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Íàöiîíàëüíèé ëiñîòåõíi÷íèé óíiâåðñèòåò Óêðà¨íè, Ëüâiâ

ÌIØÀÍÀ ÇÀÄÀ×À ÄËß ÍÅËIÍIÉÍÎÃÎ ÓËÜÒÐÀÏÀÐÀÁÎËI×ÍÎÃÎ
ÐIÂÍßÍÍß Â ÍÅÖÈËIÍÄÐÈ×ÍIÉ ÎÁËÀÑÒI

Ó íåöèëiíäðè÷íèõ îáëàñòÿõ ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü
çi ñòåïåíåâèìè íåëiíiéíîñòÿìè. Çíàéäåíî êëàñè îáëàñòåé, â ÿêèõ iñíó¹ ¹äèíèé ðîçâ'ÿçîê ìiøà-
íî¨ çàäà÷i äëÿ âêàçàíîãî òèïó ðiâíÿíü òà îòðèìàíî îöiíêè òà ïîâåäiíêó ðîçâ'ÿçêó ïðè t →∞
çàëåæíî âiä âèõiäíèõ äàíèõ çàäà÷i.

A mixed problem for ultraparabolic equations that contain a power nonlinearities is considered
in non-cylindrical domains. The classes of domains in which the problem has the unique solution
are found. Some estimates and the behaviour for the solution as t → ∞ depending on the initial
data of the problem are found.

Ðîçâ'ÿçíiñòü êðàéîâèõ çàäà÷ äëÿ óëüòðà-
ïàðàáîëi÷íèõ ðiâíÿíü â öèëiíäðè÷íèõ îáëà-
ñòÿõ âèâ÷àëàñÿ ó ïðàöÿõ [1-4]. Çîêðåìà, ó
ïðàöÿõ [2-4] âñòàíîâëåíî óìîâè iñíóâàííÿ òà
¹äèíîñòi ðîçâ'ÿçêó ìiøàíîi çàäà÷i äëÿ óëü-
òðàïàðàáîëi÷íèõ ðiâíÿíü çi ñòåïåíåâèìè íå-
ëiíiéíîñòÿìè â ïðîñòîðàõ Ñîáîë¹âà. Âiäêðè-
òèì çàëèøàëîñÿ ïèòàííÿ iñíóâàííÿ ðîçâ'ÿç-
êó ìiøàíèõ çàäà÷ äëÿ óëüòðàïàðàáîëi÷íèõ
ðiâíÿíü â íåöèëiíäðè÷íèõ îáëàñòÿõ.

Ãiïåðáîëi÷íi òà ïàðàáîëi÷íi ðiâíÿííÿ â
íåöèëiíäðè÷íèõ îáëàñòÿõ âèâ÷àëàñÿ â ðÿäi
ðîáiò. Çîêðåìà, ó ïðàöÿõ [5,6] äëÿ äîñëiäæå-
ííÿ iñíóâàííÿ ñëàáêèõ ðîçâ'ÿçêiâ ìiøàíèõ
çàäà÷ äëÿ âêàçàíèõ òèïiâ ðiâíÿíü âèêîðè-
ñòàíî ìåòîä øòðàôó, â ïðàöÿõ [7,8] � ïåðå-
õiä äî öèëiíäðè÷íî¨ îáëàñòi. Çíàéäåíi óìî-
âè iñíóâàííÿ ðîçâ'ÿçêó ìiøàíèõ çàäà÷ çàëå-
æàòü âiä òèïó îáëàñòi (ÿê îáëàñòü ðîçøè-
ðþòüñÿ, ÷è ñïàäà¹ çi çðîñòàííÿì t). Ïîäiáíi
ðåçóëüòàòè òàêîæ îòðèìàíî â ðîáîòàõ [9,10].
Ïîðÿä ç ïèòàííÿì ðîçâ'ÿçíîñòi êðàéîâèõ çà-
äà÷ äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü âåëè-
êèé iíòåðåñ ïðåäñòàâëÿ¹ òàêîæ ïîâåäiíêà ¨õ
ðîçâ'ÿçêó ïðè t → ∞. Îöiíêè ðîçâ'ÿçêó çà-
äà÷i Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü
ðîçãëÿíóòî â [11], ïîâåäiíêó ðîçâ'ÿçêó ïðè
çðîñòàííi ÷àñîâî¨ çìiííî¨ äëÿ äåÿêèõ êëà-
ñiâ íåëiíiéíèõ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü
â öèëiíäðè÷íèõ îáëàñòÿõ îòðèìàíî â [3,4].

Ó öié ñòàòòi ðîçãëÿíóòî ìiøàíó çàäà÷ó

äëÿ íåëiíiéíîãî óëüòðàïàðàáîëi÷íîãî ðiâíÿ-
ííÿ â íåöèëiíäðè÷íié îáëàñòi. Ïðèêëàäîì
òàêî¨ îáëàñòi ¹ îáëàñòü, ÿêà ïðè ôiêñîâà-
íîìó x ìiñòèòü ïðàâó êðèâîëiíiéíó ìåæó,
çàäàíó ðiâíÿííÿì, i ïðÿìîëiíiéíó ëiâó ìå-
æó. Çíàéäåíî êëàñè îáëàñòåé âêàçàíîãî òè-
ïó, äëÿ ÿêèõ iñíó¹ ¹äèíèé ðîçâ'ÿçîê öi¹¨ çà-
äà÷i. Òàêîæ äëÿ îáëàñòi, ÿêà "çâóæó¹òüñÿ",
àáî îáìåæåíî çðîñòà¹, îòðèìàíî îöiíêó íîð-
ìè ðîçâ'ÿçêó çàäà÷i ïðè âåëèêèõ t.

