
ÓÄÊ 517.926

c©2010 ð. Ä.I. Ñïiæàâêà
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÂËÀÑÒÈÂIÑÒÜ ËÎÊÀËIÇÀÖI� ÐÎÇÂ'ßÇÊIÂ m-ÒÎ×ÊÎÂÎ� ÇÀÄÀ×I ÄËß
ÑÈÍÃÓËßÐÍÈÕ ÅÂÎËÞÖIÉÍÈÕ ÐIÂÍßÍÜ (ÂÈÏÀÄÎÊ m ≥ 3)

Äîâåäåíî, ùî ðîçâ'ÿçîê m-òî÷êîâî¨ çàäà÷i äëÿ ñèíãóëÿðíîãî åâîëþöiéíîãî ðiâíÿííÿ âî-
ëîäi¹ âëàñòèâiñòþ ëîêàëüíîãî ïîñèëåííÿ çáiæíîñòi.

We prove that the solution of m-point Problem for a singularly evolution equation has the
property of local strengthening of convergence.

Ó ïðàöÿõ [1,2] âñòàíîâëåíî êîðåêòíó
ðîçâ'ÿçíiñòü m-òî÷êîâî¨ çàäà÷i äëÿ åâîëþ-
öiéíèõ ðiâíÿíü ç ïñåâäî-Áåññåëåâèì îïåðà-
òîðîì ó êëàñi êðàéîâèõ óìîâ òèïó ðîçïî-
äiëiâ (ó [1] äîñëiäæåíî âèïàäîê m = 2, â
[2]� âèïàäîê m ≥ 3). Ðîçâ'ÿçîê u(t, x) òà-
êî¨ çàäà÷i ¹ ãëàäêîþ çà çìiííîþ x ôóíêöi¹þ,
ó òîé æå ÷àñ âiäïîâiäíó êðàéîâó óìîâó âií
çàäîâîëüíÿ¹ â ñåíñi óçàãàëüíåíèõ ôóíêöié,
òîáòî â ñëàáêîìó ðîçóìiííi çáiæíîñòi. Ïðè-
ðîäíî âèíèêà¹ çàïèòàííÿ: ÿêùî ãðàíè÷íà
óçàãàëüíåíà ôóíêöiÿ çáiãà¹òüñÿ íà äåÿêié
âiäêðèòié ìíîæèíi ç ãëàäêîþ ôóíêöi¹þ, òî
÷è áóäå òîäi âiäáóâàòèñÿ ëîêàëüíå ïîñèëåí-
íÿ çáiæíîñòi âêàçàíîãî ðîçâ'ÿçêó (ëîêàëüíà
ðiâíîìiðíà àáî ïîòî÷êîâà çáiæíiñòü ðîçâ'ÿç-
êó). Ó ïðàöi [1] äà¹òüñÿ ïîçèòèâíà âiäïî-
âiäü íà ïîñòàâëåíå çàïèòàííÿ ó âèïàäêó äâî-
òî÷êîâî¨ çàäà÷i. Òóò äîñëiäæó¹òüñÿ âêàçà-
íà âëàñòèâiñòü ðîçâ'ÿçêó m-òî÷êîâî¨ çàäà÷i,
äå m ≥ 3. Âèäiëåíî ïåâíèé êëàñ X ′ êðàéî-
âèõ óìîâ (óçàãàëüíåíèõ ôóíêöié òèïó ðîç-
ïîäiëiâ), ÿêèé ¹ âóæ÷èì, íiæ êëàñ êðàéî-
âèõ óìîâ, çíàéäåíèé â [1] òàêèé, ùî ðîçâ'ÿ-
çîê m-òî÷êîâî¨ çàäà÷i ç ãðàíè÷íîþ ôóíêöi-
¹þ ϕ ∈ X ′ âîëîäi¹ âëàñòèâiñòþ ëîêàëüíîãî
ïîñèëåííÿ çáiæíîñòi.

1. Ïðîñòîðè îñíîâíèõ òà óçàãàëüíå-
íèõ ôóíêöié. Íåõàé γ � ôiêñîâàíå ÷èñëî
ç ìíîæèíè (1; +∞) \ {2, 3, 4, . . .}, ν � ôi-
êñîâàíå ÷èñëî ç ìíîæèíè

{
3
2
, 5

2
, 7

2
, . . .

