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ÏÅÐIÎÄÈ×ÍÀ ÇÀÄÀ×À ÊÎØI ÄËß ÅÂÎËÞÖIÉÍÈÕ ÐIÂÍßÍÜ Ó
ÁÀÍÀÕÎÂÈÕ ÏÐÎÑÒÎÐÀÕ

Çíàéäåíî íåîáõiäíó é äîñòàòíþ óìîâó ðîçâ'ÿçíîñòi ïåðiîäè÷íî¨ çàäà÷i Êîøi äëÿ îäíî-
ãî êëàñó åâîëþöiéíèõ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ó áàíàõîâèõ ïðîñòîðàõ ïåðiîäè÷íèõ
ôóíêöié.

The necessary and su�cient condition for the solubility of the periodical Cauchy problem for
a class of evolutionary pseudodi�erential equations in Banach spaces of periodic functions is found.

Çàäà÷i ìàòåìàòè÷íî¨ ôiçèêè, ÿêi îïèñó-
þòü êîëèâàííÿ ðiçíèõ ñèñòåì (íàïðèêëàä,
äîñëiäæåííÿ ïîçäîâæíèõ êîëèâàíü ñòåð-
æíiâ, âiáðàöi¨ êîðàáëiâ, ðîçðàõóíîê ñòiéêî-
ñòi âàëiâ, ùî îáåðòàþòüñÿ, îïèñ åëåêòðî-
ìàãíiòíèõ õâèëü òà ií.) ïðèçâîäÿòü äî âè-
â÷åííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ äèôåðåíöi-
àëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè.
Ðîçâ'ÿçàííÿ òàêèõ çàäà÷ âèìàãà¹ âèêîðè-
ñòàííÿ ðiçíèõ êëàñiâ óçàãàëüíåíèõ ïåðiîäè-
÷íèõ ôóíêöié (ðîçïîäiëiâ, óëüòðàðîçïîäiëiâ,
ãiïåðôóíêöié, òîùî), ÿêi, ÿê ïîêàçàíî Â.I.
Ãîðáà÷óê òà Ì.Ë. Ãîðáà÷óêîì [1] âêëàäàþ-
òüñÿ ó ïðîñòið ôîðìàëüíèõ òðèãîíîìåòðè-
÷íèõ ðÿäiâ i ïîâíiñòþ îïèñóþòüñÿ ïîâåäií-
êîþ êîåôiöi¹íòiâ Ôóð'¹ àáî ÷àñòèííèõ ñóì
ðÿäiâ Ôóð'¹ åëåìåíòiâ ç öèõ êëàñiâ. Òàêi
ïðîñòîðè áóäóþòüñÿ çà íåâiä'¹ìíèì ñàìî-
ñïðÿæåíèì îïåðàòîðîì ç äèñêðåòíèì ñïå-
êòðîì òà ïîñëiäîâíiñòþ {mk, k ∈ Z+} äî-
äàòíèõ ÷èñåë, ÿêà çàäîâîëüíÿ¹ ïåâíi óìî-
âè. Ó äàíié ðîáîòi äîñëiäæó¹òüñÿ ïåðiîäè-
÷íà çàäà÷à Êîøi äëÿ îäíîãî êëàñó åâîëþöié-
íèõ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ó áàíà-
õîâèõ ïðîñòîðàõ ïåðiîäè÷íèõ ôóíêöié, ÿêi
íàëåæàòü äî âiäïîâiäíî¨ øêàëè ïîçèòèâíèõ
òà íåãàòèâíèõ ïðîñòîðiâ, ïîáóäîâàíî¨ çà îïå-
ðàòîðîì, ùî çáiãà¹òüñÿ ç ìîäóëåì îïåðàòîðà
äèôåðåíöiþâàííÿ â ãiëüáåðòîâîìó ïðîñòîði
L2([0, 2π]).

×åðåç T ïîçíà÷èìî ìíîæèíó âñiõ òðèãî-

íîìåòðè÷íèõ ïîëiíîìiâ

P (x) =
s∑

k=−s

ck,pe
ikx, x ∈ R, s ∈ Z+, i =

√−1,

íàä ïîëåì êîìïëåêñíèõ ÷èñåë. Çðîçóìiëî,
ùî âiäíîñíî îïåðàöié äîäàâàííÿ ïîëiíîìiâ
òà ìíîæåííÿ ¨õ íà ÷èñëà T ¹ ëiíiéíèì ïðî-
ñòîðîì.

