
ÓÄÊ 517.51, 517.98
c©2010 p. Â.Ê.Ìàñëþ÷åíêî, Ê.Ì.Ôiøìàí

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þ.Ôåäüêîâè÷à

ÄÎ ÏÈÒÀÍÍß ÏÐÎ ÅÊÂIÂÀËÅÍÒÍIÑÒÜ ÒÐÈÊÓÒÍÈÕ ÌÀÒÐÈÖÜ Â
ÀÍÀËIÒÈ×ÍÈÕ ÏÐÎÑÒÎÐÀÕ Ó ÊÐÓÇI

Çàïðîïîíîâàíî ìåòîä äëÿ ïåðåíåñåííÿ òåîðåì ïðî åêâiâàëåíòíiñòü ìàòðè÷íèõ îïåðàòîðiâ ç
ïðîñòîðó `1 íà ïðîñòîðè àíàëiòè÷íèõ ôóíêöié.

We suggest a new method for extension of theorems on the equivalence of the matrix operators
from the space `1 to the spaces of analytic functions.

Çàïðîïîíîâàíèé â [1] ìåòîä âñòàíîâëåí-
íÿ óìîâ ëiíiéíî¨ åêâiâàëåíòíîñòi íåñêií÷åí-
íèõ ìàòðèöü ç ôiíiòíèìè ðÿäêàìè â àíàëi-
òè÷íèõ ïðîñòîðàõ ó êðóçi ñòà¹ ìåíø åôå-
êòèâíèì ïðè ïåðåõîäi äî íèæíüîòðèêóòíèõ
ìàòðèöü. Ìåòîä çîâñiì íå çàñòîñîâíèé ó âè-
ïàäêó ñòðîãî íèæíüîòðèêóòíèõ ìàòðèöü ó
ïðîñòîði A∞ öiëèõ ôóíêöié.

Ó äàíié çàìiòöi ïðîïîíó¹òüñÿ iíøèé ïiä-
õiä äî âñòàíîâëåííÿ åêâiâàëåíòíîñòi, ùî áà-
çó¹òüñÿ íà ïåðåíåñåííi îçíàê åêâiâàëåíòíî-
ñòi ç äåÿêèõ áàíàõîâèõ ïðîñòîðàõ ó àíàëiòè-
÷íi ïðîñòîðè.

Ïîçíà÷èìî ÷åðåç AR /AR/ ïðîñòið àíàëi-
òè÷íèõ ôóíêöié ó êðóçi |z| < R /|z| ≤ R/ ç
çàãàëüíîïðèéíÿòîþ òîïîëîãi¹þ [2-4], à ÷åðåç
l(α), α = {αn}∞0 , αn > 0, � áàíàõîâèé ïðî-
ñòið êîìïëåêñíèõ ïîñëiäîâíîñòåé x = {xn}∞0
ç íîðìîþ ‖x‖ =

∞∑
n=0

|xn|αn < ∞.
Íåõàé N � íåñêií÷åííà ïiäìíîæèíà äî-

áóòêó N0 × N0, äå N0 = {0, 1, 2, ...}. Ïîçíà-
÷èìî ÷åðåç LN ìíîæèíó íåñêií÷åííèõ ìà-
òðèöü A = [aij]

∞
0 , äëÿ ÿêèõ

aij = 0 ïðè (i, j) /∈ N . (1)

×åðåç L(X) ïîçíà÷èìî ñóêóïíiñòü óñiõ ëi-
íiéíèõ íåïåðåðâíèõ îïåðàòîðiâ ó ïðîñòî-
ði X. Ó âñiõ ðîçãëÿíóòèõ òóò ïðîñòîðàõ
`(α), AR,AR ìàòðèöi çàäàþòü ëiíiéíi íå-
ïåðåðâíi îïåðàòîðè â ïðèðîäíîìó áàçèñi
{en}∞0 , en = {δni}∞i=0.

