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Äëÿ ëiíiéíî¨ ñèñòåìè ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ðiâíÿíü ç îáìåæåíèì âiäõèëåí-
íÿì àðãóìåíòó ïîáóäîâàíà âiäïîâiäíà ëiíiéíà ñèñòåìà çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü,
âñi ãëîáàëüíi ðîçâ'ÿçêè ÿêî¨ ¹ ãëîáàëüíèìè ðîçâ'ÿçêàìè âèõiäíî¨ ñèñòåìè. Îáãðóíòîâàíî ïî-
áóäîâó àïðîêñèìóþ÷î¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü.

For the linear system of functional-di�erential equations with bounded deviating argument
the appropriate linear system of ordinary di�erential equations was built, all global solutions of
which are global solutions of initial system. The construction of approximate system of di�erential
equations was substantiated.

Ïèòàííÿ ïîáóäîâè ãëîáàëüíèõ ðîçâ'ÿç-
êiâ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ðiâ-
íÿíü äîñëiäæóâàëèñü áàãàòüìà àâòîðàìè,
çîêðåìà ó ïðàöÿõ [1-4].

À.Ì. Ñàìîéëåíêî â ñòàòòi [5] ïîáóäó-
âàâ ñèñòåìó áåç âiäõèëåííÿ àðãóìåíòó, âñi
ðîçâ'ÿçêè ÿêî¨ ¹ ðîçâ'ÿçêàìè âèõiäíî¨ ñèñ-
òåìè. Ó äàíié ðîáîòi àíàëîãi÷íà çàäà÷à
ðîçãëÿäà¹òüñÿ äëÿ ñèñòåìè ôóíêöiîíàëüíî-
äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

dx(t)

dt
=

λ∫

0

x(t + η)dηξ(t, η) + f(t), (1)

äå λ ∈ R. Ïîáóäó¹ìî âiäïîâiäíó (1) ñèñòåìó
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

dx(t)

dt
= C(t)x(t) + g(t), (2)

âñi ðîçâ'ÿçêè ÿêî¨ áóäóòü ãëîáàëüíèìè
ðîçâ'ÿçêàìè ñèñòåìè ðiâíÿíü (1). Ïðèïóñ-
òèìî, ùî t ∈ R, x ∈ Rn; ξ(t, η) � n ×
n−ìàòðè÷íà ôóíêöiÿ, âèìiðíà â (t, η) ∈
R × [0, λ] , íåïåðåðâíà çëiâà ïî η íà (0, λ) ,
ìà¹ îáìåæåíó âàðiàöiþ ïî η íà [0, λ]
äëÿ êîæíîãî t i V ar[0,λ]ξ(t, ·) ≤ p(t) ∈
Lloc

1 ((−∞,∞), R) ; f, g � âèçíà÷åíi é âèìiðíi
(çà Ëåáåãîì) âåêòîðíi ôóíêöi¨.

Öåé æå ïiäõiä äëÿ äèôåðåíöiàëüíèõ ðiâ-
íÿíü íåéòðàëüíîãî òèïó ç àðãóìåíòîì, ùî
âiäõèëÿ¹òüñÿ, ðåàëiçîâàíèé â ðîáîòi [6].

Ïîêàæåìî, ùî ìàòðèöÿ C = C(t) i
âåêòîð-ôóíêöiÿ g = g(t) çàäîâîëüíÿþòü
ðiâíÿííÿ âèãëÿäó:

C(t) =

λ∫

0

Ωt+η
t (C)dηξ(t, η), (3)

g(t) = f(t) +

λ∫

0

t+η∫

t

Ωt+η
s (C)g(s)dsdηξ(t, η).

(4)
Òóò Ωt

τ (C) � ôóíäàìåíòàëüíà ìàòðè-
öÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (2),
ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ Ωt

τ (C) =

I +
t∫

τ

C(s)ds +
t∫

τ

C(s)
s∫

τ

C(s1)ds1ds + ...

