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ÐIÂÍßÍÜ ÂIÄ ÏÀÐÀÌÅÒÐIÂ
Çíàéäåíî äîñòàòíi óìîâè íåïåðåðâíîñòi iíâàðiàíòíèõ òîðiâ ëiíiéíèõ òà íåëiíiéíèõ çëi÷åí-

íèõ ñèñòåì äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü, âèçíà÷åíèõ íà íåñêií÷åííîâèìiðíèõ òîðàõ,
âiäíîñíî ïàðàìåòðiâ, âiä ÿêèõ çàëåæàòü öi ñèñòåìè.

We study the invariant tori of linear and non-linear countable systems of di�erential-di�erence
equations de�ned on in�nite-dimensional tori. Su�cient conditions for continuous dependence of
such invariant tori on system's parameters are established.

10. Ïîñòàíîâêà çàäà÷i òà îá'¹êò äî-
ñëiäæåííÿ. Â ðîáîòàõ [1-3] äîâåäåíî òåî-
ðåìè iñíóâàííÿ ó áàíàõîâîìó ïðîñòîði M
îáìåæåíèõ ïîñëiäîâíîñòåé äiéñíèõ ÷èñåë
x = (x1, x2, x3, . . . ) çi ñòàíäàðòíîþ íîðìîþ
‖x‖ = supi{|xi|} ëiïøiöåâèõ òà ãåëüäåðî-
âèõ iíâàðiàíòíèõ òîðiâ ëiíiéíèõ òà êâàçi-
ëiíiéíèõ çëi÷åííèõ ñèñòåì äèôåðåíöiàëüíî-
ðiçíèöåâèõ ðiâíÿíü çàãàëüíîãî âèäó, ùî âè-
çíà÷åíi íà íåñêií÷åííîâèìiðíèõ òîðàõ. Ó öié
ñòàòòi, ùî ¹ ïðîäîâæåííÿì âêàçàíèõ ðîáiò,
îäåðæàíî äîñòàòíi óìîâè íåïåðåðâíî¨ çàëå-
æíîñòi iíâàðiàíòíèõ òîðiâ ëiíiéíèõ òà íåëi-
íiéíèõ ñèñòåì âêàçàíîãî âèäó âiä ïàðàìå-
òðiâ, ÿêi âõîäÿòü äî öèõ ñèñòåì.

20. Âèïàäîê ëiíiéíî¨ ñèñòåìè. Ðîçãëÿ-
íåìî ñèñòåìó ðiâíÿíü âèäó (1) ç [2], ùî çàëå-
æèòü âiä äîäàòíîãî ïàðàìåòðó p ∈ [p1, p2] ⊂
⊂ R1:

dφ

dt
= a(p, φ),

dx(t)

dt
= P (p, φp

t (φ))x(t)+

+B(p, φp, t)x(t + ∆) + c(p, φp, t), (1)

äå a(p, φ) = {a1(p, φ), a2(p, φ), a3(p, φ), . . . },
φp

t (φ) � ðîçâ'ÿçîê ïåðøîãî ðiâíÿííÿ öi¹¨
ñèñòåìè òàêèé, ùî φp

0(φ) = φ ∈ T∞; T∞ �
� íåñêií÷åííîâèìiðíèé òîð; P (p, φ) =
= [pij(p, φ)]∞ij=1 � íåñêií÷åííà ìàòðèöÿ;
÷åðåç c(p, φp, t) ïîçíà÷åíî âåêòîð-ôóíêöiþ
{c1(p, z1(p, φ, t), z2(p, φ, t), ...), c2(p, z1(p, φ, t),

z2(p, φ, t), . . . ), . . . }, òî÷êè zi(p, φ, t) =
= (φp

1t+∆i1
(φ), φp

2t+∆i2
(φ), ...) ∀t ∈ R1

i ∀p ∈ [p1, p2] íàëåæàòü òîðó T∞,
∆ij � ñòàëi âiäõèëåííÿ àðãóìåíòó t;
B(p, φ, t) = [bij(p, φ, t)]∞ij=1 � íåñêií÷åí-
íà ìàòðèöÿ ç åëåìåíòàìè

bij(p, φ, t) = bij(p, y1(p, φ, t), y2(p, φ, t), . . . ),

òî÷êè

yi(p, φ, t) =
(
φp

1t+Γi1
(φ), φp

2t+Γi2
(φ), . . .

)

∀t ∈ R1 òåæ íàëåæàòü òîðó T∞; x(t + ∆) =
= (x1(t + ∆1), x2(t + ∆2), . . . ); Γij òà ∆i �
ñòàëi âiäõèëåííÿ àðãóìåíòó t, {i, j} ⊂ N .
Îçíà÷åííÿ iíâàðiàíòíîãî òîðó ñèñòåìè (1)
ìè òóò íå íàâîäèìî, âiäñèëàþ÷è ÷èòà÷à, íà-
ïðèêëàä, äî ðîáiò [1, 3].

Ââàæàòèìåìî, ùî äëÿ ñèñòåìè ðiâíÿíü
(1) ∀p ∈ [p1, p2] ñïðàâäæóþòüñÿ íàñòóïíi âè-
ìîãè (P):

1) ìàþòü ìiñöå òi æ ñàìi óìîâè ïåðiîäè-
÷íîñòi âiäíîñíî φ, ùî i äëÿ ñèñòåìè (1) ç [1];

2) ‖a(p, φ)‖ ≤ A = const, a(p, φ) ∈
∈ C0

Lip(T∞), ‖c(p, z)‖ ≤ C0 = const, P (p, φ) ∈
∈ Cφ(T∞) i

∑∞
j=1 supφ∈T∞ |psj(p, φ)| ≤ P 0 =

= const < ∞, s ∈ N ;
3)

∑∞
j=1 supy∈T∞∞ |bsj(p, y)| ≤ B0 = const <

< ∞, s ∈ N ;
4) ðiâíÿííÿ dx(t)

dt
= P (p, φp

t (φ))x(t)
ìà¹ ôóíêöiþ Ãðiíà-Ñàìîéëåíêà (ÔÃÑ)
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Gt(p, τ, φ), ÿêà çàäîâîëüíÿ¹ íåðiâíiñòü
‖Gt(p, τ, φ)‖ ≤ K exp{−γ|t − τ |}, K =
= const > 0, γ = const > 0, i íå ìà¹ îáìå-
æåíèõ íà âñié ÷èñëîâié îñi ðîçâ'ÿçêiâ, êðiì
íóëüîâîãî;

5) ìíîæèíè ∆ij, Γij òà ∆i ñòàëèõ âiäõè-
ëåíü àðãóìåíòó t îáìåæåíi, òîáòî |∆ij| ≤
≤ ∆∗ = const, |Γij| ≤ Γ∗ = const òà |∆i| ≤
≤ ∆∗ = const ∀{i, j} ⊂ N .

Ïîçíà÷èìî ÷åðåç ω(z) ñêàëÿðíó íåñïàäíó
íà âiäðiçêó [0, p2 − p1] íåïåðåðâíó ôóíêöiþ
òàêó, ùî ω(0) = 0.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ âèìîãè
(P), 2KB0 < γ òà ∀{φ, φ̄} ⊂ T∞, ∀{p, p̄} ⊂
[p1, p2] i ∀{z, z̄, y, ȳ} ⊂ T ∞

∞ ñïðàâäæóþòüñÿ
íåðiâíîñòi
‖a(p, φ)− a(p̄, φ̄)‖ ≤ α[‖φ− φ̄‖+ ω(|p− p̄|)],
‖P (p, φ)−P (p̄, φ̄)‖ ≤ p0[‖φ− φ̄‖+ ω(|p− p̄|)],
‖c(p, z)− c(p̄, z̄)‖ ≤ η[‖z − z̄‖+ ω(|p− p̄|)],
‖B(p, y)−B(p̄, ȳ)‖} ≤ β[‖y− ȳ‖+ ω(|p− p̄|)],
äå α, p0, η, β � äîäàòíi ñòàëi.

