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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÏÐÎ ÎÄÍÓ ÔÓÍÊÖIÞ ÁÅÐÍØÒÅÉÍÀ
Äîñëiäæåíî ôóíêöiþ Áåðíøòåéíà ϕ : R→ R, ϕ(λ) = En−1(f − rn + λen), âñòàíîâëåíî ¨¨

îñíîâíi âëàñòèâîñòi òà çíàéäåíî ÿâíèé âèãëÿä ó âèïàäêó, êîëè f(x) = x2, n = 1.

We investigated the Bernstein function ϕ : R→ R, ϕ(λ) = En−1(f − rn + λen), set its basic
properties and found an explicit form in the case when f(x) = x2, n = 1.

1. Íåõàé C = C[0, 1] � ïðîñòið âñiõ íå-
ïåðåðâíèõ ôóíêöié f : [0, 1] → R ç íîðìîþ
‖f‖ = max

0≤x≤1
|f(x)|, à Pn � ëiíiéíèé ïiäïðîñòið

ïðîñòîðó C, ùî ñêëàäà¹òüñÿ ç óñiõ ïîëiíîìiâ
ñòåïåíÿ íå âèùå n. Íàãàäà¹ìî, ùî íàéêðà-
ùèì íàáëèæåííÿì ôóíêöi¨ f ìíîãî÷ëåíàìè
ñòåïåíÿ íå âèùå n íàçèâà¹òüñÿ âåëè÷èíà

En(f) = inf
p∈Pn

‖f − p‖.

Íàâåäåìî äåÿêi âëàñòèâîñòi íàéêðàùîãî íà-
áëèæåííÿ, ÿêèìè ìè áóäåìî êîðèñòóâàòèñÿ:

1.En(f) ≥ 0;
2. En(λf) = |λ|En(f);
3. En(f + g) ≤ En(f) + En(g).
Çà òåîðåìîþ Ãààðà [3,c.80] äëÿ êîæíîãî

n iñíó¹ ¹äèíèé ìíîãî÷ëåí íàéêðàùîãî íà-
áëèæåííÿ rn ∈ Pn, òîáòî òàêèé ìíîãî÷ëåí
rn ∈ Pn, ùî En(f) = ‖f − rn‖. Ñïiâñòàâèâ-
øè ôóíêöi¨ f ∈ C[0, 1] ¨¨ ìíîãî÷ëåí íàéêðà-
ùîãî íàáëèæåííÿ rn = Rnf , ìè îòðèìà¹ìî
âiäîáðàæåííÿ Rn : C → Pn. Ïðè öüîìó îïå-
ðàòîð Rn : C → Pn ¹ íåïåðåðâíèì âiäíîñíî
ìàêñèìóì-íîðìè [2].

Ñ.Í. Áåðíøòåéí ó ïðàöi [1, 4] âñòàíîâèâ
òàêèé ðåçóëüòàò: äëÿ äîâiëüíî¨ ñïàäíî¨ äî
íóëÿ ïîñëiäîâíîñòi ÷èñåë αn iñíó¹ òàêà ôóí-
êöiÿ g ∈ C[0, 1], ùî En(g) = αn äëÿ êîæíî-
ãî n. Äëÿ äîâåäåííÿ âií ðîçãëÿíóâ ôóíêöiþ
ϕ : R→ R,

ϕ(λ) = En−1(f − rn + λen),

äå rn = Rnf i en(x) = xn. Ó öié ïðàöi âií
ëèøå âêàçàâ âëàñòèâîñòi ôóíêöi¨ ϕ, íå ïî-
äàþ÷è ¨õ äîâåäåííÿ. Ìåòîþ äàíî¨ ñòàòòi ¹

äåòàëüíî âèâ÷èòè ôóíêöiþ ϕ, çîêðåìà äîâå-
ñòè îñíîâíi ¨¨ âëàñòèâîñòi òà çíàéòè ¨¨ ÿâíèé
âèãëÿä ó âèïàäêó, êîëè f(x) = x2 i n = 1.

Îòðèìàíi òóò ðåçóëüòàòè áóëè àíîíñîâàíi
â òåçàõ [5,6].

