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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÊÐÀÉÎÂÀ ÇÀÄÀ×À Ç ÏÀÐÀÌÅÒÐÀÌÈ ÄËß ÑÈÑÒÅÌÈ Ç ËIÍIÉÍÎ
ÏÅÐÅÒÂÎÐÅÍÈÌ ÀÐÃÓÌÅÍÒÎÌ

×èñåëüíî-àíàëiòè÷íèì ìåòîäîì äîñëiäæy¹òüñÿ ïèòàííÿ iñíóâàííÿ òà íàáëèæåíî¨ ïîáóäî-
âè ðîçâ'ÿçêó äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i ç äâîìà ïàðàìåòðàìè äëÿ ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü iç ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì.

The question of existence and approximate construction of a solution for a di�erential equati-
ons system with linearly transformed argument and two parameters in two-point boundary condi-
tions is investigated by the numerical-analytical method.

×èñåëüíî-àíàëiòè÷íèé ìåòîä À.Ì. Ñà-
ìîéëåíêà âèÿâèâñÿ åôåêòèâíèì òà óíiâåð-
ñàëüíèì ìåòîäîì äîñëiäæåííÿ ðiçíîìàíiò-
íèõ êðàéîâèõ çàäà÷ äëÿ çâè÷àéíèõ äèôå-
ðåíöiàëüíèõ ðiâíÿíü [1, 2]. Ó äîñëiäæåííÿõ
êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü ç âiäõèëåíèì
àðãóìåíòîì âií ïîêè-ùî íå çíàéøîâ òàêî-
ãî æ øèðîêîãî çàñòîñóâàííÿ [3]. Âiäçíà÷è-
ìî â öüîìó íàïðÿìêó ïðàöi [1, 4] òà [5],
äå ðîçãëÿíóòî äåÿêi êðàéîâi çàäà÷i âiäïî-
âiäíî äëÿ ñèñòåì iç ïîñòiéíèì çàïiçíåííÿì
òà äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü
íåéòðàëüíîãî òèïó.

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ ñèñòåìa äè-
ôåðåíöiàëüíèõ ðiâíÿíü iç ëiíiéíî ïåðåòâîðå-
íèì àðãóìåíòîì âèãëÿäó

ẋ(t) = f(t, x(t), x(λt)), (1)

äå t ∈ [0, T ]; x, f ∈ Rn, n ≥ 3; λ ∈ (0, 1).
Ôóíêöiÿ f(t, x, y) ââàæà¹òüñÿ íåïåðåðâíîþ
ïî t, x, y â îáëàñòi G = [0, T ] × D × D, äå
D � çàìêíåíà îáìåæåíà îáëàñòü â Rn.

Ïðèïóñòèìî òàêîæ, ùî ôóíêöiÿ f(t, x, y)
â îáëàñòi G îáìåæåíà âåêòîðîì M ∈ Rn,
Mi > 0, i = 1, n, òà çàäîâîëüíÿ¹ óìîâó Ëi-
ïøiöà ïî x, y ç ìàòðèöåþ K = {kij ≥ 0;
i, j = 1, n}:

|f(t, x, y)| ≤ M, (2)

|f(t, x, y)−f(t, x, y)| ≤ K(|x−x|+|y−y|), (3)

äå |f(t, x, y)| = (|f1(t, x, y)|, . . . , |fn(t, x, y)|)
i íåðiâíiñòü ìiæ âåêòîðàìè ðîçóìi¹òüñÿ ïî-
êîìïîíåíòíî.

Âiäçíà÷èìî, ùî ó ïðàöÿõ [6-10] äëÿ ñè-
ñòåìè (1) îáãðóíòîâàíî ñõåìè ÷èñåëüíî-
àíàëiòè÷íîãî ìåòîäó ó âèïàäêàõ äåÿêèõ òè-
ïiâ êðàéîâèõ óìîâ áåç ïàðàìåòðiâ òà ç ïàðà-
ìåòðàìè.

Ðîçãëÿíåìî äëÿ ñèñòåìè (1) äâîòî÷êîâi
êðàéîâi óìîâè ç äâîìà êåðóþ÷èìè ïàðàìå-
òðàìè âèãëÿäó

µ1Ax(0) + Bx(µ2) = d, (4)

x1(0) = x01, x2(0) = x02, (5)

äå µ1 i µ2 � íåâiäîìi ñêàëÿðíi êåðóþ÷i ïà-
ðàìåòðè, µ1 ∈ R, µ2 ∈ (0, T ]; A i B � ñòàëi
n× n ìàòðèöi, det B 6= 0; d � âiäîìèé ñòà-
ëèé n-âèìiðíèé âåêòîð; x1 i x2 � âiäïîâiä-
íî ïåðøà òà äðóãà êîîðäèíàòè âåêòîðà x =
(x1, . . . , xn); x01 i x02 � çàäàíi çíà÷åííÿ.

