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Áóêîâèíñüêà äåðæàâíà ôiíàíñîâà àêàäåìiÿ

ÇÀÄÀ×À ÊÎØI ÄËß ÎÄÍÎÃÎ ÏÑÅÂÄÎÄÈÔÅÐÅÍÖIÀËÜÍÎÃÎ
ÐIÂÍßÍÍß Ç ÎÏÅÐÀÒÎÐÎÌ ÁÅÑÑÅËß

Äëÿ îäíîãî ïñåâäîäèôåðåíöiàëüíîãî ðiâíÿííÿ ç îïåðàòîðîì Áåññåëÿ ñôîðìóëüîâàíi íåîá-
õiäíi òà äîñòàòíi óìîâè êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi ç óçàãàëüíåíèìè ïî÷àòêîâèìè
äàíèìè ç ïðîñòîðó, ÿêèé ¹ ïåâíèì óçàãàëüíåííÿì êëàñè÷íèõ ôóíêöiîíàëüíèõ ïðîñòîðiâ òèïó
S òà W .

For a pseudodi�erentional equation with the Bessel operator we formulate necessary and su�ci-
ent conditions for correct solvability of the Cauchy problem with generalized initial conditions of
space, which generalize certain classical of S -type and W -type functional spaces.

Âñòóï. Êëàñè÷íà ðîçâ'ÿçíiñòü çàäà÷i Êî-
øi äëÿ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü òà
ñèñòåì ðiâíÿíü âèâ÷àëàñÿ áàãàòüìà äîñëi-
äíèêàìè [1-8]. Ïðè öüîìó ïîøèðåííÿ îïå-
ðàöié iíòåãðóâàííÿ òà äèôåðåíöiþâàííÿ íà
äðîáîâi ïîðÿäêè [9], ïðèâåëè äî äîñëiäæå-
ííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ðiâíÿíü ç
ìîëîäøèìè ÷ëåíàìè, â ÿêèõ çäiéñíþ¹òüñÿ
íåïåðåðâíå ïiäñóìîâóâàííÿ ïñåâäîäèôåðåí-
öiàëüíèõ òà ïñåâäîiíòåãðî-äèôåðåíöiàëüíèõ
îïåðàòîðiâ çà ¨õ ïîðÿäêàìè íà ïåâíèõ ïðî-
ìiæêàõ (òàêi ðiâíÿííÿ â [7] ïðîïîíó¹òüñÿ íà-
çèâàòè ðiâíÿííÿìè iíòåãðàëüíîãî âèãëÿäó).

Ó öié ðîáîòi ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi
äëÿ ðiâíÿííÿ iíòåãðàëüíîãî âèãëÿäó

∂tU(t, x)+

+

γ∫

α

((
aE −D2

) τ
2 U

)
(t, x) dτ = 0 ,

(1)

äå γ > 0 , −∞ < α < γ , (aE −D2)
τ
2 � îïå-

ðàòîð Áåññåëÿ äðîáîâîãî iíòåãðîäèôåðåíöi-
þâàííÿ ó ïðîñòîði S Øâàðöà, ç ïàðàìåòðîì
a > 1 , äiÿ ÿêîãî íà åëåìåíòàõ ç ïðîñòîðó S
âèçíà÷à¹òüñÿ òàê:

∀ f ∈ S :
(
aE −D2

)τ/2 f =

= F−1

[(
a + ξ2

)τ/2 F [f ]

]

(òóò E � îäèíè÷íèé îïåðàòîð). Çàçíà÷èìî,
ùî çàäà÷à Êîøi äëÿ ðiâíÿííÿ (1) ó âèïàä-

êó α = −∞ äîñëiäæóâàëàñÿ ó ðîáîòi [7]. Ó
íàøîìó âèïàäêó ïðîìiæîê iíòåãðóâàííÿ ó
ðiâíÿííi (1) ¹ ñêií÷åííèì i äëÿ âiäïîâiäíî¨
çàäà÷i Êîøi çà äîïîìîãîþ ìóëüòèïëiêàòî-
ðiâ Ôóð'¹-îáðàçiâ óçàãàëüíåíèõ ôóíêöié íàä
ïðîñòîðîì îñíîâíèõ ôóíêöié, ÿêèé ¹ ïåâ-
íèì óçàãàëüíåííÿì ôóíêöiîíàëüíèõ ïðîñòî-
ðiâ òèïó S òà W , âñòàíîâëþ¹òüñÿ ¨¨ êîðå-
êòíà ðîçâ'ÿçíiñòü.

1. Ïðîñòîðè îñíîâíèõ ôóíêöié. Íå-
õàé N , R i C � âiäïîâiäíî ìíîæèíè íà-
òóðàëüíèõ, äiéñíèõ i êîìïëåêñíèõ ÷èñåë,
Z+ = N

⋃{0} , C∞(R) � ïðîñòið óñiõ íå-
ñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié âèçíà-
÷åíèõ íà R , C∞(C) � ïðîñòið öiëèõ àíàëiòè-
÷íèõ ôóíêöié, à µ(·) � çðîñòàþ÷à íåïåðåðâ-
íà ôóíêöiÿ íà [0, +∞) , ïðè÷îìó µ(0) = 0 i
lim

x→+∞
µ(x) = +∞ .

Ïîêëàäåìî

M(x) =

x∫

0

µ(ξ)dξ, x ≥ 0.

Ôóíêöiÿ M(·) ìà¹ òàêi âëàñòèâîñòi:
1) âîíà äèôåðåíöiéîâíà, çðîñòàþ÷à íà

[0, +∞) ;
2) M(0) = 0 , lim

x→+∞
M(x) = +∞ ;

3) M(·) � îïóêëà ôóíêöiÿ, òîáòî âèêîíó-
þòüñÿ òàêi óìîâè:

à) ∀{x1, x2} ⊂ [0; +∞) : M(x1)+M(x2) ≤
≤ M(x1 + x2) ;
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á) ∀x ∈ [0; +∞), ∀n ∈ N, nM(x) ≤
M(nx) .

Äîâèçíà÷èìî M(·) íà âiä'¹ìíié ïiâîñi
(−∞; 0) ïàðíî, ïîêëàâøè

M(x) = M(−x), ∀x ∈ R.

Ïîðÿä ç ôóíêöi¹þ M(·) ðîçãëÿíåìî àíà-
ëîãi÷íó ôóíêöiþ Ω(·) , ïîáóäîâàíó çà ôóíê-
öi¹þ ω(·) , ÿêà ìà¹ òàêi ñàìi âëàñòèâîñòi, ùî
é ôóíêöiÿ µ(·) .