+
t∫

τ

C(s)
s∫

τ

C(s1)...
sn−2∫
τ

C(sn−1)dsn−1...ds1ds +

... , äå I � îäèíè÷íà ìàòðèöÿ, t ∈ R, τ ∈ R .
Çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (2),

ÿê âiäîìî, âèçíà÷à¹òüñÿ ôîðìóëîþ Êîøi [7]

x(t) = Ωt
τ (C)x0 +

t∫

τ

Ωt
s(C)g(s)ds, (5)

äå t ∈ R, τ ∈ R, x0 ∈ Rn . Ôóíêöiÿ (5)
çàäîâîëüíÿ¹ ðiâíÿííÿ (1), êîëè

dx(t)

dt
= C(t)[Ωt

τ (C)x0+

t∫

τ

Ωt
s(C)g(s)ds]+g(t) =
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=

λ∫

0

[Ωt+η
τ (C)x0+

+

t+η∫

τ

Ωt+η
s (C)g(s)ds]dηξ(t, η) + f(t). (6)

Ïîêëàäàþ÷è â (6) x0 = 0 , îäåðæèìî

C(t)

t∫

τ

Ωt
s(C)g(s)ds + g(t) =

=

λ∫

0

t+η∫

τ

Ωt+η
s (C)g(s)dsdηξ(t, η) + f(t), (7)

äå t ∈ R.
Âèêîðèñòîâóþ÷è (6) i (7), îòðèìà¹ìî ðiâ-

íÿííÿ

C(t)Ωt
τ (C) =

λ∫

0

Ωt+η
τ (C)dηξ(t, η), t ∈ R.

Âðàõîâóþ÷è, ùî Ωt+η
t (C) = Ωτ

t (C)Ωt+η
τ (C) ,

ìîæíà çðîáèòè âèñíîâîê, ùî

C(t) =

λ∫

0

Ωt+η
t (C)dηξ(t, η). (8)

Ïiäñòàâëÿþ÷è (8) â (7), ìà¹ìî
−λ∫

0

Ωt+η
t (C)dηξ(t, η)

t∫

τ

Ωt
s(C)g(s)ds + g(t) =

=

λ∫

0

t+η∫

τ

Ωt+η
s (C)g(s)dsdηξ(t, η) + f(t),

òîìó

g(t) = f(t) +

λ∫

0

t+η∫

t

Ωt+η
s (C)g(s)dsdηξ(t, η).

(9)
Îòæå, ÿêùî âñi ðîçâ'ÿçêè ñèñòåìè ðiâ-

íÿíü (2) ¹ ãëîáàëüíèìè ðîçâ'ÿçêàìè ñèñòå-
ìè ðiâíÿíü (1), òî ìàòðèöÿ C(t) çàäîâîëü-
íÿ¹ ðiâíÿííÿ (8), à âåêòîð-ôóíêöiÿ g(t) �
ðiâíÿííÿ (9) ïðè t ∈ R.

Ðîçãëÿíåìî ïðèêëàäè çíàõîäæåííÿ ðiâ-
íÿíü (8), (9) â äåÿêèõ ÷àñòêîâèõ âèïàäêàõ.

Äëÿ îäíîðiäíî¨ ñèñòåìè ðiâíÿíü
( f(t) = 0 )

dx(t)

dt
=

λ∫

0

x(t + η)dηξ(t, η) (10)

ñèñòåìà ðiâíÿíü (2) íàáóâà¹ âèãëÿäó
dx(t)

dt
= C(t)x(t), (11)

ðîçâ'ÿçîê ÿêî¨

x(t) = Ωt
τ (C)x0. (12)

Òîäi (12) çàäîâîëüíÿ¹ (10), êîëè:

dx(t)

dt
= C(t)Ωt

τ (C)x0 =

λ∫

0

Ωt+η
τ (C)x0dηξ(t, η),

çâiäêè ìà¹ìî:

C(t) =

λ∫

0

Ωt+η
t (C)dηξ(t, η).

Ïðèêëàä 1. Íåõàé n = 1 , f = 0 , c �
ñòàëà, òîäi (1) i (2) áóäóòü ìàòè, âiäïîâiäíî,
âèãëÿä

dx(t)

dt
=

λ∫

0

x(t + η)dξ(η),

dx(t)

dt
= cx(t).

