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ÏÐÎ ÎÄÍÅ ÓÇÀÃÀËÜÍÅÍÍß ÏÎÍßÒÒß ÊÎÌÏÀÊÒÍÎÃÎ ÎÏÅÐÀÒÎÐÀ
ÍÀ ÏÐÎÑÒÎÐÀÕ Lp

Âèêîðèñòîâóþ÷è òåõíiêó Á. Ìàðå, ÿêó âií çàïðîïîíóâàâ äëÿ äîâåäåííÿ çíàìåíèòî¨ òå-
îðåìè Åíôëî ïðî ïðèìàðíiñòü ïðîñòîðó Lp, ìè ââîäèìî i äîñëiäæó¹ìî ïîíÿòòÿ ìiðè Ìàðå
äîâiëüíîãî ëiíiéíîãî íåïåðåðâíîãî îïåðàòîðà íà ïðîñòîði Lp i ïîíÿòòÿ îïåðàòîðà Ìàðå, ÿêå
ìîæíà ðîçãëÿäàòè ÿê óçàãàëüíåííÿ ïîíÿòòÿ êîìïàêòíîãî îïåðàòîðà íà ïðîñòîðàõ Lp. Îñíîâ-
íèé ðåçóëüòàò ñòâåðäæó¹, ùî êîæíèé îïåðàòîð, ÿêèé íå ¹ îïåðàòîðîì Ìàðå, ¹ içîìîðôiçìîì
íà äåÿêîìó ïiäïðîñòîði, içîìîðôíîìó Lp. Îñêiëüêè ìíîæèíà îïåðàòîðiâ Ìàðå ¹ ïiäïðîñòî-
ðîì ïðîñòîðó âñiõ ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ, ÿêèé íå ìiñòèòü òîòîæíîãî îïåðàòîðà,
öþ òåîðåìó ìîæíà ðîçãëÿäàòè ÿê óçàãàëüíåííÿ òåîðåìè Åíôëî ïðî ïðèìàðíiñòü.

Using a technique of B. Maurey which he has proposed for the proof of the famous En�o
theorem on primarity of the space Lp, we introduce and investigate a notion of Maurey measure
for arbitrary continuous linear operator acting on Lp and a notion of Maurey operator. The last
notion can be considered as a generalization of the notion of compact operator on Lp-spaces.
The main result asserts that every operator which is not a Maurey operator is an isomorphic
embedding on some subspace isomorphic to Lp. Since the set of all Maurey operators is a subspace
of the space of all continuous linear maps not containing the identity, this result can be considered
as a generalization of En�o's theorem on primarity.

Çíàìåíèòà òåîðåìà Åíôëî ïðî ïðèìàð-
íiñòü ñòâåðäæó¹, ùî ÿêùî ïðîñòið Lp =
Lp[0, 1] ïðè 1 ≤ p < ∞ ðîçáèòî ó ïðÿìó ñóìó
ñâî¨õ ïiäïðîñòîðiâ1 Lp = X⊕Y , òî, ïðèíàéì-
íi, îäèí ç öèõ ïiäïðîñòîðiâ içîìîðôíèé äî
Lp. Ïðè 1 < p < ∞ äîâåäåííÿ òåîðåìè Åí-
ôëî îïóáëiêîâàíî â [1]; ïðè p = 1 òâåðäæåí-
íÿ öi¹¨ òåîðåìè âè-ïëèâà¹ ç ðåçóëüòàòiâ ñòàòi
Åíôëî-Ñòàðáüîð-äà [2], à ïðè p = 2 ¹ î÷åâè-
äíèì. Ó [4, p. 179] ÷èòà÷ ìîæå îçíàéîìèòè-
ñÿ ç äîâåäåííÿì òåîðåìè Åíôëî, óçàãàëüíå-
íî¨ íà äåÿêi ïåðåñòàâëÿëüíî-iíâàðiàíòíi ïðî-
ñòîðè. Êðiì òîãî, äîâåäåííÿ òåîðåìè Åíôëî
äëÿ âèïàäêó 1 < p < ∞ îïóáëiêîâàíå ó çà-
ïèñêàõ ñåìiíàðó Ìàðå-Øâàðöà [3].