Ïîêëàäåìî äàëi

W
{k!}
M = {ϕ ∈ C∞(R)| ∃ c > 0 ∃ A > 0 ∃ a > 0

∀ k ∈ Z+ ∀ x ∈ R :
∣∣Dk

xϕ(x)
∣∣ ≤ cAkk!e−M(ax)},

ïðè÷îìó ñòàëi c, A, a çàëåæàòü ëèøå âiä
ôóíêöi¨ ϕ ∈ C∞(R) ;
WΩ
{k!} = {ϕ ∈ C∞(C)| ∃ c > 0 ∃ B > 0 ∃ b > 0

∀ k ∈ Z+ ∀ z ∈ C :
∣∣zkϕ(z)

∣∣ ≤ cBkk!eΩ(bImz)}.
Çàçíà÷èìî, ùî ïðîñòið W

{k!}
M (WΩ

{k!} )
ìîæíà ïîäàòè ó âèãëÿäi îá'¹äíàí-
íÿ çëi÷åííî-íîðìîâàíèõ ïðîñòîðiâ
W

{k!},δ0
M,A (WΩ,B

{k!},δ0 ), äå

W
{k!},δ0
M,A = {ϕ ∈ W

{k!}
M | ∀A > A ∀ a < δ0

∃ c > 0 ∀ k ∈ Z+ ∀x ∈ R :

|Dk
xϕ(x)| ≤ cA

k
k!e−M(ax)},

WΩ,B
{k!},δ0 = {ϕ ∈ WΩ

{k!}| ∀{δ, ρ} ⊂ (0; 1) ∃ c > 0

∀ k ∈ Z+ ∀ z ∈ C :

|zkϕ(z)| ≤ c(B + ρ)kk!eΩ(δ0(1+δ)Imz)}.
Âiçüìåìî äîâiëüíó ôóíêöiþ ϕ , ùî íàëå-

æèòü ïðîñòîðó W
{k!},δ0
M,A (WΩ,B

{k!},δ0) , äëÿ ÿêî¨
ïîêëàäåìî

‖ϕ‖δρ = sup
x∈R
k∈Z+

{∣∣Dk
xϕ (x)

∣∣ eM(δ0(1−δ)x)

(A + ρ)k k!

}

(
‖ϕ‖δρ = sup

z∈C
k∈Z+

{∣∣zkϕ (z)
∣∣ e−Ω(δ0(1+δ)Imz)

(B + ρ)k k!

})

äå {δ, ρ} ⊂
{

1

n
, n ∈ N\{1}

}
.

ßê ïîêàçàíî ó ðîáîòi [7], ç öèìè íîðìà-
ìè ïðîñòið W

{k!},δ0
M,A

(
WΩ,B
{k!},δ0

)
ñòà¹ ïîâíèì,

äîñêîíàëèì, çëi÷åííî-íîðìîâàíèì.
Íàãàäà¹ìî îçíà÷åííÿ çáiæíîñòi ó ïðîñòî-

ði W
{k!},δ0
M,A

(
WΩ,B
{k!},δ0

)
. Ðîçãëÿíåìî ïîñëiäîâ-

íiñòü {ϕν , ν ∈ N} ⊂ W
{k!},δ0
M,A , ÿêó íàçâåìî

çáiæíîþ äî åëåìåíòà ϕ ∈ W
{k!},δ0
M,A ïðè ν →

+∞ ó öüîìó ïðîñòîði, ÿêùî âèêîíóþòüñÿ
íàñòóïíi óìîâè:

1) ∀k ∈ Z+ : Dk
xϕν (x) → Dk

xϕ (x) ðiâíî-
ìiðíî ïî x íà êîæíîìó êîìïàêòi K ç R ;

2) ∃ c > 0 ∃A > 0 ∃ a > 0 ∀k ∈ Z+ ∀ν ∈
∈ N ∀x ∈ R :

∣∣Dk
xϕ (x)

∣∣ ≤ cAkk!e−M(ax).
Àíàëîãi÷íî âèçíà÷à¹òüñÿ çáiæíiñòü i ó

ïðîñòîði WΩ,B
{k!},δ0 .

Ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ [7]: ÿêùî
ôóíêöi¨ M (·) òà Ω (·) âçà¹ìîäâî¨ñòi çà Þí-
ãîì (ó ñåíñi [1]), òî ïðàâèëüíèìè ¹ ðiâíîñòi

F [W
{k!}
M ] = WΩ

{k!}, F [WΩ
{k!}] = W

{k!}
M ,

ïðè÷îìó îïåðàòîð Ôóð'¹ F íà öèõ ïðîñòî-
ðàõ ¹ íåïåðåðâíèì.

Ïîçíà÷èìî ÷åðåç

Rγ(x) =
2(a + x2)γ/2

ln(a + x2)
,

äå x ∈ R, a > 1, γ > 1 . Íåõàé çà ôóíê-
öi¹þ Ω1 (·) = Rγ (·) − Rγ (0) , γ > 1 , ïî-
áóäîâàíèé âiäïîâiäíèé ïðîñòið W

{k!}
Ω1

. Äëÿ
ôóíêöi¨ Rγ(·) ïðàâèëüíi íàñòóïíi âëàñòèâî-
ñòi (äèâ.[7]):

1) äëÿ êîæíîãî ôiêñîâàíîãî δ > 0 ôóí-
êöiÿ θ

γ

δ (·) = e−δRγ(·) íàëåæèòü äî ïðîñòîðó
W

{k!}
Ω1

, ïðè÷îìó âèêîíó¹òüñÿ óìîâà:

∃ δ1 > 0 ∃ c1 > 0 ∃A1 > 0 ∀k ∈ Z+ ∀x ∈ R :
∣∣∣Dk

xθ
γ

δ (x)
∣∣∣ ≤ c1A

k
1k!θ

γ

δ (x) ; (2)

2) äëÿ êîæíîãî åëåìåíòà ϕ ç W
{k!}
Ω1

iñíó¹
òàêå δ0 ∈ (0; 1) , ùî äëÿ âñiõ δ ç iíòåðâàëó
(0; δ0) äîáóòîê θ

γ

δ (·) ϕ (·) íàëåæèòü äî ïðî-
ñòîðó W

{k!}
Ω1

.
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Äàëi, íåõàé

Pγ (x) =
2 (a + x2)

γ/2

ln (a + x2)
− 2 (a + x2)

α/2

ln (a + x2)
,

äå x ∈ R , a > 1, γ > 1, α � ôiêñîâàíå
äiéñíå âiäìiííå âiä íóëÿ ÷èñëî, ÿêå ìåíøå
çà γ ; ïðè÷îìó a, γ i α òàêi, ùî ôóíêöiÿ
Ωγ (·) = Pγ (·)−Pγ (0) ¹ îïóêëîþ íà [0; +∞) ,
à Φ ≡ W

{k!}
Ωγ

.
Òîäi ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.
Ëåìà 1. Äëÿ êîæíîãî ôiêñîâàíîãî δ > 0

ôóíêöiÿ θδ (·) = e−δ Pγ(·) íàëåæèòü äî ïðî-
ñòîðó Φ , ïðè÷îìó âèêîíó¹òüñÿ òàêà óìî-
âà:

∀δ > 0 ∃{c0, A0, δ0} ⊂ (0; +∞)∀k ∈ Z+∀x ∈ R :
∣∣Dk

xθδ (x)
∣∣ ≤ c0A

k
0δ

τ(k)k!θ
γ

δ0
(x) , γ > α ,

äå τ (k) :=

{
1, 0 < δ ≤ 1,
k, δ > 1.

Äîâåäåííÿ. Ðîçãëÿíåìî ñïiââiäíîøåííÿ

Dk
xθδ (x) = Dk

xe
−δPγ(x) = Dk

x

(
e−δRγ(x)eδRα(x)

)
=

=
k∑

l=0

C l
kD

l
xθ

γ

δ (x) Dk−l
x θ

α

−δ (x) , k ∈ Z+, x ∈ R.

Çâiäñè, ñêîðèñòàâøèñü îöiíêàìè (2),
îäåðæèìî

∣∣Dk
xθδ(x)

∣∣ ≤
k∑

l=1

(
C l

kc1A
l
1l!θ

γ

δ1
(x)×

×
∣∣∣Dk−l

x θ
α

−δ(x)
∣∣∣ , k ∈ Z+, x ∈ R.

) (3)

Äàëi îöiíèìî
∣∣∣Dk−l

x θ
α

−δ (x)
∣∣∣ . Äëÿ öüîãî

ñêîðèñòà¹ìîñü ôîðìóëîþ Ôàà äå Áðóíî äè-
ôåðåíöiþâàííÿ ñêëàäåíî¨ ôóíêöi¨ [6]:

Dk
xf(ϕ(x)) =

k∑
p

(
k!

i!j!...h!
Dp

ϕf (ϕ)×

×
(

dϕ (x)

1!dx

)i (
d2ϕ (x)

2!dx2

)j

...

