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IÍÒÅÃÐÀËÜÍÈÌÈ ÊÐÀÉÎÂÈÌÈ ÓÌÎÂÀÌÈ
Ðîçãëÿíóòî áàãàòî÷àñòîòíó ñèñòåìó ðiâíÿíü ç ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì â ïî-

âiëüíèõ òà øâèäêèõ çìiííèõ ç iíòåãðàëüíèìè êðàéîâèìè óìîâàìè. Äîñëiäæåíî iñíóâàííÿ òà
¹äèíiñòü ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i òà îäåðæàíî îöiíêó ïîõèáêè ìåòîäó óñåðåäíåííÿ, ÿêà ÿâíî
çàëåæèòü âiä ìàëîãî ïàðàìåòðà.

We considered a multifrequance system of equations with slow and fast variables with linearly
transformed argument and with integral boundary conditions. We researched the existence and
uniformity of solution of boundary-value problem and we obtained the error estimate of averaging
method, that depends on small parameter.

Ïîñòàíîâêà çàäà÷i. Äèôåðåíöiàëüíî-
ôóíêöiîíàëüíi ðiâíÿííÿ ç ôóíêöiîíàëüíè-
ìè, çîêðåìà iíòåãðàëüíèìè óìîâàìè, äî-
ñëiäæóâàëèñü ó ìîíîãðàôiÿõ [1, 2] òà â áàãà-
òüîõ iíøèõ ïðàöÿõ. Ó ïðàöi [3] âïåðøå ðîç-
ãëÿíåíi áàãàòî÷àñòîòíi ñèñòåìè ç iíòåãðàëü-
íèìè êðàéîâèìè óìîâàìè, â ÿêèõ ïðîöåäó-
ðà óñåðåäíåííÿ çà øâèäêèìè çìiííèìè çà-
ñòîñîâó¹òüñÿ íå òiëüêè äî ðiâíÿíü, àëå é äî
êðàéîâèõ óìîâ.

Â ïðàöÿõ [4, 5] âèâ÷àëèñü óìîâè iñíóâà-
ííÿ ðîçâ'ÿçêó m-÷àñòîòíî¨ ñèñòåìè ðiâíÿíü
iç ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì â ìàëî-
ìó îêîëi ðîçâ'ÿçêó óñåðåäíåíî¨ çà øâèäêèìè
çìiííèìè ñèñòåìè ðiâíÿíü òà îäåðæàíî îöií-
êó âiäõèëåííÿ ðîçâ'ÿçêiâ òî÷íî¨ é óñåðåäíå-
íî¨ ñèñòåì.

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ ñèñòåìà ðiâ-
íÿíü ç ïîâiëüíèìè i øâèäêèìè çìiííèìè òà
ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì âèãëÿäó

dx

dτ
= A(τ, x, xλ, ϕ, ϕθ),

dϕ

dτ
=

ω(τ)

ε
+ B(τ, x, xλ, ϕ, ϕθ), (1)

äå τ ∈ [0, L], x ∈ D ⊂ Rn, ϕ ∈ Rm, ç êðàéî-
âèìè óìîâàìè

L∫

0

f(τ, x, xλ, ϕ, ϕθ)dτ = d1, (2)

L∫

0

[A1(τ)ϕ + A2(τ)ϕθ+

+g(τ, x, xλ, ϕ, ϕθ, ε)]dτ = d2, (3)

Òóò A, B, f , g � 2π-ïåðiîäè÷íi çà âñiìà
êîìïîíåíòàìè âåêòîð-ôóíêöi¨ çìiííèõ ϕ, ϕθ,
ϕθ = ϕ(θτ), xλ(τ) = x(λτ), θ, λ ∈ (0, 1), ìà-
ëèé ïàðàìåòð ε ∈ (0, ε0].

Â ðîáîòi [4] ðîçãëÿíóòî âèïàäîê, êîëè
âåêòîð-ôóíêöi¨ A1 i A2 çàëåæàòü i âiä ïîâiëü-
íèõ çìiííèõ x, xλ é îäåðæàíî åôåêòèâíó, ÿâ-
íî çàëåæíó âiä ε îöiíêó òiëüêè äëÿ ïîâiëü-
íèõ çìiííèõ x. Ïîêàæåìî, ùî äëÿ êðàéîâèõ
óìîâ âèãëÿäó (2), (3), äå A1 i A2 çàëåæàòü
òiëüêè âiä ïîâiëüíîãî ÷àñó, òàêà æ îöiíêà
âèêîíó¹òüñÿ i äëÿ øâèäêèõ çìiííèõ. Äëÿ ñè-
ñòåì áåç çàïiçíåííÿ òàêà çàäà÷à ðîçâ'ÿçàíà
â ðîáîòi [6].