Çàóâàæèìî, ùî äëÿ ñèñòåìè çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü êðàéîâi óìîâè âè-
ãëÿäó (4), (5) ðîçãëÿäàëèñÿ â [2].

Çàäà÷à ïîëÿãà¹ ó âiäøóêàííi íåïåðåðâíî
äèôåðåíöiéîâíîãî ðîçâ'ÿçêó x = x∗(t) ñèñòå-
ìè (1) i òàêèõ çíà÷åíü ïàðàìåòðiâ µ1 = µ∗1,
µ2 = µ∗2, ùîá òðiéêà (x∗(t), µ∗1, µ

∗
2) çàäîâîëü-

íÿëà êðàéîâi óìîâè (4), (5).
Ïîçíà÷èìî ÷åðåç Dβ ìíîæèíó òî÷îê x0 =

= (x01, x02, x03, . . . , x0n), ùî ìiñòÿòüñÿ ðàçîì
çi ñâî¨ì β-îêîëîì â îáëàñòi D ïðè âñiõ çíà-
÷åííÿõ ïàðàìåòðiâ µ1 i µ2 iç âiäïîâiäíî äå-
ÿêèõ îáëàñòåé I1 = [µ

′
1, µ

′′
1 ], I2 = [µ

′
2, T ],

µ
′
2 > 0, äå

β =
µ2

2
M +

∣∣B−1d− (µ1B
−1A + E)x0

∣∣ .
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Ðîçóìiòèìåìî òàêîæ íàäàëi ïiä D
′ ìíî-

æèíó âåêòîðiâ y0 = (x03, . . . , x0n) ∈ Rn−2, òà-
êèõ, ùî x0 = (x01, x02, y0) íàëåæèòü Dβ.

Íåõàé
Dβ 6= ∅ (6)

i íàéáiëüøå âëàñíå çíà÷åííÿ νmax(Q) ìàòðè-
öi Q = TK íå ïåðåâèùó¹ îäèíèöi

νmax(Q) < 1. (7)

Äëÿ êîìïàêòíîñòi ïîäàëüøèõ çàïèñiâ ïî-
çíà÷èìî µ = (µ1, µ2), I = I1 × I2.

Ðîçãëÿíåìî ïîñëiäîâíiñòü ôóíêöié, ùî
âèçíà÷àþòüñÿ ðåêóðåíòíèì ñïiââiäíîøåí-
íÿì

xm(t, y0, µ) = x0+

+Lf(t, xm−1(t, y0, µ), xm−1(λt, y0, µ))+

+
t

µ2

[
B−1d− (µ1B

−1A + E)x0

]
,m = 1, 2, ...,

x0(t, y0, µ) = x0 ∈ Dβ, (8)

äå ïåðøi äâi êîìïîíåíòè âåêòîðà x0 çàäàþ-
òüñÿ çãiäíî ç (5), à îïåðàòîð L äi¹ íà íåïå-
ðåðâíó ïðè t ∈ [0, µ2] ôóíêöiþ g(t) íàñòó-
ïíèì ÷èíîì

Lg(t) ≡
t∫

0


g(z)− 1

µ2

µ2∫

0

g(s)ds


dz.

Áåçïîñåðåäíüîþ ïåðåâiðêîþ ëåãêî ïåðå-
êîíàòèñÿ, ùî âñi ôóíêöi¨ xm(t, y0, µ) çàäî-
âîëüíÿþòü êðàéîâi óìîâè (4), (5) äëÿ äîâiëü-
íèõ y0 ∈ D

′ , µ ∈ I.
Ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ ïðî çái-

æíiñòü ïîñëiäîâíèõ íàáëèæåíü xm(t, y0, µ)
âèãëÿäó (8).