}
, p̃0 :=

2ν + 1, γ0 := 1 + [γ] + p̃0, M(x) := 1 + |x|,
x ∈ R,
Φ =

{
ϕ ∈ ∞(R) : |Dk

xϕ(x)| ≤ ck(1 + |x|)−(γ0+k),

k ∈ Z+} .

Ââåäåìî â Φ çëi÷åííó ñèñòåìó íîðì çà
ôîðìóëàìè

‖ϕ‖p := sup
x∈R

{
p∑

k=0

M(x)γ0+k|Dk
xϕ(x)|

}
,

ϕ ∈ Φ, p ∈ Z+;

ïðè öüîìó Φ ïåðåòâîðþ¹òüñÿ â ïîâíèé äî-
ñêîíàëèé çëi÷åííî-íîðìîâàíèé ïðîñòið [1].

Ñèìâîëîì
◦
Φ ïîçíà÷àòèìåìî ñóêóïíiñòü

óñiõ ïàðíèõ ôóíêöié ç ïðîñòîðó Φ ç âiäïî-
âiäíîþ òîïîëîãi¹þ. Öåé ïðîñòið íàçèâàòèìå-
ìî îñíîâíèì, à éîãî åëåìåíòè � îñíîâíèìè
ôóíêöiÿìè.

Ó ïðîñòîði
◦
Φ âèçíà÷åíà i íåïåðåðâíà îïå-

ðàöiÿ óçàãàëüíåíîãî çñóâó àðãóìåíòó T ξ
x :

T ξ
xϕ(x) = bν ·

π∫

0

ϕ
(√

x2 + ξ2 − 2xξ cos ω
)
×

× sin2ν ωdω, ϕ ∈ ◦
Φ,

äå bν = Γ (ν + 1) / (Γ (1/2) Γ (ν + 1/2)). Çà
äîïîìîãîþ îïåðàòîðà T ξ

x ó ïðîñòîði
◦
Φ âè-

çíà÷à¹òüñÿ çãîðòêà äâîõ ôóíêöié:

(ϕ ∗ ψ) (x) =

∞∫

0

T ξ
xϕ(x)ψ(ξ)ξ2ν+1dξ, {ϕ, ψ} ⊂ ◦

Φ .

Íà ôóíêöiÿõ ç ïðîñòîðó
◦
Φ âèçíà÷åíà îïå-
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ðàöiÿ ïåðåòâîðåííÿ Áåññåëÿ FBν :

FBν [ϕ](x) :=

∞∫

0

ϕ(σ)jν(σx)σ2ν+1dσ, ϕ ∈ ◦
Φ,

äå jν � íîðìîâàíà ôóíêöiÿ Áåññåëÿ. Ïðè
öüîìó FBν [ϕ] � ïàðíà, îáìåæåíà, íåïåðåðâ-
íà íà R i íåñêií÷åííî äèôåðåíöiéîâíà íà
R \ {0} ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó
∀s ∈ Z+ ∃cs > 0 : sup

x∈R\{0}
|xsDs

xFBν [ϕ](x)| ≤ cs;

ó ôóíêöi¨ Ds
xFBν [ϕ](x), x 6= 0, s ∈

N, iñíóþòü ñêií÷åííi îäíîñòîðîííi ãðàíè-
öi lim

x→±0
Ds

xFBν [ϕ](x); ôóíêöiÿ D2s
x FBν [ϕ](x),

x 6= 0, s ∈ N, ó òî÷öi x = 0 ìà¹ óñóâíèé
ðîçðèâ [1]. Ó ïðîñòîði

◦
Ψ := FBν

[ ◦
Φ

]
ââîäè-

òüñÿ ñòðóêòóðà çëi÷åííî-íîðìîâàíîãî ïðî-
ñòîðó çà äîïîìîãîþ ñèñòåìè íîðì [3]:

‖ψ‖p := sup
x∈(0;∞)

{
p∑

s=0

x2s|D2s
x ψ(x)|

}
,

ψ ∈ ◦
Ψ, s ∈ Z+.

Ïåðåòâîðåííÿ Áåññåëÿ âçà¹ìíî îäíîçíà-
÷íî i íåïåðåðâíî âiäîáðàæà¹

◦
Φ íà

◦
Ψ, ïðè

öüîìó F−1
Bν

âèçíà÷à¹òüñÿ ôîðìóëîþ

F−1
Bν

[ψ](σ) = cν

∞∫

0

ψ(x)jν(σx)x2ν+1dx,

ψ ∈ ◦
Ψ, cν =

(
22νΓ2 (ν + 1)

)−1
.