Óñåðåäíåíà çàäà÷à. Óñåðåäíèìî
âåêòîð-ôóíêöi¨ A, B, f , g çà øâèäêèìè
çìiííèìè ϕ, ϕθ íà êóái ïåðiîäiâ. Íåõàé
F := [A, B, f, g], ñåðåäí¹ çíà÷åííÿ íàáóâà¹
âèãëÿäó

F0 =
1

(2π)2m

2π∫

0

. . .

2π∫

0

F (τ, x, xλ, ϕ, ϕθ)dϕdϕθ.

Óñåðåäíåíà ñèñòåìà ðiâíÿíü çàïèøåòüñÿ
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ó âèãëÿäi
dx

dτ
= A0(τ, x, xλ), (4)

dϕ

dτ
=

ω(τ)

ε
+ B0(τ, x, xλ), (5)

êðàéîâi óìîâè
L∫

0

f0(τ, x, xλ)dτ = d1, (6)

L∫

0

[A1(τ)ϕ + A2(τ)ϕθ + g0(τ, x, xλ)]dτ = d2.

(7)
Óìîâè. Íåõàé G = [0, L] × D × D ×

Rm × Rm, G1 = [0, L] × D × D, u = [τ, x, xλ]
� (2n+1)-âåêòîð. Ïðèïóñòèìî, ùî âèêîíóþ-
òüñÿ íàñòóïíi óìîâè.

10. Äëÿ êîæíîãî ε ∈ (0, ε0] âåêòîð-
ôóíêöiÿ F ∈ C2

u(G, σ1), ω ∈ C2m−1([0, L], σ1),
äå ñòàëîþ σ1 îáìåæåíi íîðìè ìàòðèöü ∂F

∂u
,

∂νω

∂τ ν
, ν = 0, . . . , 2m−1 i äðóãi ïîõiäíi âåêòîð-

ôóíêöi¨ F çà çìiííèìè τ, x, xλ.
20. Âåêòîð-ôóíêöiÿ F (τ, x, z, u, v) 2π-

ïåðiîäè÷íà çà çìiííèìè uν , vν , ν = 1, . . . , m,
à ¨¨ êîåôiöi¹íòè Ôóð'¹ çàäîâîëüíÿþòü íåðiâ-
íîñòi:

sup ‖F0‖+ sup

∥∥∥∥
∂F0

∂τ

∥∥∥∥ + sup

∥∥∥∥
∂F0

∂x

∥∥∥∥+

+ sup

∥∥∥∥
∂F0

∂z

∥∥∥∥ +
∑

‖k‖+‖l‖>0

(‖k‖+ θ‖l‖)κ×

×
[
sup ‖Fkl‖+ (‖k‖+ θ‖l‖)−1

(
sup

∥∥∥∥
∂Fkl

∂τ

∥∥∥∥+

+ sup

∥∥∥∥
∂Fkl

∂x

∥∥∥∥ + sup

∥∥∥∥
∂Fkl

∂z

∥∥∥∥
)]
≤ σ2,

(‖k‖+ θ‖l‖)−1
(
sup

∥∥∥∥
∂2Fkl

∂x∂τ

∥∥∥∥ + sup

∥∥∥∥
∂2Fkl

∂z∂τ

∥∥∥∥+

+
n∑

ν=1

(
sup

∥∥∥∥
∂2Fkl

∂x∂zν

∥∥∥∥ + sup

∥∥∥∥
∂F 2

kl

∂z∂xν

∥∥∥∥
))

≤ σ3,

äå ñóïðåìóì îá÷èñëþ¹òüñÿ â îáëàñòi G1.

30. Bèçíà÷íèê Âðîíñüêîãî V (τ), ïî-
áóäîâàíèé çà ñèñòåìîþ 2m ôóíêöié
{ω(τ), ω(θτ)}, âiäìiííèé âiä íóëÿ ïðè
τ ∈ [0, L].

40. Iñíó¹ ¹äèíèé ðîçâ'ÿçîê x = x(τ, y),
x(0, y) = y, êðàéîâî¨ çàäà÷i (4), (6), ÿêèé ëå-
æèòü â D ðàçîì iç äåÿêèì ρ-îêîëîì.