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
(2), (3), (6), (7). Òîäi ïîñëiäîâíiñòü ôóí-
êöié xm(t, y0, µ) âèãëÿäó (8), ÿêi äëÿ äîâiëü-
íèõ y0 ∈ D

′, µ ∈ I çàäîâîëüíÿþòü êðàéî-
âi óìîâè (4), (5), ðiâíîìiðíî çáiãà¹òüñÿ ïðè
m →∞ â îáëàñòi (t, y0, µ) ∈ [0, µ2]×D

′×I äî
ãðàíè÷íî¨ ôóíêöi¨ x∗(t, y0, µ), ÿêà çàäîâîëü-
íÿ¹ êðàéîâi óìîâè (4), (5) i ¹ ðîçâ'ÿçêîì ií-
òåãðàëüíîãî ðiâíÿííÿ

x(t) = x0 + Lf(t, x(t), x(λt))+

+
t

µ2

[
B−1d− (µ1B

−1A + E)x0

]
, (9)

ÿêèé ïðè t = 0 ïðîõîäèòü ÷åðåç òî÷êó
x∗(0, y0, µ) = x0 = (x01, x02, y0). Êðiì öüîãî,
x∗(t, y0, µ) ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i

ẋ(t) = f(t, x(t), x(λt)) + ∆(y0, µ),

µ1Ax(0) + Bx(µ2) = d,

x1(0) = x01, x2(0) = x02, (10)

äå

∆(y0, µ) =
1

µ2

[
B−1d− (µ1B

−1A + E)x0

]−

− 1

µ2

µ2∫

0

f(t, x(t), x(λt))dt.

Äëÿ âiäõèëåííÿ x∗(t, y0, µ) âiä xm(t, y0, µ)
ïðè âñiõ (t, y0, µ) ∈ [0, µ2] × D

′ × I i
m = 1, 2, ... âiðíà îöiíêà

|x∗(t, y0, µ)− xm(t, y0, µ)| ≤ Wm(y0, µ), (11)

äå Wm(y0, µ) ≡ Qm(E −Q)−1β.
Ä î â å ä å í í ÿ. Ïîêàæåìî, ùî â ïðî-

ñòîði íåïåðåðâíèõ âåêòîð-ôóíêöié ïîñëiäîâ-
íiñòü (8) ¹ ôóíäàìåíòàëüíîþ.

Âñòàíîâèìî ñïî÷àòêó, ùî ïðè (y0, µ) ∈
∈ D

′ × I âñi ôóíêöi¨ xm(t, y0, µ) ∈ D. Íà ïiä-
ñòàâi (8) iç âðàõóâàííÿì (2) òà ëåìè 2.1 [2]
çíàõîäèìî

|x1(t, y0, µ)− x0| ≤ 2t

(
1− t

µ2

)
M+

+
∣∣B−1d− (µ1B

−1A + E)x0

∣∣ ≤ β. (12)

Òîìó x1(t, y0, µ) ∈ D, ÿê òiëüêè (y0, µ) ∈
∈ D

′ × I. Iíäóêöi¹þ ëåãêî ïîêàçàòè, ùî äëÿ
âñiõ m = 1, 2, ..., t ∈ [0, µ2] i áóäü-ÿêèõ
(y0, µ) ∈ D

′ × I ôóíêöi¨ xm(t, y0, µ) âèãëÿäó
(8) íå âèõîäÿòü çà ìåæi îáëàñòi D.

Ïîêëàäàþ÷è

rm+1(t, y0, µ) = |xm+1(t, y0, µ)− xm(t, y0, µ)| ,
íà ïiäñòàâi (8) iç âðàõóâàííÿì (3) îòðèìó¹ìî

rm+1(t, y0, µ) ≤
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≤ K


(1− t

µ2

)

t∫

0

ωm(s, y0, µ)ds+

+
t

µ2

µ2∫

t

ωm(s, y0, µ)ds


 , (13)

äå

ωm(s, y0, µ) = rm(s, y0, µ) + rm(λs, y0, µ).

Çãiäíî ç (12),

r1(t, y0, µ) = |x1(t, y0, µ)− x0| ≤ β,

òîìó iç (13) ïðè m = 1 çíàõîäèìî

r2(t, y0, µ) ≤ 2Kβ · 2t
(

1− t

µ2

)
≤ Qβ.

Iíäóêöi¹þ ìîæíà äîâåñòè, ùî äëÿ âñiõ
(t, y0, µ) ∈ [0, µ2]×D

′ × I

rm+1(t, y0, µ) ≤ Qmβ, m = 0, 1, ....