Íåõàé Ω ⊂ Rn, D ⊂ Rl � îáìåæå-
íi îáëàñòi ç ìåæåþ ∂Ω ∈ C1 òà ∂D ∈
C1 âiäïîâiäíî, T � ôiêñîâàíå ÷èñëî ç ïðî-
ìiæêà (0,∞), α(t), t ∈ [0, T ], � íåïå-
ðåðâíî äèôåðåíöiéîâíà ôóíêöiÿ, òàêà, ùî
α(0) = 1, α(t) > 0 äëÿ âñiõ t,
Dt = {y : y = α(t) · z, z ∈ D}, x ∈ Ω,
y ∈ Dt, 0 < t < T , Qτ = {(x, y, t) : x ∈ Ω,
y ∈ Dt, 0 < t < τ}, τ ∈ (0,∞), Q ≡ Q∞,
G = Ω×Dt.

Â îáëàñòi QT äëÿ äîâiëüíîãî T > 0 ðîç-
ãëÿíåìî ìiøàíó çàäà÷ó

ut+
l∑

i=1

λi(x, y, t)uyi
−

n∑
i,j=1

(aij(x, y, t)uxi
)xj

+

+c(x, y, t)u+g(x, y, t, u)=f(x, y, t); (1)
u|S1

T
= 0; (2)

u|ΣT
= 0; (3)

u(x, y, 0) = u0(x, y), (4)

74 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2010. Âèïóñê 501. Ìàòåìàòèêà.



äå ST ={(x, y, t) : x ∈ Ω, y∈∂Dt, 0 < t < T},
ΣT ={(x, y, t) : x ∈ ∂Ω, y ∈ Dt, 0 < t < T}
S1

T={(x, y, t) ∈ ST :
l∑

i=1

λi(x, y, t) cos(ν, yi) < 0},

S2
T ={(x, y, t)∈ST :

l∑
i=1

λi(x, y, t) cos(ν, yi)≥0},
ν � çîâíiøíÿ íîðìàëü äî ST .

Ââåäåìî ïðîñòîðè
V1(Q) = {v : v ∈ Lq(Q) ∩ L2(Q), vxi

, vyj
, vt ∈

L2(Q), i ∈ {1, . . . , n}, j ∈ {1, . . . , l},
v|S1

T
= 0, v|ΣT

= 0} ç íîðìîþ ‖v; V1(Q)‖ =

‖v; Lq(Q)‖ + ‖v; L2(Q)‖ +
l∑

j=1

‖vyj
; L2(Q)‖ +

n∑
i=1

‖vxi
; L2(Q)‖; V2(Q) = {v : v ∈ Lq(Q) ∩

L2(Q), vxi
∈ L2(Q), i ∈ {1, . . . , n}, v|ΣT

= 0} ç
íîðìîþ ‖v; V2(Q)‖ = ‖v; LqQ)‖+‖v; L2(Q)‖+
n∑

i=1

‖vxi
; L2(Q)‖.

Îçíà÷åííÿ 1. Ôóíêöiþ u ç ïðîñòîðó
V1(QT )∩C([0, T ]; L2(G)), íàçâåìî ðîçâ'ÿçêîì
ìiøàíî¨ çàäà÷i (1) � (4), ÿêùî âîíà çàäîâîëü-
íÿ¹ óìîâó (4) òà ðiâíiñòü

∫

QT

[
utv +

l∑
i=1

λi(x, y, t)uyi
v +

+
n∑

i,j=1

aij(x, y, t)uxi
vxj

+ c(x, y, t)uv +

+g(x, y, t, u)v − f(x, y, t)v

]
dx dy dt = 0 (5)

äëÿ âñiõ ôóíêöié v ∈ V2(QT ).
Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿííÿ (1) âè-

êîíóþòüñÿ óìîâè:

(A): aij ∈ L∞(0, T ; C(G)), aij = aji,
n∑

i,j=1

aij(x, y, t)ξiξj ≥ a0|ξ|2

äëÿ ìàéæå âñiõ (x, y, t) ∈ QT

òà âñiõ i, j ∈ {1, . . . , n},
a0 − äîäàòíà ñòàëà;

(Q): ÷èñëî q òàêå, ùî q ∈ (1,∞);

(C): c ∈ L∞(QT ), c(x, y, t) ≥ c0 > 0

äëÿ ìàéæå âñiõ (x, y, t) ∈ QT ,

c0 � ñòàëà;
(G): g(x, y, t, ξ) âèìiðíà çà (x, y, t)

â îáëàñòi QT äëÿ âñiõ ξ ∈ R1,

íåïåðåðâíà çà ξ äëÿ ìàéæå âñiõ
(x, y, t) ∈ QT ; |g(x, y, t, ξ)| ≤ g0|ξ|q−1,

(g(x, y, t, ξ)− g(x, y, t, η))(ξ − η) ≥
≥ g0|ξ − η|q äëÿ ìàéæå âñiõ
(x, y, t) ∈ QT òà âñiõ ξ, η ∈ R1,

äå g0, g0 � òàêi ñòàëi, ùî g0 > 0, à
g0 > 0 äëÿ q ≥ 2 i g0 = 0 äëÿ q ∈ (1, 2);

(L): λi ∈ L∞(0, T ; C(G)), λiyi
∈ L∞(QT )

äëÿ ìàéæå âñiõ (x, y, t) ∈ QT

òà âñiõ i ∈ {1, . . . , l};
(F): f ∈ L2(QT );

(U): u0 ∈ L2(G).

