2(D) dt = 0, (36)

T∫

t0

(
∂ϕ̃(·, t)

∂t
, z2(·, t;u)

)

L2(D)

dt−

−
T∫

t0

(div j(·, t), z2(·, t;u))L2(D) =

= (f(·, t), z2(·, t;u))L2(D) dt. (37)

Ç (34) âíàñëiäîê ðiâíîñòåé (35)�(37) ìà¹-
ìî

J = −
T∫

t0

∫

D

(z1(·, t;u), j̃)L2(D)n dt−

2Çàêîííiñòü iíòåãðóâàííÿ ÷àñòèíàìè âèïëèâà¹ ç òîãî, ùî
ôóíêöi¨ z2(·, ·;u) òà ϕ̃ íàëåæàòü W (t0, T ).
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−
T∫

t0

(z2(·, t;u), div j̃)L2(D) dt

+ (z2(·, t0;u), ϕ̃0(·))L2(D) +

+

T∫

t0

(
z2(·, t;u),

∂ϕ̃(·, t)
∂t

)

L2(D)

dt−

−
T∫

t0

(div z1(·, t), ϕ̃)L2(D) dt−

= −
T∫

t0

∫

D

(z1(·, t;u), j̃)L2(D)n dt−

−
T∫

t0

(div z1(·, t), ϕ̃)L2(D) dt

+

T∫

t0

(
∂ϕ̃(·, t)

∂t
, z2(·, t;u)

)

L2(D)

dt−

−
T∫

t0

(div j̃, z2(·, t;u))L2(D) dt+

+ (z2(·, t0;u), ϕ̃0(·))L2(D) =

=

T∫

t0

(
∂ϕ̃(·, t)

∂t
− div j̃, z2(·, t;u)

)

L2(D)

dt+

+ (z2(·, t0;u), ϕ̃0(·))L2(D) =

=

T∫

t0

(
f̃(·, t), z2(·, t;u)

)
L2(D)

dt+

+ (z2(·, t0;u), ϕ̃0(·))L2(D)

+

T∫

t0

(
f̃(·, t)− f0(·, t), z2(·, t;u)

)
L2(D)

dt+

+ (ϕ̃0 − a, z2(·, t0;u))L2(D) +

+

T∫

t0

(f0(·, t), z2(·, t;u))L2(D) dt+

+ (z2(·, t0;u), a))L2(D) .

Âðàõîâóþ÷è îñòàííþ ðiâíiñòü, ç (33) òà (34)
çíàõîäèìî

E
∣∣∣∣l(̃j, ϕ̃)− l̂(̃j, ϕ̃)

∣∣∣∣
2

=

=
∣∣∣
(
z2(·, ·;u), f̃ − f0

)
L2(Q)

+

+
(
z2(·, t0;u), ϕ̃0 − a

)
L2(D)

+

+
(
z2(·, ·;u), f0

)
L2(Q)

+
(
z2(·, t0;u), a

)
L2(D)

−c
∣∣∣
2

+

+E
∣∣∣

T∫

t0

n1∑
i1=1

∫

D
(1)
i1

(u
(1)
i1

(x, t), η̃
(1)
i1

(x, t))Rn dx dt+

+

T∫

t0

n2∑
i2=1

∫

D
(2)
i2

u
(2)
i2

(x, t)η̃
(2)
i2

(x, t) dx dt
∣∣∣
2

,

çâiäêè

inf
c∈R

sup
(f̃ ,ϕ̃0)∈G0,η̃∈G1

E|l(̃j, ϕ̃)− l̂(̃j, ϕ̃)|2 =

= inf
c∈R

sup
(f̃ ,ϕ̃0)∈G0

∣∣∣
(
z2(·, ·;u), f̃ − f0

)
L2(Q)

+

+
(
z2(·, t0;u), ϕ̃0 − a

)
L2(D)

+
(
z2(·, ·;u), f0

)
L2(Q)

+
(
z2(·, t0;u), a

)
L2(D)

−c
∣∣∣
2

+

+ sup
η̃∈G1

E
∣∣∣

n1∑
i1=1

T∫

t0

∫

D
(1)
i1

(u
(1)
i1

(x, t), η̃
(1)
i1

(x, t))Rn dx dt+

+

n2∑
i2=1

T∫

t0

∫

D
(2)
i2

u
(2)
i2

(x, t)η̃
(2)
i2

(x, t) dx dt
∣∣∣
2

.