(
dLϕ (x)

L!dxL

)h)
,

äå x ∈ R , k ∈ Z+ (òóò çíàê ñóìè ïî-
øèðþ¹òüñÿ íà âñi öiëî÷èñåëüíi íåâiä'¹ìíi

ðîçâ'ÿçêè ðiâíÿííÿ k = i + 2j + ... + Lh , à
p = i + j + ... + h ), çãiäíî ç ÿêîþ îäåðæèìî
íåðiâíiñòü
∣∣∣Dk

xθ
α

−δ (x)
∣∣∣ ≤

k∑
p

(
k!

i!j!...h!
δpθ

α

−δ (x)

∣∣∣∣
dRα (x)

1!dx

∣∣∣∣
i

×

×
∣∣∣∣
d2Rα (x)

2!dx2

∣∣∣∣
j

...

∣∣∣∣
dLRα (x)

L!dx2

∣∣∣∣
h)

, x ∈ R, k ∈ Z+.

Âðàõóâàâøè òåïåð îöiíêè [7]
∣∣∣Dl

x

((
ln

(
a + x2

))−1
)∣∣∣ ≤

≤ cAll!
(
a + x2

)−l/2
(
ln

(
a + x2

))−1
,

∣∣Dl
x(a + x2)

∣∣β/2 ≤ c0A
l
0l!(a + x2)(β−α)/2,

β ∈ R, x ∈ R, l ∈ Z+.

äå c0, c, A0 i A � äîäàòíi ñòàëi, íå çàëåæíi
âiä l òà x , à òàêîæ òå, ùî

∣∣∣∣
dpRα (x)

p!dxp

∣∣∣∣ ≤
1

2 (p!)
×

×
p∑

l=0

C l
p

∣∣∣Dl
x

((
ln

(
a + x2

))−1
)∣∣∣

∣∣Dp−l
x (a + x2)α/2

∣∣ ,

äå p ∈ Z+, äëÿ âñiõ x ∈ R i p ∈ Z+ äiñòà-
íåìî

∣∣∣∣
dpRα (x)

p!dxp

∣∣∣∣ ≤
2cc0

p!

p∑

l=0

(
AlAp−l

0

l! (p− l)!p!

l! (p− l)!
×

× (
a + x2

)−l/2+(α− p + l)/2
(
ln

(
a + x2

))−1
)
≤

≤ 2cc0A
p
2

(
a + x2

)(α− p)/2
(
ln

(
a + x2

))−1 ≤
≤ c2A

p
2Rα (x) , c2 6= c2 (p, x) , A2 6= A2 (p, x) .

Îòæå,
∣∣∣Dk

xθ
α

−δ (x)
∣∣∣ ≤ c2A

k
3k!θ

α

−δ (x)
k∑
p

(δRα (x))p

i!j!...h!
,

ïðè x ∈ R, k ∈ Z+, α ∈ R.
Çàçíà÷èìî, ùî ïðè α < 0 Rα (x) � îáìå-

æåíà âåëè÷èíà ùîäî x íà R , à ó âèïàäêó
α > 1 ïðàâèëüíà òàêà íåðiâíiñòü:
(
δRα (x)

)p

≤ θ
α

−δ (x) sup
t>0

{
tpe−t

} ≤ p!θ
α

−δ (x)
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ïðè x ∈ R, p ∈ Z+.
Ç îãëÿäó íà öå òà íà íåðiâíîñòi [7]

p!

i!j!...h!
≤ 2k,

k∑
p

1 ≤ (2e)k ,

îñòàòî÷íî îäåðæèìî, ùî
∣∣∣Dk

xθ
α

−δ (x)
∣∣∣ ≤ c3A

k
4k!θ

α

δ̂ (x) , (4)
êîëè x ∈ R, k ∈ Z+, α ∈ R , äå c3 > 0, A4 > 0

� íåçàëåæíi âiä k i x , à δ̂ :=

{
δ, α ≤ 0,
2δ, α > 0.

Äàëi, ïðè α ≤ 0 âåëè÷èíà θ
α

−δ (·) , δ ∈ R,
¹ òàêîæ îáìåæåíîþ íà R , îñêiëüêè, ÿê óæå
çàçíà÷àëîñÿ, òàêîþ ¹ Rα (·) , òîìó âðàõóâàâ-
øè (4), ç (3) ïðèõîäèìî äî îöiíêè

∣∣Dk
xθδ (x)

∣∣ ≤
k∑

l=0

(
C l

kc1A
l
1l!θ

γ

δ1
(x) c3A

k−l
4 ×

× (k − l) !θ
γ

−δ (x)

)
≤ c5δ

τ(k)Ak
5k!θ

γ

δ1
(x) ,

êîëè x ∈ R, k ∈ Z+, äå δ1, c5 òà
A5 � äîäàòíi ñòàëi, íåçàëåæíi âiä k i x ;
τ (k) :=

{
1, 0 < δ ≤ 1,
k, δ > 1.

Ðîçãëÿíåìî òåïåð âèïàäîê α > 0 . Ïåðåä-
óñiì çàçíà÷èìî, ùî

∀δ > 0 ∃ r > 0 ∀ |x| > r :

Rγ (x)− δRα (x) ≥ 0, γ > α.
(5)

Äiéñíî, íåðiâíiñòü ç (5) ðiâíîñèëüíà

Rγ (x) /Rα (x) ≥ δ,

àáî òå æ ñàìå,
(
a + x2

)γ−α
2 ≥ δ.

Çâiäñè, âðàõîâóþ÷è ìîíîòîííå çðîñòàííÿ
âèðàçó (a + x2)

γ−α
2 ñòîñîâíî x , ïðèéäåìî

äî òâåðäæåííÿ (5).
Çãiäíî ç îöiíêàìè (3) i (4) ìà¹ìî

∣∣Dk
xθδ (x)

∣∣ ≤
k∑

l=0

C l
kc1A

l
1l!θ

γ

δ1
(x)

c3A
k−l
4 (k − l)!θ

γ

−2δ (x) =

= θ
γ

δ1/2
(x) k!

k∑

l=0

c1c3A
l
1A

k−l
4 ≤

≤θ
γ

δ1/2
(x) θ

γ

−2δ (x) ≤
(6)

≤ c6A
k
6k!θ

γ

δ1/2
(x)×

× exp

{
−

(
δ1

2

)(
Rγ(x)−

(
4δ

δ1

)
Rα(x)

)}
,

êîëè x ∈ R, k ∈ Z+, (òóò êîíñòàíòà
δ1 > 0, c6 > 0 i A6 > 0 � íåçàëåæíi âiä x i
k ). Ñêîðèñòàâøèñü òåïåð òâåðäæåííÿì (5),
ç (6) äiñòàíåìî

∣∣Dk
xθδ (x)

∣∣ ≤ c6A
k
6k!θ

γ

δ1/2
(x) , (7)

êîëè |x| > r0, k ∈ Z+, α < γ, ïðè äåÿêîìó
r0 ∈ (0; +∞) . Ó âèïàäêó, êîëè |x| ≤ r0 âå-
ëè÷èíà

(
Rγ (x)−

(
4δ

δ1

)
Rα (x)

)
� îáìåæå-

íà, òîìó ç (6) îäåðæó¹ìî îöiíêó òèïó (7) i
äëÿ |x| ≤ r0 (ïðè ïåâíîìó çíà÷åííi c6 ).