Íåõàé Q̃T = Ω × D × (0, T ), G̃ = Ω × D,
Σ̃T = ∂Ω×D × (0, T ), S̃T = Ω× ∂D × (0, T ).

Ðîçãëÿíåìî â îáëàñòi Q̃T äîïîìiæíó çà-
äà÷ó

wt+
l∑

i=1

(
λ̃i(x, z, t)

α(t)
− α′(t)

α(t)
zi

)
wzi
−

−
n∑

i,j=1

(ãij(x, z, t)wxi
)xj

+c̃(x, z, t)w+

+g̃(x, z, t, w)= f̃(x, z, t); (6)
w|S̃1

T
= 0, (7)

w|Σ̃T
= 0, (8)

w̃(x, z, 0) = u0(x, z), (9)

äå S̃1
T = {(x, z, t) ∈ S̃T :

l∑
i=1

(
λ̃i(x, z, t)

α(t)
− α′(t)

α(t)
zi

)
cos(ν1, zi) < 0},

S̃2
T = {(x, z, t) ∈ S̃T :
l∑

i=1

(
λ̃i(x, z, t)

α(t)
− α′(t)

α(t)
zi

)
cos(ν1, zi) ≥ 0},

ν1 � çîâíiøíÿ íîðìàëü äî S̃T , êîåôiöi¹íòè
ðiâíÿííÿ (6) òà (1) ïîâ'ÿçàíi ñïiââiäíîøåí-
íÿìè λ̃i(x, z, t) = λi(x, α(t)z, t), ãij(x, z, t) =
ai(x, α(t)z, t), c̃(x, z, t) = c(x, α(t)z, t),
g̃(x, z, t, w) = g(x, α(t)z, t, u(x, α(t)z, t)),

f̃(x, z, t) = f(x, α(t)z, t).
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Ïðèïóñêàòèìåìî, ùî äëÿ ôóíêöié λ̃i (i ∈
{1, . . . , l}) âèêîíó¹òüñÿ óìîâà

(S) : Iñíó¹ Γ̃1 ⊂ Rl−1 òàêå, ùî mes Γ̃1 > 0
i ïîâåðõíþ S̃1

T ìîæíà ïðåäñòàâèòè ó âèãëÿäi
S̃1

T = Ω× Γ̃1 × (0, T ).
Òàêîæ ïðèïóñòèìî, ùî S1

T = Ω × Γ1 ×
(0, T ), äå Γ1 → Γ̃1 ïðè çàìiíi y = α(t)z.

Ïîçíà÷èìî ÷åðåç Γ̃2 = ∂D\Γ̃1, V2(G̃) =
{v : v, vxi

, vyj
∈ L2(G̃), i ∈ {1, . . . , n}, j ∈

{1, . . . , l}|Σ̃T
= 0, v|Γ̃1

= 0}
Îçíà÷åííÿ 2. Ôóíêöiþ w ç ïðîñòîðó

V1(Q̃T )∩C([0, T ]; L2(G̃)), íàçâåìî ðîçâ'ÿçêîì
ìiøàíî¨ çàäà÷i (6) � (9), ÿêùî âîíà çàäîâîëü-
íÿ¹ óìîâó (9) òà ðiâíiñòü
∫

Q̃T

[
wtṽ+

l∑
i=1

(
λ̃i(x, z, t)

α(t)
−α′(t)

α(t)
zi

)
wzi

ṽ+

+
n∑

i,j=1

ãij(x, z, t)wxi
ṽxj

+ c̃(x, z, t)wṽ +

+g̃(x, z, t, w)ṽ − f̃(x, z, t)ṽ

]
dxdzdt = 0(10)

äëÿ âñiõ ôóíêöié ṽ ∈ V2(Q̃T ).
Çàóâàæèìî, ùî äîïîìiæíó çàäà÷ó (6)�

(9) ðîçãëÿäà¹ìî â îáìåæåíié öèëiíäðè÷íié
îáëàñòi. Äîâåäåìî óìîâè iñíóâàííÿ ¹äèíîãî
ðîçâ'ÿçêó öi¹¨ çàäà÷i.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
(A), (Q), (C), (G), (L), (F), (U), (S̃) i, êðiì
òîãî,

1) α(t) ∈ C2[0,∞), α(0) = 1,

2)ãizj
, ãixi

, ãit, c̃zj
, c̃t ∈ L∞(QT ), f̃zj

, f̃t ∈
L2(Q̃T ), u0 ∈ V2(G̃), i ∈ {1, . . . , n}, j ∈
{1, . . . , l};

3) iñíóþòü òàêi ñòàëi g1, g2, ùî äëÿ ìàéæå
âñiõ (x, z, t) ∈ QT òà âñiõ i ∈ {1, . . . , l}, ξ ∈
R1 âèêîíóþòüñÿ íåðiâíîñòi |g̃zi

(x, z, t, ξ)| ≤
g1|ξ|q−1, |g̃t(x, z, t, ξ)| ≤ g2|ξ|q−1, ïðè÷îìó ïðè
q > 2 ÷èñëà g1 = 0, g2 = 0;

4) f |S̃1
T

= 0;

5) ÿêùî n + l > 2, òî 2 < q < 2(n+l)
n+l−2

, â
iíøîìó âèïàäêó 1 < q < +∞,

6) λ̃izi
− α′(t)
α(t)

∈ L∞(Q̃T ).