Ñèìâîëîì
( ◦
Φ

)′
ïîçíà÷àòèìåìî ïðîñòið

óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íàä
âiäïîâiäíèì ïðîñòîðîì îñíîâíèõ ôóíêöié
çi ñëàáêîþ çáiæíiñòþ. Åëåìåíòè ïðîñòîðó( ◦
Φ

)′
íàçèâàòèìåìî óçàãàëüíåíèìè ôóíêöi-

ÿìè.
Îñêiëüêè â îñíîâíîìó ïðîñòîði

◦
Φ âèçíà-

÷åíà îïåðàöiÿ óçàãàëüíåíîãî çñóâó àðãóìåí-
òó, òî çãîðòêó óçàãàëüíåíî¨ ôóíêöi¨ f ∈( ◦
Φ

)′
ç îñíîâíîþ ôóíêöi¹þ çàäàìî ôîðìó-

ëîþ
(f ∗ ϕ)(x) =< fξ, T

ξ
xϕ(x) >≡< fξ, T

x
ξ ϕ(ξ) >,

ϕ ∈ ◦
Φ,

äå fξ ïîçíà÷à¹ äiþ ôóíêöiîíàëó f çà çìií-
íîþ ξ; ïðè öüîìó f ∗ ϕ ¹ íåñêií÷åííî äèôå-
ðåíöiéîâíîþ ôóíêöi¹þ.

Ïåðåòâîðåííÿ Áåññåëÿ óçàãàëüíåíî¨ ôóí-
êöi¨ f ∈

( ◦
Φ

)′
âèçíà÷èìî çà äîïîìîãîþ ñïiâ-

âiäíîøåííÿ

< FBν [f ] , ϕ >=< f, F−1
Bν

[ϕ] >, ∀ϕ ∈ ◦
Ψ .

Iç âëàñòèâîñòi ëiíiéíîñòi i íåïåðåðâíî-
ñòi ôóíêöiîíàëó f òà ïåðåòâîðåííÿ Áåññåëÿ
(ïðÿìîãî òà îáåðíåíîãî) âèïëèâà¹ ëiíiéíiñòü
i íåïåðåðâíiñòü ôóíêöiîíàëó FBν [f ] íàä ïðî-
ñòîðîì

◦
Ψ.

Óçàãàëüíåíà ôóíêöiÿ f ∈
( ◦
Φ

)′
íàçèâà¹-

òüñÿ çãîðòóâà÷åì ó ïðîñòîði
◦
Φ, ÿêùî f ∗ϕ ∈

◦
Φ äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ ◦

Φ òà iç ñïiâ-
âiäíîøåííÿ ϕn → 0 ó ïðîñòîði

◦
Φ âèïëèâà¹

çáiæíiñòü f ∗ ϕn → 0 ó ïðîñòîði
◦
Φ. Äëÿ ïå-

ðåòâîðåííÿ Áåññåëÿ óçàãàëüíåíèõ ôóíêöié ç
ïðîñòîðó

( ◦
Φ

)′
ïðàâèëüíèì ¹ òàêå òâåðäæå-

ííÿ [1]: ÿêùî óçàãàëüíåíà ôóíêöiÿ f ∈
( ◦
Φ

)′

� çãîðòóâà÷ ó ïðîñòîði
◦
Φ, òî äëÿ äîâiëüíî¨

îñíîâíî¨ ôóíêöi¨ ϕ ∈ ◦
Φ ñïðàâäæó¹òüñÿ ôîð-

ìóëà FBν [f ∗ϕ] = FBν [f ] ·FBν [ϕ]. Íàäàëi êëàñ
óñiõ çãîðòóâà÷iâ ó ïðîñòîði

◦
Φ ïîçíà÷àòèìå-

ìî ñèìâîëîì
( ◦
Φ∗

)′
.