Ðîçâ'ÿçîê ðiâíÿííÿ (2) x(t) = x0e
ct , òîäi

äëÿ c îäåðæó¹òüñÿ ðiâíÿííÿ

c = e−ct

λ∫

0

ec(t+η)dξ(η) =

λ∫

0

ecηdξ(η).

Ïðèêëàä 2. Íåõàé ξ = ξ(η) . Äëÿ ñèñòå-
ìè ðiâíÿíü

dx(t)

dt
=

λ∫

0

x(t + η)dξ(η) + f(t) (13)

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2009. Âèïóñê 485. Ìàòåìàòèêà. 109



àïðîêñèìóþ÷ó ñèñòåìó ïîáóäó¹ìî ó âèãëÿäi
dx(t)

dt
= Cx(t) + g(t), (14)

äå C � ñòàëà ìàòðèöÿ. Îñêiëüêè ðîçâ'ÿçîê
ðiâíÿííÿ (14) ìà¹ âèãëÿä

x(t) = eC(t−τ)x0 +

t∫

τ

eC(t−s)g(s)ds,

òî

dx(t)

dt
= C(eC(t−τ)x0+

t∫

τ

eC(t−s)g(s)ds)+g(t) =

=

λ∫

0

[eC(t+η−τ)x0 +

t+η∫

τ

eC(t+η−s)g(s)ds]dξ(η) +

f(t). Ïîêëàäåìî x0 = 0, îäåðæèìî

C

t∫

τ

eC(t−s)g(s)ds + g(t) =

=

λ∫

0

t+η∫

τ

eC(t+η−s)g(s)dsdξ(η) + f(t).

Òîìó

C =

λ∫

0

eCηdξ(η),

g(t) = f(t) +

λ∫

0

t+η∫

t

eC(t+η−s)g(s)dsdξ(η).

Çàóâàæåííÿ. Ðîçãëÿíåìî ðiâíÿííÿ
dx(t)

dt
= A(t)x(t) + B(t)x(t + λ) + f(t),

äå λ > 0 , t ∈ R, x ∈ Rn; A,B � n -âèìiðíi
ìàòðè÷íi, f � âåêòîðíà ôóíêöiÿ, ïðè÷îìó
íîðìè ìàòðèöü A, B � îáìåæåíi. Âîíî ¹ ÷àñ-
òêîâèì âèïàäêîì ðiâíÿííÿ (1), ÿêùî ξ(t, η)
çàäà¹òüñÿ ó âèãëÿäi:

ξ(t, η) =





0, η ≤ 0,
A(t), 0 < η < λ,

A(t) + B(t), η ≥ λ.

Ñëiä çàçíà÷èòè, ùî â òî÷êàõ η = 0 i η = λ
ôóíêöiÿ ξ(t, η) ìà¹ ñòðèáêè. Ñïðàâäi, ïðè
òàêîìó âèáîði ÿäðà îòðèìà¹ìî ðåçóëüòàòè ç
ïðàöi À.Ì. Ñàìîéëåíêà [5]:

C(t) = A(t) + B(t)Ωt+λ
t (C),

g(t) = f(t) + B(t)

t+λ∫

t

Ωt+λ
τ (C)g(τ)dτ.

Äëÿ äîâåäåííÿ öüîãî ôàêòó ñëiä ñêîðèñòà-
òèñÿ ôîðìóëîþ äëÿ îá÷èñëåííÿ iíòåãðàëà
Ñòiëüòü¹ñà iç çàäàíîþ ôóíêöi¹þ ξ(t, η) .

Äîâåäåìî iñíóâàííÿ ðîçâ'ÿçêiâ ñèñòåì
ðiâíÿíü (8) i (9) ó âèïàäêó λ > 0 .