Òîäi iñíó¹ ðîçâ'ÿçîê ìiøàíî¨ çàäà÷i (6) � (9).

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (A),
(B), (C), (G), (L), (Q), (S). Òîäi çàäà÷à (6) �
(9) íå ìîæå ìàòè áiëüøå îäíîãî ðîçâ'ÿçêó.

Äîâåäåííÿ. Äîâåäåííÿ öèõ òåîðåì ìî-
æíà ïðîâåñòè ïîäiáíî äî òåîðåìè 1 [2].

Çàóâàæåííÿ 1. ßêùî ôóíêöiÿ w ¹
ðîçâ'ÿçêîì çàäà÷i (6) � (9), òî ôóíêöiÿ u ≡
w(x, y

α(t)
, t) ¹ ðîçâ'ÿçêîì çàäà÷i (1) � (4).

Ñïðàâäi, â ðiâíîñòi (10) âèêîíà¹ìî çàìiíó

z =
y

α(t)
, äå α(0) = 1.

Òîäi ïîçíà÷èìî w(x, y
α(t)

, t) = u(x, y, t),

v1(x, y
α(t)

, t) = v2(x, y, t) òà wzi
= α(t)uyi

,

wt = ut +
α′(t)
α(t)

l∑
i=1

uyi
yi, J(z, y) = 1

(α(t))l , à òà-

êîæ îáëàñòü Q̃ → Q, D̃ → D, G̃ → G. Ïîçíà-
÷èâøè v =

v2

(α(t))l
, çíàõîäèìî ðiâíiñòü (5).

Âðàõóâàâøè çàóâàæåííÿ 1, ç òåîðåì 1, 2
îòðèìà¹ìî óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿç-
êó çàäà÷i (1)�(4):

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè
(A), (Q), (C), (G), (L), (F), (U), (S) òîäi
ðîçâ'ÿçîê çàäà÷i (1)�(4) ¹äèíèé.

ßêùî, êðiì òîãî,
1) α(t) ∈ C2[0,∞), α(0) = 1;
2)aiyj

, aixi
, ait, cyj

, ct ∈
L∞(QT ), fyj

, ft ∈ L2(QT ), u0 ∈ V2(G), i ∈
{1, . . . , n}, j ∈ {1, . . . , l};

3) iñíóþòü òàêi ñòàëi g1, g2, ùî äëÿ ìàéæå
âñiõ (x, y, t) ∈ QT òà âñiõ i ∈ {1, . . . , l}, ξ ∈
R1 âèêîíóþòüñÿ íåðiâíîñòi |gyi

(x, y, t, ξ)| ≤
g1|ξ|q−1, |gt(x, y, t, ξ)| ≤ g2|ξ|q−1, ïðè÷îìó ïðè
q > 2 ÷èñëà g1 = 0, g2 = 0;

4) f |S1
T

= 0;

5) ÿêùî n + l > 2, òî 2 < q < 2(n+l)
n+l−2

, â
iíøîìó âèïàäêó 1 < q < +∞,

6) λiyi
− α′

α
∈ L∞(Q̃T ).

Òîäi iñíó¹ ðîçâ'ÿçîê ìiøàíî¨ çàäà÷i (1) � (4).
Çàóâàæåííÿ 2. Ðîçãëÿíåìî âèïàäîê l =

1, äëÿ âèçíà÷åíîñòi ðîçãëÿíåìî çàäà÷ó

ut− λ(x, y, t)uy−
n∑

i,j=1

(aij(x, y, t)uxi
)xj

+

+c(x, y, t)u+g(x, y, t, u)=f(x, y, t); (11)
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u|y=α(t) = 0; (12)
u|ΣT

= 0; (13)
u(x, y, 0) = u0(x, y), (14)

äå ΣT={(x, y, t) : x ∈ ∂Ω, y ∈ ∂Dt, 0 < t < T}.
Òîäi óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó

çàäà÷i (11)�(14) ìàòèìóòü âèãëÿä
Òåîðåìà 3′. Íåõàé âèêîíóþòüñÿ óìîâè

(A), (Q), (C), (G), (L), (F), (U), (S) òà óìîâè
1)�4) òåîðåìè 3 i, êðiì òîãî,

1) ÿêùî n > 1, òî 2 < q < 2(n+1)
n−1

, â iíøîìó
âèïàäêó 1 < q < +∞,

2) λ(x, 0, t) > 0.
Òîäi iñíó¹ ðîçâ'ÿçîê çàäà÷i (11) � (14). Çà
óìîâ òåîðåìè 2 öåé ðîçâ'ÿçîê ¹äèíèé.

Çàóâàæåííÿ 3. Óìîâè icíóâàííÿ ¹äèíî-
ãî ðîçâ'ÿçêó çàäà÷i (1)�(4), çàïèñàíi â òåî-
ðåìi 3, âèêîíóþòüñÿ â îáëàñòi QT äëÿ äî-
âiëüíîãî ôiêñîâàíîãî T . Òîìó u ∈ V1,loc(Q)∩
C(0,∞; L2(G)), äå V1,loc(Q) = {v : v ∈
V1(QT ) äëÿ äîâiëüíîãî T}.