2. Îñíîâíi ðåçóëüòàòè. Ó ïðàöi [2] äî-
âåäåíî, ùî ðîçâ'ÿçîê íåëîêàëüíî¨ áàãàòîòî-
÷êîâî¨ çàäà÷i

∂u

∂t
+ Au = 0, (t, x) ∈ (0, T ]× R+ ≡ Ω+, (1)

µ1u(t, ·)|t=0 − µ1u(t, ·)|t=t1
− . . .−

−µmu(t, ·)|t=tm
= ϕ, (2)

äå A � ïñåâäî-Áåññåëåâèé îïåðàòîð [2], ϕ ∈( ◦
Φ∗

)′
, µ, µ1, . . . , µm > 0, µ >

m∑
k=1

µk, 0 <

t1 < . . . < tm = T , çàäîâîëüíÿ¹ ãðàíè÷íó
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óìîâó (2) â ñëàáêîìó ñåíñi (âiäïîâiäíi ãðà-
íèöi ðîçãëÿäàþòüñÿ ó ïðîñòîði

( ◦
Φ

)′
); ïðè

öüîìó ðîçâ'ÿçîê âêàçàíî¨ çàäà÷i ïîäà¹òüñÿ ó
âèãëÿäi çãîðòêè (ϕ ∗ Γ) (t, x), äå ϕ ∈

( ◦
Φ∗

)′
,

à Γ(t, ·) � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê m-
òî÷êîâî¨ çàäà÷i (1), (2) [2]. Ãðàíè÷íi ñïiââiä-
íîøåííÿ

u(t, ·) = (ϕ ∗ Γ) (t, ·)−→
t→ti

(ϕ ∗ Γ) (ti, ·) = u(ti, ·),

ti ∈ (0, T ], i ∈ {1, . . . , m},
ñïðàâäæóþòüñÿ ó ïðîñòîði

◦
Φ, îñêiëüêè

Γ(t, ·) −→ Γ(ti, ·) ïðè t → ti çà òîïîëîãi-
¹þ ïðîñòîðó

◦
Φ [2]. Çîêðåìà, çâiäñè äiñòà¹ìî,

ùî u(t, ·) −→ u(ti, ·) ïðè t → ti, ti ∈ (0, T ],
i ∈ {1, . . . , m}, ðiâíîìiðíî íà äîâiëüíîìó
âiäðiçêó [a, b] ⊂ R. Âêàçàíó çáiæíiñòü ó ñïiâ-
âiäíîøåííi (2) çíà÷íî ïîãiðøó¹ ïåðøèé äî-
äàíîê; öå ïîÿñíþ¹òüñÿ òèì, ùî äëÿ ôóíêöi¨
Γ(t, ·) òî÷êà t = 0 ¹ îñîáëèâîþ. Êðiì òîãî, ç
ðåçóëüòàòiâ, îòðèìàíèõ â [2] âèïëèâà¹, ùî

u(t, ·) = (ϕ ∗ Γ) (t, ·) −→
t→+0

ϕ∗ δ

µ− µ0

=
ϕ

µ− µ0

,

µ0 =
m∑

k=1

µk,

òîáòî âêàçàíå ãðàíè÷íå ñïiââiäíîøåííÿ
ñïðàâäæó¹òüñÿ ó ïðîñòîði

( ◦
Φ

)′
. Îäíàê, ïðè

ïåâíèõ îáìåæåííÿõ íà ãðàíè÷íó óçàãàëü-
íåíó ôóíêöiþ ϕ ∈

( ◦
Φ∗

)′
ìîæíà îòðèìà-

òè ëîêàëüíå ïîñèëåííÿ çáiæíîñòi çãîðòêè
(ϕ ∗ Γ) (t, x) ïðè t → +0.

Ñèìâîëîì
( ◦
Φ0,∗

)′
ïîçíà÷èìî ñóêóïíiñòü

óñiõ óçàãàëüíåíèõ ôóíêöié ç ïðîñòîðó ϕ ∈( ◦
Φ0

)′
, ÿêi ¹ çãîðòóâà÷àìè ó ïðîñòîði

◦
Φ0.

Ïðàâèëüíèì ¹ íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé ϕ ∈

( ◦
Φ0,∗

)′
, u(t, x)

ðîçâ'ÿçîê çàäà÷i (1), (2) ç ãðàíè÷íîþ ôóí-
êöi¹þ ϕ. ßêùî ϕ = 0 íà âiäêðèòié ìíîæèíi
Q ⊂ R, òî ãðàíè÷íå ñïiââiäíîøåííÿ

µ lim
t→+0

u(t, x)− µ1 lim
t→t1

u(t, x)− . . .−

−µm lim
t→tm−0

u(t, x) = 0 (3)

ñïðàâäæó¹òüñÿ ðiâíîìiðíî âiäíîñíî x íà
âiäðiçêó [a, b] ⊂ Q.