Òàêèì ÷èíîì, ìà¹ìî

∀δ > 0 ∃ {c0, A0, δ0} ⊂ (0; +∞) ∀k ∈ Z+

∀x ∈ R :
∣∣Dk

xθδ (x)
∣∣ ≤ c0A

k
0δ

τ(k)k!θ
γ

δ0
(x) , γ > α,

ùî é äîâîäèòü ñôîðìóëüîâàíó ëåìó. ¤
Ëåìà 2. Äëÿ êîæíîãî ϕ ∈ W

{k!}
Ωγ

iñíó¹
òàêå δ0 ∈ (0; 1) , ùî äëÿ âñiõ δ ∈ (0; δ0) äî-
áóòîê θ−δ (·) ϕ (·) ∈ W

{k!}
Ωγ

.
Äîâåäåííÿ. Ðîçãëÿíåìî ñïiââiäíîøåííÿ

Dk
x (θ−δ (x) ϕ (x)) = Dk

x

(
eδPγ(x)ϕ (x)

)
=

= Dk
x

(
eδRγ(x)e−δRα(x)ϕ (x)

)
=

=
k∑

l=0

C l
kD

l
xθ

γ

δ (x) Dk−l
x

(
θ

γ

−δ (x) ϕ (x)
)

,

äå x ∈ R, k ∈ Z+ .
Îñêiëüêè ôóíêöiÿ ϕ (·) íàëåæèòü äî ïðî-

ñòîðó W
{k!}
Ωγ

, òî çãiäíî ç îçíà÷åííÿì

∃ c1 > 0 ∃A1 > 0 ∃ δ1 > 0 ∀x ∈ R ∀k ∈ Z+ :

∣∣Dk
xϕ (x)

∣∣ ≤ c1A
kk!e−Ωγ(δ1x). (8)
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Çãiäíî ç ëåìîþ 1 ìà¹ìî, ùî

∀δ > 0 ∃ {c0, A0, δ0} ⊂ (0; +∞) ∀x ∈ R
∀k ∈ Z+ :

∣∣Dk
xθδ (x)

∣∣ ≤ c0A
k
0k!θ

γ

δ0
(x) ,

òîäi
∣∣Dk

xθδ (x)
∣∣ ≤ c0A

k
0k!, x ∈ R, k ∈ Z+. (9)

Âèêîðèñòîâóþ÷è íåðiâíiñòü (9) îäåðæèìî

∣∣Dk
x (θ−δ (x) ϕ (x))

∣∣ ≤ c0

k∑

l=0

(
C l

kA
l
0l!×

×
∣∣∣Dk−l

x

(
θ

α

−δ (x) ϕ (x)
)∣∣∣

)
, x ∈ R, k ∈ Z+.

Îöiíþâàòèìåìî âåëè÷èíó
∣∣∣Dk−l

x

(
θ

α

−δ (x) ϕ (x)
)∣∣∣ .

Ðîçãëÿíåìî âèïàäîê, êîëè α ≤ 0 . Òîäi,
ìà¹ìî, ùî

∣∣∣ Dk−l
x

(
θ

α

−δ (x) ϕ (x)
) ∣∣∣ ≤

≤
k−l∑
s=0

Cs
k−l

∣∣∣Ds
xθ

α

−δ (x) Dk−l−s
x ϕ (x)

∣∣∣ .

Òåïåð, âèêîðèñòîâóþ÷è íåðiâíiñòü (4), îäåð-
æèìî:

k−l∑
s=0

Cs
k−l

∣∣∣Ds
xθ

α

−δ (x) Dk−l−s
x ϕ (x)

∣∣∣ ≤

≤ c1c2

k−l∑
s=0

Cs
k−lA

s
1s!θ

α

−δ (x)×

× (k − l − s) !Ak−l−s
2 e−Ωγ(δ1x),

äå {c1, c2, A1, A2, δ1} ⊂ (0; +∞), x ∈ R ,
{k, l} ⊂ Z+.

Îñêiëüêè ïðè α ≤ 0 ôóíêöiÿ Rα (·)
îáìåæåíà íà R , òî òàêîþ ¹ θ

α

−δ (·) . Äàëi ñêî-
ðèñòà¹ìîñü òàêèìè íåðiâíîñòÿìè:

s! (k − l − s) ! ≤ (k − l) !;

k−l∑
s=0

Cs
k−l ≤ 2k−l;

As
1A

k−l−s
2 ≤ [max {A1, A2}]k−l ≡ Ak−l

s .

Îòæå, ∣∣∣ Dk−l
x

(
θ

α

−δ (x) ϕ (x)
) ∣∣∣ ≤

≤ c (2A3)
k−l (k − l)!e−Ωγ(δ0x), δ0 < δ1.

Òîäi
∣∣Dk

x (θ−δ (x) ϕ (x))
∣∣ ≤c0c

k∑

l=0

(
C l

kA
l
0l!×

×(2A3)
k−l (k − l)!e−Ωγ(δ0x)

)
≤

≤ c0c1 [2 max {A0, 2A3}] kk!e−Ωγ(δ0x) , δ0 < δ1 .

Òàêèì ÷èíîì, â öüîìó âèïàäêó îòðèìàëè
òå, ùî é ïîòðiáíî.

Íåõàé òåïåð 0 ≤ α < γ . Òîäi âèêîðèñòî-
âóþ÷è îöiíêó (4) îäåðæèìî

∣∣∣Dk−l
x

(
θ

α

−δ (x) ϕ (x)
)∣∣∣ ≤

≤
k−l∑
s=0

Cs
k−l

∣∣∣Dk
xθ

α

−δ (x) Dk−l−s
x ϕ (x)

∣∣∣ ≤

≤ c3c4

k−l∑
s=0

(
Cs

k−lA
s
3s!θ

α

−2δ (x) (k − l − s)!×

× Ak−l−s
3 e−Ωγ(δ2x)

)
≤

≤c5 [2 max {A3, A4}]k−l (k − l)!×
× θ

α

−2δ (x) e−Ωγ(δ2x) ≡
≡ c5A

k−l
5 (k − l)!e2δRα(x)e−2(Rγ(δ2x)−Rγ(0)) =

= c5A
k−l
5 (k − l)!e−2(Rγ(δ2x)−Rα(x)−Rγ(0)) ≤

≤ c5A
k−l
5 (k − l)!e−2(Rγ(δ2x)−Rα(δ3x)−Rγ(0)),

äå δ3 ∈ (0; 1) .
Ïîêàæåìî, ùî iñíó¹ 0 < δ3 < δ2 òàêå, ùî

Rγ (δ2x)−Rα (δ3x) ≥ Rγ (δ3x) , x ∈ R. (10)
Ñïðàâäi, ïîäiëèâøè öþ íåðiâíiñòü íà
Rγ (δ3x) îäåðæèìî

Rγ (δ2x)

Rγ (δ3x)
− Rα (δ3x)

Rγ (δ3x)
≥ 1 ,

äå Rα (δ3x)

Rγ (δ3x)
≤ 1 , x ∈ R . Òîäi âèáåðåìî δ3

òàê, ùîá
Rα (δ2x) ≥ 2

γ
2 Rα (δ3x)
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àáî
a + (δ2x)2 ≥ 2a + 2 (δ3x)2

àáî

2δ 2
3 ≤ δ 2

2 −
a

x2
< δ 2

2 (x 6= 0)

àáî
δ3 <

δ2√
2

(x 6= 0) .