Òîäi ðiâíÿííÿ (1) âèçíà÷à¹ iíâàðiàí-
òíèé òîð T (p), ïîðîäæóþ÷à ôóíêöiÿ ÿêîãî
u(p, φ) íåïåðåðâíà çà ñóêóïíiñòþ çìiííèõ φ
òà p.

Äîâåäåííÿ. Íåâàæêî ïåðåâiðèòè, ùî
ïðè êîæíîìó ôiêñîâàíîìó p ∈ [p1, p2] âèêî-
íóþòüñÿ âñi óìîâè òåîðåìè ç [2], ÿêi ãàðàí-
òóþòü iñíóâàííÿ íåïåðåðâíîãî âiäíîñíî φ ií-
âàðiàíòíîãî òîðó ñèñòåìè (1) (âèêîíó¹òüñÿ
ïåðøå òâåðäæåííÿ òåîðåìè ç [2]).

Ïðîâiâøè ìiðêóâàííÿ, àíàëîãi÷íi äî äî-
âåäåííÿ íåðiâíîñòi (7.18) ç ìîíîãðàôi¨ [4],
îäåðæó¹ìî îöiíêó:

‖φp
t (φ)− φp̄

t (φ̄)‖ ≤
≤ (‖φ− φ̄‖+ ω(|p− p̄|)) exp{α|t|}. (2)

Ðîçãëÿíåìî ñïî÷àòêó ðiâíÿííÿ
dx(t)

dt
= P (p, φp

t (φ))x(t) + c(p, φp, t).

Î÷åâèäíî, ùî ∀p ∈ [p1, p2] âîíî ìà¹ iíâàði-
àíòíèé òîð T 0(p), ïîðîäæåíèé ôóíêöi¹þ

u0(p, φ) =

∞∫

−∞

G0(p, τ, φ)c(p, φp, τ)dτ.

Ïåðåêîíà¹ìîñÿ â íåïåðåðâíîñòi öi¹¨ ôóíêöi¨
çà ñóêóïíiñòþ çìiííèõ. Ñïðàâäæó¹òüñÿ íå-
ðiâíiñòü ‖u0(p, φ)− u0(p̄, φ̄)‖ ≤ I0

1 (p) + I0
2 (p),

äå φ, òà φ̄ � äîâiëüíi òî÷êè ç T∞, {p, p̄} ⊂
⊂ [p1, p2],

I0
1 (p) =

=

∞∫

−∞

‖G0(p, τ, φ)−G0(p̄, τ, φ̄)‖‖c(p, φp, τ)‖dτ,

I0
2 (p) =

=

∞∫

−∞

‖G0(p̄, τ, φ̄)‖‖c(p, φp, τ)− c(p̄, φ̄p̄, τ)‖dτ.

Âðàõîâóþ÷è íåðiâíiñòü (2) òà ñïiââiäíî-
øåííÿ

G0(p, τ, φ)−G0(p̄, τ, φ̄) =

=

∞∫

−∞

G0(p, t1, φ)
{
P (p, φp

t1(φ))−

− P (p̄, φp̄
t1(φ̄))

}
Gt1(p̄, τ, φ̄)dt1,

‖P (p, φp
t1(φ))− P (p̄, φp̄

t1(φ̄))‖ ≤
≤ p0

{
ω(|p− p̄|) + ‖φp

t1(φ)− φp̄
t1(φ̄)‖} ≤

≤ p0 exp{α|t1|}{‖φ− φ̄‖+ 2ω(|p− p̄|)},
ïîñëiäîâíî îäåðæó¹ìî îöiíêè:

‖P (p, φp
t1(φ))− P (p̄, φp̄

t1(φ̄))‖ ≤

≤ {
2P 0(p0)ν{‖φ− φ̄‖+ 2ω(|p− p̄|)}ν

} 1
ν+1 ×

× exp{ αν

ν + 1
|t1|},

‖G0(p, τ, φ)−G0(p̄, τ, φ̄)‖ ≤ 2K2

γ − να
ν+1

×

×{
2P 0(p0)ν{‖φ− φ̄‖+ 2ω(|p− p̄|)}ν

} 1
ν+1 ,

‖G0(p, τ, φ)−G0(p̄, τ, φ̄)‖ ≤

≤
{

4K3

γ − να
ν+1

{
2P 0(p0)ν{‖φ− φ̄‖+

+2ω (|p− p̄|)}ν} 1
ν+1

} 1
2
exp{−γ

2
|τ |},
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äå ν � äîâiëüíå äîäàòíå äiéñíå ÷èñëî, ïðè
ÿêîìó να

ν+1
< γ. Íàäàëi ââàæàòèìåìî, ùî ÷è-

ñëî ν çàäîâîëüíÿ¹ öþ íåðiâíiñòü.
Òåïåð ìîæíà çàïèñàòè íåðiâíiñòü I0

1 (p) ≤
≤ S1p, äå

S1p =
4C0

γ

{
4K3

γ − να
ν+1

{
2P 0(p0)ν{‖φ− φ̄‖+

+2ω(|p− p̄|)}ν} 1
ν+1

} 1
2

=

= S1{‖φ− φ̄‖+ 2ω(|p− p̄|)} ν
2(ν+1) , S1 = const.

Çàïèøåìî òåïåð îöiíêó äëÿ iíòåãðàëà
I0
2 (p). Âèêîðèñòàâøè (2), îäåðæó¹ìî íåðiâ-
íîñòi

‖c(p, φp, τ)− c(p̄, φ̄p̄, τ)‖ ≤

≤ η sup
i∈N,j∈N

{
|φp

jτ+∆ij
(φ)− φp̄

jτ+∆ij
(φ̄)|

}
+

+ηω(|p− p̄|) ≤ η exp{α|τ |}{
[‖φ− φ̄‖+

+ω(|p− p̄|)] exp{α∆∗}+ ω(|p− p̄|)} ,

ç ÿêèõ âèïëèâà¹ îöiíêà

‖c(p, φp, τ)− c(p̄, φ̄p̄, τ)‖ ≤

≤ Kνp exp

{
αν

2(ν + 1)
|τ |

}
,

äå
Kνp = {2C0{2C0[η(‖φ−

−φ̄‖+ 2ω(|p− p̄|)) exp{α∆∗}]ν} 1
ν+1} 1

2 =

= Kν{‖φ− φ̄‖+2ω(|p− p̄|)} ν
2(ν+1) , Kν = const.

Çâiäñè îäåðæó¹ìî, ùî I0
2 (p) ≤ S2p, äå

S2p = KKνp
2

γ − αν
2(ν+1)

=

= S2{‖φ− φ̄‖+ 2ω(|p− p̄|)} ν
2(ν+1) , S2 = const,

òîáòî
‖u0(p, φ)− u0(p̄, φ̄)‖ ≤

≤ Γ0{‖φ− φ̄‖+ 2ω(|p− p̄|)} ν
2(ν+1) .

äå Γ0 = S1 +S2. Îñòàííÿ íåðiâíiñòü ñâiä÷èòü
ïðî íåïåðåðâíiñòü ôóíêöi¨ u0(p, φ) çà ñóêó-
ïíiñòþ çìiííèõ φ òà p.