Ìåòîþ äàíî¨ ðîáîòè ¹ àíàëiç òåõíiêè, çà-
ïðîïîíîâàíî¨ àâòîðîì ðîáîòè [3] äëÿ äîâåäå-
ííÿ òåîðåìè Åíôëî. Äëÿ ôiêñîâàíîãî îïå-
ðàòîðà T ∈ L(Lp) ïðè 1 < p < ∞ ìè

1ïiäïðîñòið áàíàõîâîãî ïðîñòîðó, çãiäíî ç îçíà÷åííÿì, ïî-
âèíåí áóòè çàìêíåíèì

ââîäèìî ìiðó íà áîðåëiâñüêié σ-àëãåáði B
ïiäìíîæèí âiäðiçêà [0, 1], ¾ìàëiñòü¿ ÿêî¨, ó
ïåâíié ìiði, îçíà÷à¹ ¾ìàëiñòü¿ ñàìîãî îïå-
ðàòîðà (÷åðåç L(X) ìè ïîçíà÷à¹ìî ïðî-
ñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ îïåðàòî-ðiâ
T : X → X, ùî äiþòü íà áàíàõîâîìó ïðî-
ñòîði X). Öÿ ìiðà Ìàðå iíäóêó¹ íàïiâ-íîðìó
íà ïðîñòîði L(Lp). Îïåðàòîð T ∈ L(Lp) ìè
íàçèâà¹ìî îïåðàòîðîì Ìàðå, ÿêùî éîãî íà-
ïiâíîðìà äîðiâíþ¹ íóëþ. Îñíîâíèé ðåçóëü-
òàò ñòâåðäæó¹, ùî ÿêùî îïåðàòîð T ∈ L(Lp)
íå ¹ îïåðàòîðîì Ìàðå, òî âií ¹ îïåðàòîðîì
Åíôëî (çãiäíî ç [2], îïåðàòîð T ∈ L(Lp)
íàçèâà¹òüñÿ îïåðàòîðîì Åíôëî, ÿêùî iñíó¹
ïiäïðîñòið X ⊆ Lp, içîìîðôíèé äî Lp, òà-
êèé, ùî çâóæåííÿ T |X îïåðàòîðà T íà X ¹
içîìîðôíèì âêëàäåííÿì (òîáòî, îáìåæåíèì
çíèçó îïåðàòîðîì). Äîâåäåííÿ îñíîâíîãî ðå-
çóëüòàòó ñòèñëå, à äîâåäåííÿ ëåì, ÿêi ¹ ñòàí-
äàðòíèìè, ïðîïóùåíi.

Ïîçíà÷èìî ÷åðåç X îäèíè÷íó êóëþ ïðî-

38 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2010. Âèïóñê 501. Ìàòåìàòèêà.



ñòîðó L∞ çi ñëàáêîþ∗ òîïîëîãi¹þ σ(L∞, L1).
Äëÿ êîæíî¨ ìíîæèíè A ∈ B ïîêëàäåìî

X(A) =
{
h ∈ X : h2 = 1A,

∫

[0,1]

h dµ = 0
}
,

äå 1A � õàðàêòåðèñòè÷íà ôóíêöiÿ ìíîæè-
íè A ⊆ [0, 1]. Áóäåìî ðîçãëÿäàòè X(A) ç
òîïîëîãi¹þ, iíäóêîâàíîþ X. Äëÿ äîâiëüíî-
ãî T ∈ L(Lp) ó [3] ïîñëiäîâíî âèçíà÷åíî

M̃
T
(A) = lim sup

X(A)3h→0

∫

[0,1]

hTh, dµ

M
T
(A) = inf

{ n∑

k=1

M̃
T
(Ak) : n ∈ N, A =

n⊔

k=1

Ak

}
.

(1)
Íàâåäåìî äâà òâåðäæåííÿ ç [3], ÿêi ñòî-

ñóþòüñÿ âëàñòèâîñòåé M
T
(A).