Íåõàé Tm, m ∈ Z+, � ñóêóïíiñòü óñiõ ïîëi-
íîìiâ ç T , ñòåïiíü ÿêèõ íå ïåðåâèùó¹ m. Òîäi
T =

⋃
m

Tm. Çáiæíiñòü ó ïðîñòîði T âèçíà-

÷à¹òüñÿ òàê: ïîñëiäîâíiñòü {Pn, n ≥ 1} ⊂ T
çáiãà¹òüñÿ â T äî ïîëiíîìà P ∈ T , ÿêùî, ïî-
÷èíàþ÷è ç äåÿêîãî íîìåðà, âñi Pn íàëåæàòü
äî îäíîãî é òîãî æ ïðîñòîðó Tm (ç äåÿêèì
m) i ck,pn → ck,p ïðè n → ∞ äëÿ êîæíîãî k:
0 ≤ |k| ≤ m. Òàê âèçíà÷åíà çáiæíiñòü � öå
çáiæíiñòü â T ÿê iíäóêòèâíî¨ ãðàíèöi ïðî-
ñòîðiâ Tm: T = lim

m→∞
ind Tm.

Ó T ïðèðîäíèì ÷èíîì ââîäÿòüñÿ îïåðà-
öi¨ äèôåðåíiþâàííÿ, ìíîæåííÿ ïîëiíîìiâ òà
çãîðòêè

(P∗Q)(x) =
1

2π

2π∫

0

P (t)Q(x−t)dt, {P,Q} ⊂ T,

ÿêi ¹ íåïåðåðâíèìè â T .
Ñèìâîëîì T ′ ïîçíà÷èìî ïðîñòið âñiõ ëi-

íiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà T çi
ñëàáêîþ çáiæíiñòþ. Åëåìåíòè T ′ íàçâåìî
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2π-ïåðiîäè÷íèìè óçàãàëüíåíèìè ôóíêöiÿ-
ìè. Îïåðàöiÿ äèôåðåíöiþâàííÿ â T ′ âèçíà-
÷à¹òüñÿ çà äîïîìîãîþ ôîðìóëè

〈f (k), P 〉 = (−1)l〈f, P (k)〉, P ∈ T, k ∈ N

(ñèìâîëîì 〈f, ·〉 ïîçíà÷à¹òüñÿ äiÿ ôóíêöiî-
íàëó f íà îñíîâíèé åëåìåíò). Âîíà ¹ íåïå-
ðåðâíîþ â T ′, îñêiëüêè íåïåðåðâíîþ ¹ òàêà
îïåðàöiÿ â ïðîñòîði T . Îòæå, êîæíèé åëå-
ìåíò ç T ′ ¹ íåñêií÷åííî äèôåðåíöiéîâíèì.
Â T ′ âèçíà÷åíà òàêîæ îïåðàöiÿ çãîðòêè:

〈f ∗ g, P 〉 = 〈fx, 〈gy, P (x + y)〉〉, {f, g} ⊂ T ′,

∀P ∈ T.

Ðÿäîì Ôóð'¹ óçàãàëüíåíî¨ 2π-ïåðiîäè÷íî¨
ôóíêöi¨ f ∈ T ′ íàçèâà¹òüñÿ ðÿä
+∞∑

k=−∞
ck(f)eikx, äå ck(f) = 〈f, e−ikx〉, k ∈ Z, �

êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ f . Äëÿ äîâiëüíî¨
óçàãàëüíåíî¨ 2π-ïåðiîäè÷íî¨ ôóíêöi¨ f ¨¨ ðÿä
Ôóð'¹ çáiãà¹òüñÿ äî f ó ïðîñòîði T ′. Íàâïà-
êè, ïîñëiäîâíiñòü ÷àñòèííèõ ñóì äîâiëüíîãî

òðèãîíîìåòðè÷íîãî ðÿäó
+∞∑

k=−∞
cke

ikx çáiãà¹-

òüñÿ â T ′ äî äåÿêîãî åëåìåíòà f ∈ T ′ i öåé
ðÿä ¹ ðÿäîì Ôóð'¹ äëÿ f [1]. Çâiäñè âèïëè-
âà¹ òàêîæ, ùî T ëåæèòü ùiëüíî â T ′. Îòæå,
áóäü-ÿêó óçàãàëüíåíó 2π-ïåðiîäè÷íó ôóí-
êöiþ f ∈ T ′ ìîæíà îòîòîæíþâàòè ç ¨¨ ðÿäîì
Ôóð'¹, òîáòî T ′ ìîæíà òðàêòóâàòè ÿê ïðî-
ñòið ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ ðÿäiâ

