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ÐIÂÍßÍÍß IÇ ËIÍIÉÍÎ ÏÅÐÅÒÂÎÐÅÍÈÌ ÀÐÃÓÌÅÍÒÎÌ
Ðîçãëÿíóòî äâîòî÷êîâó êðàéîâó çàäà÷ó äëÿ ëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ iç

ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì. Ïîáóäîâàíî iòåðàöiéíèé àëãîðèòì îäíîïàðàìåòðè÷íîãî
àãðåãàöiéíî-iòåðàòèâíîãî ìåòîäó òà äîâåäåíî éîãî çáiæíiñòü.

The authors consider the two-point boundary problem for a linear di�erential equation with
linearly transformed argument. The iteration algorithm of monoparametric aggregation-iterational
method is constructed and its convergence is proved.

Âñòóï. Ïðîåêöiéíî-iòåðàòèâíi ìåòîäè
äëÿ ðiçíèõ êëàñiâ ëiíiéíèõ çàäà÷ áåðóòü ñâié
ïî÷àòîê ç ïðàöü Þ.Ä. Ñîêîëîâà, Ì.Î. Êðà-
ñíîñåëüñüêîãî i Î.Â. Ñîáîë¹âà [1]. Îñíîâè
öèõ ìåòîäiâ çàêëàäåíi â ïðàöÿõ Ì.Ñ. Êóðïå-
ëÿ [2], Á.À. Øóâàðà [3,4] òà iíøèõ ìàòåìà-
òèêiâ. Äîáðå âèâ÷åíî çàñòîñóâàííÿ öèõ ìå-
òîäiâ äëÿ ïîá÷óäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç êðà-
éîâèìè óìîâàìè [4,5]. Ó äàíié ðîáîòi ðîçã-
ëÿäà¹òüñÿ ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ
iç ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì. Òàêi
ðiâíÿííÿ àêòèâíî âèâ÷àþòüñÿ [6�8] i ìàþòü
ðiçíîìàíiòíi çàñòîñóâàííÿ, íàïðèêëàä, ïðè
äîñëiäæåííi ñòiéêîñòi êîëèâàíü ñòðóìîïðè-
éìà÷à ëîêîìîòèâà, ÿêèé ðóõà¹òüñÿ, â ìî-
ìåíò ïðîõîäæåííÿ îïîðè [9].

1. Çâåäåííÿ äî iíòåãðàëüíî¨ çàäà÷i.
Ïîáóäó¹ìî i äîñëiäèìî àãðåãàöiéíèé ìåòîä ó
çàñòîñóâàííi äî äèôåðåíöiàëüíîãî ðiâíÿííÿ
äðóãîãî ïîðÿäêó ç êðàéîâèìè óìîâàìè

x′′(t) = a(t)x′(t) + b(t)x′(λt) + f(t), (1)

x(0) = x1, x(l) = x2, (2)

äå a i b � äiéñíi, äâi÷i íåïåðåðâíî äèôå-
ðåíöiéîâíi ôóíêöi¨ íà iíòåðâàëi (0, l), f �
äiéñíà íåïåðåðâíà ôóíêöiÿ (0, l), λ ∈ (0, l).

Çâåäåìî êðàéîâó çàäà÷ó (1),(2) äî iíòå-
ãðàëüíî¨ çàäà÷i. Äëÿ öüîãî ïðîiíòåãðó¹ìî
äâi÷i ðiâíÿííÿ (1), âèêîðèñòîâóþ÷è iíòåãðó-
âàííÿ ÷àñòèíàìè i êðàéîâi óìîâè (2). Îäåð-

æèìî òàêå iíòåãðàëüíå ðiâíÿííÿ

x(t) =

t∫

0

k1(t, s)x(s)ds +

t∫

0

k2(t, s)x(λs)ds−

−t

l

l∫

0

k1(l, s)x(s)ds−t

l

l∫

0

k2(l, s)x(λs)ds+p(t),

(3)
äå p(t) = l−t

l
x1 + t

l
x2+

+

t∫

0

(t− s)f(s)ds− t

l

l∫

0

(l − s)f(s)ds,

k1(t, s) = a(s)− (t− s)a′(t),

k2(t, s) =
1

λ
[b(s)− (t− s)b′(t)] .