Ó ñâîþ ÷åðãó ðiâíÿííÿ

dx(t)

dt
= P (p, φp

t (φ))x(t)+

+B(p, φp, t)u0(p, φp, t + ∆) + c(p, φp, t),

äå u0(p, φp, t + ∆) =

= (u0
1(p, φ

p
t+∆1

(φ)), u0
2(p, φ

p
t+∆2

(φ)), . . . ),

âèçíà÷à¹ â ïðîñòîði M iíâàðiàíòíèé òîð
T 1(p), ïîðîäæåíèé ôóíêöi¹þ

x = u1(p, φ) =

∞∫

−∞

G0(p, τ, φ)c1(p, φ, τ)dτ,

äå c1(p, φ, τ) = B(p, φp, τ)u0(p, φp, τ + ∆) +
+c(p, φp, τ).

Ïåðåêîíà¹ìîñÿ â íåïåðåðâíîñòi öi¹¨ ôóí-
êöi¨ çà ñóêóïíiñòþ çìiííèõ, äîâiâøè ïðà-
âèëüíiñòü íåðiâíîñòi

‖u1(p, φ)− u1(p̄, φ̄)‖ ≤

≤ Γ1{‖φ− φ̄‖+ 3ω(|p− p̄|)} ν
2(ν+1) , (3)

äå Γ1 = const.
Ìiðêóâàííÿ, àíàëîãi÷íi äî ïðîâåäåíèõ

âèùå, ïðèâîäÿòü äî îöiíêè
∞∫

−∞

‖G0(p, τ, φ)−G0(p̄, τ, φ̄)‖‖c1(p, φ, τ)‖dτ ≤

≤ 4C0

γ

{
4K3

γ − να
ν+1

{
2P 0(p0)ν{‖φ− φ̄‖+

+2ω(|p− p̄|)}ν} 1
ν+1

} 1
2
(1 +

2KB0

γ
) = S3p =

= S3{‖φ− φ̄‖+ 2ω(|p− p̄|)} ν
2(ν+1) , S3 = const,

à âèðàç S4p çíàéäåìî, îöiíèâøè iíòåãðàë
∞∫

−∞

‖G0(p̄, τ, φ̄)‖‖c1(p, φ, τ)− c1(p̄, φ̄, τ)‖dτ.

Âèêîíóþòüñÿ íåðiâíîñòi:

‖c1(p, φ, τ)− c1(p̄, φ̄, τ)‖ ≤ ‖c(p, φp, τ)−
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−c(p̄, φ̄p̄, τ)‖+ ‖B(p, φp, τ)‖×
×‖u0(p, φp, τ + ∆)− u0(p̄, φ̄p̄, τ + ∆)‖+

+‖B(p, φp, τ)−B(p̄, φ̄p̄, τ)‖‖u0(p̄, φ̄, τ + ∆)‖;
‖B(p, φp, τ)−B(p̄, φ̄p̄, τ)‖ ≤ β exp{α|τ |}×
×{‖φ− φ̄‖+ 2ω(|p− p̄|)} exp{αΓ∗};
‖u0(p, φp, τ + ∆)− u0(p̄, φ̄p̄, τ + ∆)‖ ≤

≤ Γ0{{‖φ− φ̄‖+ω(|p− p̄|)} exp{α(|τ |+∆∗)}+
+2ω(|p− p̄|)} ν

2(ν+1) ≤ S4{‖φ− φ̄‖+
+3ω(|p− p̄|)} ν

2(ν+1) exp{ αν

2(ν + 1)
|τ |},

äå S4 = const, ç ÿêèõ âèïëèâàþòü îöiíêè

‖B(p, φp, τ)−B(p̄, φ̄p̄, τ)‖ ≤

≤ S5 exp

{
αν

2(ν + 1)
|τ |

}
{‖φ− φ̄‖+

+2ω(|p− p̄|)} ν
2(ν+1) , S5 = const;

‖c1(p, φ, τ)− c1(p̄, φ̄, τ)‖ ≤

≤
{

Kν + B0S4 +
2KC0S5

γ

}
×

× exp

{
αν

2(ν + 1)
|τ |

}
{‖φ− φ̄‖+

+3ω(|p− p̄|)} ν
2(ν+1) .

Îòæå,

S4p =
2K

γ − αν
2(ν+1)

{
Kν + B0S4 +

2KC0S5

γ

}
×

×{‖φ− φ̄‖+ 3ω(|p− p̄|)} ν
2(ν+1) =

= S6{‖φ− φ̄‖+ 3ω(|p− p̄|)} ν
2(ν+1) , S6 = const,

çâiäêè îäåðæó¹òüñÿ îöiíêà (3), îñêiëüêè
‖u1(p, φ)− u1(p̄, φ̄)‖ ≤ S3p + S4p.

Ìåòîäîì ïîâíî¨ ìàòåìàòè÷íî¨ iíäóêöi¨
íåâàæêî ïåðåêîíàòèñÿ, ùî ∀p ∈ [p1, p2] i
∀k ∈ N

⋃{0} ðåêóðåíòíå ðiâíÿííÿ

dx(t)

dt
= P (p, φp

t (φ))x(t)+

+B(p, φp, t)uk(p, φp, t + ∆) + c(p, φp, t)

âèçíà÷à¹ â ïðîñòîði M iíâàðiàíòíèé òîð
T k+1(p), ïîðîäæåíèé ôóíêöi¹þ

x = uk+1(p, φ) =

∞∫

−∞

G0(p, τ, φ)ck+1(p, φ, τ)dτ,

äå ck+1(p, φ, τ) = B(p, φp, τ)uk(p, φp, τ + ∆) +
+c(p, φp, τ).

Îñêiëüêè çà ïåðøèì òâåðäæåííÿì òåîðå-
ìè ç [2] ïîñëiäîâíiñòü {uk(p, φ)}∞k=1 ðiâíîìið-
íî âiäíîñíî p òà φ çáiãà¹òüñÿ ïðè k → ∞
äî ïîðîäæóþ÷î¨ iíâàðiàíòíèé òîð ñèñòåìè
(1) ôóíêöi¨ u(p, φ), òî î÷åâèäíî, ùî äëÿ çà-
âåðøåííÿ äîâåäåííÿ òåîðåìè äîñòàòíüî îá-
ãðóíòóâàòè íåïåðåðâíiñòü âiäíîñíî ñóêóïíî-
ñòi çìiííèõ p òà φ ôóíêöié uk(p, φ) ∀k ∈ N .
Äëÿ öüîãî çíîâ âèêîðèñòà¹ìî ìåòîä ïîâíî¨
ìàòåìàòè÷íî¨ iíäóêöi¨. Ïðè k = 1 öå òâåð-
äæåííÿ äîâåäåíî âèùå.

Ïðèïóñòèìî, ùî äëÿ âñiõ k = 2, 3, 4, . . . , n
ñïðàâäæó¹òüñÿ íåðiâíiñòü

‖uk(p, φ)− uk(p̄, φ̄)‖ ≤
≤ Γk{‖φ− φ̄‖+ (k + 2)ω(|p− p̄|)} ν

2(ν+1) , (4)

äå Γk � äîäàòíi ñòàëi, i äîâåäåìî ¨¨ äëÿ k =
n + 1.