2. Ðîçãëÿíåìî ôóíêöiþ ϕ : R→ R,

ϕ(λ) = En−1(f − rn + λen),

rn = Rnf .
Ç'ÿñó¹ìî ¨¨ îñíîâíi âëàñòèâîñòi, ÿêi ñôîð-

ìóëþ¹ìî ó âèãëÿäi òåîðåìè.
Òåîðåìà 1.Ôóíêöiÿ ϕ(λ) = En−1(f−rn+

λen) îïóêëà i íåïåðåðâíà, ñòðîãî çðîñòà¹ íà
[0, +∞) i ñòðîãî ñïàäà¹ íà (−∞; 0], ïðè÷îìó
ϕ(0) = En(f).

Äîâåäåííÿ. ßñíî, ùî ôóíêöiÿ ϕ(λ) =
En−1(f − rn + λen) ¹ íåïåðåðâíîþ ÿê êîìïî-
çèöiÿ íåïåðåðâíèõ ôóíêöié. Ïåðåêîíà¹ìîñÿ,
ùî íàøà ôóíêöiÿ îïóêëà, òîáòî, ùî äëÿ äî-
âiëüíèõ ÷èñåë α1 ≥ 0 i α2 ≥ 0, òàêèõ, ùî
α1 + α2 = 1, i äîâiëüíèõ äiéñíèõ ÷èñåë λ1 i
λ2 âèêîíó¹òüñÿ íåðiâíiñòü

ϕ(α1λ1 + α2λ2) ≤ α1ϕ(λ1) + α2ϕ(λ2).

Ñïðàâäi, âèêîðèñòîâóþ÷è âëàñòèâîñòi
ôóíêöiîíàëà íàéêðàùîãî íàáëèæåííÿ,
áóäåìî ìàòè:
ϕ(α1λ1 + α2λ2) = En−1(f − rn + α1λ1en + α2λ2en) =

= En−1((α1+α2)f−(α1+α2)rn+α1λ1en+α2λ2en) =

= En−1(α1(f − rn + λ1en) + α2(f − rn + λ2en)) ≤
≤ En−1(α1(f −rn +λ1en)+En−1(α2(f −rn +λ2en) =

= α1En−1(f − rn + λ1en) + α2En−1(f − rn + λ2en) =

= α1ϕ(λ1) + α2ϕ(λ2).
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Ïîêàæåìî, ùî ϕ(λ) ≥ ϕ(0) äëÿ êîæíîãî
λ ∈ R. Çíàéäåìî çíà÷åííÿ ϕ(λ) â íóëi:

ϕ(0) = En−1(f − rn) = ‖f − rn‖ = En(f).

Ç iíøîãî áîêó
ϕ(λ) = En−1(f − rn + λen) ≥

≥ En(f − rn + λen) = En(f) = ϕ(0).

Ïîêàæåìî, ùî ϕ(λ) 6= ϕ(0) äëÿ êîæíîãî
λ 6= 0. Íåõàé öå íå òàê, òîáòî ϕ(λ) = ϕ(0)
äëÿ äåÿêîãî λ 6= 0. Ðîçãëÿíåìî äëÿ öüîãî λ
ôóíêöiþ h = f − rn + λen, äëÿ ÿêî¨

En(h) = En(f) = ϕ(0) = ϕ(λ) = En−1(h).

Íåõàé q = Rn−1h. Òîäi
‖f − rn‖ = En(f) = En−1(h) =

= ‖h− q‖ = ‖f − rn + λen − q‖.
Âèõîäèòü, ùî ôóíêöiÿ f ìà¹ äâà ðiçíèõ ìíî-
ãî÷ëåíè íàéêðàùîãî íàáëèæåííÿ â Pn, à ñà-
ìå rn i âiäìiííèé âiä íüîãî ìíîãî÷ëåí p =
rn − λen + q, à öå ñóïåðå÷èòü òåîðåìi Ãààðà.

Òàêèì ÷èíîì, ϕ(λ) > ϕ(0) = En(f) äëÿ
êîæíîãî λ 6= 0.