âèãëÿäó
+∞∑

k=−∞
cke

ikx (áåç æîäíèõ îáìåæåíü

íà ÷èñëîâó ïîñëiäîâíiñòü {ck, k ∈ Z}).
Ðîçãëÿíåìî ïîñëiäîâíiñòü {mk, k ∈ Z+},

m0 = 1, äîäàòíèõ ÷èñåë, ÿêà âîëîäi¹ âëà-
ñòèâîñòÿìè: 1) ∀α > 0 ∃cα > 0 ∀k ∈ Z+:
mk ≥ cα · αk (òîáòî {mk, k ∈ Z+} çðî-
ñòà¹ øâèäøå çà åêñïîíåíòó); 2) ∃M > 0
∃h > 0 ∀k ∈ Z+: mk+1 ≤ Mhkmk (ñòà-
áiëüíiñòü âiäíîñíî îïåðàöi¨ äèôåðåíöiþâà-
ííÿ); 3) ∃A > 0 ∃L > 0 ∀{k, l} ⊂ Z+:
mk · ml ≤ ALk+lmk+l (ñòàáiëüíiñòü âiäíî-
ñíî îïåðàöi¨ ìíîæåííÿ); 4) ∃B > 0 ∃s > 0

∀k ∈ Z+: mk ≤ Bsk min
0≤l≤k

mk−lml (ñòàáiëü-
íiñòü âiäíîñíî çãîðòêè). Ïðèêëàäàìè òàêèõ
ïîñëiäîâíîñòåé ¹ ïîñëiäîâíîñòi Æåâðå âè-
ãëÿäó: mk = (k!)β, mk = kkβ, β > 0.

Ââåäåìî òåïåð äåÿêi êëàñè íåñêií÷åí-
íî äèôåðåíöiéîâíèõ ïåðiîäè÷íèõ ôóíêöié.
Ñèìâîëîì H〈mk〉 ïîçíà÷èìî ñóêóïíiñòü âñiõ
2π-ïåðiîäè÷íèõ i íåñêií÷åííî äèôåðåíöiéîâ-
íèõ íà R ôóíêöié ϕ, ÿêi âîëîäiþòü âëàñòè-
âiñòþ: iñíóþòü ñòàëi c, B > 0 òàêi, ùî

|ϕ(k)(x)| ≤ cBkmk, k ∈ Z+, x ∈ R. (1)

Åëåìåíòè ïðîñòîðó H〈mk〉 íàçèâàþòüñÿ
óëüòðàäèôåðåíöiéîâíèìè ôóíêöiÿìè êëà-
ñó {mk}. Ìíîæèíà ôóíêöié ϕ ∈ H〈mk〉,
äëÿ ÿêèõ îöiíêè (1) âèêîíóþòüñÿ ç ôi-
êñîâàíîþ ñòàëîþ B > 0, óòâîðþ¹ áà-
íàõiâ ïðîñòið HB〈mk〉 âiäíîñíî íîðìè
‖ϕ‖B = sup

x,k
(|ϕ(k)(x)|/Bkmk). Ïðè öüîìó

HB1〈mk〉 ⊂ HB2〈mk〉, ÿêùî B1 < B2 i
H〈mk〉 =

⋃
B>0

HB〈mk〉. Îòæå, â H〈mk〉 ïðè-
ðîäíî ââåñòè òîïîëîãiþ iíäóêòèâíî¨ ãðàíè-
öi áàíàõîâèõ ïðîñòîðiâ HB〈mk〉: H〈mk〉 =
lim

B→∞
ind HB〈mk〉. Ïðè öüîìó H〈mk〉 ïåðåòâî-

ðþ¹òüñÿ â ïîâíèé ëîêàëüíî îïóêëèé ïðî-
ñòið. Âíàñëiäîê âëàñòèâîñòåé 2) � 4) ïîñëi-
äîâíîñòi {mk, k ∈ Z+} öåé ïðîñòið iíâàði-
àíòíèé âiäíîñíî îïåðàöié äèôåðåíöiþâàí-
íÿ, ìíîæåííÿ òà çãîðòêè, ÿêi ¹ íåïåðåðâíè-
ìè â H〈mk〉. Âiäíîñíî îïåðàöié ìíîæåííÿ
òà çãîðòêè öåé ïðîñòið óòâîðþ¹ òàêîæ òî-
ïîëîãi÷íó àëãåáðó [2]. ßêùî ïîñëiäîâíiñòü
{mk, k ∈ Z+} çáiãà¹òüñÿ ç îäíi¹þ ç ïîñëi-
äîâíîñòåé Æåâðå, òî H〈mk〉 = G{β}, äå G{β}
� ïðîñòið óëüòðàäèôåðåíöiéîâíèõ ôóíêöié
êëàñó Æåâðå ïîðÿäêó β [2].