Òåîðåìà. Íåõàé ôóíêöi¨ f i p çàäîâîëü-
íÿþòü íàêëàäåíèì âèùå óìîâàì òà âèêî-
íóþòüñÿ íåðiâíîñòi:

‖f(t)‖ ≤ 1, ‖p(t)‖ ≤ γ, t ∈ R,

ïðè÷îìó
λγe < 1. (15)

Òîäi iñíóþòü âèçíà÷åíi é âèìiðíi íà R
ðîçâ'ÿçêè C i g ðiâíÿíü (8), (9), âiäïîâiä-
íî, òàêi, ùî ‖C‖ ≤ m, ‖g‖ ≤ M, äå m
i M � äåÿêi ñòàëi, ùî çàëåæèòü âiä λ òà
γ .

Äîâåäåííÿ. Ðîçãëÿíåìî ðiâíÿííÿ (8),
ðîçâ'ÿçêè ÿêîãî ¹ âæå íåïåðåðâíèìè ôóíêöi-
ÿìè [3].

Ó ïðîñòîði C(m) ìàòðèöü C = C(t) , çà-
äàíèõ i íåïåðåðâíèõ íà R i òàêèõ, ùî

‖ C ‖0= sup
t∈R
‖C(t)‖ ≤ m,

âèçíà÷èìî îïåðàòîð S

(SC)(t) =

λ∫

0

Ωt+η
t (C)dηξ(t, η) (16)

Òîäi äëÿ (SC)(t) ïðàâèëüíà îöiíêà

‖SC‖0 = sup
t∈R
|

λ∫

0

Ωt+η
t (m)dηξ(t, η)| = γeλm.

Òîìó, ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü
γeλm ≤ m, (17)
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òî îïåðàòîð S âiäîáðàæà¹ ïðîñòið C(m) â
ñåáå.

Íåõàé ìàòðè÷íi ôóíêöi¨ C1, C2 ∈ C(m) .
Äëÿ ðiçíèöi (SC1)(t)− (SC2)(t) ìà¹ìî:

‖SC1 − SC2‖ = ‖
λ∫

0

[Ωt+η
t (C1)−

−Ωt+η
t (C2)]dηξ(t, η)‖ ≤

λ∫

0

[‖
t+η∫

t

C1(s)ds−

−
t+η∫

t

C2(s)ds‖+ ‖
t+η∫

t

C1(s)

s∫

t

C1(s1)ds1ds−

−
t+η∫

t

C2(s)

s∫

t

C2(s1)ds1ds‖+ ...

+‖
t+η∫

t

C1(s)

s∫

t

C1(s1)...

...

sn−2∫

t

C1(sn−1)dsn−1...ds1ds−

−
t+η∫

t

C2(s)

s∫

t

C2(s1)...

...

sn−2∫

t

C2(sn−1)dsn−1...ds1ds + ...‖]dηξ(t, η).

Çíàéäåìî îöiíêó äëÿ êîæíîãî ç äîäàíêiâ
ó ïðàâié ÷àñòèíi îäåðæàíî¨ íåðiâíîñòi. Äëÿ
ïåðøîãî ç íèõ

‖
λ∫

0

t+η∫

t

(C1(s)− C2(s))dsdηξ(t, η)‖ ≤

≤ γλ‖C1 − C2‖0.

Äàëi ìà¹ìî:

‖
λ∫

0

[

t+η∫

t

C1(s)

s∫

t

C1(s1)ds1ds−

−
t+η∫

t

C2(s)

s∫

t

C2(s1)ds1ds]dηξ(t, η)‖ ≤

≤ ‖
λ∫

0

[

t+η∫

t

(C1(s)− C2(s))

s∫

t

C1(s1)ds1ds+

+

t+η∫

t

C2(s)

s∫

t

(C1(s)−C2(s))ds1ds]dηξ(t, η)‖ ≤

≤ m

∣∣∣∣∣∣

λ∫

0

(
η2

2
+

η2

2
)dηξ(t, η)

∣∣∣∣∣∣
‖C1 − C2‖0 ≤

≤ mγλ
λ

1!
‖C1 − C2‖0.

Òîìó

‖
λ∫

0

[

t+η∫

t

C1(s)

s∫

t

C1(s1)...

sn−2∫

t

C1(sn−1)dsn−1...ds1ds−

−
t+η∫

t

C2(s)

s∫

t

C2(s1)...

sn−2∫

t

C2(sn−1)dsn−1...ds1ds+

+...]dηξ(t, η)‖ ≤ nmn−1γ
λn

n!
‖C1 − C2‖0 =

= λγ
mn−1λn−1

(n− 1)!
‖C1 − C2‖0.