ßêùî x = 0 , òî ïðè δ3 <
δ2√
2

íåðiâíiñòü

(10) âèêîíó¹òüñÿ. Îòæå, ïðè δ3 <
δ2√
2

ìà¹-
ìî: ∣∣∣Dk−l

x

(
θ

α

−δ (x) ϕ (x)
) ∣∣∣ ≤

≤ c5A
k−l
5 (k − l)!e−Ωγ(δ3x) x ∈ R, {k, l} ⊂ Z+ .

Òîäi
∣∣Dk

xθ−δ (x) ϕ (x)
∣∣ ≤

≤ c0c5

k∑

l=0

C l
kA

l
0l!A

k−l
5 (k − l)!e−Ωγ(δ3x) ≤

≤ c6 [2 max {A0, A5}]k k!e−Ωγ(δ3x),

δ3 > 0, x ∈ R, k ∈ Z+.

Òàêèì ÷èíîì, ó öüîìó âèïàäêó îòðèìàëè òå,
ùî é ïîòðiáíî.

ßêùî α > γ , òî
∣∣∣ Dk−l

x

(
θ

α

−δ (x) ϕ (x)
) ∣∣∣ ≤

≤ c7A
k−l
7 (k − l) !e−2δRα(x)

∣∣Dk−l−s
x ϕ (x)

∣∣ ≤
≤ c7A

k−l
7 (k − l) !e−2δRγ(x)

∣∣ Dk−l−s
x ϕ (x)

∣∣ .

Îñêiëüêè θ
α

−δ (x) ϕ (x) ∈ W
{k!}
Ωγ

, äå δ ∈ ∈
(0; δ0) , δ0 > 0 (äèâ. ëåìó 3 ç [4]), òî çâiäñè
âèïëèâà¹, ùî Dk−l

x

(
θ

α

−δ (x) ϕ (x)
)
∈ W

{k!}
Ωγ

.
Òîìó, çäiéñíèâøè àíàëîãi÷íi ìiðêóâàííÿ, ÿê
i â ïîïåðåäíiõ âèïàäêàõ, îäåðæèìî òå, ùî é
ïîòðiáíî áóëî äîâåñòè. Òàêèì ÷èíîì, ëåìó
äîâåäåíî ïîâíiñòþ. ¤

2. Ìóëüòèïëiêàòîðè ó ïðîñòîði
îñíîâíèõ ôóíêöié. Â öüîìó ïóíêòi
ðîçãëÿíåìî ïîíÿòòÿ ìóëüòèïëiêàòîðà ó
ïðîñòîði Φ , òà äîâåäåìî äåÿêi éîãî âëàñòè-
âîñòi.

Îçíà÷åííÿ. Ôóíêöiÿ c (·) íàçèâà¹òüñÿ
ìóëüòèïëiêàòîðîì ó ïðîñòîði Φ , ÿêùî âè-
êîíóþòüñÿ òàêi óìîâè:

1) ∀ϕ ∈ Φ : c (·) ϕ (·) ∈ Φ;

2) ∀ {ϕν , ν ∈ N} ⊂ Φ , ϕν
Φ→

ν→∞
0 :

c (·) ϕν (·) Φ→
ν→∞

0.

Ïðàâèëüíîþ ¹ íàñòóïíà òåîðåìà.
Òåîðåìà 1. Äëÿ òîãî, ùîá ôóíêöiÿ c (·)

áóëà ìóëüòèïëiêàòîðîì ó ïðîñòîði Φ , íå-
îáõiäíî é äîñòàòíüî, ùîá äëÿ êîæíîãî ôi-
êñîâàíîãî δ , 0 < δ < 1 , äîáóòîê c (·) θδ (·) ∈
Φ .

Äîâåäåííÿ. Íåîáõiäíiñòü ¹ î÷åâèäíîþ,
ÿêùî âçÿòè äî óâàãè îçíà÷åííÿ ìóëüòè-
ïëiêàòîðà ó ïðîñòîði Φ . Äîâåäåìî äîñòà-
òíiñòü ñôîðìóëüîâàíîãî òâåðäæåííÿ. Çãiäíî
ç òâåðäæåííÿì ëåìè 2 ìà¹ìî

∀ϕ ∈ Φ ∃ δ0 ∈ (0; 1) ∀ δ ∈ (0; δ0) :

c (·)ϕ (·) = (c (·) θδ (·)) (θ−δ (·) ϕ (·)) ∈ Φ,

ÿê äîáóòîê ôóíêöié ç Φ . Îòæå, ïåðøà óìî-
âà îçíà÷åííÿ ôóíêöi¨-ìóëüòèïëiêàòîðà âè-
êîíó¹òüñÿ.

Äëÿ äîâåäåííÿ äðóãî¨ óìîâè öüîãî îçíà-
÷åííÿ ïåðåâiðèìî âèêîíàííÿ òàêèõ óìîâ:

1) ∀k ∈ Z+ :
∣∣Dk

x (c (x) ϕν (x))
∣∣ → 0 ïðè

ν → +∞ ðiâíîìiðíî ïî x íà êîæíîìó êîì-
ïàêòi K ç R ;

2) ∃ δ > 0 ∃ c1 > 0 ∃A1 > 0 ∀ν ∈ N ∀k ∈

∈ Z+ ∀x ∈ R :
∣∣Dk

x (c (x) ϕν (x))
∣∣ ≤ c1A

k
1k!e−Ωγ(δx).

Îñêiëüêè ϕν
Φ→

ν→∞
0 , òî çãiäíî ç îçíà÷åí-

íÿì çáiæíîñòi â Φ , ìà¹ìî:
à) ∀k ∈ Z+ :

∣∣Dk
xϕν (x)

∣∣ →
ν→+∞

0 ðiâíîìið-
íî ïî x íà êîæíîìó êîìïàêòi K ⊂ R ;

á) ∀ν ∈ N ∀k ∈ Z+∀x ∈ R :
∣∣Dk

xϕν (x)
∣∣ ≤

≤ c0A
k
0k!θδ0 , äå c0, A0, δ0 � äîäàòíi ñòàëi,

ÿêi íå çàëåæàòü âiä x, k i ν .
Òîäi, âèêîðèñòîâóþ÷è ïðàâèëî Ëåéáíiöà

äëÿ çíàõîäæåííÿ ïîõiäíî¨ âiä äîáóòêó äâîõ
ôóíêöié k-ãî ïîðÿäêó, îäåðæèìî âèêîíàííÿ
ïåðøî¨ óìîâè. Îòæå,
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∀k ∈ Z+ :
∣∣Dk

x (c (x) ϕν (x))
∣∣ ≤

≤
k∑

l=0

C l
k sup

x∈K⊂R

(∣∣Dl
xc (x)

∣∣) ∣∣Dk−l
x ϕν (x)

∣∣→ 0

ðiâíîìiðíî ïî x íà äîâiëüíîìó êîìïàêòi
K ⊂ R (òóò C l

k � áiíîìiàëüíi êîåôiöi¹íòè)
ïðè ν → +∞ .

Äîâåäåìî âèêîíàííÿ íàñòóïíî¨ óìîâè.
Äëÿ öüîãî âèêîðèñòà¹ìî òàêó îöiíêó ç [4]:

∣∣Dl
x (θ−δ (x) ϕν (x))

∣∣ ≤ c2A
l
2k!e−( δ0

2
−δ)P (x),

äå c2, A2 � äîäàòíi ñòàëi, ÿêi íå çàëåæàòü
âiä l ∈ Z+ i x ∈ R , à 0 < δ <

δ0

2
.