Ëåìà 1. Îçíà÷åíà âèùå ôóíêöiÿ M
T
(A)

ìà¹ òàêi âëàñòèâîñòi äëÿ êîæíî¨ ìíîæè-
íè A ∈ B òà äîâiëüíèõ îïåðàòîðiâ S, T ∈
L(Lp)

(i) M
T
¹ çëi÷åííî-àäèòèâíîþ ìiðîþ (íå

îáîâ'ÿçêîâî äîäàòíîþ) íà B;
(ii) |M

T
(A)| ≤ ‖T‖µ(A);

(iii) M
S+T

(A) ≤ M
S
(A) + M

T
(A).

Ç ëåìè 1 âèïëèâà¹, ùî ìiðà M
T
ìà¹ ïî-

õiäíó Ðàäîíà-Íiêîäèìà F
T
∈ L1 (ç (ii) âè-

ïëèâà¹ |F
T
| ≤ ‖T‖ ìàéæå ñêðiçü, à îòæå,

F
T
∈ L∞ ç ‖F

T
‖∞ ≤ ‖T‖), òîáòî äëÿ êî-

æíîãî A ∈ B âèêîíó¹òüñÿ ðiâíiñòü

M
T
(A) =

∫

A

F
T

dµ. (2)

Ëåìà 2. Íåõàé T ∈ L(Lp). Òîäi äëÿ êî-
æíîãî ε > 0, êîæíî¨ ìíîæèíè A ∈ B òà
êîæíîãî îêîëó íóëÿ V â X iñíó¹ òàêà ôóí-
êöiÿ h ∈ X(A) ∩ V , ùî

∣∣∣MT
(A)−

∫

[0,1]

hTh dµ
∣∣∣ < ε.

Îçíà÷åííÿ. Íåõàé T ∈ L(Lp) � äîâiëü-
íèé îïåðàòîð. Ìiðó M

T
íà áîðåëiâñüêié σ-

àëãåáði B, âèçíà÷åíó çà äîïîìîãîþ (1), áóäå-
ìî íàçèâàòè âåðõíüîþ ìiðîþ Ìàðå îïåðàòî-
ðà T , à ôóíêöiþ F

T
∈ L∞, îçíà÷åíó óìîâîþ

(2), íàçâåìî âåðõíüîþ ïîõiäíîþ Ìàðå îïåðà-
òîðà T .

Àíàëîãi÷íî ìîæíà âèçíà÷èòè íèæíþ ìi-
ðó Ìàðå m

T
íà B òà íèæíþ ïîõiäíó Ìàðå

f
T
îïåðàòîðà T ∈ L(Lp), ÿêùî ïîêëàñòè äëÿ

êîæíîãî A ∈ B

m̃
T
(A) = lim inf

X(A)3h→0

∫

[0,1]

hTh dµ,

m
T
(A) = sup

{ n∑

k=1

m̃
T
(Ak) : n ∈ N, A =

n⊔

k=1

Ak

}
.

(3)
ßêùî ïåðåéòè âiä îïåðàòîðà T äî îïåðà-

òîðà −T i âðàõóâàòè, ùî

lim inf
X(A)3h→0

∫

[0,1]

hTh dµ =

= − lim sup
X(A)3h→0

∫

[0,1]

h (−T )h dµ

òà sup D = − inf(−D) äëÿ êîæíî¨ ïiä-
ìíîæèíè D ⊆ R, ìîæíà îòðèìàòè çâ'ÿçîê
ìiæ íèæíiìè òà âåðõíiìè ìiðàìè Ìàðå.

Ëåìà 3. Äëÿ äîâiëüíèõ S, T ∈ L(Lp)

(i) m
T
(A) ≤ M

T
(A) äëÿ êîæíîãî A ∈ B;

(ii) m−T
= −M

T
òà f−T

= −F
T
.

Òàêèì ÷èíîì, ç ëåì 1 i 3 ìîæíà áåçïî-
ñåðåäíüî îòðèìàòè íàñòóïíi àíàëîãi÷íi ðå-
çóëüòàòè äëÿ íèæíüî¨ ìiðè Ìàðå.