Îçíà÷åííÿ. Êàçàòèìåìî, øî ïîñëiäîâ-
íiñòü α = {αn}∞0 çàäîâîëüíÿ¹ óìîâó (R,N )

/(R,N )/, ÿêùî äëÿ êîæíîãî % < R /r > R/
iñíóþòü r < R /% > R/ i C > 0, òàêi, ùî

%i

rj
≤ C

αi

αj

äëÿ âñiõ (i, j) ∈ N . (2)

Òåîðåìà 1. Äëÿ òîãî, ùîá êîæíà ìàòðè-
öÿ A = [aij]

∞
0 , ùî íàëåæèòü äî LN ∩L(`(α)),

íàëåæàëà á i äî L(AR), íåîáõiäíî i äîñèòü,
ùîá ïîñëiäîâíiñòü α = {αn}∞n=0 çàäîâîëüíÿ-
ëà óìîâó (R,N ).

Äîâåäåííÿ. Äîñòàòíiñòü. Íåõàé âè-
êîíó¹òüñÿ (2) i A ∈ L(`(α)), òîáòî
sup

j

∑
i

|aij|αi

αj
< ∞. Çãiäíî ç ïðèïóùåííÿì

äëÿ êîæíîãî % < R ïðè âiäïîâiäíèõ çíà÷åí-
íÿõ r i C áóäåìî ìàòè:

sup
j

∑
i

|aij|%i

rj
≤ C sup

j

∑
i

|aij|αi

αj

< ∞,

òîáòî A ∈ L(AR) (äèâ. [5]).
Íåîáõiäíiñòü. Âèáåðåìî äåÿêó ñòðîãî

çðîñòàþ÷ó ïîñëiäîâíiñòü {rn}∞1 , lim
n→∞

rn = R.
Íåõàé óìîâà (2) íå âèêîíó¹òüñÿ. Òîäi iñíó¹
òàêå çíà÷åííÿ n, ùî äëÿ äîâiëüíèõ íàòó-
ðàëüíèõ m i k iñíóþòü (ik(m), jk(m)) ∈ N ,
òàêi, ùî

r
ik(m)
n

rjk(m)
> k3 αik(m)

αjk
(m)

(k,m = 1, 2, ...) (3)

i ïðè öüîìó (ik(m), jk(m)) 6= (ik′(m), jk′(m))
ïðè k 6= k′.

Ïîêëàäåìî

a
(m)
ij =

{ αj

αik2 ïðè (i, j) = (ik(m), jk(m), k ∈ N,

0 ó ðåøòi âèïàäêiâ.
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Ìàòðèöi Am = [a
(m)
ij ]∞0 íàëåæàòü äî LN ,

|a(m)
ij | ≤ αj

αi
,

Sm = sup
j

∑
i

|a(m)
ij |αi

αj

≤
∞∑
1

1

k2
< ∞

i Sm ≥ 1 äëÿ âñiõ m.
Ðîçãëÿíåìî ìàòðèöþ A = [aij]

∞
0 , äå

aij =
∞∑

m=1

1

m2Sm

a
(m)
ij .

Î÷åâèäíî, ùî A ∈ LN . Ìà¹ìî

sup
j

∑
i

|a(m)
ij |αi

αj

=

= sup
j

∑
i

∑
m

1

m2Sm

|a(m)
ij |αi

αj

=

= sup
j

∑
m

1

m2Sm

∑
i

|a(m)
ij |αi

αj

≤

≤ sup
j

∑
m

1

m2
< ∞.