Ñèìâîëîì H ′〈mk〉 ïîçíà÷àòèìåìî ïðî-
ñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ
íà H〈mk〉 çi ñëàáêîþ çáiæíiñòþ. Âiäîìî [2],
ùî H ′〈mk〉 çáiãà¹òüñÿ ç ïðîåêòèâíîþ ãðàíè-
öåþ ïðîñòîðiâ H ′

B〈mk〉, òîïîëîãi÷íî ñïðÿæå-
íèõ äî HB〈mk〉: H ′〈mk〉 = lim

B→∞
pr H ′

B〈mk〉.
Åëåìåíòè ïðîñòîðó H ′〈mk〉 íàçèâàþòüñÿ
óëüòðàðîçïîäiëàìè êëàñó {mk}.

Ó ïðàöi [2] äà¹òüñÿ õàðàêòåðèñòèêà ïðî-
ñòîðiâ H〈mk〉 òà H ′〈mk〉 ç òî÷êè çîðó ïî-
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âåäiíêè êîåôiöi¹íòiâ Ôóð'¹ ¨õíiõ åëåìåíòiâ.
Ïîêëàäåìî ρ(λ) = sup

k∈Z+

(|λ|k/mk). Òîäi

(f ∈ H〈mk〉) ⇔ (∃µ > 0 ∃c > 0 ∀k ∈ Z :

|ck(f)| ≤ cρ−1(µ|k|));
(f ∈ H ′〈mk〉) ⇔ (∀µ > 0 ∃c = c(µ) > 0

∀k ∈ Z : |ck(f)| ≤ cρ(µ|k|)).
ßêùî mk = kkβ, β > 0, òî ρ(λ) ∼

exp(|λ|1/β), òîáòî â öüîìó âèïàäêó äëÿ f ∈
T ′ ïðàâèëüíèìè ¹ íàñòóïíi ñïiââiäíîøåííÿ
åêâiâàëåíòíîñòi:

(f ∈ G{β}) ⇔ (∃µ > 0 ∃c > 0 ∀k ∈ Z :

|ck(f)| ≤ c exp(−µ|k|1/β));

(f ∈ G′
{β}) ⇔ (∀µ > 0 ∃c = c(µ) > 0

∀k ∈ Z : |ck(f)| ≤ c exp(µ|k|1/β)).

Íåõàé G: R → [0,∞) � äåÿêà íåïåðåðâíà
ïàðíà ôóíêöiÿ. Çà ôóíêöi¹þ G ó ïðîñòîði
T ′ ïîáóäó¹ìî îïåðàòîð

Â : T ′ 3 f =
∑

k∈Z
ck(f)eikx −→

−→
∑

k∈Z
G(k)ck(f)eikx ∈ T ′, ck(f) = 〈f, e−ikx〉.

Ëåãêî áà÷èòè, ùî îïåðàòîð Â ¹ ëiíiéíèì
i íåïåðåðâíèì â T ′. Îïåðàòîð Â � çãîðòóâà÷
â T ′. Ñïðàâäi, ÿêùî ðîçãëÿíóòè óçàãàëüíå-
íó ôóíêöiþ fG =

∑

k∈Z
G(k)eikx ∈ T ′, òî äëÿ

äîâiëüíî¨ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ T ′ ìà¹ìî

Âf =
∑

k∈Z
G(k)ck(f)eikx = f ∗ fG,

áî

ck(f ∗ fG) = ck(f)ck(fG) = ck(f)G(k), k ∈ Z.

ßêùî G(x) = |x|γ, γ > 0, x ∈ R, òî Â çáiãà¹-
òüñÿ ç îïåðàòîðîì äðîáîâîãî äèôåðåíöiþâà-
ííÿ â T ′ [3].

Ðîçãëÿíåìî íåñêií÷åííî äèôåðåíöiéîâíó

íà [0,∞) ôóíêöiþ ϕ(x) =
∞∑

j=0

bjx
j, ÿêà íàáó-

âà¹ äîäàòíèõ çíà÷åíü i ïîáóäó¹ìî â ïðîñòîði
T ′ çà îïåðàòîðîì Â îïåðàòîð ϕ(Â):

ϕ(Â)f =
∞∑

j=0

bjÂ
jf, ∀f =

∑

k∈Z
ck(f)eikx ∈ T ′.

Îñêiëüêè Âjf =
∑

k∈Z
Gj(k)ck(f)eikx, òî

ϕ(Â)f =
∞∑

j=0

bj

( ∑

k∈Z
Gj(k)ck(f)eikx

)
=

=
∑

k∈Z
ck(f)

( ∞∑
j=0

bjG
j(k)

)
eikx =

=
∑

k∈Z
ck(f)ϕ(G(k))eikx =

=
∑

k∈Z
ϕ(λk)ck(f)eikx, λk = G(k).