Äîâåäåííÿ. Ïåðåäóñiì äîâåäåìî, ùî
u(t, x) → 0 ïðè t → +0 ðiâíîìiðíî íà âiä-
ðiçêó [a, b]. Îñêiëüêè [a, b] ⊂ Q, òî çíàéäå-
òüñÿ âiäðiçîê [c, d] ⊂ Q, ÿêèé ìiñòèòèìå â
ñîái âiäðiçîê [a, b]. Äàëi ïîáóäó¹ìî ôóíêöiþ
ψ ∈ ◦

Φ ç íîñi¹ì â Q òàêó, ùî ψ(ξ) = 1 äëÿ
ξ ∈ [c, d], 0 ≤ ψ(ξ) ≤ 1 äëÿ ξ ∈ Q \ [c, d]

(òàêà ôóíêöiÿ iñíó¹, áî D(R) ⊂ ◦
Φ). Îñêiëü-

êè ïðè êîæíîìó t ∈ (0, T ] i x ∈ R ôóíêöi¨
ϕ(ξ)T x

ξ Γ(t, ξ), (1− ψ(ξ)) T x
ξ Γ(t, ξ) ÿê ôóíêöi¨

ξ ¹ åëåìåíòàìè ïðîñòîðó
◦
Φ, òî ïðàâèëüíîþ

¹ ðiâíiñòü
u(t, x) =< ϕξ, ψ(ξ)T x

ξ Γ(t, ξ) > +

< ϕξ, η(ξ)T x
ξ Γ(t, ξ) >,

äå η = 1 − ψ. Îñêiëüêè óçàãàëüíåíà ôóí-
êöiÿ ϕ äîðiâíþ¹ íóëåâi â îáëàñòi Q ⊂ R,
à supp

(
ψ(ξ)T x

ξ Γ(t, ξ)
) ⊂ Q, òî ç îñòàííüîãî

ñïiââiäíîøåííÿ äiñòà¹ìî, ùî
u(t, x) = tα < ϕξ, t

−αη(ξ)T x
ξ Γ(t, ξ) >,

äå α > 0 � äåÿêèé ïàðàìåòð, êîíêðåòíå
çíà÷åííÿ ÿêîãî ìè âêàæåìî ïiçíiøå. Êîæíà
óçàãàëüíåíà ôóíêöiÿ ϕ ∈

( ◦
Φ0,∗

)′
⊂

( ◦
Φ0

)′
⊂

⊂
( ◦
Φ

)′
ìà¹ íóëüîâèé ïîðÿäîê, òîáòî

|u(t, x)| ≤ tα‖ϕ‖0 · ‖Ψt,x‖0 ,

äå Ψt,x(ξ) = t−αη(ξ)T x
ξ Γ(t, ξ), ‖ϕ‖0 � íîð-

ìà ôóíêöiîíàëó ϕ. Îòæå, äëÿ äîâåäåííÿ òî-
ãî, ùî u(t, x) −→ 0 ïðè t → +0 ðiâíîìið-
íî íà âiäðiçêó [a, b] ⊂ Q, äîñèòü âñòàíîâè-
òè, ùî ñóêóïíiñòü ôóíêöié Ψt,x îáìåæåíà
çà íîðìîþ ïðîñòîðó

◦
Φ0, òîáòî ‖Ψt,x‖0 ≤ c0,

ïðè÷îìó ñòàëà c0 íå çàëåæèòü âiä ïàðàìå-
òðiâ t i x, ÿêi çìiíþþòüñÿ íàñòóïíèì ÷è-
íîì: t ∈ (0, t1) ⊂ (0, T ], x ∈ [a, b]. Îñêiëü-
êè Ψt,x(ξ) = 0 äëÿ ξ ∈ [c, d], òî îöiíêó
‖Ψt,x‖0 ≤ c0 äîñèòü äîâåñòè äëÿ ξ ∈ R\ [c, d].

Ôóíêöiÿ ψ ∈ ◦
Φ =

∞⋂
j=0

◦
Φj, çîêðåìà, ψ ∈ ◦

Φ0.