ßê ïîêàçàíî â [4], ïðè âèêîíàííi óìîâ 10,
30 i ïåðøî¨ íåðiâíîñòi â 20 ïðè κ = 0, ÿêùî
ïðè τ ∈ [0, L] iñíó¹ ¹äèíèé ðîçâ'ÿçîê ïî÷à-
òêîâî¨ çàäà÷i äëÿ ðiâíÿííÿ (4), òî äëÿ êî-
æíîãî ε ∈ (0, ε0], äå ε0 � äîñèòü ìàëå, iñíó¹ i
¹äèíèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (1) ç ïî÷à-
òêîâèìè óìîâàìè äëÿ óñåðåäíåíî¨ ñèñòåìè i
ïðè τ ∈ [0, L] i âèêîíó¹òüñÿ íåðiâíiñòü

‖x(τ, y, ψ, ε)− x(τ, y)‖+
+‖ϕ(τ, y, ψ)− ϕ(τ, y, ψ, ε)‖ ≤ c1ε

α, (8)

äå c1 > 0 i íå çàëåæèòü âiä ε, α = (2m)−1.
Òàêà æ îöiíêà ñïðàâäæó¹òüñÿ i äëÿ ïîõiäíèõ
âiäõèëåííÿ ïîâiëüíèõ i øâèäêèõ çìiííèõ çà
ïî÷àòêîâèìè óìîâàìè. Íåðiâíiñòü (8) ãðóí-
òó¹òüñÿ íà ðiâíîìiðíié îöiíöi îñöèëÿöiéíîãî
iíòåãðàëà

∥∥∥∥∥

L∫

0

hkl(s) exp

[
i

ε

s∫

0

(
(k, ω(z))+

+(l, ω(θz))
)
dz

]
ds

∥∥∥∥∥ ≤ c2ε
α, (9)

äå ñòàëà c2 > 0 i íå çàëåæèòü âiä ε, hkl ∈
C1[0, L].

Ââåäåìî ïîçíà÷åííÿ äëÿ n- i m-ìàòðèöü:

Q1 =

L∫

0

[
∂f0(M2)

∂x

∂x(M1)

∂y
+

+
∂f0(M2)

∂xλ

∂xλ(M1)

∂y

]
dτ,

Q2 =

L∫

0

[
A1(τ) + A2(τ)

]
dτ.
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Iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i
òà îáãðóíòóâàííÿ ìåòîäó óñåðåäíåííÿ.

Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè
10 − 40 äëÿ κ = 1, ìàòðèöi Q1, Q2 - íåâè-
ðîäæåíi. Òîäi ìîæíà âêàçàòè äîñèòü ìàëå
ε∗ ∈ (0, ε0], òàêå, ùî äëÿ êîæíîãî ε ∈ (0, ε∗]
iñíó¹ ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1)�
(3) â ìàëîìó îêîëi ðîçâ'ÿçêó óñåðåäíåíî¨ çà-
äà÷i (4)�(7) i ïðè öüîìó äëÿ âñiõ τ ∈ [0, L] i
ε ∈ (0, ε∗] âèêîíó¹òüñÿ íåðiâíiñòü

‖x(τ, y + µ, ψ + ξ, ε)− x(τ, y)‖+
+‖ϕ(τ, y + µ, ψ + ξ, ε)− ϕ(τ, y, ψ, ε)‖ ≤ c3ε

α,
(10)

äå α = (2m)−1, ñòàëà c3 > 0 i íå çàëåæèòü
âiä ε.

Äîâåäåííÿ. Çãiäíî ç ìåòîäèêîþ äîâåäå-
ííÿ âiäïîâiäíîãî òâåðäæåííÿ äëÿ çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü [6] ïîêàæåìî, ùî â
äîñèòü ìàëîìó îêîëi ïî÷àòêîâèõ óìîâ (y, ψ)
óñåðåäíåíî¨ çàäà÷i, ðàäióñ ÿêîãî ìà¹ ïîðÿ-
äîê εα, iñíó¹ ¹äèíà òî÷êà (y + µ, ψ + ξ), òà-
êà, ùî ðîçâ'ÿçîê x(τ, y + µ, ψ + ξ, ε), ϕ(τ, y +
µ, ψ + ξ, ε)) ñèñòåìè ðiâíÿíü (1) âèçíà÷åíèé
äëÿ âñiõ τ ∈ [0, L] i çàäîâîëüíÿ¹ êðàéîâi óìî-
âè (2), (3).