Íåõàé òåïåð X � áàíàõiâ ïðîñòið 2π-
ïåðiîäè÷íèõ íà R ôóíêöié òàêèé, ùî
H〈mk〉 ⊂ X ⊂ H ′〈mk〉, ïðè÷îìó H〈mk〉 =
X i âêàçàíi âêëàäåííÿ ¹ íåïåðåðâíèìè
(çà X ìîæíà âçÿòè, íàïðèêëàä, ïðîñòið
L1([0, 2π])), à B := ϕ(Â)|X � çâóæåííÿ îïå-
ðàòîðà ϕ(Â) íà X. Îïåðàòîð B íàäàëi íà-
çèâàòèìåìî ïñåâäîäèôåðåíöiàëüíèì îïåðà-
òîðîì â X. Iç íåïåðåðâíîñòi âêëàäåíü X ⊂
H ′〈mk〉 ⊂ T ′ âèïëèâà¹, ùî B � çàìêíåíèé â
X îïåðàòîð, îáëàñòü âèçíà÷åííÿ D(B) ÿêî-
ãî ùiëüíà â X i ìiñòèòü ïðîñòið T . Ñïðàâ-
äi, íåõàé {fn, n ≥ 1} ⊂ D(B), f ∈ X,
fn

X−→
n→∞

f , Bfn
X−→

n→∞
g. Âíàñëiäîê íåïåðåðâíî-

ñòi âêëàäåíü X ⊂ H ′〈mk〉 ⊂ T ′ ìà¹ìî,
ùî fn

T ′−→
n→∞

f , Bfn
T ′−→

n→∞
g. Îñêiëüêè îïåðàòîð

ϕ(Â) íåïåðåðâíèé â T ′, òî ϕ(Â)f = g. Îòæå,
f ∈ D(ϕ(Â)|X) ≡ D(B) i Bf = g.

Ðîçãëÿíåìî ðiâíÿííÿ
∂pu

∂tp
+ (−1)p+1Bu = 0,

(t, x) ∈ (0,∞)× R ≡ Ω, (2)
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äå p ∈ {1, 2, 3}. Ïiä ãëàäêèì ðîçâ'ÿçêîì ðiâ-
íÿííÿ (2) ðîçóìiòèìåìî ôóíêöiþ u(t, ·) ∈
Cp((0,∞),D(B)), ÿêà çàäîâîëüíÿ¹ ðiâíÿí-
íÿ (2). ßêùî p ∈ {2, 3}, òî ïðèïóñêà¹ìî
òàêîæ, ùî u çàäîâîëüíÿ¹ óìîâó: ∃c > 0:
sup

t∈(0,∞)

‖u(t, ·)‖X ≤ c.

Iç ðåçóëüòàòiâ, îòðèìàíèõ â [4], âèïëèâà¹
íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé f ∈ X. Òîäi ôóíêöiÿ

u(t, x) =
∑

k∈Z
ck(f) exp{−t(ϕ(λk))

1/p + ikx},

λk = G(k), (t, x) ∈ Ω,

¹ ãëàäêèì ðîçâ'ÿçêîì ðiâíÿííÿ (2); u(t, ·) ∈
H〈mk〉 ïðè êîæíîìó t > 0, u(t, ·) → f ïðè
t → +0 ó ïðîñòîði H ′〈mk〉.

Ãîâîðèòèìåìî, ùî çàäà÷à Êîøi äëÿ ðiâ-
íÿííÿ (2) ðîçâ'ÿçíà â ïðîñòîði X, ÿêùî äëÿ
äîâiëüíîãî f ∈ X ãëàäêèé ðîçâ'ÿçîê u(t, ·)
ðiâíÿííÿ (2), ùî âiäïîâiäà¹ f , çàäîâîëüíÿ¹
ãðàíè÷íå ñïiââiäíîøåííÿ u(t, ·) → f , t →
+0, ó ïðîñòîði X.

Òåîðåìà 2. Äëÿ òîãî, ùîá çàäà÷à Êîøi
äëÿ ðiâíÿííÿ (2) áóëà ðîçâ'ÿçíîþ ó ïðîñòîði
X, íåîáõiäíî é äîñèòü, ùîá îïåðàòîð −B1/p

áóâ ãåíåðàòîðîì ïiâãðóïè êëàñó C0.
Äîâåäåííÿ. Ó ïðîñòîði T ′ ïîáóäó¹ìî

ñiì'þ îïåðàòîðiâ {U(t), t > 0}:
U(t)f =

∑

k∈Z
ck(f) exp{−t(ϕ(λk))

1/p + ikx},

λk = G(k), f ∈ T ′.