Ç äðóãîãî áîêó, äëÿ äîâiëüíîãî m

sup
j

∑
i

|aij| r
i
n

rj
m

≥ sup
j

∑
i

1

m2Sm

|a(m)
ij | r

i
n

rj
m

=

=
1

m2Sm

sup
j

∑
i

|a(m)
ij | r

i
n

rj
m

≥

≥ 1

m2Sm

a
(m)
ik(m),jk(m) ·

r
ik(m)
n

r
jk(m)
m

≥ k

m2Sm

äëÿ êîæíîãî k = 1, 2, ..., îòæå,
sup

j

∑
i

|aij| ri
n

rj
m

= +∞ äëÿ êîæíîãî
m = 1, 2, .... Òàêèì ÷èíîì, ìàòðèöÿ A
íàëåæèòü äî LN ∩ L(`(α)) i íå íàëåæèòü äî
L(AR).

Àíàëîãi÷íî äîâîäèòüñÿ
Òåîðåìà 2. Äëÿ òîãî ùîá êîæíà ìàòðè-

öÿ A = [aij]
∞
0 , ùî íàëåæèòü äî LN ∩L(`(α)),

íàëåæàëà á i äî L(AR), íåîáõiäíî i äîñèòü,
ùîá α çàäîâîëüíÿëà óìîâó (R,N ).

Íåõàé N = {(i, j) : i ≥ j}. ßêùî
{

%i

αi

}∞
0

ìîíîòîííî ñïàäà¹ ïðè i ≥ i0(%), òî

%i

αi

≤ %j

αj

≤ rj

αj

ïðè i ≥ j ≥ i0(%) i % < r < R, îòæå, óìîâà
(2) âèêîíó¹òüñÿ. Òàê, íàïðèêëàä, ó äàíîìó
âèïàäêó óìîâà (2) âèêîíó¹òüñÿ ïðè αn = Rn

àáî ïðè αn = Rn

np , äå p > 0, ÿêùî % < r < R
àáî R < % < r, (n = 1, 2, ...), α0 = 1. Öþ æ
óìîâó ïðè R = ∞ çàäîâîëüíÿþòü ïîñëiäîâ-
íîñòi αn = n! i αn =

(
n
p

)n

, äå p > 0.
Íàãàäà¹ìî, ùî ìàòðèöi A i B åêâiâàëåí-

òíi ó ïðîñòîði X, ÿêùî iñíó¹ òàêèé içîìîð-
ôiçì T ïðîñòîðó X, ùî AT = TB.

Òåîðåìà 3. Íåõàé S = [sik]
∞
0 , äå sik =

αk

αk+1
ïðè i = k + 1 i sik = 0 ïðè i 6= k + 1, i

P = [pik]
∞
0 , pik = 0 (k ≥ i), pk+1,k 6= − αk

αk+1
i∑

i,k

|pik| αi

αk
< ∞. ßêùî α = {αn}∞0 çàäîâîëü-

íÿ¹ óìîâó (R,N )/(R,N )/ ç N = {(i, j) : i ≥
j}, òî ñóìà S + P åêâiâàëåíòíà äî S ó ïðî-
ñòîði AR /AR/.

Äîâåäåííÿ. Ïðîñòið `(α) içîìîðôíèé äî
ïðîñòîðó `1. Içîìîðôiçìîì ¹ âiäîáðàæåííÿ
Tα : `(α) → `1, Tαei = αiei. Ïðè òàêîìó içî-
ìîðôiçìi ìàòðèöi A = [aik] â `(α) âiäïîâiäà¹
ìàòðèöÿ Ã = [aik

αi

αk
] â `1. Íåõàé α = {αn}∞0

çàäîâîëüíÿ¹ óìîâó òåîðåìè 1. Ìàòðèöÿì S

i P âiäïîâiäàþòü â `1 ìàòðèöi S̃ = [s̃ik] i
P̃ = [p̃ik], äå s̃ik = 1 ïðè i = k + 1, s̃ik = 0
ïðè i 6= k + 1, p̃ik = 0 ïðè k ≥ i, p̃k+1,k 6= 1
i
∑
i,k