Íåõàé µ ∈ Rm i ‖µ‖ exp(2σ1L) ≤ ρ1 = ρ/2.
Òîäi äëÿ τ ∈ [0, L] âèçíà÷åíèé ðîçâ'ÿçîê x̃ =
x(τ, y + µ) ðiâíÿííÿ (4) i

‖x(τ, y + µ)− x(τ, y)‖ ≤ ρ1.

Äëÿ ‖µ‖ ≤ c4ε
α exp(−2σ1L), äå c4 � äåÿêå

÷èñëî, i âðàõóâàâøè îöiíêó (8), îäåðæèìî

‖x(τ, y + µ, ψ + ξ, ε)− x(τ, y)‖ ≤
≤ ‖x(τ, y + µ, ψ + ξ, ε)− x(τ, y + µ)‖+

+‖x(τ, y + µ)− x(τ, y)‖ ≤
≤ c1ε

α + c4 exp(2σ1L)εα = c5ε
α. (11)

Îöiíêà (11) âèêîíó¹òüñÿ äëÿ âñiõ τ ∈ [0, L]
i ε ∈ (0, ε1], ε1 = min(ε0, (ρ/2c1)

1/α, (cρ)1/α),
c = (2c4 exp(σ1L))−1.

Ââåäåìî ïîçíà÷åííÿ M1 = (τ, y) � òî÷êà â
[0, L]×D òà àíàëîãi÷íi ïîçíà÷åííÿ äëÿ M̃1 =
(τ, y+µ) i M1 = (τ, y+µ, ψ+ξ, ε). Äàëi, M2 =
(τ, x(M1), xλ(M1)), M2 = (τ, x(M1), xλ(M1)),
M̃2 = (τ, x(M̃1), xλ(M̃1)).

ßêùî âèêîíó¹òüñÿ óìîâà 10, òî

x(M̃1)− x(M1) =
∂x(M1)

∂y
µ + P11(τ, µ)

i, ÿê ïîêàçàíî â [4],

P11(τ, µ) ≤ d1‖µ‖2. (12)

Äëÿ xλ(M̃1) − xλ(M1) ìà¹ìî òàêó æ ðiâ-
íiñòü ç äîäàíêîì P12(τ, µ) òà îöiíêîþ, àíà-
ëîãi÷íîþ (12).

Çàïèøåìî âåêòîð-ôóíêöiþ f ó âèãëÿäi

f(τ, x, xλ, ϕ, ϕθ) =

= f0(τ, x, xλ) + f̃(τ, x, xλ, ϕ, ϕθ),

äå f̃(τ, x, xλ, ϕ, ϕθ) =

=
∑

‖k‖+‖l‖>0

fkl(τ, x, xλ) exp[i(k, ϕ) + i(l, ϕθ)],

i òàêi æ ïîçíà÷åííÿ äëÿ g0 i g̃.
Ðîçãëÿíåìî ðiçíèöþ

f0(M̃2)− f0(M2) =

=

(
∂f0(M2)

∂x

∂x(M1)

∂y
+

∂f0(M2)

∂xλ

∂xλ(M1)

∂y

)
µ+

+
∂f0(M2)

∂x
P11(τ, µ)+

∂f0(M2)

∂xλ

P12(τ, µ)+P1(τ, µ),

äå ‖P1(τ, µ)‖ ≤ d2‖µ‖2.
Òîäi ç iíòåãðàëüíèõ óìîâ (3) i (5) îäåð-

æèìî µ = −Q−1
1 ×

×
{ L∫

0

(∂f0(M2)

∂x
P11(τ, µ)+

∂f0(M2)

∂xλ

P12(τ, µ)
)
ds+

+

L∫

0

(
f(τ, x(M1), xλ(M1), ϕ(M1), ϕθ(M1))−

−f(τ, x(M̃1), xλ(M̃1), ϕ(M1), ϕθ(M1))
)
ds+

+

L∫

0

f̃(τ, x(M̃1), xλ(M̃1), ϕ(M1), ϕθ(M1))ds+
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+