Çâiäñè, âíàñëiäîê óçàãàëüíåíî¨ íåðiâíîñòi
Êîøi-Áóíÿêîâñüêîãî òà íåðiâíîñòåé (9) òà
(23), âèïëèâà¹, ùî

inf
c∈R

sup
(f̃ ,ϕ̃0)∈G0, η̃∈G1

E[l(̃j, ϕ̃)− l̂(̃j, ϕ̃)]2 = I(u),
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äå ôóíêöiîíàë I(u) âèçíà÷à¹òüñÿ âèðàçîì
(31), a iíôiìóì çà c ∈ R1 äîñÿãà¹òüñÿ ïðè

c =
(
z2(·, ·;u), f0

)
L2(Q)

+

+
(
z2(·, t0;u), a

)
L2(D)

. (38)

Öèì ëåìó äîâåäåíî.
Äàëi, ïiä ÷àñ äîâåäåííÿ íèæ÷åíàâåäåíî¨

òåîðåìè 1 ïîêàçàíî, ùî ðîçâ'ÿçîê çàäà÷i
óìîâíî¨ îïòèìiçàöi¨ (28) � (31), â ñâîþ ÷åð-
ãó, çâîäèòüñÿ äî ðîçâ'ÿçàííÿ äåÿêî¨ ñèñòåìè
âàðiàöiéíèõ ðiâíÿíü.

Òåîðåìà 1. Ìiíiìàêñíà îöiíêà çíà÷åííÿ
l(j, ϕ) ìà¹ âèãëÿä

̂̂
l(j, ϕ) =

n1∑
i1=1

T∫

t0

∫

D
(1)
i1

(û
(1)
i1

(x, t),y
(1)
i1

(x, t))Rn dx dt+

n2∑
i2=1

T∫

t0

∫

D
(2)
i2

û
(2)
i2

(x, t)y
(2)
i2

(x, t) dx dt + ĉ,

äå ĉ =
T∫

t0

∫
D

(ẑ2(x, t), f0(x, t))Rn dx dt +
∫
D

ẑ2(x, t0)a(x) dx,

û
(1)
i1

= Q̃
(1)
i1

T∫

t0

∫

D
(1)
i1

K
(1)
i1

(·, ·, ξ, τ)p1(ξ, τ) dξ dτ,

i1 = 1, n1,

û
(1)
i2

= Q̃i2

T∫

t0

∫

D
(2)
i2

K
(2)
i2

(·, ·, ξ, τ)p2(ξ, τ) dξ dτ,

i2 = 1, n2, (39)

à ôóíêöi¨ p1 ∈ L2((t0, T ), H(div, D)) òà
ẑ2, p2 ∈ W (t0, T ) çíàõîäÿòüñÿ iç ðîçâ'ÿçêó

ñèñòåìè âàðiàöiéíèõ ðiâíÿíü:

(ẑ1(·, t),ψ)L2(D)n + (ẑ2(·, t), divψ)L2(D) =

= −(l
(1)
0 −

n1∑

k1=1

χ
D

(1)
k1

(·)
T∫

t0

∫

D
(1)
k1

(K
(1)
k1

)T (ξ, τ, ·, ·)×

×û
(1)
k1

(ξ, τ) dξ dτ, ψ)L2(D)n ∀ψ ∈ H(div, D),

(40)

(
∂ẑ2(·, t)

∂t
, χ

)

L2(D)

+ (div ẑ1(·, t), χ)L2(D)

= −(l
(2)
0 −

n2∑

k2=1

χ
D

(2)
k2

(·)
T∫

t0

∫

D
(2)
k2

K
(2)
k2

(ξ, τ, ·, ·)×

× û
(2)
k2

(ξ, τ) dξ dτ, χ)L2(D) ∀χ ∈ L2(D), (41)
ẑ2(·, T ) = 0 â D, (42)

(p1(·, t), ψ)L2(D)n + (p2(·, t), divψ)L2(D) = 0

∀ψ ∈ H(div, D) (43)(
∂p2(·, t)

∂t
, χ

)

L2(D)

− (divp1(·, t), χ)L2(D) =

= (Q−1
1 ẑ2, χ)L2(D) ∀χ ∈ L2(D), (44)

p2(·, t0) = Q−1
2 ẑ2(·, t0), (45)

äå ôóíêöiÿ ẑ1 ∈ L2((t0, T ), H(div, D)). Çàäà-
÷à (40) � (45) îäíîçíà÷íî ðîçâ'ÿçíà.