Òîìó äëÿ j ≥ 1 ìà¹ìî íåðiâíiñòü

|xm+j(t, y0, µ)− xm(t, y0, µ)| ≤

≤
(

j−1∑
i=0

Qm+i

)
β = Qm

(
j−1∑
i=0

Qi

)
β. (14)

Óìîâà (7) ãàðàíòó¹ âèêîíàííÿ ñïiââiäíî-
øåíü

lim
m→∞

Qm = 0,

j−1∑
i=0

Qi ≤ (E −Q)−1. (15)

Òîäi iç (14) òà (15) íà ïiäñòàâi êðèòåðiþ
Êîøi âèïëèâà¹, ùî ïîñëiäîâíiñòü xm(t, y0, µ)
âèãëÿäó (8) ðiâíîìiðíî çáiãà¹òüñÿ ïðè m →
→∞ â îáëàñòi (t, y0, µ) ∈ [0, µ2]×D

′ × I i

lim
m→∞

xm(t, y0, µ) = x∗(t, y0, µ). (16)

Îñêiëüêè âñi ïîñëiäîâíi íàáëèæåííÿ
xm(t, y0, µ) çàäîâîëüíÿþòü êðàéîâi óìîâè
(4), (5), òî é ãðàíè÷íà ôóíêöiÿ x∗(t, y0, µ)
äëÿ äîâiëüíèõ (y0, µ) ∈ D

′ × I òàêîæ ¨õ
çàäîâîëüíÿ¹. Ïðè j → ∞ iç (14), âðàõî-
âóþ÷è (16) òà (15), äëÿ âñiõ m = 1, 2, ...,
(t, y0, µ) ∈ [0, µ2] ×D

′ × I îòðèìó¹ìî îöiíêó

(11). Êðiì öüîãî, ïåðåõîäÿ÷è iç âðàõóâàííÿì
(16) ó (8) äî ãðàíèöi ïðè m →∞, áà÷èìî, ùî
ôóíêöiÿ x∗(t, y0, µ) ¹ ðîçâ'ÿçêîì iíòåãðàëü-
íîãî ðiâíÿííÿ (9), ÿêèé ïðè t = 0 ïðîõîäèòü
÷åðåç òî÷êó x∗(0, y0, µ) = x0 = (x01, x02, y0).
Îòæå, ãðàíè÷íà ôóíêöiÿ x∗(t, y0, µ) ñïðàâäi
¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (10). Òåîðåìó
äîâåäåíî.

Íà ïiäñòàâi òåîðåìè 1, âèêîðèñòîâóþ÷è
ñòàíäàðòíó ìåòîäèêó [2], ëåãêî îáãðóíòîâó-
þòüñÿ íàâåäåíi äàëi òâåðäæåííÿ.

Íåîáõiäíi i äîñòàòíi óìîâè, ùîá ãðàíè-
÷íà ôóíêöiÿ x∗(t, y0, µ) ïîñëiäîâíîñòi (8) áó-
ëà ðîçâ'ÿçêîì çàäà÷i (1), (4), (5), äà¹ íàñòó-
ïíå òâåðäæåííÿ.

Òåîðåìà 2. Íåõàé âèêîíóþ-
òüñÿ óìîâè òåîðåìè 1. Òîäi äëÿ
òîãî, ùîá ðîçâ'ÿçîê x∗(t) ïî÷à-
òêîâî¨ çàäà÷i ẋ(t) = f(t, x(t), x(λt)),
x(0) = x0 = (x01, x02, y0), áóâ îäíî÷àñíî i
ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1), (4), (5),
íåîáõiäíî i äîñèòü, ùîá ïàðà (y0, µ) áóëà
ðîçâ'ÿçêîì âèçíà÷àëüíîãî ðiâíÿííÿ

∆(y0, µ) = 0, (17)

äå

∆(y0, µ) =
1

µ2

[
B−1d− (µ1B

−1A + E)x0

]−

− 1

µ2

µ2∫

0

f(t, x∗(t, y0, µ), x∗(λt, y0, µ))dt.

Ïðè öüîìó x∗(t) = x∗(t, y0, µ) i äëÿ âñiõ m =
= 1, 2, ..., t ∈ [0, µ2] ùîäî âiäõèëåííÿ òî÷íî-
ãî ðîçâ'ÿçêó x∗(t) = x∗(t, y0, µ) êðàéîâî¨ çà-
äà÷i (1), (4), (5) âiä ¨¨ íàáëèæåíîãî ðîçâ'ÿç-
êó xm(t, y0, µ) âèãëÿäó (8) âiðíà îöiíêà (11).