Ç äîâåäåíèõ âëàñòèâîñòåé ôóíêöi¨ ϕ ëåã-
êî âèâåñòè, ùî âîíà ñòðîãî çðîñòà¹ íà
[0, +∞). Ñïðàâäi, íåõàé 0 ≤ λ1 < λ2. ßêùî
λ1 = 0, òî ϕ(λ1) = ϕ(0) < ϕ(λ2) çà äîâåäå-
íèì âèùå. Íåõàé λ1 > 0. Îñêiëüêè ôóíêöiÿ
ϕ îïóêëà, òî äëÿ êóòîâèõ êîåôiöi¹íòiâ

k1 =
ϕ(λ1)− ϕ(0)

λ1 − 0
i k2 =

ϕ(λ2)− ϕ(λ1)

λ2 − λ1

âèêîíó¹òüñÿ íåðiâíiñòü k1 ≤ k2, çâiäêè âè-
ïëèâà¹, ùî k2 > 0, àäæå k1 > 0. Òîìó
ϕ(λ2) − ϕ(λ1) > 0, òîáòî ϕ(λ1) < ϕ(λ2). Òàê
ñàìî ïîÿñíþ¹òüñÿ, ùî ϕ ñòðîãî ñïàäà¹ íà
(−∞; 0].

3. Öiêàâî çíàéòè ÿâíèé âèðàç äëÿ ôóí-
êöi¨ ϕ ó êîíêðåòíîìó âèïàäêó. Íåõàé n = 1
i f(x) = x2. ßêèì òîäi áóäå çíà÷åííÿ ìíî-
ãî÷ëåíà íàéêðàùîãî íàáëèæåííÿ, i, âëàñíå,
ñàìî¨ ôóíêöi¨ ϕ? Çðîçóìiëî, ùî ó öüîìó âè-
ïàäêó ìíîãî÷ëåíîì íàéêðàùîãî íàáëèæåí-
íÿ áóäå ëiíiéíà ôóíêöiÿ y = ax + b. Íàì ïî-
òðiáíî çíàéòè òàêó ëiíiéíó ôóíêöiþ r1 ∈ P1,

ùîá âiäñòàíü ‖f−r1‖ ìiíiìàëüíîþ ñåðåä âiä-
ñòàíåé ‖f − p‖, äå p ∈ P1.

Ëåìà 1. Íåõàé f(x) = x2 i r1 = R1f . Òîäi
r1(x) = x− 1

8
i E1(f) = 1

8
.

Äîâåäåííÿ. Íåõàé q(x) = x− 1
8
. Òîäi

h(x) = f(x)−q(x) = x2−x+
1

8
=

(
x− 1

2

)2

−1

8
.

Îñêiëüêè h(0) = h(1) = 1
8
i h(1

2
) = −1

8
, òî

‖f − q‖ = ‖h‖ = max
0≤x≤1

|h(x)| = 1

8
.

Ðîçãëÿíåìî äîâiëüíó ëiíiéíó ôóíêöiþ
y = kx + b = p(x). �¨ ìîæíà çàïèñàòè ó âè-
ãëÿäi

p(x) = y0 + k(x− 1

2
),

äå y0 = p(1
2
). Çàóâàæèìî, ùî q(1

2
) = 3

8
.

ßêùî y0 > 3
8
, òî

p(
1

2
)− f(

1

2
) = y0 − 1

4
>

3

8
− 1

4
=

1

8
,

îòæå,

‖f − p‖ ≥ |f(
1

2
)− p(

1

2
)| = p(

1

2
)− f(

1

2
) >

1

8
,

çâiäêè îòðèìó¹ìî, ùî ‖f − p‖ > 1
8
.

Íåõàé y0 ≤ 3
8
. Ïðè k > 1 ïðÿìà y = p(x)

éäå êðóòiøå âiä ïðÿìî¨ y = q(x) i òîìó

p(0) < q(0) = −1

8
,

à òîäi

‖f − p‖ ≥ |f(0)− p(0)| = |p(0)| = −p(0) >
1

8
.

ßêùî æ k < 1, òî ïðÿìà y = p(x) éäå ïîëî-
ãiøå âiä ïðÿìî¨ y = q(x), à çíà÷èòü

p(1) < q(1) =
7

8
.