Ëåìà 4. ×èñëî m
T
(A), ÿêå îçíà÷åíå â

(3), ìà¹ òàêi âëàñòèâîñòi äëÿ äîâiëüíèõ
A ∈ B òà S, T ∈ L(Lp)

(i) m
T
� çëi÷åííî-àäèòèâíà ìiðà íà B;

(ii) |m
T
(A)| ≤ ‖T‖µ(A);

(iii) m
S+T

(A) ≥ m
S
(A) + m

T
(A).

Ç öüîãî âèïëèâà¹, ùî ìiðà m
T
ìà¹ ïîõiäíó

Ðàäîíà-Íiêîäèìà f
T
∈ L∞ ç óìîâîþ ‖f

T
‖ =

‖f
T
‖L∞ ≤ ‖T‖, òîáòî äëÿ êîæíîãî A ∈ B

âèêîíó¹òüñÿ ðiâíiñòü

m
T
(A) =

∫

A

f
T

dµ.

Ëåìà 5. Íåõàé T ∈ L(Lp). Òîäi äëÿ êî-
æíîãî ε > 0, êîæíî¨ ìíîæèíè A ∈ B òà
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êîæíîãî îêîëó íóëÿ V â X iñíó¹ òàêèé åëå-
ìåíò h ∈ X(A) ∩ V , ùî

∣∣∣mT
(A)−

∫

[0,1]

h Th dµ
∣∣∣ < ε.

Ç ëåìè 3 îäåðæó¹òüñÿ òàêèé ðåçóëüòàò.
Ëåìà 6. Äëÿ äîâiëüíèõ îïåðàòîðiâ

S, T ∈ L(Lp) âèêîíó¹òüñÿ íåðiâíiñòü:
f

S
+ f

T
≤ f

S+T
≤ F

S+T
≤ F

S
+ F

T
. (4)

Ïîêàæåìî òåïåð, ùî äëÿ äåÿêèõ îïåðàòî-
ðiâ T ìiðè m

T
òà M

T
¹ ðiçíèìè.

Ïðèêëàä. Äëÿ êîæíîãî 1 < p < ∞ iñíó¹
îïåðàòîð T ∈ L(Lp) ç M

T
(A) = µ(A) òà

m
T
(A) = −µ(A) äëÿ êîæíî¨ ìíîæèíè A ∈

B.
Ðîçiá'¹ìî íàòóðàëüíèé ðÿä íà äâi íåñêií-

÷åííi ìíîæèíè N = N1 tN2 òà ïîêëàäåìî2

Ej =
[
hi : 2m−1 ≤ i ≤ 2m − 1, m ∈ Nj

]
,

j = 1, 2, äå (hn) � ñèñòåìà Ãààðà. Âèçíà÷èìî
îïåðàòîð T íà ñèñòåìi Ãààðà óìîâîþ Tx = x,
ÿêùî if x ∈ E1 òà Tx = −x, ÿêùî x ∈ E2.
Îñêiëüêè ñèñòåìà Ãààðà ¹ áåçóìîâíèì áàçè-
ñîì â Lp ïðè 1 < p < ∞ [4, p. 155], òî îïåðà-
òîð T êîðåêòíî âèçíà÷åíèé íà Lp, ÿê ðiçíè-
öÿ äâîõ îáìåæåíèõ ëiíiéíèõ ïðîåêòîðiâ.

Äëÿ îïåðàòîðà T ∈ L(Lp) ÷èñëî
‖T‖M = max

{‖f
T
‖, ‖F

T
‖}

íàçâåìî íàïiâíîðìîþ Ìàðå îïåðàòîðà T .
Ëåìà 7.Íàïiâíîðìà Ìàðå äiéñíî ¹ íàïiâ-

íîðìîþ íà L(Lp), òàêîþ, ùî ‖T‖M ≤ ‖T‖
äëÿ êîæíîãî T ∈ L(Lp).

Îïåðàòîð T ∈ L(Lp) ç óìîâîþ ‖T‖M = 0
áóäåìî íàçèâàòè îïåðàòîðîì Ìàðå. Ëåãêî
áà÷èòè, ùî êîæíèé êîìïàêòíèé îïåðàòîð
T ∈ L(Lp) ¹ îïåðàòîðîì Ìàðå. Äiéñíî, ó öüî-
ìó âèïàäêó m̃

T
(A) = M̃

T
(A) = 0.