Äëÿ êîæíîãî t > 0 U(t) � ëiíiéíèé íå-
ïåðåðâíèé îïåðàòîð ó ïðîñòîði T ′, ïðè÷îìó
U(t1 + t2)f = U(t1)U(t2)f , òîáòî ñiì'ÿ îïåðà-
òîðiâ {U(t), t > 0} óòâîðþ¹ ïiâãðóïó, ñèëüíî
íåïåðåðâíó íà (0,∞). Îñêiëüêè U(t)f → f ,
t → +0, ó ïðîñòîði T ′ äëÿ äîâiëüíîãî f ∈ T ′,
òî ïiâãðóïà U(t) íàëåæèòü äî êëàñó C0, ãåíå-
ðàòîðîì ÿêî¨ ¹ îïåðàòîð −(ϕ(Â))1/p. Ñïðàâ-
äi, äëÿ äîâiëüíîãî f ∈ T ′ ìà¹ìî

U(t)f − f

t
=

∑

k∈Z

exp{−t(ϕ(λk))
1/p} − 1

t
×

×ck(f)eikx T ′−→
t→+0

−
∑

k∈Z
(ϕ(λk))

1/pck(f)eikx =

= −(ϕ(Â))1/pf.

Îòæå, U ′(0) = −(ϕ(Â))1/p.
Ïðè êîæíîìó t > 0 îïåðàòîð U(t)|X � çâó-

æåííÿ îïåðàòîðà U(t) íà ïðîñòið X � âè-
çíà÷åíèé íà âñüîìó ïðîñòîði X i, âíàñëi-
äîê òåîðåìè 1, ïåðåâîäèòü éîãî â H〈mk〉.
Óðàõóâàâøè íåïåðåðâíiñòü âêëàäåíü X ⊂
H ′〈mk〉 ⊂ T ′ òà íåïåðåðâíiñòü îïåðàòîðà
U(t) â T ′ ñòâåðäæó¹ìî, ùî îïåðàòîð U(t)|X
çàìêíåíèé, à, îòæå, i íåïåðåðâíèé â X. Òà-
êèì ÷èíîì, ñiì'ÿ {U(t)|X , t > 0} ëiíiéíèõ íå-
ïåðåðâíèõ îïåðàòîðiâ óòâîðþ¹ ïiâãðóïó.

Ïðèïóñòèìî òåïåð, ùî çàäà÷à Êîøi äëÿ
ðiâíÿííÿ (2) ðîçâ'ÿçíà â ïðîñòîði X. Öå
îçíà÷à¹, ùî U(t)|Xf

X−→
t→+0

f , òîáòî U(t)|X �
ïiâãðóïà êëàñó C0. Ãåíåðàòîðîì öi¹¨ ïiâãðó-
ïè ¹ îïåðàòîð −B1/p. Ñïðàâäi, íåõàé F �
ãåíåðàòîð ïiâãðóïè U(t)|X . Îáëàñòü âèçíà-
÷àííÿ D(F ) îïåðàòîðà F ñêëàäà¹òüñÿ, çãi-
äíî ç îçíà÷åííÿì (äèâ. [5]), ç òèõ åëåìåíòiâ
f ∈ X, äëÿ ÿêèõ ôóíêöiÿ U(t)|Xf , äîâèçíà-
÷åíà â íóëi ÿê f , äèôåðåíöiéîâíà (ñïðàâà) â
íóëi; ïðè öüîìó F ¹ çàìêíåíèì îïåðàòîðîì i
D(F ) = X. Ëåãêî áà÷èòè, ùî äëÿ äîâiëüíîãî
f ∈ D(−B1/p)

(U(t)|Xf − f)/t
X−→

t→+0

−→ −
∑

k∈Z
(ϕ(λk))

1/pck(f)eikx = −B1/pf,

òîáòî D(−B1/p) ⊂ D(F ) i Ff = −B1/pf
äëÿ f ∈ D(−B1/p). Öå îçíà÷à¹, ùî −B1/p ⊆
F . Çà òåîðåìîþ Õiëëå-Iîñiäè [5], îïåðàòîð
F − λI, λ ∈ C, äëÿ âñiõ λ ç äîñèòü âå-
ëèêîþ äiéñíîþ ÷àñòèíîþ ìà¹ íåïåðåðåâíèé
îáåðíåíèé, âèçíà÷åíèé íà âñüîìó ïðîñòîði
X. Îïåðàòîð −B1/p − λI ¹ òàêîæ íåïåðåðâ-
íî îáîðîòíèì. Ñïðàâäi, îñêiëüêè çàäà÷à Êî-
øi äëÿ ðiâíÿííÿ (2) ¹ ðîçâ'ÿçíîþ â ïðîñòîði
X, òî, ÿê âiäîìî [5], lim