Â òàêîìó ðàçi

‖f − p‖ ≥ |f(1)− p(1)| = |1− p(1)| =

= 1− p(1) > 1− 7

8
=

1

8
.
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Ìè áà÷èìî, ùî äëÿ äîâiëüíî¨ ëiíiéíî¨
ôóíêöi¨ p, ÿêà âiäìiííà âiä q, âèêîíó¹òüñÿ
íåðiâíiñòü

‖f − p‖ >
1

8
,

à äëÿ ôóíêöi¨ q ìà¹ìî

‖f − q‖ =
1

8
.

Çâiäñè âèïëèâà¹, ùî

E1(f) = ‖f − q‖ =
1

8
i r1 = q.

Äëÿ ïîäàëüøîãî äîñëiäæåííÿ ôóíêöi¨ ϕ
íàì áóäå ïîòðiáíà òàêà ëåìà:

Ëåìà 2. Íåõàé f ∈ C[0, 1], M(f) =
max
x∈[0,1]

f(x), m(f) = min
x∈[0,1]

f(x), c(f) =

1
2
(m(f) + M(f)) i d(f) = 1

2
(M(f) − m(f)).

Òîäi r0 = R0f = c(f) i E0(f) = d(f).
Äîâåäåííÿ. Íåõàé a0 � äîâiëüíà äiéñíà

êîíñòàíòà. ßêùî a0 > c(f), òî

a0 −m(f) > c(f)−m(f) = d(f).

Àëå m(f) = f(x1) äëÿ äåÿêîãî x1 ∈ [0, 1].
Òîäi

‖f − a0‖ = max
0≤x≤1

|f(x)− a0| ≥ |f(x1)− a0| =

= |m(f)− a0| = a0 −m(f) > d(f).

ßêùî æ a0 < c(f), òî

M(f)− a0 > M(f)− c(f) = d(f).

Îñêiëüêè M(f) = f(x2), äå x2 � äåÿêà òî÷êà
ç [0, 1], òî

‖f − a0‖ ≥ |f(x2)− a0| =
= |M(f)− a0| = M(f)− a0 > d(f).

Àëå

‖f − c(f)‖ = max
0≤x≤1

|f(x)− c(f)| = d(f).

Òàêèì ÷èíîì, E0(f) = ‖f − c(f)‖ = d(f)
i r0 = c(f).

Ïåðåéäåìî äî äîâåäåííÿ îñíîâíîãî ðå-
çóëüòàòó:

Òåîðåìà 2. Íåõàé f(x) = x2, r1(x) =
x − 1

8
, e1(x) = x i ϕ(λ) = E0(f − r1 + λe1).

Òîäi

ϕ(λ) =

{
|λ|
2

, |λ| ≥ 1,
(|λ|+1)2

8
, |λ| ≤ 1.

Äîâåäåííÿ. Íåõàé

gλ = f − r1 + λe1.

Âèäiëèâøè ïîâíèé êâàäðàò, îòðèìà¹ìî, ùî

gλ(x) = x2−x+
1

8
+λx = x2 +(λ− 1)x+

1

8
=

= (x +
λ− 1

2
)2 − 2(λ− 1)2 − 1

8
.

Âåðøèíà ïàðàáîëè y = gλ(x) çíàõîäèòüñÿ
â òî÷öi (−λ−1

2
,−2(λ−1)2−1

8
) i öÿ ïàðàáîëà íà-

ïðÿìëåíà âiòêàìè âãîðó. Çðîçóìiëî, ùî çà-
ëåæíî âiä çíà÷åííÿ λ öÿ âåðøèíà áóäå çìi-
íþâàòè ñâî¹ ðîçòàøóâàííÿ. Îñêiëüêè

0 ≤ −λ− 1

2
≤ 1 ⇔ −1 ≤ λ ≤ 1,

òî âåðøèíà ïàðàáîëè y = gλ(x) çíàõîäèòüñÿ
íàä ÷è ïiä ïðîìiæêîì [0, 1] òîäi i òiëüêè òîäi,
êîëè −1 ≤ λ ≤ 1.