Ïîõèáêà ìiíiìàêñíîãî îöiíþâàííÿ σ âè-
çíà÷à¹òüñÿ çà ôîðìóëîþ

σ = l(p1, p2)
1/2. (46)

Äîâåäåííÿ. Ïîêàæåìî, ùî ðîçâ'ÿçîê çà-
äà÷i îïòèìàëüíîãî êåðóâàííÿ (28) � (31) çâî-
äèòüñÿ äî ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (40) �
(45). Äëÿ öüîãî ñïî÷àòêó âiäìiòèìî, ùî âíà-
ñëiäîê âèãëÿäó ôóíêöiîíàëó I(u) äå u ∈ H,
iñíó¹ ¹äèíèé åëåìåíò û ∈ H, íà ÿêîìó äî-
ñÿãà¹òüñÿ ìiíiìóì öüîãî ôóíêöiîíàëó, òîá-
òî I(û) = infu∈H I(u). Òîìó, äëÿ áóäü-ÿêîãî
ôiêñîâàíîãî w ∈ H òà τ ∈ R1 ôóíêöiÿ
s(τ) := I(û+ τw) ìà¹ ¹äèíó òî÷êó ìiíiìóìó
ïðè τ = 0, òîìó

d

dτ
I(û + τw) |τ=0 = 0.
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Çâiäñè, âðàõîâóþ÷è (31), äëÿ áóäü-ÿêîãî
w = (w

(1)
1 , . . . ,w

(1)
n1 , w

(2)
1 , . . . , w

(2)
n2 ) ∈ H ìà-

¹ìî

0 =
1

2

dI(û + τw)

dτ

∣∣∣∣
τ=0

=

T∫

t0

∫

D

(
Q−1

1 z2(x, t; û),

z̃2(x, t;w)
)
Rn dx dt +

∫

D

Q−1
2 z2(x, t0; û),

z̃2(x, t0;w) dx+

+

n1∑
i1=1

∫

D
(1)
i1

((Q̃
(1)
i1

)−1û
(1)
i1

(x),w
(1)
i1

(x))Rndx+

+

n2∑
i2=1

∫

D
(2)
i2

(Q̃
(2)
i2

)−1û
(2)
i2

(x)w
(2)
i2

(x) dx. (47)

Ïåðåòâîðèìî ñóìó ïåðøèõ äâîõ äîäàíêiâ ó
ïðàâié ÷àñòèíi âèðàçó (47). Äëÿ öüîãî ââå-
äåìî ôóíêöi¨ p1(x, t) òà p2(x, t) ÿê ðîçâ'ÿçîê
îäíîçíà÷íî ðîçâ'ÿçíî¨ çàäà÷i:

(p1(·, t),ψ)L2(D)n + (p2(·, t), divψ)L2(D) = 0

∀ψ ∈ H(div, D), (48)
(

∂p2(·, t)
∂t

, χ

)

L2(D)

− (divp1(·, t), χ)L2(D) =

(Q−1
1 z2(·, t; û), χ)L2(D) ∀χ ∈ L2(D), (49)

p2(·, t0) = Q−1
2 z2(·, t0; û), (50)

òà ïîêëàäåìî â (48), (49) ψ = z̃1(·, t; ŵ),
χ = z̃2(·, t; ŵ). Iíòåãðóþ÷è îáèäâi ÷àñòèíè
îòðèìàíèõ ðiâíîñòåé ïî t âiä t0 äî T, çíà-
õîäèìî

T∫

t0

(p1(·, t), z̃1(·, t; ŵ))L2(D)n dt+

+

T∫

t0

(p2(·, t), div z̃1(·, t; ŵ))L2(D) dt = 0, (51)

T∫

t0

(
∂p2(·, t)

∂t
, z̃2(·, t; ŵ)

)

L2(D)

dt−

−
T∫

t0

(divp1(·, t), z̃2(·, t; ŵ))L2(D) dt

=

T∫

t0

(Q−1
1 z2(·, t; û), z̃2(·, t; ŵ))L2(D) dt. (52)

Çâiäñè, iíòåãðóþ÷è ÷àñòèíàìè ïåðøèé äîäà-
íîê ó ëiâié ÷àñòèíi (52), ïðåäñòàâèìî ñïiâ-
âiäíîøåííÿ (52), âðàõîâóþ÷è (50), ó âèãëÿäi

−
T∫

t0

(
p2(·, t), ∂z̃2(·, t; ŵ)

∂t

)

L2(D)

dt−

−
T∫

t0

(divp1(·, t), z̃2(·, t; ŵ))L2(D) dt

=

T∫

t0

(Q−1
1 z2(·, t; û), z̃2(·, t; ŵ))L2(D) dt+

+ (Q−1
2 z2(·, t0; û), z̃2(·, t0; ŵ))L2(D). (53)