|p̃i,k| < ∞. Òîäi íà îñíîâi îäíîãî ðåçóëü-

òàòó Äæ. Ôðiìåíà [6] S̃ + P̃ i S̃ åêâiâàëåí-
òíi ó ïðîñòîði `1, à òîìó S + P i S åêâi-
âàëåíòíi â `(α), ïðè÷îìó içîìîðôiçì T , ùî
çäiéñíþ¹ åêâiâàëåíòíiñòü, i éîãî îáåðíåíèé
T−1 íèæíüîòðèêóòíi. Íà îñíîâi òåîðåìè 1 T
i T−1 � öå íåïåðåðâíi âiäîáðàæåííÿ â AR i
TT−1 = T−1T = I = [δik]. Äðóãå òâåðäæåííÿ
òåîðåìè äîâîäèòüñÿ àíàëîãi÷íî.

Òåîðåìà Ôðiìåíà áóëà óçàãàëüíåíà â [7].
Öèì æå ìåòîäîì îòðèìàíèé òàì ðåçóëüòàò
ìîæå áóòè ïåðåíåñåíèé íà àíàëiòè÷íi ïðî-
ñòîðè.
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Òåîðåìà 4. Íåõàé Λ = [λik]
∞
0 , äå λik =

λk ïðè i = k + 1 i λik = 0 ïðè i 6=
k + 1, ïðè÷îìó λn 6= 0 ïðè n = 0, 1, ..., i
sup
m≥n

m∏
k=n

|λk| αk+1

αk
< ∞. Íåõàé äàëi P =

[pik]
∞
0 , pik = 0 ïðè k ≥ j, pk+1,k 6= −λk ïðè

k = 0, 1, ... i
∑
j>k

∞∑
k=0

|λ−1
j−1| · ... · |λ−1

k ||pjk| < ∞.

Òîäi ÿêùî α = {αn}∞0 çàäîâîëüíÿ¹ óìîâó
(R,N ) /(R,N )/ ç N = {(i, j) : i ≥ j}, òî
ñóìà Λ+P åêâiâàëåíòíà äî Λ ó ïðîñòîði AR

/AR/.
Àíàëîãi÷íî, ñïèðàþ÷èñü íà ðåçóëüòàòè ç

[8], âñòàíîâëþ¹òüñÿ
Òåîðåìà 5. Íåõàé Λ = diag {λn}∞0 � äià-

ãîíàëüíà ìàòðèöÿ, ó ÿêî¨ λj 6= λk ïðè j 6= k i
P = [pik]

∞
0 � ñòðîãî íèæíüîòðèêóòíà ìàòðè-

öÿ, ùî çàäîâîëüíÿ¹ óìîâè:

a)max{sup
k

∞∑

j=k+1

mjk|pjk|αj

αk
, sup

j

j−1∑

k=0

mjk|pjk|αj

αk
, } < ∞,

äå mj0 = 1
|λj−λ0| ,

mjk = max{ 1
|λj−λk| ,

mjs

|λk−λs|mks
,

mjs

|λj−λk|mks

(s = 0, 1, ..., k − 1)};
á) iñíó¹ òàêå íàòóðàëüíå N , ùî

max{ sup
k≥N

∞∑

j=k+1

mjk|pjk|αj

αk
, sup
j>N

j−1∑

k=0

mjk|pjk|αj

αk
, } < 1.

Òîäi ÿêùî α = {αn}∞0 çàäîâîëüíÿ¹ óìîâó
(R,N ) /(R,N )/ ç N = {(i, j) : i ≥ j}, òî
ñóìà Λ+P åêâiâàëåíòíà äî Λ ó ïðîñòîði AR

/AR/.
Çàñòîñîâóþ÷è äâî¨ñòiñòü àíàëiòè÷íèõ

ïðîñòîðiâ, ç òåîðåì 3-5 îòðèìó¹ìî âiäïîâiä-
íi ðåçóëüòàòè ó ñïðÿæåíèõ ïðîñòîðàõ.