Ñïðàâäæóþòüñÿ íåðiâíîñòi
‖un(p, φp, τ + ∆)− un(p̄, φ̄p̄, τ + ∆)‖ ≤
≤ Γn

{
(n + 2)ω(|p− p̄|) +

(‖φ− φ̄‖+
+ω(|p− p̄|)) exp{α(|τ |+ ∆∗)}}

ν
2(ν+1) ≤

≤ Sn
4

{‖φ− φ̄‖+ (n + 3)ω(|p− p̄|)}×
× exp{ αν

2(ν + 1)
|τ |}, äå Sn

4 = Γn exp{α∆∗}.
Òåïåð íåâàæêî îäåðæàòè îöiíêó:

‖cn+1(p, φ, τ)− cn+1(p̄, φ̄, τ)‖ ≤

≤ {
Kν + B0Sn

4 + UnS5

}
exp

{
αν

2(ν + 1)
|τ |

}
×

×{‖φ− φ̄‖+ (n + 3)ω(|p− p̄|)} ν
2(ν+1) ,

ÿêà, ðàçîì ç íåðiâíîñòÿìè
∞∫

−∞

‖G0(p, τ, φ)−G0(p̄, τ, φ̄)‖×

96 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2010. Âèïóñê 501. Ìàòåìàòèêà.



×‖cn+1(p, φ, τ)‖dτ ≤

≤ Sn+1
3 {‖φ− φ̄‖+ 2ω(|p− p̄|)} ν

2(ν+1) ,

äå Sn+1
3 = const,

∞∫

−∞

‖G0(p̄, τ, φ̄)‖‖cn+1(p, φ, τ)−

−cn+1(p̄, φ̄, τ)‖dτ ≤ Sn+1
6 {‖φ− φ̄‖+

+(n + 3)ω(|p− p̄|)} ν
2(ν+1) , Sn+1

6 = const,

ïðèâîäèòü äî îöiíêè (4), ÿêùî ÷åðåç Γn+1

ïîçíà÷èòè ñóìó Sn+1
3 + Sn+1

6 . Òåîðåìó äîâå-
äåíî.

30. Âèïàäîê íåëiíiéíî¨ ñèñòåìè. Ðîç-
ãëÿíåìî ñèñòåìó ðiâíÿíü

dφ

dt
= a(p, φ),

dx(t)

dt
= P1(p, x(t), x(t + Q))x(t)+

+F (p, v(φp, t), x(t), x(t + Θ))x(t + ∆)+

+c(p, φp, t). (5)

Òóò ìàòðèöi P1(p, x, χ) =
[
p1

ij(p, x, χ)
]∞
i,j=1

òà F (p, v, x, χ) = [fij(p, v, x, χ)]∞i,j=1 âèçíà÷å-
íî íà ìíîæèíàõ D∗p = [p1, p2] × D × D i
D∗p = [p1, p2]×D∗ âiäïîâiäíî, ìíîæèíà D =
= {x ∈ M|‖x‖ ≤ d}, ìíîæèíà D∗ = D0×D×
×D òà ìíîæèíà

D0 = {x ∈ M|‖x‖ ≤ V 0 = const > 0},
÷åðåç v(φp, t) ïîçíà÷åíî âåêòîðíó ôóíêöiþ

{v1(ψ1(φ
p, t), ψ2(φ

p, t), . . . ),

v2(ψ1(φ
p, t), ψ2(φ

p, t), . . . ), . . . },
òî÷êè ψi(φ

p, t) =
(
φp

1t+Θi1
(φ), φp

2t+Θi2
(φ), . . .

)

∀t ∈ R1, p ∈ [p1, p2] íàëåæàòü òîðó T∞.
Ïîíÿòòÿ iíâàðiàíòíîãî òîðó T∗(p) äëÿ

ñèñòåìè ðiâíÿíü (5) ââîäèòüñÿ ñòàíäàðòíî.
Çîêðåìà, ïðè öüîìó âèìàãà¹òüñÿ âèêîíàííÿ
ðiâíîñòi

du∗(p, φ
p
t (φ))

dt
=

= P1(p, u∗(p, φ
p
t (φ)), u∗(p, φp, t + Q))× (6)

×u∗(p, φ
p
t (φ)) + F (p, v(φp, t), u∗(p, φ

p
t (φ)),

u∗(p, φp, t + Θ))u∗(p, φp, t + ∆) + c(p, φp, t),

äå ôóíêöiÿ u∗(p, φ) ïîðîäæó¹ iíâàðiàíòíèé
òîð T∗(p), ÷åðåç u∗(p, φp, t+Θ) ïîçíà÷åíî âå-
êòîðíó ôóíêöiþ

{u∗1(p, φp
t+Θ1

(φ)), u∗2(p, φ
p
t+Θ2

(φ)), . . . )},
ñèìâîëè u∗(p, φp, t + Q) òà u∗(p, φp, t + ∆)
ìàþòü àíàëîãi÷íèé ñåíñ.

Ââàæàòèìåìî, ùî äëÿ ñèñòåìè ðiâíÿíü
(5) ∀p ∈ [p1, p2] ñïðàâäæóþòüñÿ íàñòóïíi êî-
åôiöi¹íòíi óìîâè (P1):

1) äëÿ ôóíêöié a(p, φ) òà c(p, φp, t) ìàþòü
ìiñöå òi æ ñàìi óìîâè ïåðiîäè÷íîñòi âiäíîñíî
φ, ùî i ðàíiøå, à äëÿ ôóíêöié vi(φ

p, t) � òi æ
ñàìi óìîâè ïåðiîäè÷íîñòi, ùî i â ïiäðîçäiëi
4 ç [3] ;

2) ‖a(p, φ)‖ ≤ A, ‖c(p, φp, t)‖ ≤ C0, ∀ψ ∈
∈ T ∞

∞ ‖v(ψ)‖ ≤ V 0 òà ∀i ∈ N

∞∑
j=1

sup
(p,x,χ)∈D∗p

|p1
ij(p, x, χ)| ≤ P 0,

∞∑
j=1

sup
(p,v,x,χ)∈D∗p

|fij(p, v, x, χ)| ≤ F0,

äå A,C0, V 0, P 0, F0 � äîäàòíi ñòàëi;
3) ∀{ψ, ψ̄, z, z̄} ⊂ T ∞

∞ , ∀{φ, φ̄} ⊂ T∞,
∀{p, p̄} ⊂ [p1, p2] ñïðàâäæóþòüñÿ íåðiâíîñòi

‖a(p, φ)− a(p̄, φ̄)‖ ≤ α[‖φ− φ̄‖+ ω(|p− p̄|)],
‖c(p, z)− c(p̄, z̄)‖ ≤ η[‖z − z̄‖+ ω(|p− p̄|)],

‖v(ψ)− v(ψ̄)‖ ≤ ζ‖ψ − ψ̄‖,
äå α, η, ζ � äîäàòíi ñòàëi, à ôóíêöiÿ ω(p) âè-
çíà÷åíà â òåîðåìi 1;

4) ∀ {(p, x, χ), (p̄, x̄, χ̄)} ⊂ D∗p i ∀
{(p, v, x, χ), (p̄, v̄, x̄, χ̄)} ⊂ D∗p ìàþòü ìiñöå
îöiíêè

‖P1(p, x, χ)− P1(p̄, x̄, χ̄)‖ ≤
≤ ξ2{‖x− x̄‖+ ‖χ− χ̄‖+ ω(|p− p̄|)},

‖F (p, v, x, χ)− F (p̄, v̄, x̄, χ̄)‖ ≤
≤ ξ1{‖v− v̄‖+‖x− x̄‖+‖χ− χ̄‖+ω(|p− p̄|)},
äå ξ1, ξ2 � äîäàòíi ñòàëi;
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5) ìíîæèíè âiäõèëåíü ∆ij, ∆i, Θij, Θi òà
Qi àðãóìåíòó t îáìåæåíi, òîáòî |∆ij| ≤ ∆∗,
|∆i| ≤ ∆∗, |Θij| ≤ Θ∗, |Θi| ≤ Θ∗ òà |Qi| ≤ Q∗
∀{i, j} ⊂ N , äå ∆∗, ∆∗, Θ∗, Θ∗, Q∗ � äîäàòíi
ñòàëi.

