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Íàöiîíàëüíèé óíiâåðñèòåò âîäíîãî ãîñïîäàðñòâà òà ïðèðîäîêîðèñòóâàííÿ, Ðiâíå

ÓÇÀÃÀËÜÍÅÍÍß ÒÅÎÐÅÌÈ ÔËÅÒÒÀ
Íàâåäåíî óçàãàëüíåííÿ òåîðåìè Ôëåòòà.

We obtain a generalization of the Flette theorem.

Ïðî òåîðåìó Ôëåòòà ÿ äiçíàâñÿ çi ñïî-
ãàäiâ Â.Ê. Ìàñëþ÷åíêà ïðî Ì.I. Íàãíèáiäó
(äèâ. Ìèêîëà Iâàíîâè÷ Íàãíèáiäà ó ñïîãà-
äàõ, ×åðíiâöi, 2009). Öÿ òåîðåìà ìiñòèòüñÿ
òàêîæ ó ïîñiáíèêó [1] (çàäà÷à 38∗) i ïîäà-
¹òüñÿ ó âèãëÿäi.

Òåîðåìà 1. ßêùî ôóíêöiÿ f äèôåðåíöi-
éîâíà íà [a, b] i f ′(a) = f ′(b), òî ¹ òàêà òî÷-
êà c ∈ [a, b], ùî

f ′(c) =
f(c)− f(a)

c− a
.

Íàâîäæó óçàãàëüíåííÿ öüîãî òâåðäæåí-
íÿ.

Òåîðåìà 2. Íåõàé ôóíêöi¨ f i g äèôåðåí-
öiéîâíi íà [a, b], g′(x) 6= 0 äëÿ âñiõ x ∈ [a, b] i

f ′(a)

g′(a)
=

f ′(b)
g′(b)

. (1)

Òîäi ¹ òàêà òî÷êà c ∈ (a, b], ùî

f ′(c)
g′(c)

=
f(c)− f(a)

g(c)− g(a)
. (2)

Äîâåäåííÿ. Íà ïiäñòàâi òåîðåìè Äàðáó
[2, ñ. 224] g′(x) > 0 äëÿ âñiõ x ∈ [a, b] àáî
g′(x) < 0 äëÿ âñiõ x ∈ [a, b]. Íå îáìåæóþ÷è
çàãàëüíîñòi, ìîæíà ââàæàòè, ùî ñïðàâäæó¹-
òüñÿ ïåðøèé âèïàäîê. Òîäi ôóíêöiÿ g ¹ ñòðî-
ãî çðîñòàþ÷îþ íà [a, b] i, îòæå, ìà¹ îáåðíåíó
äèôåðåíöiéîâíó íà [m,M ] ôóíêöiþ g−1, äå
m = g(a) i M = g(b) (äèâ. [2, ñ. 172,196]).
Âèêîðèñòà¹ìî íåïåðåðâíi ôóíêöi¨

F (t) =





f(g−1(t))− f(a)

t− g(a)
, ÿêùî t ∈(m,M ],

f ′(a)

g′(a)
, ÿêùî t = m,

i
G(t) = f(g−1(t))− f(a).

Öi ôóíêöi¨ äèôåðåíöiéîâíi íà (m,M ] i
[m,M ] âiäïîâiäíî i

G′(m) = G′(M) = F (m). (3)
ßêùî G′(M) = F (M), òî çàâäÿêè (1) i

(3) òâåðäæåííÿ òåîðåìè ñïðàâäæó¹òüñÿ ïðè
c = b.

Ðîçãëÿíåìî âèïàäîê G′(M) 6= F (M).
Îñêiëüêè äëÿ ôóíêöi¨

H(t) = G(t)− F (M)(t− g(a)).

âèêîíóþòüñÿ ñïiââiäíîøåííÿ
H(m) = H(M) = 0 i H ′(m) = H ′(M) 6= 0,

òî
H(m + ε)H(M − ε) < 0

äëÿ äîñèòü ìàëîãî ε > 0. Òîìó íà ïiäñòàâi
òåîðåìè Áîëüöàíî�Êîøi [2, ñ. 168] iñíó¹ òàêà
òî÷êà ω ∈ (m+ε,M−ε), ùî H(ω) = 0. Îòæå,
F (ω) = F (M). Çà òåîðåìîþ Ðîëëÿ [2, ñ. 225]
iñíó¹ òî÷êà γ ∈ (ω,M), äëÿ ÿêî¨ F ′(γ) = 0,
òîáòî

f ′(g−1(γ))

g′(g−1(γ))(γ − g(a))
=

f(g−1(γ))− f(a)

(γ − g(a))2
.

Çâiäñè âèïëèâà¹, ùî ñïðàâäæó¹òüñÿ ðiâíiñòü
(2), äå c = g−1(γ).

Òåîðåìó 2 äîâåäåíî.
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