Òåîðåìà 3′. Íåõàé S = [ski]
∞
0 , äå ski =

αk

αk+1
ïðè i = k + 1 i ski = 0 ïðè i 6= k + 1,

P = [pki]
∞
0 , pki = 0 ïðè (k ≥ i), pk+1,k 6=

− αk

αk+1
i

∑
i,k

|pki| αi

αk
< ∞. ßêùî α = {αn}∞0

çàäîâîëüíÿ¹ óìîâó ( 1
R
,N )/( 1

R
,N )/ ç N =

{(i, j) : i ≥ j}, òî ñóìà S + P åêâiâàëåíòíà
äî S ó ïðîñòîði AR /AR/.

Òåîðåìà 4′. Íåõàé Λ = [λki]
∞
0 , äå λki =

λk ïðè i = k + 1 i λki = 0 ïðè i 6=
k + 1, ïðè÷îìó λk 6= 0 ïðè k = 0, 1, ...,

sup
m≥n

αm+1

αm

m∏
k=n

|λk| < ∞ i P = [pki]
∞
0 , pki = 0

ïðè k ≥ i, pk+1,k 6= −λk ïðè k = 0, 1, ...

i
∑
j>k

∞∑
k=0

|λ−1
j−1| · ... · |λ−1

k | |pkj| < ∞.

ßêùî α = {αn}∞0 çàäîâîëüíÿ¹ óìîâó ( 1
R
,N )

/( 1
R
,N )/ ç N = {(i, j) : i ≥ j}, òî ñóìà Λ+P

åêâiâàëåíòíà äî Λ ó ïðîñòîði AR /AR/.
Òåîðåìà 5′. Íåõàé Λ = diag {λn}∞0 � äià-

ãîíàëüíà ìàòðèöÿ, ó ÿêî¨ λj 6= λk ïðè j 6= k i
P = [pki]

∞
0 � ñòðîãî âåðõíüîòðèêóòíà ìàòðè-

öÿ, ùî çàäîâîëüíÿ¹ óìîâè:

a)max{sup
k

∞∑

j=k+1

mjk|pkj |αj

αk
, sup

j

j−1∑

k=0

mjk|pkj |αj

αk
, } < ∞;

á) iñíó¹ òàêèé íîìåð N , ùî

max{ sup
k≥N

∞∑

j=k+1

mjk|pkj |αj

αk
, sup
j>N

j−1∑

k=0

mjk|pkj |αj

αk
, } < 1.

ßêùî α = {αn}∞0 çàäîâîëüíÿ¹ óìîâó ( 1
R
,N )

/( 1
R
,N )/ ç N = {(i, j) : i ≥ j}, òî ñóìà Λ+P

åêâiâàëåíòíà äî Λ ó ïðîñòîði AR /AR/.
Ïðèêëàä. Ðîçãëÿíåìî îïåðàòîðè Q :

f(z) 7→ zf(z) òà J : f(z) 7→
z∫
0

f(ξ)dξ.
Äîâåäåìî, ñïèðàþ÷èñü íà òåîðåìó 3, ùî
Q ëiíiéíî åêâiâàëåíòíèé îïåðàòîðó Q +
m∑

ν=2

qν(z)Jν ó ïðîñòîði AR /AR/, ÿêùî ôóí-

êöi¨ qν(z) =
∞∑

n=0

qνnz
n òàêi, ùî

∞∑
n=0

|qνn|Rn <

∞ /
∞∑

n=0

|qνn|rn < ∞ äëÿ äåÿêîãî r > R/.
Âðàõîâóþ÷è ïîçíà÷åííÿ â òåîðåìi 3, ó âè-
ïàäêó AR ïîêëàäåìî αk = Rk(k = 0, 1, ...),
òîäi sik = 1

R
ïðè i = k + 1 òà sik = 0 ïðè

i 6= k+1. Äëÿ òîãî ùîá ïåðåêîíàòèñÿ ó ñïðà-
âåäëèâîñòi íàøîãî òâåðäæåííÿ, äîñèòü ïî-
êëàñòè P = 1

R
qν(z)Jν . Òîäi

pik =

{
0, i < k + 1,

qν,i−k−ν

R(k+1)·...·(k+ν)
, i ≥ k + 1.