Ïðè λ < −1 âèêîíó¹òüñÿ íåðiâíiñòü
−λ−1

2
> 1, îòæå, âåðøèíà ïàðàáîëè çíàõî-

äèòüñÿ ïðàâiøå âiä âiäðiçêà [0, 1]. ßêùî æ
λ > 1, òî −λ−1

2
< 0, îòæå, âåðøèíà ïàðàáî-

ëè ëåæèòü ëiâiøå âiä âiäðiçêà [0, 1].
Ðîçãëÿíåìî âêàçàíi òðè âèïàäêè
a). Íåõàé λ < −1. Òîäi ôóíêöiÿ gλ ñïàäà¹

íà ïðîìiæêó [0, 1]. Îòæå,

M(gλ) = gλ(0) =
1

8
, m(gλ) = gλ(1) =

1

8
+ λ

i
d(gλ) = −λ

2
.

Òîìó çà ëåìîþ 2

ϕ(λ) = E0(gλ) = −λ

2
=
|λ|
2
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á). Íåõàé −1 ≤ λ ≤ 1. Òîäi

m(gλ) = −2(λ− 1)2 − 1

8
=

1

8
− (λ− 1)2

4
,

àäæå âåðøèíà ïàðàáîëè ïðîåêòó¹òüñÿ íà
[0, 1]. Äàëi

M(gλ) = max{gλ(0), gλ(1)} =

= max{1

8
,
1

8
+ λ} =

{
1
8

+ λ, 0 ≤ λ ≤ 1
1
8
, −1 ≤ λ ≤ 0.

Òîìó ïðè −1 ≤ λ ≤ 0

ϕ(λ) =
1

2
(M(gλ)−m(gλ)) =

(λ− 1)2

8
i ïðè 0 ≤ λ ≤ 1

ϕ(λ) =
λ

2
+

(λ− 1)2

8
=

λ2 + 2λ + 1

8
=

(λ + 1)2

8
.

â). Íåõàé, íàðåøòi, λ > 1. Òîäi ôóíêöiÿ
gλ çðîñòà¹ íà [0, 1]. Òîìó

m(gλ) =
1

8
i M(gλ) =

1

8
+ λ.

Îòæå,
ϕ(λ) =

λ

2
.

Òàêèì ÷èíîì,

ϕ(λ) =





−λ
2
, λ ≤ −1,

(λ−1)2

8
, −1 ≤ λ ≤ 0,

(λ+1)2

8
, 0 ≤ λ ≤ 1,

λ
2
, λ ≥ 1,

àáî iíàêøå

ϕ(λ) =

{
|λ|
2

, |λ| ≥ 1,
(|λ|+1)2

8
, |λ| ≤ 1.

Ãðàôiê îòðèìàíî¨ ôóíêöi¨ µ = ϕ(λ) ìîæíà
çîáðàçèòè òàê:

ßê áà÷èìî, ôóíêöiÿ ϕ ñïðàâäi íåïåðåðâ-
íà i îïóêëà, ïðè÷îìó âîíà òóò âèéøëà ïàð-
íîþ. Ïðàâäà, â òî÷öi 0 âîíà íå äèôåðåíöi-
éîâíà, àäæå

ϕ′ï(0) =
λ + 1

4

∣∣∣∣
λ=0

=
1

4

i
ϕ′ë(0) =

λ− 1

4

∣∣∣∣
λ=0

= −1

4
,

ùî ïîêàçó¹, ùî ïðàâîñòîðîííÿ i ëiâîñòîðîí-
íÿ ïîõiäíi â òî÷öi 0 ðiçíi. Ïðè λ = ±1 ôóí-
êöiÿ ϕ äèôåðåíöiéîâíà, áî, íàïðèêëàä,

ϕ′ï(1) =
1

2
i ϕ′ë(1) =

λ + 1

4

∣∣∣∣
λ=0

=
1

2
,

îòæå, ϕ′(1) = 1
2
. Àëå, äðóãî¨ ïîõiäíî¨ â òî-

÷êàõ ±1 íå iñíó¹.
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