Çàóâàæåííÿ 4. Ïðèêëàäàìè îáëàñòi
Dt, äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè òåîðåì ¹
îáëàñòü, â ÿêié D � îáìåæåíà îáëàñòü â Rl,
à äëÿ ôóíêöi¨ α (α ∈ C2((0, T ]), α(0) = 1)
âèêîíó¹òüñÿ îäíà ç óìîâ

1) 1 < α(t) < α, t ∈ [0,∞), äå α � ñòàëà,
α′ îáìåæåíà. (Îáëàñòü Dt "îáìåæåíî ðîçøè-
ðþ¹òüñÿ").

2) α ìîæå çðîñòàòè, àëå α′(t)
α(t)

¹ îáìåæåíèì
íà [0, +∞), òîáòî, α(t) < Cet, äå C � ñòàëà.
(Îáëàñòü Dt "ðîçøèðþ¹òüñÿ").

3) α íåçðîñòàþ÷à íà [0,∞) òà 0 < α0 ≤
α(t) ≤ 1, t ∈ [0,∞), äå α0 � ñòàëà. (Îáëàñòü
Dt "çâóæó¹òüñÿ").

4) ÿêùî l = 1, òî, íàïðèêëàä, 0 < α ≤(
1
2

+
∞∫
0

sup
Dt×Ω

λ(x, y, t) dt

)1/2

.

Îòðèìà¹ìî ïîâåäiíêó ðîçâ'ÿçêó çàäà÷i (1) �
(4) ïðè t →∞.

Ëåìà 1. Íåõàé ôóíêöiÿ F (·, ·, ·) � ãëàäêà
ôóíêöiÿ, âèçíà÷åíà â Qt. Òîäi âèêîíó¹òüñÿ
ðiâíiñòü

d

dt

∫

Dt

∫

Ω

F (x, y, t) dx dy =

=

∫

Dt

∫

Ω

d

dt
F (x, y, t) dx dy +

+
α′

α

∫

Γt

∫

Ω

F (x, y, t)(y, ν) dΓ1 (15)

äå ν � y - êîìïîíåíòè îäèíè÷íîãî âåêòîðà
çîâíiøíüî¨ íîðìàëi ν.

Äîâåäåííÿ. Âèêîíà¹ìî çàìiíó çìiííèõ:
y = α(t) · z [8, c. 1088]. Òîäi dy = α(t) dz, z ∈
D. ßêîáiàí ïåðåõîäó âiä çìiííèõ (yi, t) äî
(zi, t)

J =

∣∣∣∣
∂yi

∂zi

∂yi

∂t
∂t
∂zi

∂t
∂t

∣∣∣∣=
∣∣∣∣

(α(t))l α′(t)z
0 1

∣∣∣∣ = (α(t))l.

Òîäi

d

dt

∫

Dt

∫

Ω

F (x, y, t) dx dy =

=
d

dt

∫

D

∫

Ω

F (x, α(t)z, t)(α(t))l dx dz =

=

∫

D

∫

Ω

Ft(x, α(t)z, t)(α(t))l dx dz +

+

∫

D

∫

Ω

l∑
i=1

∂F (x, α(t)z, t)

∂yi

α′(t)zi(α(t))ldxdz +

+l
α′(t)
α(t)

∫

D

∫

Ω

F (x, α(t)z, t)(α(t))l dx dz.

Ïîâåðòà¹ìîñÿ äî ïîïåðåäíiõ çìiííèõ

d

dt

∫

Dt

∫

Ω

F (x, y, t) dx dy=

∫

Dt

∫

Ω

Ft(x, y, t) dx dy +

+

∫

Dt

∫

Ω

l∑
i=1

∂F (x, y, t)

∂yi

yi

α(t)
α′(t) dx dy +

+l
α′(t)
α(t)

∫

Dt

∫

Ω

F (x, y, t) dx dy=

=

∫

Dt

∫

Ω

Ft(x, y, t) dx dy+
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+

∫

Γt

∫

Ω

l∑
i=1

F (x, y, t)yi cos(ν, yi)
α′(t)
α(t)

dΓ−

−l

∫

Dt

∫

Ω

F (x, y, t)
α′(t)
α(t)

dx dy +

+l
α′(t)
α(t)

∫

Dt

∫

Ω

F (x, y, t) dx dy =

=

∫

Dt

∫

Ω

Ft(x, y, t) dx dy +

+
α′(t)
α(t)

∫

Γt

∫

Ω

F (x, y, t)(y, ν) dΓ.

Çàóâàæåííÿ 5. Ñïðàâäæó¹òüñÿ ôîðìó-
ëà

d

dt

∫

Dt

∫

Ω

F (x, y, t) dx dy =

=

∫

Dt

∫

Ω

d

dt
F (x, y, t) dx dy +

+

∫

Dt

∫

Ω

l∑
i=1

∂F (x, y, t)

∂yi

yi

α(t)
α′(t) dx dy +

+l
α′(t)
α(t)

∫

Dt

∫

Ω

F (x, y, t) dx dy.