Ïðè öüîìó pk+1,1 = 0 6= − 1
R
i

∑

i,k

|pik|αi

αk

=
∑

i,k

|qν,i−k−ν |Ri−k−ν

(k + 1) · ... · (k + ν)
=
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= Rν−1

∞∑

k=0

∞∑
j=0

|qνj|Rj

(k + 1) · ... · (k + ν)
≤

≤ Rν−1

∞∑

k=0

1

(k + 1)2

∞∑
j=0

|qνj|Rj < ∞.

Çàóâàæèìî, ùî ó âèðàçi îïåðàòîðà Q +
m∑

ν=2

qν(z)Jν ïiäñóìîâóâàííÿ, ïî÷èíàþ÷è ç
ν = 2 iñòîòíå, áî, ÿê ïîêàçàíî â [9] îïåðà-
òîð Q íå åêâiâàëåíòíèé äî Q− J ó ïðîñòîði
AR.

Ïðèêiíöåâèé êîìåíòàð ïåðøîãî
ñïiâàâòîðà. Öÿ ñòàòòÿ áóëà íàïèñàíà ó
1972 ðîöi i äåÿêi ç ¨¨ ðåçóëüòàòiâ óâiéøëè
äî äèïëîìíî¨ ðîáîòè [10], ùî âèêîíóâàëàñÿ
ïiä êåðiâíèöòâîì Ê.Ì. Ôiøìàíà. Ïiñëÿ ¨¨
âiäõèëåííÿ æóðíàëîì ¾Ìàò. çàìåòêè¿ ÷åðåç
íåñïðàâåäëèâó ðåöåíçiþ, âîíà òàê íiäå i íå
áóëà îïóáëiêîâàíà. Äåïîíîâàíà ñòàòòÿ [11]
ïîñòàëà â ðåçóëüòàòi  ðóíòîâíî¨ ïåðåðîáêè
öi¹¨ çàìiòêè, àëå òóäè óâiéøëè äàëåêî íå
âñi ïîäàíi òóò ðåçóëüòàòè. Áëàãîñëîâèâ ¨¨
ïîÿâó ñàì Ê.Ì. Ôiøìàí, ÿêèé ó 1973 ðîöi
ïðî÷èòàâ ¨¨ ïåðøó ðåäàêöiþ i çðîáèâ ñâî¨ çà-
óâàæåííÿ. Äî ðå÷i, öÿ ïåðøà ðåäàêöiÿ òåæ
áóëà âiäõèëåíà íà öåé ðàç óæå ¾Âåñòíèêîì
Ìîñêîâñêîãî óíèâåðñèòåòà¿. Ìàòåðiàë ñòàò-
òi [11] óâiéøîâ äî êàíäèäàòñüêî¨ äèñåðòàöi¨
[12], â ÿêié ¹ âêàçiâêà, ùî iäåÿ ðîçãëÿíóòîãî
ìåòîäó íàëåæèòü Ê.Ì. Ôiøìàíó. Íåõàé
æå ïóáëiêàöiÿ öi¹¨ ïðàöi, ÿêà ¹ ïåðøîþ
ìî¹þ íàóêîâîþ ñòàòòåþ, ùî áóëà íàïèñàíà
ðàçîì ç ìî¨ì íàóêîâèì êåðiâíèêîì, ñòàíå
ñâiòëèì âiäáëèñêîì òâîð÷îñòi ìîãî íåçàáó-
òíüîãî â÷èòåëÿ i äîäàñòüñÿ äî ñïèñêó éîãî
ïóáëiêàöié, ÿêèé ùå òðåáà âïîðÿäêóâàòè i
äîïîâíèòè.
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