Ïîçíà÷èìî ÷åðåç M(Lp) ìíîæèíó îïåðà-
òîðiâ Ìàðå íà ïðîñòîði Lp. Ç ëåìè 7 ìè îòðè-
ìó¹ìî íàñòóïíó âëàñòèâiñòü M(Lp).

Íàñëiäîê. Ìíîæèíà M(Lp) âñiõ îïåðà-
òîðiâ Ìàðå ¹ çàìêíåíèì ëiíiéíèì ïiäïðî-
ñòîðîì ïðîñòîðó L(Lp).

2÷åðåç [xi] ìè ïîçíà÷à¹ìî çàìèêàííÿ ëiíiéíî¨ îáîëîíêè ñè-
ñòåìè (xi)

Òåïåð ìè ãîòîâi ñôîðìóëþâàòè îñíîâíèé
ðåçóëüòàò.

Òåîðåìà. Êîæíèé íå-Åíôëî îïåðàòîð
T ∈ L(Lp) ¹ îïåðàòîðîì Ìàðå.

Iíøèìè ñëîâàìè, êîæíèé îïåðàòîð T ∈
L(Lp), ÿêèé íå ¹ îïåðàòîðîì Ìàðå, ¹ içî-
ìîðôíèì âêëàäåííÿì íà äåÿêîìó ïiäïðî-
ñòîði E ⊆ Lp, içîìîðôíîìó Lp.

Äîâåäåííÿ. Ïðèïóñòèìî, âiä ñóïðîòèâ-
íîãî, ùî îïåðàòîð T íå ¹ îïåðàòîðîì àíi
Åíôëî, àíi Ìàðå. Òîäi äëÿ öüîãî îïåðàòî-
ðà ïðèíàéìíi îäíå ç ÷èñåë ‖f

T
‖, ‖F

T
‖ áiëü-

øå íóëÿ, à îñêiëüêè f
T
≤ F

T
, òî iñíóþòü òàêà

ìíîæèíà B ∈ B i δ > 0, ùî µ(B) ≥ δ i âèêî-
íó¹òüñÿ õî÷à á îäíà ç íàñòóïíèõ äâîõ óìîâ:

1. F
T
(t) ≥ δ äëÿ êîæíîãî t ∈ B;

2. F−T
(t) = −f

T
(t) ≥ δ äëÿ êîæíîãî t ∈ B.

Áåç îáìåæåííÿ çàãàëüíîñòi ââàæà¹ìî, ùî
âèêîíó¹òüñÿ óìîâà (1) (iíàêøå ðîçãëÿíåìî
îïåðàòîð −T çàìiñòü T , âëàñòèâiñòü ÿêîãî
áóòè ÷è íå áóòè îïåðàòîðîì Åíôëî àáî Ìà-
ðå ðiâíîñèëüíà öié ñàìié âëàñòèâîñòi îïåðà-
òîðà T ). Îòæå,

µ
{

t ∈ [0, 1] : F
T
(t) ≥ δ

}
≥ δ.

Äîâåäåìî, ùî äëÿ áóäü-ÿêîãî ε > 0 çíàéäå-
òüñÿ òàêà ïiä-σ-àëãåáðà B0 ⊆ B, ùî B ∈ B0,
ïðîñòið Lp(B,B0) içîìîðôíèé äî Lp òà, êðiì
òîãî, äëÿ áóäü-ÿêî¨ ôóíêöi¨

f ∈ L0
p(B,B0) = {g ∈ Lp(B,B0) :

∫

B

g(t) dµ = 0}

âèêîíó¹òüñÿ íåðiâíiñòü

‖EB0(1B · Tf)− cf‖ ≤ ε‖f‖, (5)

äå ÷åðåç EB0 ìè ïîçíà÷à¹ìî îïåðàòîð óìîâ-
íîãî ìàòåìàòè÷íîãî ñïîäiâàííÿ âiäíîñíî B0,
ÿêèé ¹ ïðîåêòîðîì íîðìè 1. Ç öüîãî ôàêòó
áóäå âèïëèâàòè, ùî iñíó¹ òàêèé ïiäïðîñòið
L0

p(B,B0), çâóæåííÿ îïåðàòîðà T íà ÿêèé ¹
içîìîðôiçìîì. Äiéñíî, ç íåðiâíîñòi (5) âè-
ïëèâà¹, ùî äëÿ f ∈ L0

p(B,B0)