Çàóâàæåííÿ 6. Íåõàé l = 1, 0 < y <
α(t), α(0) = 1. Òîäi áóäå âèêîíóâàòèñÿ ôîð-
ìóëà




α(t)∫

0

∫

Ω

F (x, y, t) dxdy




t

=

=

α(t)∫

0

∫

Ω

Ft(x, y, t) dxdy +

+

∫

Ω

F (x, α(t), t)α′(t) dx

Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè
òåîðåìè 3 äëÿ äîâiëüíîãî T > 0 òà
1) 2ess inf

Q
c(x, y, t)−ess sup

Q

l∑
i=1

λiyi
(x, y, t) > 0;

2) äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ C1([0;∞)) òà-
êî¨, ùî ϕ(0) = 1, 0 ≤ ϕ′(t) ≤ kϕ(t), äå
0<k<2ess inf

Q
c(x, y, t)−ess sup

Q

l∑
i=1

λiyi
(x, y, t),

âèêîíó¹òüñÿ óìîâà
∞∫

0

ϕ(t)

∫

Dt

∫

Ω

f 2 dxdydt < +∞,

3) α′(t)
α(t)

< +∞ äëÿ t ∈ [0, T ],

4)
l∑

i=1

(
λi − α′(t)

α(t)
yi

)
cos(yi, ν) > 0 íà Γ2t.

Òîäi äëÿ âñiõ t > 0 ðîçâ'ÿçîê çàäà÷i (1)�
(4) çàäîâîëüíÿ¹ îöiíêó

∫

Dt

∫

Ω

u2 dx dy ≤ M

ϕ(t)
,

äå M � ñòàëà, ÿêà îáìåæó¹
∫∞
0

∫
Dt

∫
Ω

u2
0 dxdy,

∞∫
0

ϕ(t)
∫
Dt

∫
Ω

f 2 dxdydt, òà çàëåæèòü âiä
a0, c0, g0.

Äîâåäåííÿ. Âèáåðåìî â îçíà÷åííi 1 v =
uϕ(t), ϕ(0) = 0 [7, c. 1295] òà, âèêîðèñòàâøè
óìîâè òåîðåìè 4 òà ëåìó 1, îöiíèìî êîæåí
äîäàíîê ðiâíîñòi îêðåìî.

I1 ≡
τ∫

0

∫

Dτ

∫

Ω

utuϕ(t) dx dy dt=

=
1

2

∫

Dτ

∫

Ω

u2ϕ(τ) dxdy − 1

2

∫

D

∫

Ω

u2
0 dxdy −

−1

2

τ∫

0

∫

Dτ

∫

Ω

n∑
i=1

2uuyi

yiα
′(t)

α(t)
dxdydt−

− l

2

τ∫

0

∫

Dτ

∫

Ω

u2ϕ(t)
α′(t)
α(t)

dxdydt−

−1

2

τ∫

0

∫

Dτ

∫

Ω

u2ϕ′(t) dxdydt ≥

≥ 1

2

∫

Dτ

∫

Ω

u2ϕ(τ) dxdy − 1

2

∫

D

∫

Ω

u2
0 dxdy−
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−1

2

τ∫

0

∫

Γ2τ

u2α′(t)
α(t)

l∑
i=1

yi cos(yi, ν)ϕ(t) dΓ−

−1

2

τ∫

0

∫

Dτ

∫

Ω

ku2ϕ(t) dx dy dt;

I2 ≡
τ∫

0

∫

Dτ

∫

Ω

l∑
i=1

λi(x, y, t)uyi
uϕ(t) dx dy dt ≥

≥ 1

2

τ∫

0

∫

Γ2t

l∑
i=1

λi(x, y, t)|u|2 cos(yi, ν)ϕ(t) dΓ−

−λ1

2

τ∫

0

∫

Dτ

∫

Ω

|u|2ϕ(t) dx dy dt,

äå λ1 = ess sup
Q

l∑
i=1

λiy(x, y, t).

I3,4,5 ≡
τ∫

0

∫

Dτ

∫

Ω

[ n∑
i,j=1

aij(x, y, t)|uxi
|2 +

+c(x, y, t)|u|2+g(x, y, t, u)u

]
ϕ(t)dxdydt ≥

≥
τ∫

0

∫

Dτ

∫

Ω

[
a0

n∑
i=1

|uxi
|2 + c0|u|2 +

+g0|u|q
]
ϕ(t)dxdydt;

I6 ≡ −
τ∫

0

∫

Dτ

∫

Ω

f(x, y, t)uϕ(t) dx dy dt ≥

≥ −1

2

τ∫

0

∫

Dτ

∫

Ω

[
ε|u|2 − 1

ε
|f |2

]
ϕ(t) dx dy dt.

Íà ïiäñòàâi îöiíîê I1 � I6 ç (5) îäåðæèìî

∫

Dτ

∫

Ω

|u|2ϕ(τ) dxdy+

∫

Γ2τ

l∑
i=1

(
λi−α′(t)

α(t)
yi

)
×

×|u|2 cos(yi, ν)ϕ(t) dΓ +

τ∫

0

∫

Dt

∫

Ω

[
(−k − ε−

−λ1 + 2c0)ϕ(t)u2 + 2a0

n∑
i=1

|uxi
|2ϕ(t) +

+2g0|u|qϕ(t)

]
dx dy dt ≤

∫

D0

∫

Ω

|u0|2 dx dy +

+
1

ε

τ∫

0

∫

Dτ

∫

Ω

|f(x, y, t)|2ϕ(t) dx dy dt. (16)

Äëÿ 0 < k < −λ1+2c0 ç îöiíêè (16) çà óìîâè
l∑

i=1

(
λi − α′(t)

α(t)
yi

)
cos(yi, ν) > 0 âèïëèâà¹, ùî

∫

Dτ

∫

Ω

|u|2 dxdy ≤ 1

ϕ(τ)

1∫

0

∫

Ω

|u0|2 dx dy +

+
1

ϕ(τ)

τ∫

0

∫

Dτ

∫

Ω

|f |2ϕ(t)dxdydt≤ M1

ϕ(τ)
, (17)

äå ñòàëà M1 =
∫

D0

∫
Ω

|u0|2 dx dy +

1
ε

τ∫
0

∫
Dτ

∫
Ω

|f(x, y, t)|2ϕ(t) dx dy dt. Òåîðåìó
äîâåäåíî.