Ïðè¹äíà¹ìî äî ðiâíÿííÿ (3) äîäàòêîâå
ðiâíÿííÿ [5]

y = Λy −
l∫

0

ϕ(t)p(t)dt−
l∫

0

ϕ(t)dt

t∫

0

k1(t, s)×

×x(s)ds−
l∫

0

ϕ(t)dt

t∫

0

k2(t, s)x(λs)ds, (4)

äå Λ 6= 1 i äiéñíà íåïåðåðâíà ôóíêöiÿ ϕ(t)
çàäàíi òàê, ùîá âèêîíóâàëèñÿ ðiâíîñòi

−
l∫

0

t

l
k1(l, s)ϕ(t)dt = Λϕ(s),
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−
l∫

0

t

l
k2(l, s)ϕ(t)dt = 0. (5)

Äëÿ äîñëiäæåííÿ âàæëèâó ðîëü âiäiãðà¹
ìíîæèíà ε0, ÿêó âèçíà÷èìî, ÿê ñóêóïíiñòü
òàêèõ ïàð {x(t), y}, äëÿ ÿêèõ âèêîíó¹òüñÿ
ðiâíiñòü

l∫

0

ϕ(t)x(t)dt + y = 0. (6)

Ëåìà 1. ßêùî Λ 6= 1, òî ðîçâ'ÿçîê
{x∗(t), y∗} ñèñòåìè (3), (4) çàäîâîëüíÿ¹ ðiâ-
íiñòü (6).

Äîâåäåííÿ. Ç iíòåãðàëüíîãî ðiâíÿííÿ
(3) òà äîïîìiæíîãî (4), âðàõîâóþ÷è óìîâè
(5), îäåðæèìî

l∫

0

ϕ(t)x∗(t)dt + y∗ =

l∫

0

ϕ(t)dt

t∫

0

k1(t, s)×

×x∗(s)ds +

l∫

0

ϕ(t)dt

t∫

0

k2(t, s)x
∗(λs)ds−

−
l∫

0

t

l
ϕ(t)dt

l∫

0

k1(l, s)x
∗(s)ds

l∫

0

t

l
ϕ(t)dt×

×
l∫

0

k1(l, s)x
∗(s)ds +

l∫

0

ϕ(t)p(t)dt + Λy∗−

−
l∫

0

ϕ(t)p(t)dt−
l∫

0

ϕ(t)dt

t∫

0

k1(t, s)x
∗(s)ds−

−
l∫

0

ϕ(t)dt

t∫

0

k2(t, s)x
∗(λs)ds = Λy∗−

−
l∫

0

x∗(s)ds

l∫

0

t

l
k1(l, s)ϕ(t)dt−

l∫

0

x∗(λs)ds×

×
l∫

0

t

l
k2(l, s)ϕ(t)dt = Λy∗+

l∫

0

Λϕ(s)x∗(s)ds =

= Λ


y∗ +

l∫

0

ϕ(s)x∗(s)ds


 .

Îñêiëüêè, Λ 6= 1, òî ç îñòàííüî¨ ðiâíîñòi
îäåðæó¹ìî ñïiââiäíîøåííÿ {x∗(t), y∗} ∈ ε0.