(c−ε)‖f‖ ≤ ‖EB0(1B·Tf)‖ ≤ ‖1B·Tf‖ ≤ ‖Tf‖,
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òîáòî îïåðàòîð T ¹ îïåðàòîðîì Åíôëî, ùî
ñóïåðå÷èòü íàøîìó ïðèïóùåííþ.

Ïîáóäó¹ìî íà ìíîæèíi B ñèñòåìó ôóíê-
öié {hn}∞n=o, ÿêà, ó äåÿêîìó ñåíñi, ¹ àíàëîãîì
ñèñòåìè Ãààðà. Âñi öi ôóíêöi¨ áóäóòü äîðiâ-
íþâàòè íóëþ íà äîïîâíåííi äî ìíîæèíè B,
à íà ñàìié ìíîæèíi áóäóòü ïðèéìàòè çíà÷åí-
íÿ −1, 1, 0. Ïîêëàäåìî h0 = 1B. Íåõàé òåïåð
n = 2m + i, m = 0, 1, 2, ..., i = 0, 1, ..., 2m −
1. Ïðèïóñòèìî, ùî ôóíêöi¨ h0, h1, ..., hn−1

âæå ïîáóäîâàíî. Âèçíà÷èìî ìíîæèíó Bn =
B2m+i = {t ∈ B : h2m−1+[ i

2
](t) = (−1)i} òà ïî-

áóäó¹ìî ôóíêöiþ hn òàêèì ÷èíîì, ùîá âè-
êîíóâàëèñÿ íàñòóïíi óìîâè:

(i) hn ∈ X(Bn);

(ii) |(Thn, hn)−M
T
(Bn)| ≤ ε

3
·2−(n+1) ·µ(Bn);

(iii) |(hi, Thn)| ≤ ( ε
3
· 2−(n+1) · ‖hn‖p)(2

−(i+1) ·
‖hi‖q) äëÿ i = 0, 1, ..., (n− 1);

(iv) |(hm, Thi)| ≤ ( ε
3
· 2−(i+1) · ‖hi‖p)(2

−(m+1) ·
‖hm‖q) äëÿ i = 0, 1, ..., (m− 1);

(v) |(FT , hn)| ≤ ε
6
· 2−(n+1) · µ(Bn).

Çàóâàæèìî, ùî óìîâè (iii), (iv), (v) îçíà-
÷àþòü ïðîñòî, ùî ôóíêöiÿ hn íàëåæèòü äå-
ÿêîìó îêîëó íóëÿ Vn â X. Çà ëåìîþ 2 ôóí-
êöiþ hn ∈ X(Bn) ∩ Vn ìîæíà âèáðàòè òàê,
ùîáè âèêîíóâàëàñü óìîâà (ii). Ïîçíà÷èìî
òåïåð ÷åðåç B0 ïiä-σ-àëãåáðó B, ÿêà ïîðî-
äæó¹òüñÿ ôóíêöiÿìè {hn}∞n=o, à ÷åðåç Bm

� ïiä-σ-àëãåáðó, ÿêà ïîðîäæó¹òüñÿ {hn}m
n=o.

Ïîçíà÷èìî ÷åðåç Xm = [hi]
m
i=0. Òîäi Xm =

Lp(B,Bm). Îñêiëüêè ïîáóäîâàíà íàìè ñèñòå-
ìà {hn}∞n=o ¹ îðòîãîíàëüíîþ, áóäü-ÿêèé åëå-
ìåíò g ïðîñòîðó Xm ìîæå áóòè ïîäàíî ó âè-
ãëÿäi

g =
m∑

i=0

(
g,

hi

‖hi‖q

)
· hi

‖hi‖p

.