Îáåðåìî áóäü-ÿêó ìàòðèöþ P (p, φ), ùî
çàäîâîëüíÿ¹ òàêi óìîâè:

1) ‖P (p, φ)−P (p̄, φ̄)‖ ≤ ξ∗1 [‖φ− φ̄‖+ω(|p−
−p̄|)] äëÿ âñiõ {φ, φ̄} ⊂ T∞ òà {p, p̄} ⊂ [p1, p2],
äå ξ∗1 = const > 0;

2)
∑∞

j=1 supp∈[p1,p2],φ∈T∞ |pij(p, φ)| ≤ P 0

∀i ∈ N ;
3) âèêîíó¹òüñÿ ÷åòâåðòà óìîâà ç âèìîã

(P).
Çðîçóìiëî, ùî òàêi ìàòðèöi, çîêðåìà ÷è-

ñëîâi, iñíóþòü.
Ðiâíÿííÿ (5) ïîäàìî ó âèãëÿäi

dx(t)

dt
= P (p, φp

t (φ))x(t) + P2(p, φ
p
t (φ), x(t),

x(t + Q))x(t) + F (p, v(φp, t), x(t), x(t + Θ))×
×x(t + ∆) + c(p, φp, t),

äå
P2(p, φ

p
t (φ), x(t), x(t + Q)) =

= P1(p, x(t), x(t + Q))− P (p, φp
t (φ)).

Íåõàé u0
∗(p, φ) = u0(p, φ) � ôóíêöiÿ, ïî-

áóäîâàíà ó äîâåäåííi òåîðåìè 1. Âîíà çàäî-
âîëüíÿ¹ íåðiâíiñòü

‖u0
∗(p, φ)− u0

∗(p̄, φ̄)‖ ≤

≤ U0
∗{‖φ− φ̄‖+ 2ω(|p− p̄|)} ν

2(ν+1) ,

äå U0
∗ äîðiâíþ¹ Γ0, â ÿêîìó p0 çàìiíåíî íà ξ∗1 ,

i ¹ íåïåðåðâíîþ çà ñóêóïíiñòþ çìiííèõ . Ïðè
öüîìó, ÿêùî 2KC0

γ
≤ d, òî ‖u0

∗(p, φ)‖ ≤ d.
Òîäi ìà¹ ñåíñ ðiâíÿííÿ

dx(t)

dt
= P (p, φp

t (φ))x(t) + c0
∗(p, φ, t), (7)

äå

c0
∗(p, φ, t) = P 0

2 (p, φ, t)u0
∗(p, φ

p
t (φ))+

+F 0(p, φ, t)u0
∗(p, φ

p, t + ∆) + c(p, φp, t),

P 0
2 (p, φ, t) =

= P2(p, φ
p
t (φ), u0

∗(p, φ
p
t (φ)), u0

∗(p, φ
p, t + Q)),

F 0(p, φ, t) =

= F (p, v(φp, t), u0
∗(p, φ

p
t (φ)), u0

∗(p, φ
p, t + Θ)),

à ôóíêöi¨ u0
∗(p, φ

p, t + ∆), u0
∗(p, φ

p, t + Q) òà
u0
∗(p, φ

p, t + Θ) îçíà÷àþòüñÿ àíàëîãi÷íî äî
ôóíêöi¨ òèïó u∗(p, φp, t + Θ).

Ïðè âèêîíàííi óìîâ (P1) ïðè êîæíîìó
p ∈ [p1, p2] ðiâíÿííÿ (7) ìà¹ ¹äèíèé iíâàði-
àíòíèé òîð T 1

∗ (p), ïîðîäæåíèé ôóíêöi¹þ

u1
∗(p, φ) =

∞∫

−∞

G0(p, τ, φ)c0
∗(p, φ, τ)dτ.

Ïîêàæåìî, ùî öÿ ôóíêöiÿ íåïåðåðâíà çà ñó-
êóïíiñòþ çìiííèõ.

Âðàõîâóþ÷è îöiíêó äëÿ ‖G0(p, τ, φ) −
−G0(p̄, τ, φ̄)‖ ç äîâåäåííÿ òåîðåìè 1, ëåãêî
ïåðåêîíàòèñÿ â ïðàâèëüíîñòi íåðiâíîñòi

I1
∗ (p)

df
=

∞∫

−∞

‖G0(p, τ, φ)−G0(p̄, τ, φ̄)‖×

×‖c0
∗(p, φ, τ)‖dτ ≤

≤ S∗1{‖φ− φ̄‖+ 2ω(|p− p̄|)} ν
2(ν+1) ,

äå S∗1 � äîäàòíà ñòàëà.
Çíàéäåìî àíàëîãi÷íó îöiíêó äëÿ iíòåãðà-

ëà
I2
∗ (p)

df
=

df
=

∞∫

−∞

‖G0(p̄, τ, φ̄)‖‖c0
∗(p, φ, τ)− c0

∗(p̄, φ̄, τ)‖dτ.

Âèêîðèñòàâøè ïîçíà÷åííÿ

exp

{
αν

2(ν + 1)
|t|

}
{‖φ− φ̄‖+

+nω(|p− p̄|)} ν
2(ν+1) = exp{n, p, φ, φ̄, ν, t},

îöiíêó (2) òà äîâåäåííÿ òåîðåìè 1, îäåðæó-
¹ìî íåðiâíîñòi:

‖P (p, φp
t (φ))− P (p̄, φp̄

t (φ̄))‖ ≤
≤ P∗ exp{2, p, φ, φ̄, ν, t}, P∗ = const,

�C1(t)
df
= ‖c(p, φp, t)− c(p̄, φ̄p̄, t)‖ ≤
≤ Kν exp{2, p, φ, φ̄, ν, t},
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‖u0
∗(p, φ

p
t (φ))− u0

∗(p̄, φ
p̄
t (φ̄))‖ ≤

≤ U0
∗ exp{3, p, φ, φ̄, ν, t},

‖u0
∗(p, φ

p, t + Q)− u0
∗(p̄, φ̄

p̄, t + Q)‖ ≤
≤ U0

∗ exp{αQ∗} exp{3, p, φ, φ̄, ν, t},
ÿêi äîçâîëÿþòü çàïèñàòè íàñòóïíèé ëàíöþ-
æîê îöiíîê:

�C2(t)
df
= ‖P 0

2 (p, φ, t)u0
∗(p, φ

p
t (φ))−

−P 0
2 (p̄, φ̄, t)u0

∗(p̄, φ
p̄
t (φ̄))‖ ≤

≤ {‖P1(p, u
0
∗(p, φ

p
t (φ), u0

∗(p, φ
p, t + Q))−

−P1(p̄, u
0
∗(p̄, φ

p̄
t (φ̄), u0

∗(p̄, φ̄
p̄, t + Q))‖+

+‖P (p, φp
t (φ))− P (p̄, φp̄

t (φ̄))‖}d+

+2P 0‖u0
∗(p, φ

p
t (φ))− u0

∗(p̄, φ
p̄
t (φ̄))‖ ≤

≤ ξ2dU0
∗ exp{3, p, φ, φ̄, ν, t}+

+ξ2dU0
∗ exp{αQ∗} exp{3, p, φ, φ̄, ν, t}+

+ξ2dω(|p− p̄|) + dP∗ exp{2, p, φ, φ̄, ν, t}+
+2P 0U0

∗ exp{3, p, φ, φ̄, ν, t} ≤
≤ {ξ2dU0

∗ + ξ2dU0
∗ exp{αQ∗}+ dP∗+

+2P 0U0
∗} exp{3, p, φ, φ̄, ν, t}+ ξ2dω(|p− p̄|).