t→+∞
t−1 ln ‖U(t)|X‖X =

ω < +∞, à îïåðàòîð −B1/p ìà¹ ðåâîëü-
âåíòó R(λ) = (−B1/p − λI)−1 ïðè âñiõ λ
ç Re λ > ω. Äàëi, âðàõóâàâøè çàìêíåíiñòü
îïåðàòîðà −B1/p òà ðÿä çàãàëüíèõ ðåçóëüòà-
òiâ ç [5] äiñòà¹ìî, ùî äëÿ λ ç äîñòàòíüî âåëè-
êîþ äiéñíîþ ÷àñòèíîþ R(λ) çáiãà¹òüñÿ ç ðå-
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çîëüâåíòîþ ãåíåðàòîðà F ïiâãðóïè U(t)|X ,
òîáòî, R(λ) = (F − λI)−1. Îòæå, (−B1/p −
λI)R(f)f = f äëÿ äîâiëüíîãî f ∈ X. Àëå
ðåçîëüâåíòà R(λ) îïåðàòîðà F âiäîáðàæà¹
ïðîñòið X íà îáëàñòü âèçíà÷åííÿ D(F ). Òî-
ìó D(F ) ⊂ D(−B1/p). Îòæå, F = −B1/p.

Íàâïàêè, íåõàé −B1/p � ãåíåðàòîð äåÿêî¨
ïiâãðóïè îïåðàòîðiâ V (t), t > 0, êëàñó C0 â
X. Ðîçãëÿíåìî â T ′ çàäà÷ó Êîøi

∂y(t, x)

∂t
= −ϕ(Â)1/py(t, x), y(0, ·) = f,

(t, x) ∈ Ω, (3)

òóò y(0, ·) = lim
t→+0

y(t, ·) = f , ãðàíèöÿ ðîçó-
ìi¹òüñÿ â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ ïðî-
ñòîðó T ′. ßêùî

y(t, x) =
∑

k∈Z
yk(t)e

ikx, yk(t) = 〈y(t, ·), e−ikx〉,

ðîçâ'ÿçîê çàäà÷i (3), òî yk(t) (ïðè ôiêñîâà-
íîìó k ∈ Z) � ðîçâ'ÿçîê çàäà÷i

dyk(t)

dt
= −(ϕ(λk))

1/pyk(t), yk(0) = ck,

ck = 〈f, e−ikx〉,
λk = G(k). Îòæå, yk(t) =
ck exp{−t(ϕ(λk))

1/p}, k ∈ Z. Òîäi

y(t, x) =
∑

k∈Z
exp{−t(ϕ(λk))

1/p}cke
ikx =

= U(t)f(x), f(x) =
∑

k∈Z
cke

ikx ∈ T ′.

Îñêiëüêè −B1/p � ãåíåðàòîð ïiâãðóïè
V (t), t > 0, â X, òî ôóíêöiÿ z(t, ·) = V (t)f(·),
f ∈ D(−B1/p), � ðîçâ'ÿçîê â X, à, îòæå, i òèì
áiëüøå â T ′, çàäà÷i (3). Òîìó

z(t, ·) = V (t)f(·) = y(t, ·) = U(t)f(·) = u(t, ·).
Çàâäÿêè ùiëüíîñòi D(−B1/p) â X ìà¹ìî

V (t)f(·) = U(t)f(·) äëÿ äîâiëüíîãî f ∈ X.
Îñêiëüêè V (t) � ïiâãðóïà êëàñó C0 â X, òî
V (t)f(·) = u(t, ·) X−→

t→+0
f .

Òåîðåìà äîâåäåíà.

Íàñëiäîê 1. ßêùî −B1/p ≡
−(ϕ(Â))1/p|X � ãåíåðàòîð ïiâãðóïè êëà-
ñó C0 â ïðîñòîði X, òî

(ϕ(Â))1/p|X = (ϕ(Â))1/p|H〈mk〉,

òîáòî çâóæåííÿ (ϕ(Â))1/p íà X çáiãà¹òüñÿ
iç çàìèêàííÿì â X çâóæåííÿ îïåðàòîðà
(ϕ(Â))1/p íà ïðîñòið H〈mk〉.