Çàóâàæåííÿ 7. Çàìiñòü ôóíêöi¨ ϕ(t),
íàïðèêëàä, ìîæíà âèáðàòè ôóíêöi¨ ekt àáî
(1+ t)k. Òîäi íà íåñêií÷åííîñòi ðîçâ'ÿçîê çà-
äà÷i (1) � (4) ñïàäà¹ ÿê e−kt àáî (1 + t)−k.

Íåõàé l = 1. Ðîçãëÿíåìî çàäà÷ó äëÿ ðiâ-
íÿííÿ (11), êðàéîâèìè óìîâàìè (12),

u|∂Ω×(0,α(t))×(0,∞) = 0 (18)

òà ïî÷àòêîâîþ óìîâîþ (14).
Òåîðåìà 4′. Íåõàé êîåôiöi¹íòè ðiâíÿííÿ

(1) çàäîâîëüíÿþòü óìîâè òåîðåìè 3′ i, êðiì
òîãî, 1) iñíó¹ òàêå ÷èñëî k, ùî

0 < k < 2ess inf
Q

c− ess sup
Q

λy;

2) äëÿ äîâiëüíî¨ íåïåðåðâíî-
äèôåðåíöiéîâíî¨ ïðè t ≥ 0 ôóíêöi¨ ϕ(t)
òàêî¨, ùî ϕ(0) = 1, 0 ≤ ϕ′(t) ≤ kϕ(t)
âèêîíó¹òüñÿ óìîâà äëÿ ôóíêöi¨ f :

∞∫

0

ϕ(t)

α(t)∫

0

∫

Ω

f 2(x, y, t) dx dy dt < +∞.
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Òîäi äëÿ ïðè âñiõ t > 0 äëÿ ðîçâ'ÿçêó çàäà÷i
(11), (12),(18), (14) ñïðàâäæó¹òüñÿ îöiíêà

α(t)∫

0

∫

Ω

u2(x, y, t) dxdy ≤ M

ϕ(t)
,

äå ñòàëà M çàëåæèòü âiä f, u0, ϕ.
Äîâåäåííÿ öi¹¨ òåîðåìè âèïëèâà¹ ç äîâå-

äåííÿ òåîðåìè 4, äå çàìiñòü îöiíîê ïåðøîãî
òà äðóãîãî äîäàíêó (I1, I2) â ïîïåðåäíié òå-
îðåìi âèêîíóþòüñÿ îöiíêè

I1 ≡
τ∫

0

α(t)∫

0

∫

Ω

utuϕ(t) dx dy dt ≥
çàóâàæåííÿ 6

≥ 1

2

[ α(τ)∫

0

∫

Ω

u2ϕ(t) dxdy −
1∫

0

∫

Ω

u2
0 dxdy −

−k

τ∫

0

α(t)∫

0

∫

Ω

u2ϕ(t) dx dy dt

]
;

I2 ≡ −
τ∫

0

α(t)∫

0

∫

Ω

λ(x, y, t)uyuϕ(t) dx dy dt ≥

≥ 1

2

τ∫

0

∫

Ω

λ(x, 0, t)|u|2ϕ(t) dx dt +

+
λ2

2

τ∫

0

α(t)∫

0

∫

Ω

|u|2ϕ(t) dx dy dt,

äå λ2 = esssup
Qt

λy Òåîðåìó äîâåäåíî.

Ðîçãëÿíåìî âèïàäîê l ≥ 1.
Òåîðåìà 5. Íåõàé âèêîíóþòüñÿ óìîâè

òåîðåìè 3 i 1 < α(t) ≤ α, äå α = const,
òà 2esssinf

Q
c(x, y, t)− esssup

Q

l∑
i=1

λiyi
(x, y, t) > 0,

÷èñëî q > 2, f ≡ 0, u0 6≡ 0. Òîäi äëÿ âñiõ
t > 0 âèêîíó¹òüñÿ îöiíêà

∫

Dt

∫

Ω

u2 dxdy ≤
[
C

t

] 2
q−2

,

äå C � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä êî-
åôiöi¹íòiâ çàäà÷i (1) � (4), ÷èñåë n, q òà

îáëàñòi Q; ÿêùî æ ‖u0; L
2(G)‖ ≡ 0, òî

‖u(·, ·, t); L2(G)‖ ≡ 0 äëÿ äîâiëüíîãî t > 0.
Äîâåäåííÿ. Íåõàé â ïîïåðåäíiõ òåîðåìàõ

ϕ(t) ≡ 1, f ≡ 0, u0 6≡ 0. Çàïèøåìî íåðiâíiñòü
(16) ó âèãëÿäi

∫

Dτ

∫

Ω

|u|2 dxdy +

∫

Γ2τ

l∑
i=1

(
λi − α′(t)

α(t)
yi

)
×

×|u|2 cos(yi, ν) dΓ ≤
τ∫

0

∫

Dτ

∫

Ω

[
(λ1 − 2c0)u

2 −

−2a0

n∑
i=1

|uxi
|2 − 2g0|u|q

]
dx dy dt +

+

∫

D0

∫

Ω

|u0|2 dx dy. (19)

Íåõàé g(τ) =

(
∫

Dτ

∫
Ω

u2 dxdy

)
. Ôóíêöiÿ

g(τ) � ñïàäíà, iíàêøå ç (19) âèïëèâà¹,
ùî u ≡ 0. ßêùî ‖u0; L

2(G)| ≡ 0, òî ç
(19), âèêîðèñòàâøè óìîâè òåîðåìè 5 òà íå-
ðiâíiñòü Ãðîíóîëà-Áåëëìàíà, çíàéäåìî, ùî
‖u; L2(G)| ≡ 0.