Âðàõóâàâøè, ùî ∀t ∈ R1 ñïðàâäæóþòüñÿ
ñïiââiäíîøåííÿ

ω(|p− p̄|) ≤ ‖φ− φ̄‖+ 3ω(|p− p̄|) =

= (‖φ− φ̄‖+ 3ω(|p− p̄|)) ν+2
2(ν+1) (‖φ− φ̄‖+

+3ω(|p− p̄|)) ν
2(ν+1) ≤ Ξ1 exp{3, p, φ, φ̄, ν, t},

äå
Ξ1 = (4π + 3ω(p2 − p1))

ν+2
2(ν+1) ,

îäåðæó¹ìî íåðiâíiñòü

�C2(t) ≤ Ξ1 exp{3, p, φ, φ̄, ν, t},
äå

Ξ1 = ξ2dU0
∗ + ξ2dU0

∗ exp{αQ∗}+
+dP∗ + 2P 0U0

∗ + ξ2dΞ1.

Òàêîæ ñïðàâäæóþòüñÿ òàêi ñïiââiäíî-
øåííÿ:

�C3(t)
df
= ‖F 0(p, φ, t)u0

∗(p, φ
p, t + ∆)−

−F 0(p̄, φ̄, t)u0
∗(p̄, φ̄

p̄, t + ∆)‖ ≤

≤ ‖F 0(p, φ, t)− F 0(p̄, φ̄, t)‖d+

+F0‖u0
∗(p, φ

p, t + ∆)− u0
∗(p̄, φ̄

p̄, t + ∆)‖;
‖u0

∗(p, φ
p, t + ∆)− u0

∗(p̄, φ̄
p̄, t + ∆)‖ ≤

≤ U0
∗ exp{α∆∗} exp{3, p, φ, φ̄, ν, t};

‖u0
∗(p, φ

p, t + Θ)− u0
∗(p̄, φ̄

p̄, t + Θ)‖ ≤
U0
∗ exp{αΘ∗} exp{3, p, φ, φ̄, ν, t};

‖v(φp, t)− v(φ̄p̄, t)‖ ≤
≤ ζ sup

i
{‖ψi(φ

p, t)− ψi(φ̄
p̄, t)‖} ≤

≤ ζ{‖φ− φ̄‖+ ω(|p− p̄|)} exp{α(|t|+ Θ∗)};
‖v(φp, t)− v(φ̄p̄, t)‖ ≤

≤ ζV 0
∗ exp{αΘ∗} exp{1, p, φ, φ̄, ν, t},

äå V 0
∗ � äîäàòíà ñòàëà;

‖F 0(p, φ, t)− F 0(p̄, φ̄, t)‖ = ‖F (p, v(φp, t),

u0
∗(p, φ

p
t (φ)), u0

∗(p, φ
p, t + Θ))− F (p̄, v(φ̄p̄, t),

u0
∗(p̄, φ

p̄
t (φ̄)), u0

∗(p̄, φ̄
p̄, t + Θ))‖ ≤

≤ ξ1{ω(|p− p̄|) + ‖v(φp, t)− v(φ̄p̄, t)‖+
+‖u0

∗(p, φ
p
t (φ))− u0

∗(p̄, φ
p̄
t (φ̄))‖+

+‖u0
∗(p, φ

p, t + Θ)− u0
∗(p̄, φ̄

p̄, t + Θ)‖} ≤
≤ ξ1{Ξ1 exp{3, p, φ, φ̄, ν, t}+ ζV 0

∗ exp{αΘ∗}×
× exp{1, p, φ, φ̄, ν, t}+

+U0
∗ exp{3, p, φ, φ̄, ν, t}+ U0

∗ exp{αΘ∗}×
× exp{3, p, φ, φ̄, ν, t}} ≤ Ξ2 exp{3, p, φ, φ̄, ν, t},
äå

Ξ2 = ξ1{Ξ1 + ζV 0
∗ exp{αΘ∗}+ U0

∗+

+U0
∗ exp{αΘ∗}}.

Òåïåð íåâàæêî çàïèñàòè íåðiâíiñòü

�C3(t) ≤ Ξ2 exp{3, p, φ, φ̄, ν, t},
äå

Ξ2 = dΞ2 + F0U
0
∗ exp{α∆∗}.

Íàðåøòi îäåðæó¹ìî îöiíêó

‖c0
∗(p, φ, τ)− c0

∗(p̄, φ̄, τ)‖ ≤
3∑

i=1

�Ci(τ) =

= (Kν + Ξ1 + Ξ2) exp{3, p, φ, φ̄, ν, τ},
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ùî ïðèâîäèòü äî íåðiâíîñòåé

I2
∗ (p) ≤

∫ ∞

−∞
K(Kν + Ξ1 + Ξ2)×

× exp{−(γ − αν

2(ν + 1)
)|τ |}{‖φ− φ̄‖+

+3ω(|p− p̄|)} ν
2(ν+1) dτ ≤

≤ Ξ̄{‖φ− φ̄‖+ 3ω(|p− p̄|)} ν
2(ν+1) ,

äå

Ξ̄ = K(Kν + Ξ1 + Ξ2)
2

γ − αν
2(ν+1)

.

Òàêèì ÷èíîì ∀{φ, φ̄} ⊂ T∞ òà ∀{p, p̄} ∈
∈ [p1, p2] ñïðàâäæóþòüñÿ íåðiâíîñòi

‖u1
∗(p, φ)− u1

∗(p̄, φ̄)‖ ≤ I1
∗ (p) + I2

∗ (p) ≤
≤ Ū1

∗{‖φ− φ̄‖+ 3ω(|p− p̄|)} ν
2(ν−1) , (8)

äå ÷åðåç Ū1
∗ ïîçíà÷åíî ñóìó S∗1 + Ξ̄.

Öå äîâîäèòü íåïåðåðâíó çàëåæíiñòü ôóí-
êöi¨ u1

∗(p, φ) âiä ñóêóïíîñòi çìiííèõ p òà φ.
Çàïèøåìî ðåêóðåíòíå ôîðìàëüíå ðiâíÿ-

ííÿ
dx(t)

dt
= P (p, φp

t (φ))x(t) + ck
∗(p, φ, t), (9)

äå

ck
∗(p, φ, t) = P k

2 (p, φ, t)uk
∗(p, φ

p
t (φ))+

+F k(p, φ, t)uk
∗(p, φ

p, t + ∆) + c(p, φp, t),

P k
2 (p, φ, t) =

= P2(p, φ
p
t (φ), uk

∗(p, φ
p
t (φ)), uk

∗(p, φ
p, t + Q)),

F k(p, φ, t) =

= F (p, v(φp, t), uk
∗(p, φ

p
t (φ)), uk

∗(p, φ
p, t + Θ)),

i ñôîðìóëþ¹ìî íàñòóïíå òâåðäæåííÿ.
Iíäóêòèâíà ëåìà 1. Íåõàé ñïðàâäæó-

þòüñÿ óìîâè (P1) i íåðiâíîñòi 2K(2P 0 +

+F0) < γ, 2KC0

γ−2K(2P 0+F0)
≤ d.