Äîâåäåííÿ. Îñêiëüêè îïåðàòîð
(ϕ(Â))1/p|X çàìêíåíèé, òî çâóæåííÿ
(ϕ(Â))1/p|H〈mk〉 ≡ L äîïóñêà¹ çàìèêàííÿ
â X. Íåõàé f ∈ D((ϕ(Â))1/p/X) = D(B1/p).
Âíàñëiäîê òåîðåìè 1

fn = U
( 1

n

)
f ∈ H〈mk〉,∀n ∈ N;

−B1/pfn ∈ H〈mk〉,∀n ∈ N;

U(t)f(·) = u(t, ·).
Ïðè öüîìó, çãiäíî ç òåîðåìîþ 2,
U

( 1

n

)
f

X−→
n→∞

f . Îñêiëüêè −B1/p � ãåíåðàòîð
ïiâãðóïè êëàñó C0 â X, òî

B1/pU
( 1

n

)
f ≡ B1/pfn = Lfn =

= U
( 1

n

)
B1/pf

X−→
n→∞

B1/pf

(òóò âðàõîâàíî òå, ùî ãåíåðàòîð ïiâãðóïè
êîìóòó¹ ç ïiâãðóïîþ íà ñâî¨é îáëàñòi âèçíà-
÷åííÿ). Îòæå,

(ϕ(Â))1/p|H〈mk〉 := lim
n→∞

Lfn = B1/pf.

Öèì äîâåäåíî, ùî (ϕ(Â))1/p|X =

(ϕ(Â))1/p|H〈mk〉.
Íàñëiäîê 2. ßêùî −B1/p ≡

−(ϕ(Â))1/p|X � ãåíåðàòîð ïiâãðóïè êëà-
ñó C0 â ïðîñòîði X, òî (ϕ(Â))1/p|T = B1/p.

Äîâåäåííÿ. Îñêiëüêè îïåðàòîð
(ϕ(Â))1/p|X çàìêíåíèé, òî çâóæåí-
íÿ (ϕ(Â))1/p|T äîïóñêà¹ çàìèêàííÿ â
X. ßêùî f ∈ D((ϕ(Â))1/p|H〈mk〉), òî

fn =
n∑

k=−n

ck(f)eikx ∈ T ,

(ϕ(Â))1/p|T · fn =
n∑

k=−n

(ϕ(λk))
1/pck(f)eikx ∈ T,
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λk = G(k),

ïðè öüîìó

fn
H〈mk〉−→
n→∞

f, (ϕ(Â))1/p|T fn = B1/pfn
H〈mk〉−→
n→∞

B1/pf.

Çâiäñè òà ç íåïåðåðâíîñòi âêëàäåííÿ
H〈mk〉 ⊂ X âèïëèâà¹ ñôîðìóëüîâàíà â
òâåðäæåííi âëàñòèâiñòü.

Çàóâàæåííÿ. Â ïðàöi [6] ââåäåíî ïðî-
ñòið GM íåñêií÷åííî äèôåðåíöiéîâíèõ 2π-
ïåðiîäè÷íèõ íà R ôóíêöié, ÿêi äîïóñêàþòü
àíàëiòè÷íå ïðîäîâæåííÿ â C i çàäîâîëüíÿ-
þòü óìîâó

|ϕ(x + iy)| ≤ c exp(M(δy)), x + iy ∈ C,

äå c > 0, δ > 0 � ñòàëi, çàëåæíi ëèøå âiä ϕ,

M(x) =

x∫

0

µ(ξ)dξ � ïåðâiñíà äåÿêî¨ çðîñòà-

þ÷î¨, íåïåðåðâíî¨ é íåîáìåæåíî¨ íà [0,∞)
ôóíêöi¨ µ, µ(0) = 0. Çãiäíî ç iíòåãðàëüíîþ
ôîðìóëîþ Êîøi

ϕ(k)(x) =
k!

2πi

∫

γR

ϕ(z)

(z − x)k+1
dz, x ∈ R, k ∈ Z+,

äå γR � êîëî ðàäióñà R ç öåíòðîì ó òî-
÷öi x. Òîäi |ϕ(k)(x)| ≤ cδkmk, äå mk =
k! inf

R
(eM(δR)/(δkRk)), k ∈ Z+. Áåçïîñåðå-

äíüî ïåðåêîíó¹ìîñÿ â òîìó, ùî ïîñëiäîâ-
íiñòü {mk, k ∈ Z+} çàäîâîëüíÿ¹ óìîâè 1)
� 4) (äèâ. òàêîæ [7]). Îòæå, ââåäåíèé â [6]
ïðîñòið GM âêëàäà¹òüñÿ ó ïðîñòið H〈mk〉 iç
âêàçàíîþ ïîñëiäîâíiñòþ {mk, k ∈ Z+}.
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