2. Çáiæíiñòü iòåðàöiéíîãî ìåòî-
äó. Âñòàíîâèìî óìîâè çáiæíîñòi îäíîïàðà-
ìåòðè÷íîãî àãðåãàöiéíî-iòåðàòèâíîãî ìåòî-
äó äëÿ çàäà÷i (3), (4) âèãëÿäó

x(n+1)(t) =

t∫

0

k1(t, s)x
(n)(s)ds +

t∫

0

k2(t, s)×

×x(n)(λs)ds− t

l

l∫

0

k1(l, s)x
(n)(s)ds−

−t

l

l∫

0

k2(l, s)x
(n)(λs)ds + p(t) + a(n)(t)×

×(y(n) − y(n+1)), (7)

y(n+1) = Λy(n+1) −
l∫

0

ϕ(t)p(t)dt−

−
l∫

0

ϕ(t)dt

t∫

0

k1(t, s)x
(n)(s)ds−

−
l∫

0

ϕ(t)dt

t∫

0

k2(t, s)x
(n)(λs)ds. (8)

Ôóíêöi¨ a(n)(t) âèáðàíi òàê, ùîá âèêîíó-
âàëàñü óìîâà

l∫

0

ϕ(t)a(n)(t)dt = Λ. (9)

Âñòàíîâèìî íàëåæíiñòü iòåðàöié äî ìíîæè-
íè ε0 òàêèì òâåðäæåííÿì.

Ëåìà 2. ßêùî Λ 6= 1 i ïî÷àòêîâå íàá-
ëèæåííÿ {x(0)(t), y(0)} ∈ ε0 òà âèêîíó¹òüñÿ
ðiâíiñòü (9), òî {x(n+1)(t), y(n+1)} ∈ ε0.

Äîâåäåííÿ. Íåõàé {x(0)(t), y(0)} ∈ ε0.
Ïðèïóñòèìî, ùî {x(n)(t), y(n)} ∈ ε0, òîäi ìà-
¹ìî:

l∫

0

ϕ(t)x(n+1)(t)dt + y(n+1) =
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=

l∫

0

ϕ(t)dt

t∫

0

k1(t, s)x
(n)(s)ds +

l∫

0

ϕ(t)dt×

×
t∫

0

k2(t, s)x
(n)(λs)ds−

l∫

0

t

l
ϕ(t)dt

l∫

0

k1(l, s)×

×x(n)(s)ds−
l∫

0

t

l
ϕ(t)dt

l∫

0

k2(l, s)x
(n)(λs)ds+

+

l∫

0

ϕ(t)p(t)dt+

l∫

0

ϕ(t)a(n)(t)(y(n)−y(n+1))dt+

+Λy(n+1)−
l∫

0

ϕ(t)p(t)dt−
l∫

0

ϕ(t)dt

t∫

0

k1(t, s)×

×x(n)(s)ds−
l∫

0

ϕ(t)dt

t∫

0

k2(t, s)x
(n)(λs)ds =

= Λy(n+1) −
l∫

0

t

l
ϕ(t)dt

l∫

0

k1(l, s)x
(n)(s)ds−

−
l∫

0

t

l
ϕ(t)dt

l∫

0

k2(l, s)x
(n)(λs)ds+

+(y(n) − y(n+1))

l∫

0

ϕ(t)a(n)(t)dt.

Âðàõîâóþ÷è, ùî ôóíêöi¨ a(n)(t) âèçíà÷å-
íi çà ôîðìóëîþ (9), à òàêîæ óìîâè (5), (6),
îäåðæèìî ðiâíîñòi

l∫

0

ϕ(t)x(n+1)(t)dt + y(n+1) = Λy(n+1)+

+Λ

l∫

0

ϕ(s)x(n)(s)ds + Λ(y(n) − y(n+1)) =

= Λ




l∫

0

ϕ(t)x(n)(t)dt + y(n)


 = 0.

Ëåìó äîâåäåíî.

Ç ëåì 1 òà 2, ÿê íàñëiäîê, âèïëèâà¹ òàêà
ðiâíiñòü

l∫

0

ϕ(t)(x(n)(t)−x∗(t))dt+(y(n)−y∗) = 0, (10)

ÿêó âèêîðèñòà¹ìî ïðè âñòàíîâëåííi çáiæíî-
ñòi iòåðàöiéíîãî ïðîöåñó (7), (8). Íåõàé

h1(t, s) =
t

l
k1(l, s) + a(n)(t)ϕ(s)− a(n)(t)

1− Λ
×

×
l∫

s

k1(τ, s)ϕ(τ)dτ,

h2(t,
u

λ
) =

1

λ

(t

l
k2(l,

u

λ
)− a(n)(t)

1− Λ
×

×
l∫

u
λ

k2(τ,
u

λ
)ϕ(τ)dτ

)
, ‖u‖ = max

t∈[0,l]
|u(t)|.