Çâiäñè, çâàæàþ÷è íà òå, ùî c (·) θδ (·) ∈
∈ Φ, 0 < δ < 1 , ïðèõîäèìî äî íàñòóïíèõ
ñïiââiäíîøåíü:

∀ν ∈ N ∀k ∈ Z+ ∀x ∈ R :∣∣Dk
x (c (x) ϕν (x))

∣∣ ≤

≤
k∑

l=0

(
C l

k

∣∣Dk−l
x (c (x) θδ (x))

∣∣ ×

×
∣∣Dl

x (θ−δ (x) ϕν (x))
∣∣
)
≤

≤ c3A
k
3k! sup

x∈R

∣∣ Dk−l
x (c (x) θδ (x))

∣∣ ×

×e−Ωγ(δ3x) ≡ c4A
k
3k!e−Ωγ(δ3x),

äå c3, c4, A3, δ3 � äîäàòíi ñòàëi, ÿêi íå çàëå-
æàòü âiä ν, k i x . Òàêèì ÷èíîì, äîñòàòíiñòü
òåîðåìè äîâåäåíî ïîâíiñòþ. ¤

Îòæå, âëàñòèâîñòi ìóëüòèïëiêàòîðà â
ïåâíié ìiði âèçíà÷à¹òüñÿ ôóíêöi¹þ θδ (·) .
Äîâåäåìî ùå äåÿêi äîïîìiæíi òâåðäæåí-
íÿ, ÿêi õàðàêòåðèçóþòü âëàñòèâîñòi ôóíêöi¨
θδ (·) âiäíîñíî ïàðàìåòðà δ > 0 .

Ëåìà 3. Äëÿ êîæíîãî åëåìåíòà ϕ ç Φ
ãðàíè÷íå ñïiââiäíîøåííÿ θδ (·) ϕ (·) →

δ→+0
ϕ (·)

âèêîíó¹òüñÿ â ðîçóìiííi òîïîëîãi¨ ïðîñòî-
ðó Φ .

Äîâåäåííÿ. Îòæå, äîñèòü ïåðåâiðèòè
âèêîíàííÿ òàêèõ óìîâ:

1) ∀k ∈ Z+ :
Dk

x (θδ (x) ϕ (x)) →
δ→+0

Dk
xϕ (x) ðiâíîìiðíî

ïî x íà êîæíîìó êîìïàêòi K ç R ;

2) ∃ δ1 > 0 ∃ c1 > 0 ∃A1 > 0 ∀x ∈ R ∀δ ∈
∈ (0; 1) ∀k ∈ Z+ :∣∣Dk

x (θδ (x) ϕ (x))
∣∣ ≤ c1A

k
1k!e−Ωγ(δ1x).

Çàçíà÷èìî, ùî íà îñíîâi ôîðìóëè Ëåé-
áíiöà

Dk
x (θδ (x) ϕ (x)) = θδ (x) Dk

xϕ (x) +

+
k∑

i=1

C l
kD

l
xθδ (x) Dk−l

x ϕ (x) ,

äå k ∈ Z+, x ∈ R , i îñêiëüêè äëÿ êîæíî¨
êîìïàêòíî¨ ìíîæèíè K ç R

Dl
xθδ (x) Dk−l

x ϕ (x) →
δ→+0

0 , θδ (x) →
δ→+0

1

ðiâíîìiðíî ïî x ∈ K äëÿ âñiõ l ∈ {1; ...; k} ,
òî ïåðøà óìîâà âèêîíó¹òüñÿ.

Ïåðåâiðèìî âèêîíàííÿ äðóãî¨ óìîâè. Îñ-
êiëüêè ϕ ∈ Φ , òî ìà¹ìî:
∃ δ0 > 0 ∃ c0 > 0 ∃A0 > 0 ∀k ∈ Z+ ∀x ∈ R :∣∣Dk

xϕ (x)
∣∣ ≤ c0A

k
0k!θδ0 (x) .

Âðàõîâóþ÷è íåðiâíiñòü ç òâåðäæåííÿ ëå-
ìè 1 òà âëàñòèâiñòü ìîíîòîííîñòi ïîñëiäîâ-
íîñòi {k!}+∞

k=0 , îäåðæó¹ìî îöiíêó
∣∣Dk

x (θδ (x) ϕ (x))
∣∣ ≤

k∑
i=1

C l
k

∣∣Dl
xθδ (x)

∣∣ ∣∣Dk−l
x ϕ (x)

∣∣ ≤

≤ c0

k∑
i=1

C l
k sup

x∈K⊂R

(∣∣Dl
xθδ (x)

∣∣) k!Ak−l
0 θδ0 (x) ≤

≤c0M

k∑

l=0

(2A0)
k θδ0 (x) ≤

≤ c0M (2A0ρ)k θδ0 (x) ,

äå M = sup
x∈K⊂R

∣∣Dl
xθδ (x)

∣∣ , ρ ≥ 1 , òîáòî äîâå-
äåíî äðóãó óìîâó, ñôîðìóëüîâàíó âèùå. ¤

Ëåìà 4. Ôóíêöiÿ θt (·) äèôåðåíöiéîâíà
ïî t > 0 ó ðîçóìiííi òîïîëîãi¨ ïðîñòîðó
Φ .

Äîâåäåííÿ. Äîñèòü ïåðåêîíàòèñü ó òî-
ìó, ùî ãðàíè÷íå ñïiââiäíîøåííÿ

ψ∆t (t, x) ≡
≡ 1

∆t

[
θ(t+∆t) (x)− θt (x)

] →
∆t→0

Pγ (x) θt (x)
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âèêîíó¹òüñÿ ó òîìó ðîçóìiííi, ùî:
1) ∀k ∈ Z+ ∀t > 0 :

Dk
xψ∆t (t, x) →

∆t→0
Dk

x (Pγ (x) θt (x))

ðiâíîìiðíî ïî x íà êîæíîìó êîìïàêòi K ç
R ;

2) ∀t > 0 ∃ δ3 > 0 ∃ c3 > 0 ∃A3 > 0

∀k ∈ Z+ ∀x ∈ R ∀∆t ∈ (−1; 1) , |∆t| ≤ t

2
:

∣∣Dk
xψ∆t (t, x)

∣∣ ≤ c3A
k
3k!e−Ωγ(δ3x).

Ôóíêöiÿ θt (·) , t > 0 , äèôåðåíöiéîâíà ïî
t ó çâè÷àéíîìó ðîçóìiííi, îòæå,

ϕ∆t (t, x) = Pγ (x) θ(t+η∆t) (x) ,

äå t + η∆t > 0 , η ∈ (0; 1) , t > 0 , x ∈ R .
Òàêèì ÷èíîì, çãiäíî ç ôîðìóëîþ Ëåéáíi-

öà

Dk
xψ∆t (t, x) =

=
k∑

j=0

Cj
kD

j
xPγ (x) Dk−j

x θ(t+η∆t) (x) ,

t + η∆t > 0, η ∈ (0; 1), t > 0, x ∈ R, k ∈ Z+.

Âðàõîâóþ÷è òå, ùî

Dj
xPγ (x) Dk−j

x θ(t+η∆t) (x) →
∆t→0

→
∆t→0

Dj
xPγ (x) Dk−j

x θt (x)

ðiâíîìiðíî ïî x íà êîæíîìó êîìïàêòi K ⊂
⊂ R , ç îñòàííüî¨ ðiâíîñòi ïðèõîäèìî äî âè-
êîíàííÿ ïåðøî¨ óìîâè.

Âèêîíàííÿ äðóãî¨ óìîâè áåçïîñåðåäíüî
âèïëèâà¹ ç ëåì 1 òà 2, à òàêîæ ç ïðåäñòàâ-
ëåííÿ ïîõiäíî¨ Dk

xψ∆t (t, x) ÷åðåç ôîðìóëó
Ëåéáíiöà. ¤

Çâàæàþ÷è íà òå, ùî îïåðàòîð îáåðíåíîãî
ïåðåòâîðåííÿ Ôóð'¹ F−1 ¹ íåïåðåðâíèì ó
ïðîñòîði Φ , ç òâåðäæåííÿ ëåìè 4 ïðèõîäèìî
äî òàêîãî íàñëiäêó.