Îñêiëüêè EBm(1B · f) ∈ Xm i supp hi ⊆ B, òî
çà âiäîìèìè âëàñòèâîñòÿìè îïåðàòîðà óìîâ-
íîãî ìàòåìàòè÷íîãî ñïîäiâàííÿ,

(
EBm(1Bf),

hi

‖hi‖q

)
=

=
1

‖hi‖q

∫

B

EBm(1Bf) · hi dµ =

=
1

‖hi‖q

∫

B

EBm(1Bf · hi) dµ =

=
1

‖hi‖q

∫

B

f · hi dµ =

(
1Bf,

hi

‖hi‖q

)
,

òîáòî,

EBm(1Bf) =
m∑

i=0

(
EBm(1Bf),

hi

‖hi‖q

)
· hi

‖hi‖p

=

=
m∑

i=0

(
f,

hi

‖hi‖q

)
· hi

‖hi‖p

. (6)

Çãiäíî ç êîíñòðóêöi¹þ, ñèñòåìà (hi) ¹ içî-
ìåòðè÷íî åêâiâàëåíòíîþ äî ñèñòåìè Ãààðà
â Lp, çîêðåìà, ¹ áàçèñíîþ ñèñòåìîþ. Òîìó
iñíó¹ ãðàíèöÿ ïðàâî¨ ÷àñòèíè ðiâíîñòi (6)
ïðè m → ∞, ÿêà äîðiâíþ¹ ñóìi âiäïîâiä-
íîãî íåñêií÷åííîãî ðÿäó. Ñòàíäàðòíèì ìå-
òîäîì ìîæíà äîâåñòè, ùî ãðàíèöÿ ëiâî¨ ÷à-
ñòèíè öi¹¨ ðiâíîñòi äîðiâíþ¹ óìîâíîìó ìàòå-
ìàòè÷íîìó ñïîäiâàííþ âiäíîñíî B0. Òàêèì
÷èíîì, äëÿ äîâiëüíîãî f ∈ Lp ìà¹ìî

EB0(1Bf) =
∞∑
i=0

(
EB0(1Bf),

hi

‖hi‖q

)
· hi

‖hi‖p

=

=
∞∑
i=0

(
f,

hi

‖hi‖q

)
· hi

‖hi‖p

.

Äëÿ ôóíêöi¨ g =
∞∑
i=0

αi · hi

‖hi‖p
ìè ìà¹ìî îöiíêó

|αn| = ‖EBn(f)− EBn−1(f)‖ ≤
≤ ‖EBn(f)‖+ ‖EBn−1(f)‖ ≤ 2‖f‖.

Äàëi âèçíà÷èìî ôóíêöiþ

g(t) =

{
EB0(FT (t)), ÿêùî t ∈ B;
1, ÿêùî t ∈ [0, 1]\B.

Âèçíà÷èìî òåïåð íà ïðîñòîði L0
p(B,B0) ëi-

íiéíèé íåïåðåðâíèé îïåðàòîð S, ÿêèé äi¹ ó
ïðîñòið Lp çà ïðàâèëîì:

S(f) = EB0(1B · Tf)− gf.
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Äëÿ n ≥ 1, âèêîðèñòîâóþ÷è ñòàíäàðòíó òå-
õíiêó i óìîâè (i)−(v), ìîæíà îöiíèòè çâåðõó
÷èñëî ‖S(hn)‖:

‖S(hn)‖ ≤ ε · 2−(n+1) · ‖hn‖p.

Äàëi ïîòðiáíèé íàñòóïíèé äîïîìiæíèé ðå-
çóëüòàò.

Ëåìà 8. Íåõàé S - ëiíiéíèé íåïåðåðâíèé
îïåðàòîð, ÿêèé äi¹ iç ïðîñòîðà L0

p(B,B0) â
áàíàõiâ ïðîñòið Y . ßêùî

∀n ≥ 1 ‖S(hn)‖ ≤ ε · 2−(n+1) · ‖hn‖p,

òî ‖S‖ < ε.
Ç ëåìè 8 âèïëèâà¹, ùî ‖S‖ < ε. À öå, â

ñâîþ ÷åðãó, îçíà÷à¹, ùî äëÿ áóäü-ÿêî¨ ôóí-
êöi¨ f ∈ L0

p(B,B0) âèêîíó¹òüñÿ íåðiâíiñòü

(7) ‖EB(1B · Tf)− gf‖ ≤ ε‖f‖.
Íàì çàëèøèëîñÿ â öié îñòàííié íåðiâíîñòi
çàìiíèòè ôóíêöiþ g íà êîíñòàíòó c. Íàâåäå-
ìî ùå îäèí ðåçóëüòàò ç [3].