Îòæå, |ψ(ξ)| ≤ c̃0/M(ξ)γ0 , ξ ∈ R, |η(ξ)| ≤ c̃′0,
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ξ ∈ R. Äàëi ñêîðèñòà¹ìîñÿ íåðiâíiñòþ (äèâ.
[2])

|Γ(t, x)| ≤ c |Γ2(t, x)| , (t, x) ∈ (0, t1)× R+,

äå Γ2(t, ξ) � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê
äâîòî÷êîâî¨ çàäà÷i

∂u

∂t
+ Au = 0, (t, x) ∈ (0, t1)× R+,

µu(t, ·)|t=0 − µ0u(t, ·)|t=t1
= ϕ,

ç ãðàíè÷íîþ ôóíêöi¹þ ϕ ∈
( ◦
Φ0,∗

)′
, ç ÿêî¨

âèïëèâà¹, ùî äëÿ t ∈ (0, t1) ñïðàâäæó¹òüñÿ
íàñòóïíà íåðiâíiñòü

|T x
ξ Γ(t, x)| = |T x

ξ Γ(t, ξ)| ≤ c̃ |T x
ξ Γ2(t, ξ)|,

Iç ðåçóëüòàòiâ, îòðèìàíèõ â [1] ùîäî îöi-
íîê ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó äâîòî÷êî-
âî¨ çàäà÷i âèïëèâà¹, ùî äëÿ |x− ξ| ≥ a0 > 0
ïðàâèëüíîþ ¹ íåðiâíiñòü

|T x
ξ Γ2(t, ξ)| ≤ βtν−1/2|x− ξ|−γ0 , t ∈ (0, t1),

γ0 = [γ] + 2ν + 2,

äå ñòàëà β > 0 íå çàëåæèòü âiä t, à ν−1/2 >
0.

ßêùî ξ ∈ [c, d], x ∈ [a, b], [a, b] ⊂ [c, d],
òî |x − ξ| ≥ a0, äå a0 = min{a − c, d − b}.
Çàçíà÷èìî òàêîæ, ùî

∃L > 0 ∀x ∈ [a, b] ∀ξ ∈ R \ [c, d] :

M(ξ)/|x− ξ| ≤ L.

Óðàõóâàâøè öi çàóâàæåííÿ çíàõîäèìî, ùî

M(ξ)γ0|η(ξ)| · |T x
ξ Γ(t, ξ)| ≤ c̃ · c̃′0M(ξ)γ0×

×|T x
ξ Γ2(t, ξ)| ≤ c̃′0·c̃βtν−1/2 M(ξ)γ0

|x− ξ|γ0
≤ L̃·tν−1/2,

L̃ = c̃′0c̃βL, t ∈ (0, t1), ξ ∈ R\ [c, d], x ∈ [a, b],

ñòàëà L̃ > 0 íå çàëåæèòü âiä t i x. Ïîêëà-
äåìî òåïåð α = ν − 1/2. Òîäi ‖Ψt,x‖0 ≤ β̃,
β̃ = L̃‖ϕ‖0 , ñòàëà β̃ íå çàëåæèòü âiä t i x, à
|u(t, x)| ≤ β̃tν−1/2, ∀x ∈ [a, b]. Öèì äîâåäåíî,
ùî u(t, x) → 0 ïðè t → +0 ðiâíîìiðíî ïî
x ∈ [a, b].

Çàóâàæèìî, ùî iç ðåçóëüòàòiâ, îòðèìàíèõ
â [2], âèïëèâà¹ ñïiââiäíîøåííÿ

µ1 lim
t→t1

u(t, ·)− . . .−µm lim
t→tm−0

u(t, ·) =
µ0ϕ

µ− µ0

,

ÿêå âèêîíó¹òüñÿ ðiâíîìiðíî âiäíîñíî x ∈
[a, b]. Çâiäñè âæå äiñòà¹ìî, ùî ãðàíè÷íå ñïiâ-
âiäíîøåííÿ (3) ñïðàâäæó¹òüñÿ ðiâíîìiðíî
âiäíîñíî x íà äîâiëüíîìó âiäðiçêó [a, b] ⊂ Q.

Òåîðåìà äîâåäåíà.
Ñèìâîëîì M ◦

Φ
ïîçíà÷àòèìåìî êëàñ ìóëü-

òèïëiêàòîðiâ ó ïðîñòîði
◦
Φ.