Íàñëiäîê.Äëÿ êîæíîãî t > 0 ¹ ïðàâèëü-
íîþ ðiâíiñòü

F−1

[
d

dt
θt (·)

]
=

d

dt
F−1 [θt (·)] .

3. Çàäà÷à Êîøi. Ðîçãëÿíåìî ðiâíÿííÿ
(1) ç ïàðàìåòðîì a > 1 , ïðè÷îìó γ i a âè-
áåðåìî òàêi, ùî ôóíêöiÿ Ωγ (·) , ÿêà âèçíà-
÷åíà ó ï. 1 ¹ îïóêëîþ.

ßêùî äëÿ ðiâíÿííÿ (1) çàäàòè ïî÷àòêîâó
óìîâó

U (t, ·) |t=0 = f , f ∈ Φ̃′ , (11)

äå Φ̃′ ≡ F [Φ] � ïðîñòið Ôóð'¹-îáðàçiâ, òîáòî

F [Φ] =

{
F [ϕ] (σ) =

∫

R

ϕ (x) eixσdx , ϕ ∈ Φ

}
,

äå σ ∈ R , òî îäåðæèìî çàäà÷ó Êîøi (1),
(11), ïiä ðîçâ'ÿçêîì ÿêî¨ ðîçóìiòèìåìî ôóí-
êöiþ U , ÿêà ¹ äèôåðåíöiéîâíîþ ïî t , ïðè
êîæíîìó t > 0 íàëåæèòü äî S , à òàêîæ
çàäîâîëüíÿ¹ ðiâíÿííÿ (1) ó çâè÷àéíîìó ðî-
çóìiííi, à ïî÷àòêîâó óìîâó (11) ó òîìó ñåíñi,
ùî

U (t, ·) Φ̃′→
t→+0

f.

Ïîçíà÷èìî ÷åðåç Gt (·) îáåðíåíå ïåðåòâî-
ðåííÿ Ôóð'¹ ôóíêöi¨

θt(x) = exp

(
− 2t

ln (a + x2)

((
a + x2

)γ/2−

− (
a + x2

)α/2
))

, x ∈ R,

òîáòî

Gt (x) = F−1 [θt (ξ)] (t, x) , t > 0 , x ∈ R.

Ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ.
Òåîðåìà 2. Íåõàé Mγ (·) i Ωγ (·) ¹ âçà-

¹ìîäâî¨ñòèìè çà Þíãîì ôóíêöiÿìè [1]. Òî-
äi äëÿ òîãî, ùîá çàäà÷à Êîøi (1), (11) áó-
ëà êîðåêòíî ðîçâ'ÿçíîþ (òîáòî ìàëà ¹äè-
íèé ðîçâ'ÿçîê, ÿêèé íåïåðåðâíî çàëåæèòü
âiä ïî÷àòêîâèõ äàíèõ) i:

1) ¨¨ ðîçâ'ÿçîê U (t, ·) ïðè êîæíîìó ôi-
êñîâàíîìó t > 0 íàëåæàâ äî ïðîñòîðó
Φ̃ ≡ W

Mγ

{k!} ;

2) d

dt
F [U ] = F

[
dU

dt

]
, t > 0 ,

íåîáõiäíî i äîñèòü, ùîá ïåðåòâîðåííÿ
Ôóð'¹ F [f ] áóëî ìóëüòèïëiêàòîðîì ó
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ïðîñòîði Φ . Ïðè öüîìó çàâæäè âèêîíóâà-
òèìåòüñÿ ðiâíiñòü

U (t, x) = f ∗Gt (x) , t > 0 , x ∈ R,
äå îïåðàöiÿ * ïîçíà÷à¹ çãîðòêó.

Äîâåäåííÿ. Ïåðø çà âñå âñòàíîâèìî, ùî

∀f ∈ S :

γ∫

α

((
aE −D2

)τ/2 f

)
(x) dτ =

= F−1 [P (ξ) F [f ] (ξ)] (x) , x ∈ R.

Äëÿ öüîãî äîñèòü ïåðåêîíàòèñü ó òîìó,
ùî

γ∫

α

F−1

[(
a + ξ2

) τ /2 F [f ] (ξ)

]
dτ =

= F−1




γ∫

α

(
a + ξ2

) τ /2 dτF [f ] (ξ)


 (x) ,

(12)
f ∈ S , x ∈ R.

Àëå ðiâíiñòü (12) ñòà¹ î÷åâèäíîþ, ÿêùî âðà-
õóâàòè, ùî ôóíêöiÿ

(
a + ξ2

) τ /2 e−ixξF [f ] (ξ)

âèìiðíà (ÿê íåïåðåðâíà) çà ñóêóïíiñòþ çìií-
íèõ τ ∈ (α; γ] , {x, ξ} ⊂ R , à iíòåãðàë

γ∫

α

∫

R

e−ixξ
(
a + ξ2

) τ /2 F [f ] (ξ) dτdξ

àáñîëþòíî çáiãà¹òüñÿ ïî x ∈ R . Ïîêàæåìî
öåé ôàêò. Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êî-
ëè α > 0 . Òîäi, çâàæèâøè íà âëàñòèâîñòi
åëåìåíòiâ ïðîñòîðó S , îäåðæèìî

γ∫

α

∫

R

∣∣∣∣
(
a + ξ2

)τ/2 e−ixξF [f ] (ξ)

∣∣∣∣ dτ dξ ≤

≤
γ∫

α

∫

R

(
a + ξ2

)τ/2 |F [f ] (ξ)| dτ dξ < +∞,

äå x ∈ R , f ∈ S .

Ó âèïàäêó, êîëè α < 0 îòðèìó¹ìî
γ∫

α

∫

R

∣∣∣∣
(
a + ξ2

) τ /2 e−ixξF [f ] (ξ)

∣∣∣∣ dτ dξ ≤

≤
0∫

−|α|

∫

R

∣∣∣ a
τ /2 |F [f ] (ξ) |

∣∣∣ dτ dξ+

+

γ∫

0

∫

R

∣∣∣∣
(
a + ξ2

) τ /2 F [f ] (ξ)

∣∣∣∣ dτ dξ < +∞,

òóò x ∈ R , f ∈ S .
Òàêèì ÷èíîì, ðiâíÿííÿ (1) ðiâíîñèëüíå

ðiâíÿííþ
dU (t, x)

dt
+

+F−1 [Pγ (ξ) F [U ] (t, ξ)] (t, x) =

= 0 , t > 0 , x ∈ R,

(13)

òîáòî çàäà÷à Êîøi (1), (11) ¹ ðiâíîñèëüíîþ
çàäà÷i Êîøi (13), (11).