Òîäi ∀k ∈ N ∪ {0} ðåêóðåíòíå ðiâíÿííÿ
(9) âèçíà÷à¹ â ïðîñòîði M ¹äèíèé iíâàðiàí-
òíèé òîð T k+1

∗ (p), ïîðîäæåíèé ôóíêöi¹þ

x = uk+1
∗ (p, φ) =

∞∫

−∞

G0(p, τ, φ)ck
∗(p, φ, τ)dτ,

ùî çàäîâîëüíÿ¹ óìîâó

‖uk+1
∗ (p, φ)− uk+1

∗ (p̄, φ̄)‖ ≤
≤ Ūk+1

∗ {‖φ− φ̄‖+(k+3)ω(|p− p̄|)} ν
2(ν+1) (10)

i îáìåæåíà ∀p ∈ [p1, p2] íà òîði T∞ ñòàëîþ
d, òîáòî ‖uk+1

∗ (p, φ)‖ ≤ d i Ūk+1
∗ = const >

> 0. Ïðè öüîìó ν � äîâiëüíå äîäàòíå ÷èñëî,
ùî çàäîâîëüíÿ¹ íåðiâíiñòü αν

ν+1
< γ.

Äîâåäåííÿ ëåìè ïðîâåäåìî ìåòîäîì
ïîâíî¨ ìàòåìàòè÷íî¨ iíäóêöi¨ âiäíîñíî k.
Ïðè k = 0 òâåðäæåííÿ ëåìè äîâåäåíî âèùå.
Ïðèïóñòèìî, ùî äëÿ âñiõ k = 1, 2, 3, . . . , n−1
òâåðäæåííÿ ëåìè ìà¹ ìiñöå i äîâåäåìî éî-
ãî äëÿ k = n. Î÷åâèäíî, ùî ñïðàâäæó¹òüñÿ
îöiíêà

In+1
1∗ (p)

df
=

∞∫

−∞

‖G0(p, τ, φ)−G0(p̄, τ, φ̄)‖‖cn
∗ (p,

φ, τ)‖dτ ≤ S∗1{‖φ− φ̄‖+ 2ω(|p− p̄|)} ν
2(ν+1) .

Äëÿ âiäøóêàííÿ àíàëîãi÷íî¨ îöiíêè äëÿ ií-
òåãðàëà

In+1
2∗ (p)

df
=

df
=

∞∫

−∞

‖G0(p̄, τ, φ̄)‖‖cn
∗ (p, φ, τ)− cn

∗ (p̄, φ̄, τ)‖dτ

âèêîðèñòà¹ìî ñõåìó äîâåäåííÿ íåðiâíîñòåé
(8). Íåâàæêî ïåðåêîíàòèñÿ â ïðàâèëüíîñòi
íåðiâíîñòåé

‖un
∗ (p, φ

p
t (φ))− un

∗ (p̄, φ
p̄
t (φ̄))‖ ≤

≤ Ūn
∗ exp{n + 3, p, φ, φ̄, ν, t},

‖un
∗ (p, φ

p, t + Q)− un
∗ (p̄, φ̄

p̄, t + Q)‖ ≤
≤ Ūn

∗ exp{αQ∗} exp{n + 3, p, φ, φ̄, ν, t},
ÿêi äîçâîëÿþòü çàïèñàòè íàñòóïíèé ëàíöþ-
æîê îöiíîê:

�Cn
2 (t)

df
= ‖P n

2 (p, φ, t)un
∗ (p, φ

p
t (φ))−

−P n
2 (p̄, φ̄, t)un

∗ (p̄, φ
p̄
t (φ̄))‖ ≤

≤ {‖P1(p, u
0
∗(p, φ

p
t (φ), u0

∗(p, φ
p, t + Q))−

−P1(p̄, u
0
∗(p̄, φ

p̄
t (φ̄), u0

∗(p̄, φ̄
p̄, t + Q))‖+

+‖P (p, φp
t (φ))− P (p̄, φp̄

t (φ̄))‖}d+
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+2P 0‖u0
∗(p, φ

p
t (φ))− u0

∗(p̄, φ
p̄
t (φ̄))‖ ≤

≤ ξ2dŪn
∗ exp{n + 3, p, φ, φ̄, ν, t}+

+ξ2dŪn
∗ exp{αQ∗} exp{n + 3, p, φ, φ̄, ν, t}+

+ξ2dω(|p− p̄|) + dP∗ exp{n + 2, p, φ, φ̄, ν, t}+
+2P 0Ūn

∗ exp{n + 3, p, φ, φ̄, ν, t} ≤
≤ {ξ2dŪn

∗ +ξ2dŪn
∗ exp{αQ∗}+dP∗+2P 0Ūn

∗ }×
× exp{n + 3, p, φ, φ̄, ν, t}+ ξ2dω(|p− p̄|).
Âðàõóâàâøè, ùî ∀t ∈ R1 ñïðàâäæóþòüñÿ

ñïiââiäíîøåííÿ

ω(|p− p̄|) ≤ ‖φ− φ̄‖+ (n + 3)ω(|p− p̄|) =

= (‖φ− φ̄‖+ (n + 3)ω(|p− p̄|)) ν+2
2(ν+1)×

×(‖φ− φ̄‖+ (n + 3)ω(|p− p̄|)) ν
2(ν+1) ≤

≤ Ξn
1 exp{n + 3, p, φ, φ̄, ν, t},

äå

Ξn
1 = (4π + (n + 3)ω(p2 − p1))

ν+2
2(ν+1) ,

îäåðæó¹ìî íåðiâíiñòü

�Cn
2 (t) ≤ Ξn exp{n + 3, p, φ, φ̄, ν, t},

äå

Ξn = ξ2dŪn
∗ + ξ2dŪn

∗ exp{αQ∗}+ dP∗+

+2P 0Ūn
∗ + ξ2dΞn

1 .

Òàêîæ cïðàâäæóþòüñÿ òàêi ñïiââiäíîøå-
ííÿ:

�Cn
3 (t)

df
= ‖F n(p, φ, t)un

∗ (p, φ
p, t + ∆)−

−F n(p̄, φ̄, t)un
∗ (p̄, φ̄

p̄, t + ∆)‖ ≤
≤ ‖F n(p, φ, t)− F n(p̄, φ̄, t)‖d+

+F0‖un
∗ (p, φ

p, t + ∆)− un
∗ (p̄, φ̄

p̄, t + ∆)‖;
‖F n(p, φ, t)− F n(p̄, φ̄, t)‖ = ‖F (p, v(φp, t),

un
∗ (p, φ

p
t (φ)), un

∗ (p, φ
p, t + Θ))− F (p̄, v(φ̄p̄, t),

un
∗ (p̄, φ

p̄
t (φ̄)), un

∗ (p̄, φ̄
p̄, t + Θ))‖ ≤

≤ ξ1{ω(|p− p̄|) + ‖v(φp, t)− v(φ̄p̄, t)‖+
+‖un

∗ (p, φ
p
t (φ))− un

∗ (p̄, φ
p̄
t (φ̄))‖+

+‖un
∗ (p, φ

p, t + Θ)− un
∗ (p̄, φ̄

p̄, t + Θ)‖} ≤
≤ ξ1{Ξn

1 exp{n + 3, p, φ, φ̄, ν, t}+

+ζV 0
∗ exp{αΘ∗} exp{1, p, φ, φ̄, ν, t}+

+Ūn
∗ exp{n + 3, p, φ, φ̄, ν, t}+ Ūn

∗ exp{αΘ∗}×
× exp{n + 3, p, φ, φ̄, ν, t}} ≤
≤ Ξ2

2 exp{n + 3, p, φ, φ̄, ν, t},
äå

Ξ2
2 = ξ1{Ξn

1 + ζV 0
∗ exp{αΘ∗}+

+Ūn
∗ + Ūn

∗ exp{αΘ∗}}.
Òåïåð íåâàæêî çàïèñàòè íåðiâíiñòü

�Cn
3 (t) ≤ Ξ2

∗ exp{3, p, φ, φ̄, ν, t},
äå

Ξ2
∗ = dΞ2

2 + F0Ū
n
∗∗ exp{α∆∗}.