L∫

0

P1(τ, µ)dτ

}
≡ Φ1(µ, ξ, ε)

àáî µ = Φ1(µ, ξ, ε).
×åðåç I1,ν ïîçíà÷èìî iíòåãðàëè âèðàçó ó

ôiãóðíèõ äóæêàõ, ν = 1, 2, 3, 4. Íåõàé S1 =
{µ : ‖µ‖ ≤ c4ε

α} � êóëÿ â Rn. Ïîêàæåìî, ùî
Φ1 : S1 → S1 äëÿ âñiõ ε ∈ (0, ε1] i ξ ∈ Rm.

Ç óìîâè 10 òà îöiíîê (12) äëÿ P11(τ, µ) i
P12(τ, µ) îäåðæèìî

‖I1,1‖ ≤ 2σ1d1L‖µ‖2. (13)

Âðàõóâàâøè îöiíêó ïîõèáêè (8) ìåòîäó óñå-
ðåäíåííÿ, ìà¹ìî

‖I1,2‖ ≤ 2c1σ1Lεα. (14)

Äàëi ñêîðèñòà¹ìîñü îöiíêîþ îñöèëÿöiéíîãî
iíòåãðàëà (9), äå

hkl(τ) = fkl(τ, x(M1), xλ(M1))×
× exp[i(k, η(τ, ε)) + i(l, η(θτ, ε)],

η(τ, ε) = ϕ(M1)− 1

ε

τ∫

0

ω(s)ds.

Òîäi äëÿ I1,3 ñïðàâäæó¹òüñÿ íåðiâíiñòü
‖I1,3(µ, ξ, ε)‖ ≤ c6ε

α, ε ∈ (0, ε1]. (15)

Íàêiíåöü,
‖I1,4(µ)‖ ≤ d2L‖µ‖2. (16)

Íà ïiäñòàâi îöiíîê (13)�(16) îäåðæèìî
‖Φ1(µ, ξ, ε)‖ ≤ c7‖µ‖2 + c8ε

α,

äå c8 = (2c1σ1L + c6)‖Q−1
1 ‖, c7 = (2σ1d1 +

d2)L‖Q−1
1 ‖.

Íåõàé c4 = 2c8, ε2 = min(ε1, (4c6c7)
− 1

α ).
Òîäi,

‖Φ1(µ, ξ, ε)‖ ≤ 2c8ε
α = c4ε

α,

äëÿ âñiõ ‖µ‖ ≤ c4ε
α, ε ∈ (0, ε2] i ξ ∈ Rm.

Äîâåäåííÿ ñòèñêó âiäîáðàæåííÿ Φ1 çái-
ãà¹òüñÿ ç òàêîæ æ ïðîöåäóðîþ â [4]. Äëÿ
ε ∈ (0, ε3], ε3 ≤ ε2, µ ∈ S1, ξ ∈ Rm âèïëè-
âà¹, ùî

‖∂Φ1

∂µ
‖ ≤ 1

2
.

Îòæå, äëÿ êîæíîãî ε ∈ (0, ε3] i ξ ∈ Rm â êóëi
S1 iñíó¹ ¹äèíà íåðóõîìà òî÷êà µ = µ(ξ, ε)
âiäîáðàæåííÿ Φ1.

Ç iíòåãðàëüíèõ óìîâ (3) i (6) ìà¹ìî:
ξ = −Q−1

2 ×

×
{ L∫

0

[
A1(τ)

(
ϕ(τ, y + µ, 0, ε)− ϕ(τ, y, 0, ε)

)
+

+A2(τ)
(
ϕ(θτ, y +µ, 0, ε)−ϕ(θτ, y, 0, ε)

)]
dτ+

+

L∫

0

[
g(τ, x(M1), xλ(M1), ϕ(M1), ϕθ(M1))−

−g(τ, x(M̃1), xλ(M̃1), ϕ(M1), ϕθ(M1))
]
dτ+

+

L∫

0

[
g0(τ, x(M̃1), xλ(M̃1))−

−g0(τ, x(M1), xλ(M1))
]
dτ+

+

L∫

0

g̃(τ, x(M̃1), xλ(M̃1), ϕ(M1), ϕθ(M1))dτ

}
≡

≡ Φ2(µ, ξ, ε).