Çâiäñè âèïëèâà¹, ùî:

‖(SC1)(t)−(SC2)(t)‖ ≤ λγeλm‖C1−C2‖0, t ∈ R.
(18)

Îïåðàòîð S áóäå îïåðàòîðîì ñòèñêó â
C(m) , ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü

λγeλm < 1. (19)

Áóäåìî âèìàãàòè îäíî÷àñíîãî âèêîíàííÿ íå-
ðiâíîñòåé (17) i (19). Íåõàé

λγe < 1, (20)

òîäi ðiâíÿííÿ

γeλm = m

ìàòèìå äâà ðîçâ'ÿçêè, òàêi ùî

λm1 < 1 < λm2.
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Çâiäñè ìà¹ìî, ùî äëÿ

m1 ≤ m <
1

λ
(21)

áóäóòü îäíî÷àñíî âèêîíóâàòèñü íåðiâíîñòi
(17) i (19).

Îòæå, ïðè âèêîíàííi íåðiâíîñòi (20) äëÿ
çíà÷åíü m , ÿêi çàäîâîëüíÿþòü íåðiâíiñòü
(21), îïåðàòîð S ¹ îïåðàòîðîì ñòèñêó i âiä-
îáðàæà¹ ïðîñòið â ñåáå. Òîáòî S ìà¹ â ïðîñ-
òîði C(m) ¹äèíó íåðóõîìó òî÷êó, ÿêà i ¹
ðîçâ'ÿçêîì ðiâíÿííÿ (8).

Ðîçãëÿíåìî òåïåð ðiâíÿííÿ (9). Âèêîíàâ-
øè â íüîìó çàìiíó çìiííèõ g = f + z , îòðè-
ìà¹ìî ðiâíÿííÿ

z(t) =

λ∫

0

t+η∫

t

Ωt+η
s (C)(f(s) + z(s))dsdηξ(t, η).

(22)
Âèçíà÷èìî îïåðàòîð S1 â ïðîñòîði C(M)
ôóíêöié z = z(t) , çàäàíèõ i íåïåðåðâíèõ íà
R , òàêèõ, ùî

‖ z ‖0= sup
t∈R
‖z(t)‖ ≤ M.

(S1z)(t) áóäå âæå íåïåðåðâíîþ íà R ôóíê-
öi¹þ i

‖ S1z ‖0≤ (1 + M)

m
γ|eλm − 1|.

Òàêèì ÷èíîì, ÿêùî
(1 + M)

m
γ|eλm − 1| ≤ M,

òî îïåðàòîð S1 : C(M) → C(M) . Ðîçãëÿíå-
ìî ðiçíèöþ

‖(S1z1)(t)− (S1z2)(t)‖ ≤

≤ ‖
λ∫

0

t+η∫

t

Ωt+η
s (C)dsdηξ(t, η)‖‖z1 − z2‖0 ≤

≤ γ

m
|eλm − 1|‖z1 − z2‖0.

Ïðè âèêîíàííi óìîâè γ
m
|eλm− 1| < 1 îïåðà-

òîð S1 áóäå îïåðàòîðîì ñòèñêó. Íà ïiäñòàâi
öi¹¨ íåðiâíîñòi, ïðè

M ≥ γ|eλm − 1|
m− γ|eλm − 1|

îïåðàòîð S1 âiäîáðàæà¹ C(M) â ñåáå i ¹
ñòèñêàþ÷èì. Ïðîñòið C(M) âiäíîñíî íîðìè
‖ · ‖0 ¹ ïîâíèì íîðìîâàíèì ïðîñòîðîì i öüî-
ãî äîñòàòíüî, ùîá iñíóâàâ ¹äèíèé ðîçâ'ÿçîê
ðiâíÿííÿ (22), à îòæå, i ðiâíÿííÿ (9).

Òåîðåìó äîâåäåíî.
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