Òåîðåìà. Íåõàé Λ 6= 1, {x(0)(t), y(0)} ∈
ε0, à òàêîæ âèêîíóþòüñÿ íåðiâíîñòi

|k1(t, s)| ≤ k1,
∣∣∣k2(t,

u

λ
)
∣∣∣ ≤ k2, |h1(t, s)| ≤ h1,

∣∣∣h2(t,
u

λ
)
∣∣∣ ≤ h2, (11)

(
k1 + h1 +

1

λ
(k2 + h2)

)
l = q < 1. (12)

Òîäi ïîñëiäîâíiñòü {x (n)(t)} çáiãà¹òüñÿ ðiâ-
íîìiðíî íà [0; l ] äî ðîçâ'ÿçêó ðiâíÿííÿ (3)
íå ïîâiëüíiøå çà ãåîìåòðè÷íó ïðîãðåñiþ çi
çíàìåííèêîì q.

Äîâåäåííÿ. Çãiäíî ç ëåìîþ 2
{x(n+1)(t), y(n+1)} ∈ ε0. Ðîçãëÿíåìî ði-
çíèöþ (n + 1)-ãî íàáëèæåííÿ ç ôîðìóëè
(7) i ðîçâ'ÿçêó iíòåãðàëüíîãî ðiâíÿííÿ (3).
Ìà¹ìî:

x(n+1)(t)− x∗(t) =

t∫

0

k1(t, s)x
(n)(s)ds+

+

t∫

0

k2(t, s)x
(n)(λs)ds− t

l

l∫

0

k1(l, s)x
(n)(s)ds−
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−t

l

l∫

0

k2(l, s)x
(n)(λs)ds + p(t) + a(n)(t)(y(n)−

−y(n+1))−
t∫

0

k1(t, s)x
∗(s)ds−

t∫

0

k2(t, s)×

×x∗(λs)ds+
t

l

l∫

0

k1(l, s)x
∗(s)ds+

t

l

l∫

0

k2(l, s)×

×x(λs)ds−p(t) =

t∫

0

k1(t, s)(x
(n)(s)−x∗(s))ds+

+

t∫

0

k2(t, s)(x
(n)(λs)−x∗(λs))ds−t

l

l∫

0

k1(l, s)×

×(x(n)(s)− x∗(s))ds− t

l

l∫

0

k2(l, s)(x
(n)(λs)−

−x∗(λs))ds+a(n)(t)(y(n)−y∗)−a(n)(t)(y(n+1)−y∗).

Iç ðiâíÿíü (8) òà (4) çíàéäåìî ðiçíèöþ

y(n+1)−y∗ = Λy(n+1)−
l∫

0

ϕ(t)p(t)dt−
l∫

0

ϕ(t)dt×

×
t∫

0

k1(t, s)x
(n)(s)ds−

l∫

0

ϕ(t)dt

t∫

0

k2(t, s)×

×x(n)(λs)ds− Λy∗ +

l∫

0

ϕ(t)p(t)dt+

+

l∫

0

ϕ(t)dt

t∫

0

k1(t, s)x
∗(s)ds +

l∫

0

ϕ(t)dt×

×
t∫

0

k2(t, s)x
∗(λs)ds = Λ(y(n+1) − y∗)−

−
l∫

0

ϕ(t)dt

t∫

0

k1(t, s)(x
(n)(s)− x∗(s))ds−

−
l∫

0

ϕ(t)dt

t∫

0

k2(t, s)(x
(n)(λs)− x∗(λs))ds.