Äàëi, îñêiëüêè íàñ öiêàâëÿòü ðîçâ'ÿçêè
ðiâíÿííÿ (13), ÿêi ïðè êîæíîìó ôiêñîâàíî-
ìó t > 0 ¹ åëåìåíòàìè ïðîñòîðó Ψ = Φ̃ i ïî
t çàäîâîëüíÿþòü óìîâó 2 äàíî¨ òåîðåìè, òî,
âðàõîâóþ÷è òå, ùî âiäîáðàæåííÿ

F
(
F−1

)
: W

{k!}
Ωγ

→ W
Mγ

{k!},

¹ âçà¹ìíî îäíîçíà÷íèì i íåïåðåðâíèì, îäåð-
æó¹ìî ðiâíîñèëüíiñòü ðiâíÿííÿ (13) ç ðiâíÿ-
ííÿì

dŨ (t, ξ)

dt
+ Pγ (ξ) Ũ (t, ξ) = 0 , (14)

ïðè t > 0 , x ∈ R (òóò Ỹ = F [Y ] ), ïðè÷î-
ìó ïî÷àòêîâà óìîâà (11) âèêîíó¹òüñÿ òîäi i
òiëüêè òîäi, êîëè

Ũ (t, ·) Φ′→
t→+0

f̃ . (15)

Îòæå, ïèòàííÿ ïðî êîðåêòíó ðîçâ'ÿçíiñòü
çàäà÷i Êîøi (1), (11) ó ïðîñòîði Ψ ðiâíî-
ñèëüíå ïèòàííþ ïðî êîðåêòíó ðîçâ'ÿçíiñòü
çàäà÷i Êîøi (14), (15) ó ïðîñòîði Φ .

Äîâåäåìî íåîáõiäíiñòü. Äëÿ öüîãî äîñèòü
ïîêàçàòè, ùî ÿêùî çàäà÷à Êîøi (14), (15)
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êîðåêòíî ðîçâ'ÿçíà, òî f̃ � ìóëüòèïëiêàòîð
ó Φ .

Çàçíà÷èìî, ùî ðiâíÿííÿ (14) � çâè÷àé-
íå äèôåðåíöiàëüíå ðiâíÿííÿ ïåðøîãî ïîðÿä-
êó ç âiäîêðåìëþâàíèìè çìiííèìè, çàãàëü-
íèé ðîçâ'ÿçîê ÿêîãî

Ũ (t, ξ) = c (ξ) θt (ξ) , t > 0 , ξ ∈ R. (16)
Îñêiëüêè Ũ (t, ·) ∈ Φ ïðè êîæíîìó ôi-

êñîâàíîìó t > 0 , òî çãiäíî ç òåîðåìîþ 1
ôóíêöiÿ c (·) ¹ ìóëüòèïëiêàòîðîì ó ïðîñòîði
Φ . Iç óìîâè (15) òà ç ðiâíîñòi (16) çíàõîäèìî

∀ϕ ∈ Φ : 〈c (·) , ϕ (·)〉 = 〈f̃ (·) , ϕ (·)〉,
äå ó êóòîâèõ äóæêàõ ïîçíà÷åíî äiþ óçàãàëü-
íåíî¨ ôóíêöi¨ íà ïðîñòîði îñíîâíèõ ôóíêöié.
Çâiäñè íà ïiäñòàâi ¹äíîñòi ðîçâ'çêó çàäà÷i
Êîøi (14), (15) ïåðåêîíó¹ìîñü ó òîìó, ùî
f̃ ≡ F [f ] � ìóëüòèïëiêàòîð ó ïðîñòîði Φ .
Îòæå, íåîáõiäíiñòü äîâåäåíî.

Äîâåäåìî äîñòàòíiñòü. Íåõàé F [f ] �
ìóëüòèïëiêàòîð ó ïðîñòîði Φ , òîäi (äèâ. ëå-
ìó 1) ôóíêöiÿ Ũ (t, ·) = f̃ (·) θt (·) ¹ åëåìåí-
òîì ç ïðîñòîðó Φ ïðè êîæíîìó t > 0 , ïðè-
÷îìó âîíà ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (14),
(15). Äîâåäåìî, ùî öåé ðîçâ'ÿçîê ¹äèíèé ó
Φ . Äëÿ öüîãî ïðèïóñòèìî, ùî iñíó¹ ó öüîìó
ïðîñòîði ùå îäèí ðîçâ'ÿçîê Ũ1 öi¹¨ çàäà÷i.
Âèõîäÿ÷è çi ñòðóêòóðè çàãàëüíîãî ðîçâ'ÿç-
êó (16) ðiâíÿííÿ (14), ìà¹ìî

Ũ1 (t, ·) = c1 (·) θt (·) , t > 0.

Îñêiëüêè Ũ1 (t, ·) ∈ Φ , t > 0 , òî ôóíêöiÿ
c1 (·) � ìóëüòèïëiêàòîð ó Φ (òåîðåìà 1).

Ðîçãëÿíåìî ôóíêöiþ V (t, ·) = Ũ (t, ·) −
Ũ1 (t, ·) , t > 0 , ÿêà òàêîæ ¹ ðîçâ'ÿçêîì ðiâ-
íÿííÿ (14), ïðè÷îìó öÿ ôóíêöiÿ çàäîâîëü-
íÿ¹ óìîâó V (t, ·) Φ′→

t→+0
0 . Ç öi¹¨ óìîâè, îñ-

êiëüêè ðiçíèöÿ ìóëüòèïëiêàòîðiâ ó ïðîñòîði
Φ ¹ ìóëüòèïëiêàòîðîì ó öüîìó ïðîñòîði, òî
ìàòèìåìî
〈V (t, ·) , ϕ (·)〉 →

t→+0
〈f̃ (·)− c1 (·) , ϕ (·)〉 =

=〈0, ϕ (·)〉 , ϕ ∈ Φ.

Òàêèì ÷èíîì,
∀ϕ ∈ Φ : 〈f̃ − c1 (·) , ϕ (·)〉 = 0.

Ïîêëàäåìî â îñòàííié ðiâíîñòi

ϕ (·) =
(
f̃ (·)− c1 (·)

)
θ1 (·) ∈ Φ

é îäåðæèìî
∫

R

(
f̃ (·)− c1 (·)

)2

θ1 (ξ) dξ = 0

(òóò ḡ (·) � ôóíêöiÿ, êîìïëåêñíî-ñïðÿæåíà
äî g (·) ). Çâiäñè f̃ (·) = c1 (·) ìàéæå ñêðiçü
íà d. Àëå îñêiëüêè f̃ (·) i c1 (·) � íåñêií÷åí-
íî äèôåðåíöiéîâíi ôóíêöi¨, òî öÿ ðiâíiñòü
ñïðàâäæó¹òüñÿ ñêðiçü íà R , òîáòî

Ũ1 (t, ξ) ≡ U (t, ξ) , t > 0 , ξ ∈ R.

Îòæå, çàäà÷à Êîøi (14), (15) ìà¹ ¹äèíèé
ðîçâ'ÿçîê ó ïðîñòîði Φ .

Ùî ñòîñó¹òüñÿ óìîâè 2 öi¹¨ òåîðåìè, òî ¨¨
âèêîíàííÿ áåçïîñåðåäíüî âèïëèâà¹ ç íàñëiä-
êó ç ëåìè 4.

Îñêiëüêè ïðàâèëüíèì ¹ ñïiââiäíîøåííÿ

U (t, ·) = F−1
[
Ũ (t, ξ)

]
=

= F−1
[
f̃ (ξ) θt (ξ)

]
, t > 0,

òî áåðó÷è äî óâàãè òâåðäæåííÿ òåîðåìè 1 ç
[6], ïðèõîäèìî äî âèñíîâêó, ùî

U (t, ·) = f ∗Gt (·) , t > 0,

äå Gt (x) = F−1 [exp(−iPγ (ξ))] (x) .
Ðîçâ'ÿçîê U çàäà÷i Êîøi (1), (11) íåïå-

ðåðâíî çàëåæèòü âiä ïî÷àòêîâèõ äàíèõ çà-
äà÷i, îñêiëüêè âiäïîâiäíèé ðîçâ'ÿçîê Ũ ìà¹
òàêó âëàñòèâiñòü, à F−1 ¹ íåïåðåðâíèì îïå-
ðàòîðîì ç Φ ó Φ̃ . ¤
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