Ëåìà 9. Íåõàé (Ω, Ψ, ν) � éìîâiðíiñíèé
ïiäïðîñòið, ν � áåçàòîìíà ìiðà òà f � ν-
ñóìîâíà ôóíêöiÿ. Iñíó¹ ïiä-σ-àëãåáðà Φ â
Ψ òàêà, ùî ïðîñòið Lp(Ω, Φ, p) ¹ içîìîð-
ôíèì äî Lp òà EΦf -êîíñòàíòà (ÿêà äîðiâ-
íþ¹

∫
[0,1]

fdµ ).
Ðîçãëÿíåìî çà éìîâiðíiñíèé ïðîñòið

(B, B̃, µ), äå B̃ = {D ∈ B : D ⊆ B}. Çà
ëåìîþ 9, iñíó¹ òàêà ïiä-σ-àëãåáðà Φ̃ ⊂ B̃,
ùî EΦ̃g = c, òîáòî

∀D ∈ Φ̃

∫

D

EΦ̃g dµ =

∫

D

g dµ = µ(D) · c,

äå
c =

1

µ(B)

∫

B

g d µ.

Îñêiëüêè íà ìíîæèíi B âèêîíó¹òüñÿ íå-
ðiâíiñòü δ ≤ F

T
(t) ≤ ‖T‖ i íà B ìà¹ìî

g(t) = EB0(FT (t)), òî

δ · µ(B) ≤
∫

B

g d µ =

∫

B

EB0(FT (t)) d µ =

=

∫

B

FT (t) d µ ≤ ‖T‖µ(B)

Îòæå, δ ≤ c ≤ ‖T‖.
Ïîçíà÷èìî òåïåð ÷åðåç Φ ïiä-σ-àëãåáðó â

B, ÿêà ïîðîäæåíà Φ̃ òà ìíîæèíîþ [0, 1]\B.
Òîäi EΦ(1B · g) = 1B · EΦ(g) = c · 1B.

Íåõàé f ∈ L0
p(B, Φ). Òîäi gf = (1B ·g)f òà

ç óìîâè (7) îäåðæó¹ìî

‖EΦ(EB0(1B · Tf)− (1B · g)f)‖ ≤ ε‖f‖.
Îñêiëüêè

EΦ(EB0(1B · Tf)− (1B · g)f) =

= EΦ(EB0(1B · Tf))− EΦ((1B · g)f) =

= EΦ(1B · Tf)− EΦ(1B · g) · f =

= EΦ(1B ·Tf)− (c1B) ·f = EΦ(1B ·Tf)− c ·f
ìè îòðèìó¹ìî íàðåøòi íåîáõiäíó íåðiâíiñòü

‖EΦ(1B · Tf)− c · f‖ ≤ ε‖f‖.
Íàðåøòi, ïðîñòið L0

p(B, Φ) içîìîðôíèé äî
Lp, ÿê ïiäïðîñòið Lp(B, Φ) êîðîçìiðíîñòi 1
(öå âèïëèâà¹ ç òåîðåìè Åíôëî, à òàêîæ ìî-
æå áóòè äîâåäåíî áåçïîñåðåäíüî). ¤

Çàóâàæåííÿ. Çàçíà÷èìî, ùî ôàêò ïðî
òå, ùî ÿêùî ïðîåêòîð P ïðîñòîðó Lp ç 1 ≤
p < ∞ ¹ îïåðàòîðîì Åíôëî, òî îáðàç PLp

öüîãî ïðîåêòîðà içîìîðôíèé äî Lp, âiäîìèé
äàâíî i éîãî ìîæíà îòðèìàòè ìåòîäîì äå-
êîìïîçèöi¨ Ïåë÷èíüñüêîãî, äèâ., íàïðèêëàä,
[4, p. 172].
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