Iíòåãðóþ÷è îáèäâi ÷àñòèíè ðiâíîñòåé (28),
(29) ïî t âiä t0 äî T, â ÿêèõ ïîêëàäåìî l

(1)
0 =

0, l
(2)
0 = 0, u = w, z1(·, t;u) = z̃1(·, t;w),

z2(·, t;u) = z̃2(·, t;w), ψ = p1, χ = p2, îòðè-
ìà¹ìî

T∫

t0

(z̃1(·, t;w),p1)L2(D)n dt+

+

T∫

t0

(z̃2(·, t;w), divp1)L2(D) dt =

=

T∫

t0

(

n1∑

k1=1

χ
D

(1)
k1

(·)
T∫

t0

∫

D
(1)
k1

(K
(1)
k1

)T (ξ, τ, ·, ·)×

×w
(1)
k1

(ξ, τ) dξ dτ,p1)L2(D)n dt, (54)
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T∫

t0

(
∂z̃2(·, t;w)

∂t
, p2

)

L2(D)

+

+

T∫

t0

(div z̃1(·, t;w), p2)L2(D) dt =

=

T∫

t0

n2∑

k2=1

χ
D

(2)
k2

(·)
T∫

t0

∫

D
(2)
k2

K
(2)
k2

(ξ, τ, ·, ·)×

× w
(2)
k2

(ξ, τ) dξ dτ, p2)L2(D) dt, (55)
Ç (53), (54), (51) òà (55) ìà¹ìî

T∫

t0

(Q−1
1 z2(·, t; û), z̃2(·, t; ŵ))L2(D) dt+

+(Q−1
2 z2(·, t0; û), z̃2(·, t0; ŵ))L2(D) =

= −
T∫

t0

(
p2(·, t), ∂z̃2(·, t; ŵ)

∂t

)

L2(D)

dt+

+

T∫

t0

(z̃1(·, t;w),p1)L2(D)n dt

−
T∫

t0

(

n1∑

k1=1

χ
D

(1)
k1

(·)
T∫

t0

∫

D
(1)
k1

(K
(1)
k1

)T (ξ, τ, ·, ·)×

×w
(1)
k1

(ξ, τ) dξ dτ,p1)L2(D)n dt =

= −
T∫

t0

(
p2(·, t), ∂z̃2(·, t; ŵ)

∂t

)

L2(D)

dt−

−
T∫

t0

(p2(·, t), div z̃1(·, t; ŵ))L2(D) dt−

−
T∫

t0

(

n1∑

k1=1

χ
D

(1)
k1

(·)
T∫

t0

∫

D
(1)
k1

(K
(1)
k1

)T (ξ, τ, ·, ·)×

×w
(1)
k1

(ξ, τ) dξ dτ,p1)L2(D)n dt =

= −
T∫

t0

(

n2∑

k2=1

χ
D

(2)
k2

(·)
T∫

t0

∫

D
(2)
k2

K
(2)
k2

(ξ, τ, ·, ·)×

×w
(2)
k2

(ξ, τ) dξ dτ, p2)L2(D) dt

−
T∫

t0

(

n1∑

k1=1

χ
D

(1)
k1

(·)
T∫

t0

∫

D
(1)
k1

(K
(1)
k1

)T (ξ, τ, ·, ·)×

×w
(1)
k1

(ξ, τ) dξ dτ,p1)L2(D)n dt

Çâiäñè òà ç ðiâíîñòi (47) îòðèìà¹ìî

n1∑

k1=1

T∫

t0

∫

D
(1)
k1

(
w

(1)
k1

(x, t),

T∫

t0

∫

D
(1)
k1

K
(1)
k1

(x, t, ξ, τ)×

×p1(ξ, τ) dξ dτ
)
Rn dx dt

n2∑

k2=1

T∫

t0

∫

D
(2)
k2

w
(2)
k2

(x, t)

T∫

t0

∫

D
(2)
k2

K
(2)
k2

(x, t, ξ, τ)×

×p
(0)
2 (ξ, τ) dξ dτ dx dt

=

n1∑
i1=1

T∫

t0

∫

D
(1)
i1

((Q̃
(1)
i1

)−1û
(1)
i1

(x, t),w
(1)
i1

(x, t))Rn dx dt

+

n2∑
i2=1

T∫

t0

∫

D
(2)
i2

(Q̃
(2)
i2

)−1û
(2)
i2

(x, t)w
(2)
i2

(x, t) dx dt.