Íà ïiäñòàâi òåîðåìè 2 îòðèìó¹ìî íàñòó-
ïíèé ÷èñåëüíî-àíàëiòè÷íèé àëãîðèòì ïîáó-
äîâè ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1), (4), (5):

à) ïðè (y0, µ) ∈ D
′×I çãiäíî ç (8) áóäó¹ìî

ïîñëiäîâíiñòü ôóíêöié xm(t, y0, µ), çàëåæíó
âiä y0 òà µ ÿê âiä ïàðàìåòðiâ;

á) çíàõîäèìî ¨¨ ãðàíè÷íó ôóíêöiþ
x∗(t, y0, µ);

â) çíàõîäèìî ðîçâ'ÿçîê y0 = y∗0, µ = µ∗

âèçíà÷àëüíîãî ðiâíÿííÿ (17);
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ã) çíàõîäèìî ðîçâ'ÿçîê ïî÷àòêîâî¨ çà-
äà÷i ẋ(t) = f(t, x(t), x(λt)), x(0) = x0 =
= (x01, x02, y

∗
0), àáî, ùî òå ñàìå, ãðàíè-

÷íó ôóíêöiþ x∗(t, y∗0, µ
∗) ïîñëiäîâíîñòi

xm(t, y∗0, µ
∗).

Îòðèìàíà ôóíêöiÿ i áóäå òî÷íèì ðîçâ'ÿç-
êîì êðàéîâî¨ çàäà÷i (1), (4), (5), à çà ¨¨ íà-
áëèæåíèé ðîçâ'ÿçîê, ÿêèé äà¹ ïîõèáêó, ùî
íå ïåðåâèùó¹ Wm(y∗0, µ

∗), ìîæíà âçÿòè ôóí-
êöiþ xm(t, y∗0, µ

∗) âèãëÿäó (8).
Ãîëîâíîþ ïðîáëåìîþ ïðè ðåàëiçàöi¨ íàâå-

äåíîãî àëãîðèòìó ¹ ïîáóäîâà â àíàëiòè÷íî-
ìó âèãëÿäi ôóíêöi¨ x∗(t, y0, µ). Êðiì öüîãî,
ç òî÷êè çîðó ïðàêòè÷íîãî çàñòîñóâàííÿ âà-
æëèâî âìiòè çðîáèòè âèñíîâîê ïðî iñíóâàí-
íÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1), (4), (5) íå
çà ãðàíè÷íîþ ôóíêöi¹þ x∗(t, y0, µ), à çà ¨¨
m-òèì íàáëèæåííÿì xm(t, y0, µ).

Òîìó ðîçãëÿíåìî íàáëèæåíå âèçíà÷àëüíå
ðiâíÿííÿ

∆m(y0, µ) = 0, (18)

äå

∆m(y0, µ) =
1

µ2

[
B−1d− (µ1B

−1A + E)x0

]−

− 1

µ2

µ2∫

0

f(t, xm(t, y0, µ), xm(λt, y0, µ))dt,

ÿêå âiäðiçíÿ¹òüñÿ âiä òî÷íîãî ëèøå òèì, ùî
çàìiñòü ãðàíè÷íî¨ ôóíêöi¨ x∗(t, y0, µ) ôiãó-
ðó¹ ¨¨ m-òå íàáëèæåííÿ xm(t, y0, µ).

Äîñòàòíi óìîâè ðîçâ'ÿçíîñòi êðàéîâî¨ çà-
äà÷i (1), (4), (5) äà¹ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè
òåîðåìè 1, à òàêîæ óìîâè:

1) iñíó¹ îïóêëà çàìêíåíà îáëàñòü
D
′′ × I

′ ⊂ D
′ × I, â ÿêié íàáëèæåíå âè-

çíà÷àëüíå ðiâíÿííÿ (18) ìà¹ äëÿ äåÿêî-
ãî ôiêñîâàíîãî m ≥ 1 ¹äèíèé ðîçâ`ÿçîê
(y0, µ) = (y0m, µm) íåíóëüîâîãî iíäåêñó;

2) íà ìåæi S îáëàñòi D
′′ × I

′ âèêîíó¹-
òüñÿ íåðiâíiñòü

inf
(y0,µ)∈S

|∆m(y0, µ)| > 2KWm(y0, µ).

Òîäi êðàéîâà çàäà÷à (1), (4), (5) ìà¹
ðîçâ'ÿçîê (x∗(t), µ∗), µ∗ ∈ I

′, ïî÷àòêîâå çíà-

÷åííÿ x∗(0) = (x01, x02, y
∗
0) ÿêîãî òàêå, ùî

y∗0 ∈ D
′′.
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