Çàóâàæèìî, ùî äëÿ ïåðøîãî ç iíòåãðàëiâ
íà ïiäñòàâi óìîâè 10 äëÿ ‖µ‖ ≤ c4ε

α i ε ∈
(0, ε2] ìà¹ìî:

‖I2,1(µ, ε)‖ ≤ c9ε
α,

äå c9 = 2c4σ1L exp(2σ1L)‖Q−1
2 ‖×

×
L∫

0

(‖A1(τ)‖+ ‖A2(τ)‖)dτ.

Òàêèì æå ÷èíîì, ÿê i äëÿ âiäîáðàæåííÿ
Φ1 äîâîäèòüñÿ, ùî Φ2 : S2 → S2, äå

S2 = {ξ : ξ ∈ Rm, ‖ξ‖ ≤ c10ε
α}.

Óìîâà ñòèñêó âiäîáðàæåííÿ Φ2 äëÿ äî-
ñèòü ìàëîãî ε∗ > 0 çäiéñíþ¹òüñÿ çà ñõåìîþ
òåîðåìè 15.2 â ïðàöi [6]. Îòæå, iñíó¹ ¹äèíèé
ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1)�(3)

{
x(τ, y + µ(ξ(ε), ε), ψ + ξ(ε), ε),

8 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2010. Âèïóñê 501. Ìàòåìàòèêà.



ϕ(τ, y + µ(ξ(ε), ε), ψ + ξ(ε), ε)
}

,

ïðè÷îìó ‖µ(ξ(ε), ε))‖ ≤ c4ε
α, ‖ξ(ε)‖ ≤ c10ε

α.
Ç íåðiâíîñòi (11) é àíàëîãi÷íî¨ íåðiâíîñòi
äëÿ ‖ϕ(τ, y + µ, ψ + ξ, ε) − ϕ(τ, y, ψ, ε)‖ âè-
ïëèâà¹ îöiíêà (10).

Ïðèêëàä. Ðîçãëÿíåìî êðàéîâó çàäà÷ó
dx

dτ
= cos(ϕ− 2ϕθ) + cos(ϕ− 4ϕθ), x(0) = y;

dϕ

dτ
=

1 + 2τ

ε
, τ ∈ [0, 1], θ = 0.5.

1∫

0

[
(1−τ)ϕ+cos(ϕ−2ϕθ)+cos(ϕ−4ϕθ)

]
dτ = 1.

Òóò γ1(τ) = ω(τ)− 2ω(
τ

2
)
1

2
= τ,

γ2(τ) = ω(τ)− 4ω(
τ

2
)
1

2
= −1.

Îñêiëüêè γ1(0) = 0, òî â ñèñòåìi ¹ ðåçî-
íàíñ ïðè τ = 0.

ßêùî çàäàòè ïî÷àòêîâi óìîâè x(0) = y,
ϕ(0) = 0, òî íà ïiäñòàâi îöiíêè iíòåãðàëà
Ôðåíåëÿ [7] ìà¹ìî:

x(1, ε)− x =

1∫

0

cos
τ 2

2ε
dτ +

1∫

0

cos
τ

ε
dτ =

=
√

2ε

1√
2ε∫

0

cos τ 2dτ + ε sin
1

ε
=

√
πε

2
+ o(

√
ε).

Íåõàé òåïåð äëÿ ðîçâ'ÿçêó çàäàíî êðàéî-
âi óìîâè. Òîäi äëÿ âiäõèëåííÿ ïî÷àòêîâèõ
óìîâ ðîçâ'ÿçêiâ ϕ(τ, y, ψ, ε) i ϕ(τ, ψ, ε) îäåð-
æèìî

ψ − ψ =

= −2

1∫

0

cos(
τ 2

2ε
−ψ)dτ+2 sin

1

2ε
sin(3ψ+

1

2ε
) =

= −2
√

2ε(cos ψ

1√
2ε∫

0

cos τ 2dτ+sin ψ

1√
2ε∫

0

sin τ 2dτ)+

+2 sin
1

2ε
sin(3ψ +

1

2ε
) = O(

√
ε) ïðè ε → 0.

Îòæå,

ϕ(τ, y, ψ, ε)− ϕ(τ, ψ, ε) = O(
√

ε)

äëÿ âñiõ τ ∈ [0, 1].
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