Òåîðåìà 2. Íåõàé ϕ ∈
( ◦
Φ0,∗

)′
, u(t, x) �

ðîçâ'ÿçîê çàäà÷i (1), (2) ç ãðàíè÷íîþ ôóí-
êöi¹þ ϕ, Q ⊂ R � âiäêðèòà ìíîæèíà,
[a, b] ⊂ Q. ßêùî óçàãàëüíåíà ôóíêöiÿ ϕ çái-
ãà¹òüñÿ â Q ç ôóíêöi¹þ g ∈ M ◦

Φ
, òî ãðàíè-

÷íå ñïiââiäíîøåííÿ

µ lim
t→+0

u(t, x)− µ1 lim
t→t1

u(t, x)− . . .−

−µm lim
t→tm−0

u(t, x) = g(x),

ñïðàâäæó¹òüñÿ ó êîæíié òî÷öi âiäðiçêà
[a, b].

Äîâåäåííÿ. Íåõàé [a, b] ⊂ [c, d] ⊂ Q, ψ �
îñíîâíà ôóíêöiÿ, ïîáóäîâàíà ïðè äîâåäåííi
òåîðåìè 1. Îñêiëüêè ψ(ϕ − g) = 0 â Q, òî
ψ(ϕ − g) = 0 íà [a, b], (1 − ψ)ϕ = 0 íà [c, d]
i çà äîâåäåíèì ó òåîðåìi 1 ãðàíè÷íi ñïiââiä-
íîøåííÿ

µ lim
t→+0

< ψ(ϕ− g), T x
ξ Γ(t, ξ) > = 0,

µ lim
t→+0

< (1− ψ)ϕ, T x
ξ Γ(t, ξ) > = 0,

µ1 lim
t→t1

< ψ(ϕ− g), T x
ξ Γ(t, ξ) >− . . .−

−µm lim
t→tm−0

< ψ(ϕ− g), T x
ξ Γ(t, ξ) > = 0,

µ1 lim
t→t1

< (1− ψ)ϕ, T x
ξ Γ(t, ξ) >− . . .−

−µm lim
t→tm−0

< (1− ψ)ϕ, T x
ξ Γ(t, ξ) > = 0

ñïðàâäæóþòüñÿ ðiâíîìiðíî âiäíîñíî x ∈
[a, b]. Êðiì òîãî,

u(t, x) = (ϕ ∗ Γ)(t, x) =< ϕ, T x
ξ Γ(t, ξ) >=
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=< ψ(ϕ− g), T x
ξ Γ(t, ξ) > +

+ < (1−ψ)ϕ, T x
ξ Γ(t, ξ) > + < ψg, T x

ξ Γ(t, ξ) >,

ïðè÷îìó

< ψg, T x
ξ Γ(t, ξ) >=

∞∫

0

T x
ξ Γ(t, ξ)×

× ψ(ξ)g(ξ)ξ2ν+1dξ ≡ J(t, x).

Óðàõóâàâøè çàóâàæåííÿ, çðîáëåíå ïðè
äîâåäåííi òåîðåìè 1, ðîáèìî âèñíîâîê, ùî
äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü âñòàíî-
âèòè, ùî J(t, x) −→ (ψg)(x)

µ−µ0
ïðè t → +0 ó

êîæíié òî÷öi x ∈ [a, b], îñêiëüêè ãðàíè÷íå
ñïiââiäíîøåííÿ

µ1 lim
t→t1

J(t, x)− . . .− µm lim
t→tm−0

J(t, x) =

=
µ0

µ− µ0

(ψg)(x),

âèêîíó¹òüñÿ ðiâíîìiðíî âiäíîñíî x ∈ [a, b].
Öå ïîÿñíþ¹òüñÿ òèì, ùî iç îçíà÷åííÿ çãîð-
òêè äâîõ ôóíêöié ó ïðîñòîði

◦
Φ âèïëèâà¹ çî-

áðàæåííÿ J(t, x) ó âèãëÿäi íàñòóïíî¨ çãîð-
òêè: J(t, x) = Γ(t, x) ∗ (ψg)(x). Îñêiëüêè ψg

� ôiíiòíà ôóíêöiÿ ç ïðîñòîðó
◦
Φ, òî ¨¨ ìî-

æíà ðîçóìiòè ÿê ôiíiòíèé ôóíêöiîíàë, ÿêèé
¹ çãîðòóâà÷åì ó ïðîñòîði

◦
Φ0. Çâiäñè âæå äi-

ñòà¹ìî, ùî

J(t, x) = Γ(t, x)∗(ψg)(x)−→
t→+0

δ

µ− µ0

∗(ψg)(x) =

=
(ψg)(x)

µ− µ0

ó êîæíié òî÷öi âiäðiçêà [a, b] ⊂ Q.
Òåîðåìà äîâåäåíà.
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