Íåõàé òåïåð ‖u0; L
2(G)| 6≡ 0, òîäi çà

óìîâ
l∑

i=1

(
λi − α′(t)

α(t)
yi

)
cos(yi, ν) ≥ 0 íà Γ2t

òà λ1 − 2c0 ≤ 0, çà äîïîìîãîþ íåðiâíîñòi
Ãåëüäåðà òà (19), îòðèìà¹ìî îöiíêó g(t) ≤

C3|G|(q−2)/q

(
∫

Dτ

∫
Ω

|u|q dxdy

)2/q

≤ C4|g′(t)|2/q,

äå C4 = |G|(q−2)/q

(2g0)2/q çà óìîâè |Dt| < mes |D| · α,

äå α(t) ≤ α ≡ const òîáòî, êîëè îáëàñòü Dt

çðîñòà¹ îáìåæåíèì ÷èíîì.
Ðîçâ'ÿçàâøè öþ íåðiâíiñòü, îòðèìà¹ìî

g(t) ≤ [
C
t

] 2
q−2 . Òåîðåìó äîâåäåíî.

Òåîðåìà 6. Íåõàé âèêîíóþòüñÿ óìîâè
òåîðåìè 3, f ≡ 0 òà âèêîíó¹òüñÿ îäíà ç óìîâ:
1) 1 < α(t) ≤ α, äå α = const òà
2ess inf

Q
c(x, y, t) − ess sup

Q

l∑
i=1

λiyi
(x, y, t) < 0,

a0 > C1(−c0 +
ess sup

Q

l∑
i=1

λiyi
(x,y,t)

2
), äå
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C1 = C
2(n+2)/n
0 |Ω|2/n, C0 = max

{
2(n−1)

n
; 3

2

}
,

|Ω| = mesΩ; ÷èñëî q > 2;

2) 2ess inf
Q

c(x, y, t)−ess sup
Q

l∑
i=1

λiyi
(x, y, t) > 0,

÷èñëî 1 < q ≤ 2.
Òîäi äëÿ âñiõ t > 0 âèêîíó¹òüñÿ îöiíêà

∫

Dt

∫

Ω

u2 dxdy ≤ (

∫

D

∫

Ω

u2
0 dxdy)e−Ct,

äå C � ñòàëà, ÿêà çàëåæèòü òiëüêè âiä êî-
åôiöi¹íòiâ çàäà÷i (1) � (4). Ó âèïàäêó 1)
C ≡ −ess sup

Q

l∑
i=1

λiyi
(x, y, t) + 2c0 + 2a0

C1
,

à ó âèïàäêó 2) C = 2esssinf
Q

c(x, y, t) −

esssup
Q

l∑
i=1

λiyi
(x, y, t) .

Äîâåäåííÿ. Íåõàé λy > 2c0. Òîäi çà íå-
ðiâíiñòþ Ïóàíêàðå-Ôðiäðiõñà

∫

Dt

∫

Ω

u2 dxdy ≤ C1

∫

Dt

∫

Ω

n∑
i=1

u2
xi

dxdy.

Çà óìîâè
n∑

i=1

(
λi − α′

α
yi

)
cos(yi, ν) > 0 íà Γ2 ç

(19) îäåðæèìî
∫

Dτ

∫

Ω

|u|2 dxdy ≤
τ∫

0

∫

Dτ

∫

Ω

[
(C1(λ

1 − 2c0)−

−2a0)
n∑

i=1

|uxi
|2 − 2g0|u|q

]
dx dy dt +

+

∫

D0

∫

Ω

|u0|2 dx dy.

Çâiäñè, ïîçíà÷èâøè g(t) =
∫
Dt

∫
Ω

|u|2 dx dy, çà

óìîâè C1(λ
1 − 2c0) − 2a0 < 0 îòðèìà¹ìî

∫
Dτ

∫
Ω

n∑
i=1

|uxi
|2 dx dy dt ≤ 1

C1(−λ1+2c0)+2a0
|g′(t)|.

Òîäi çà íåðiâíiñòþ Ïóàíêàðå-Ôðiäðiõñà

g(t) ≤ C1

∫

Dτ

∫

Ω

n∑
i=1

|uxi
|2 dx dy dt ≤

≤ C1

C1(−λ1 + 2c0) + 2a0

|g′(t)| ≡ C2|g′(t)|.

Âðàõóâàâøè, ùî g(t) ñïàäíà, çíàéäåìî
g(t) ≤ −C2g

′(t) òà g(t) ≤ g(0)e
− 1

C2
t
.

Äëÿ âèïàäêó 2) çà óìîâè λ1 − 2c0 < 0 ç
(19) îòðèìà¹ìî (−λ1+2c0)g(t) ≤ −g′(t). Òîäi
g(t) ≤ g(0)e−M1t, äå M1 = λ1− 2c0. Òåîðåìó
äîâåäåíî.
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