Ïiäñòàâèâøè çíàéäåíèé ðåçóëüòàò ó ði-
çíèöþ x(n+1)(t) − x∗(t) i âðàõóâàâøè (10)
îäåðæèìî

x(n+1)(t)−x∗(t) =

t∫

0

k1(t, s)(x
(n)(s)−x∗(s))ds+

+

t∫

0

k2(t, s)(x
(n)(λs)−x∗(λs))ds−t

l

l∫

0

k1(l, s)×

×(x(n)(s)− x∗(s))ds− t

l

l∫

0

k2(l, s)(x
(n)(λs)−

−x∗(λs))ds−a(n)(t)

l∫

0

ϕ(s)(x(n)(s)−x∗(s))ds+

+
a(n)(t)

1− Λ

l∫

0

ϕ(t)dt

t∫

0

k1(t, s)(x
(n)(s)−x∗(s))ds+

+
a(n)(t)

1− Λ

l∫

0

ϕ(t)dt

t∫

0

k2(t, s)(x
(n)(λs)−x∗(λs))ds.

Çìiíèâøè ó äâîõ îñòàííiõ iíòåãðàëàõ ïî-
ðÿäîê iíòåãðóâàííÿ îäåðæèìî

x(n+1)(t)−x∗(t) =

t∫

0

k1(t, s)(x
(n)(s)−x∗(s))ds+

+

t∫

0

k2(t, s)(x
(n)(λs)− x∗(λs))ds−

−
l∫

0

(
t

l
k1(l, s) + a(n)(t)ϕ(s)

)
(x(n)(s)−x∗(s))ds−

−
l∫

0

t

l
k2(l, s)(x

(n)(λs)− x∗(λs))ds+

+
a(n)(t)

1− Λ

l∫

0

(x(n)(s)−x∗(s))ds

l∫

s

k1(τ, s)ϕ(τ)dτ+

+
a(n)(t)

1− Λ

l∫

0

(x(n)(λs)−x∗(λs))ds

l∫

s

k2(τ, s)ϕ(τ)dτ =
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=

t∫

0

k1(t, s)(x
(n)(s)− x∗(s))ds +

t∫

0

k2(t, s)×

×(x(n)(λs)−x∗(λs))ds−
l∫

0

(t

l
k1(l, s)+a(n)(t)×

×ϕ(s)− a(n)(t)

1− Λ

l∫

s

k1(τ, s)ϕ(τ)dτ
)
(x(n)(s)−

−x∗(s))ds−
l∫

0

(t

l
k2(l, s)− a(n)(t)

1− Λ

l∫

s

k2(τ, s)×

×ϕ(τ)dτ
)
(x(n)(λs)− x∗(λs))ds.

Âèêîíàâøè çàìiíó u = λs , îäåðæèìî

x(n+1)(t)−x∗(t) =

t∫

0

k1(t, s)(x
(n)(s)−x∗(s))ds+

+
1

λ

t∫

0

k2(t,
u

λ
)(x(n)(u)− x∗(u))du−

−
l∫

0

(t

l
k1(l, s) + a(n)(t)ϕ(s)−

−a(n)(t)

1− Λ

l∫

s

k1(τ, s)ϕ(τ)dτ
)
(x(n)(s)−x∗(s))ds−

−1

λ

l∫

0

(t

l
k2(l,

u

λ
)− a(n)(t)

1− Λ

l∫

u
λ

k2(τ,
u

λ
)×

×ϕ(τ)dτ
)
(x(n)(u)− x∗(u))du.

Âðàõó¹ìî ïîçíà÷åííÿ äëÿ h1 i h2 òà îöií-
êè (11), (12) îäåðæèìî

‖x(n+1) − x∗‖ ≤ q‖x(n) − x∗‖ ≤
≤ qn+1‖x(0) − x∗‖.

Çâiäñè âèïëèâà¹ çáiæíiñòü iòåðàöiéíèõ
íàáëèæåíü {x (n)(t)} ç ëiíiéíîþ øâèäêi-
ñòþ äî ðîçâ'ÿçêó ðiâíÿííÿ (3), îòæå, é äî
ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1),(2).
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