Îòðèìàíó òîòîæíiñòü, ÿêà âèêîíó¹òüñÿ
∀w = (w

(1)
1 , . . . ,w

(1)
n1 , w

(2)
1 , . . . , w

(2)
n2 ) ∈ H, ïå-

ðåïèøåìî ó âèãëÿäi

n1∑
i1=1

(
(Q̃

(1)
i1

)−1
[
û

(1)
i1
−Q̃

(1)
i1

T∫

t0

∫

D
(1)
i1

K
(1)
i1

(·, ·, ξ, τ)×

×p1(ξ, τ) dξ dτ
]
,w

(1)
i1

)

L2(Q
(1)
i1

)n

+

n2∑
i2=1

(
(Q̃

(2)
i2

)−1
[
û

(2)
i2
−Q̃

(2)
i2

T∫

t0

∫

D
(2)
i2

K
(2)
i2

(·, ·, ξ, τ)×

×p
(0)
2 (ξ, τ) dξ dτ

]
, w

(2)
i2

)

L2(Q
(2)
i2

)

= 0. (56)
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Ïîêëàâøè â (56)

w
(1)
i1

= w̄
(1)
i1

:= û
(1)
i1
−Q̃

(1)
i1

T∫

t0

∫

D
(1)
i1

K
(1)
i1

(·, ·, ξ, τ)×

×p1(ξ, τ) dξ, dτ, i1 = 1, . . . , n1,

w
(2)
i2

= w̄
(2)
i2

:= û
(2)
i2
− Q̃

(2)
i2

T∫

t0

∫

D
(2)
i2

K
(2)
i2

(·, ·, ξ, τ)×

×p
(0)
2 (ξ, τ) dξ dτ, i2 = 1, . . . , n2,

îòðèìà¹ìî, ùî
n1∑

i1=1

(
(Q̃

(1)
i1

)−1w̄
(1)
i1

, w̄
(1)
i1

)
L2(Q

(1)
i1

)n
+

+

n2∑
i2=1

(
(Q̃

(2)
i2

)−1w̄
(2)
i2

, w̄
(2)
i2

)
L2(Q

(2)
i2

)
= 0.

Îñòàííÿ ðiâíiñòü, âíàñëiäîê äîäàòíî¨ âèçíà-
÷åíîñòi îïåðàòîðiâ (Q̃

(1)
i1

)−1 òà (Q̃
(2)
i2

)−1, âè-
êîíó¹òüñÿ òîäi é òiëüêè òîäi, êîëè w̄

(1)
i1

= 0,

i1 = 1, . . . , n1 òà w̄
(2)
i2

= 0, i2 = 1, . . . , n2,
òîáòî òiëüêè òîäi, êîëè âèêîíóþòüñÿ ðiâíî-
ñòi (39). Ïiäñòàâëÿþ÷è öi çíà÷åííÿ ó ñïiâ-
âiäíîøåííÿ (28)�(30) òà ââîäÿ÷è ïîçíà÷åííÿ
ẑ1(x) = z1(x; û), ẑ2(x) = z2(x; û), âðàõîâóþ-
÷è (48)�(50), ïðèéäåìî äî çàäà÷i (40) � (45),
îäíîçíà÷íà ðîçâ'ÿçíiñòü ÿêî¨ âèïëèâà¹ ç ¹äè-
íîñòi òî÷êè ìiíiìóìó û ôóíêöiîíàëó (31).

Äëÿ äîâåäåííÿ ôîðìóëè (46) äëÿ ïîõèá-
êè ìiíiìàêñíîãî îöiíþâàííÿ äîñèòü ïiäñòà-
âèòè ó ñïiââiäíîøåííÿ σ = I(û), äå û =

(û
(1)
1 , . . . , û

(1)
n1 , û

(2)
1 , . . . , û

(2)
n2 ) çàìiñòü û

(1)
i1

òà
û

(2)
i2

¨õíi âèðàçè, ùî âèçíà÷àþòüñÿ ç ðiâíî-
ñòåé (39) òà ïðîâåñòè ïåðåòâîðåííÿ, àíàëî-
ãi÷íi íàâåäåíèì âèùå. Òåîðåìó äîâåäåíî.

Çàóâàæèìî, ùî ìîæíà ïîáóäóâàòè ÷è-
ñåëüíi àëãîðèòìè ðîçâ'ÿçóâàííÿ çàäà÷i (40)
� (45) íà áàçi ìåòîäó ñêií÷åííèõ åëåìåíòiâ,
ðîçðîáëåíîãî äëÿ ïî÷àòêîâî-êðàéîâèõ çàäà÷
äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi â ¨õ çìiøà-
íié âàðiàöiéíié ïîñòàíîâöi (äèâ., íàïðèêëàä,
[5]).
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