Íàðåøòi îäåðæó¹ìî îöiíêó

‖cn
∗ (p, φ, τ)− cn

∗ (p̄, φ̄, τ)‖ ≤
≤ (Kν + Ξn + Ξ2

∗) exp{3, p, φ, φ̄, ν, τ},

ùî ïðèâîäèòü äî íåðiâíîñòåé

In+1
2∗ (p) ≤

∫ ∞

−∞
K(Kν+

+Ξn + Ξ2
∗) exp{−(γ − αν

2(ν + 1)
)|τ |}×

×{‖φ− φ̄‖+ (n + 3)ω(|p− p̄|)} ν
2(ν+1) dτ ≤

≤ Ξn{‖φ− φ̄‖+ (n + 3)ω(|p− p̄|)} ν
2(ν+1) ,

äå

Ξn = K(Kν + Ξn + Ξ2
∗)

2

γ − αν
2(ν+1)

.

Òàêèì ÷èíîì ∀{φ, φ̄} ⊂ T∞ òà ∀{p, p̄} ∈
∈ [p1, p2] ñïðàâäæóþòüñÿ íåðiâíîñòi

‖un+1
∗ (p, φ)−un+1

∗ (p̄, φ̄)‖ ≤ In+1
1∗ (p)+In+1

2∗ (p) ≤
≤ Ūn+1

∗ {‖φ− φ̄‖+ (n + 3)ω(|p− p̄|)} ν
2(ν−1) ,

äå ÷åðåç Ūn+1
∗ ïîçíà÷åíî ñóìó S∗1 + Ξn. Öå

îçíà÷à¹ âèêîíàííÿ îöiíêè (10) ïðè âñiõ íà-
òóðàëüíèõ çíà÷åííÿõ k. Ëåãêî ïåðåâiðèòè
òàêîæ, ùî íåðiâíîñòi ç ôîðìóëþâàííÿ ëå-
ìè 1 çàáåçïå÷óþòü îöiíêó ‖uk

∗(p, φ)‖ ≤ d ïðè
âñiõ íàòóðàëüíèõ k, ùî çàâåðøó¹ äîâåäåííÿ
ëåìè.
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Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè
(P1) i ñïðàâäæóþòüñÿ íåðiâíîñòi

2K
{[

2C0(ξ1 + ξ2)
] 1

2 + 2P 0 + F0

}
< γ,

(
C0

2(ξ1 + ξ2)

) 1
2

≤ d <
γ − 2K(2P 0 + F0)

4(ξ1 + ξ2)K
.

Òîäi ðiâíÿííÿ (5) âèçíà÷à¹ iíâàðiàí-
òíèé òîð T∗(p), ïîðîäæóþ÷à ôóíêöiÿ ÿêîãî
u∗(p, φ) íåïåðåðâíà çà ñóêóïíiñòþ çìiííèõ
φ òà p.

Äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî äî
äîâåäåííÿ òåîðåìè 1. Ñïî÷àòêó çàóâàæèìî,
ùî ïðè óìîâàõ òåîðåìè 2 âèêîíóþòüñÿ óìî-
âè iíäóêòèâíî¨ ëåìè 1. Äàëi äîñòàòíüî ïî-
êàçàòè, ùî ïðè êîæíîìó ôiêñîâàíîìó p ∈
∈ [p1, p2] iñíó¹ iíâàðiàíòíèé òîð ñèñòåìè ðiâ-
íÿíü(5), ïîðîäæóþ÷à ôóíêöiÿ ÿêîãî u∗(p, φ)
¹ ãðàíèöåþ ïîñëiäîâíîñòi {uk

∗(p, φ)}∞k=1, ùî
çáiãà¹òüñÿ ðiâíîìiðíî âiäíîñíî (p, φ), îñêiëü-
êè çà ëåìîþ 1 êîæíà ç ôóíêöié uk

∗(p, φ) íå-
ïåðåðâíà çà ñóêóïíiñòþ çìiííèõ (p, φ).

Íåñêëàäíi, àëå ãðîìiçäêi ïåðåòâîðåííÿ
ïðèâîäÿòü äî íåðiâíîñòåé

‖ck
∗(p, φ, t)− ck−1

∗ (p, φ, t)‖ ≤
≤ {

(ξ1 + ξ2)2d + 2P 0 + F0

}×
×‖uk

∗(p, φ)− uk−1
∗ (p, φ)‖0,

‖uk
∗(p, φ)− uk−1

∗ (p, φ)‖0 =

= sup
{p∈[p1,p2],φ∈T∞}

‖uk
∗(p, φ)− uk−1

∗ (p, φ)‖,

ç ÿêèõ íåâàæêî îäåðæàòè îöiíêó

‖uk+1
∗ (p, φ)− uk

∗(p, φ)‖0 ≤

≤
(

2K[(ξ1 + ξ2)2d + 2P 0 + F0]

γ

)k

2d.

Ïðè óìîâàõ òåîðåìè 2K[(ξ1+ξ2)2d+2P 0+
+F0] < γ, îòæå ïîñëiäîâíiñòü {uk

∗(φ)}∞k=1

¹ ôóíäàìåíòàëüíîþ ó ïîâíîìó ìåòðè÷íîìó
ïðîñòîði M i ðiâíîìiðíî âiäíîñíî φ, p çáiãà¹-
òüñÿ çà íîðìîþ öüîãî ïðîñòîðó äî íåïåðåðâ-
íî¨ çà ñóêóïíiñòþ çìiííèõ ôóíêöi¨ u∗(p, φ).

Çàëèøà¹òüñÿ ïîêàçàòè, ùî öÿ ôóíêöiÿ
âèçíà÷à¹ iíâàðiàíòíèé òîð ðiâíÿííÿ (5).

Îñêiëüêè ôóíêöiÿ uk+1
∗ (p, φ) ïîðîäæó¹ ií-

âàðiàíòíèé òîð ñèñòåìè (9), òî ïðè âñiõ
k = 0, 1, 2, . . . ñïðàâäæóþòüñÿ ïîêîîðäèíà-
òíi ðiâíîñòi

duk+1
∗s (p, φp

t (φ))

dt
=

∞∑
j=1

{psj(p, φ
p
t (φ)) ×

× uk+1
∗j (p, φp

t (φ))+

+p1
sj(p, u

k
∗(p, φ

p
t (φ)), uk

∗(p, φ, t + Q))× (11)

×uk
∗j(p, φ

p
t (φ))− psj(p, φ

p
t (φ))uk

∗j(p, φ
p
t (φ))+

+fsj(p, v(φp, t), uk
∗(p, φ

p
t (φ)), uk

∗(p, φ, t + Θ)) ×
×uk

∗j(p, φ, t + ∆)
}

+cj(p, φ, t), s ∈ N, φ ∈ T∞.

Î÷åâèäíî, ùî ∀s ∈ N ðÿäè, ÿêi çíàõîäÿòüñÿ
â ïðàâèõ ÷àñòèíàõ îñòàííiõ ðiâíîñòåé, ìà-
æîðóþòüñÿ çáiæíèì ÷èñëîâèì ðÿäîì

∞∑
j=1

{
2 sup

(p,φ)

|psj(p, φ)|+ sup
D∗p

|p1
sj(p, x, χ)|+

+ sup
D∗p

|fsj(p, v, x, χ)|
}

d,

äå (p, φ) ∈ [p1, p2]×T∞. Öå äà¹ ìîæëèâiñòü ó
ðiâíîñòÿõ (11) ïåðåéòè äî ãðàíèöi ïðè k →
∞ i îäåðæàòè òîòîæíiñòü (6).
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