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Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà

ÀÑÈÌÏÒÎÒÈ×ÍI ÐÎÇÂ'ßÇÊÈ ÇÀÄÀ×I ÊÎØI ÄËß ÐIÂÍßÍÍß
ÊÎÐÒÅÂÅÃÀ-ÄÅ ÔÐIÇÀ ÇI ÇÌIÍÍÈÌÈ ÊÎÅÔIÖI�ÍÒÀÌÈ ÒÀ ÌÀËÈÌ

ÏÀÐÀÌÅÒÐÎÌ ÏÀÐÍÎÃÎ ÑÒÅÏÅÍß ÏÐÈ ÑÒÀÐØIÉ ÏÎÕIÄÍIÉ
Çàïðîïîíîâàíî àëãîðèòì ïîáóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ñèíãó-

ëÿðíî çáóðåíîãî ðiâíÿííÿ Êîðòåâåãà-äå Ôðiçà çi çìiííèìè êîåôiöi¹íòàìè ó âèïàäêó ïàðíîãî
ñòåïåíÿ ìàëîãî ïàðàìåòðà ïðè ñòàðøié ïîõiäíié.

Algorithm of constructing asymptotic solutions to Cauchy problem for singular perturbed
Korteweg-de Vries equation with varying coe�cients in case of even degree of small parameter is
proposed.

1. Âñòóï. ßê âiäîìî, ðiâíÿííÿ
Êîðòåâåãà-äå Ôðiçà ìîäåëþ¹ øèðîêå êîëî
íàéðiçíîìàíiòíiøèõ ÿâèù òà ïðîöåñiâ [1,2].
Çîêðåìà, öå ðiâíÿííÿ îïèñó¹ òàê çâàíi âiä-
îêðåìëåíi õâèëi, ÿêi âïåðøå áóëè îïèñàíi
Äæ. Ðàññåëîì [3].

Íàïðèêiíöi 60-õ ðîêiâ ìèíóëîãî ñòîëiò-
òÿ âèâ÷åííÿ âëàñòèâîñòåé ðîçâ'ÿçêiâ ðiâ-
íÿííÿ Êîðòåâåãà-äå Ôðiçà ñïîíóêàëî ðîçâè-
òîê ìåòîäó îáåðíåíî¨ çàäà÷i ðîçñiþâàííÿ [4�
7], ÿêèé ñòàâ ïîòóæíèì iíñòðóìåíòîì äî-
ñëiäæåííÿ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü ç ÷àñòèííèìè ïîõiäíèìè i çà äîïîìî-
ãîþ ÿêîãî áóëî ïîáóäîâàíî òî÷íi ðîçâ'ÿçêè
áàãàòüîõ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèí-
íèìè ïîõiäíèìè (äèâ., íàïðèêëàä, [7,8]). Â
òîé æå ÷àñ ïîòðiáíî çàçíà÷èòè, ùî çãàäà-
íèé ìåòîä íå çàâæäè äîçâîëÿ¹ çíàõîäèòè òî-
÷íi ðîçâ'ÿçêè òàê çâàíèõ iíòåãðîâíèõ ñèñòåì
äëÿ âèïàäêó çìiííèõ êîåôiöi¹íòiâ, à òîìó
äëÿ ïîáóäîâè ðîçâ'ÿçêiâ ñèíãóëÿðíî çáóðå-
íèõ ðiâíÿíü çi çìiííèìè êîåôiöi¹íòàìè çà-
ñòîñîâóþòüñÿ àñèìïòîòè÷íi ìåòîäè [9].

Â äàíié ñòàòòi ðîçãëÿäà¹òüñÿ ïèòàííÿ ïðî
ïîáóäîâó àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ çàäà÷i
Êîøi äëÿ ðiâíÿííÿ Êîðòåâåãà-äå Ôðiçà çi
çìiííèìè êîåôiöi¹íòàìè âèãëÿäó:

ε2n0uxxx = a(x, ε)ut + b(x, ε)uux, (1)

ç ïî÷àòêîâîþ óìîâîþ

u(x, 0, ε) = f
( x

εn0

)
, (2)

äå n0 � äåÿêå íàòóðàëüíå ÷èñëî,

a(x, ε) =
∞∑

k=0

ak(x)εk, b(x, ε) =
∞∑

k=0

bk(x)εk,

ôóíêöi¨ ak(x) , bk(x) ∈ C∞(R) , k = 0, 1, . . . ;
ôóíêöiÿ f(η) , η ∈ R, íàëåæèòü ïðîñòîðó
Øâàðöà; ε > 0 � ìàëèé ïàðàìåòð.

ßê áóëî ïîêàçàíî â [10�13] âèãëÿä àñèìï-
òîòè÷íîãî ðîçêëàäó äëÿ ðîçâ'ÿçêó ðiâíÿííÿ
(1) çàëåæèòü âiä ïîðÿäêó ñòåïåíÿ ìàëîãî ïà-
ðàìåòðà ïðè ñòàðøié ïîõiäíié. Òàê, ó âèïàä-
êó, êîëè ïðè ñòàðøié ïîõiäíié ìà¹ìî ìàëèé
ïàðàìåòð íåïàðíîãî ñòåïåíÿ, ïðè ïîáóäîâi
àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (1) âè-
íèêàþòü ÷ëåíè àñèìïòîòè÷íîãî ðÿäó ç ìà-
ëèì ïàðàìåòðîì äðîáîâîãî ñòåïåíÿ, â òîé
÷àñ, ÿê ó âèïàäêó ïàðíîãî ñòåïåíÿ òàêèõ
÷ëåíiâ íåìà¹.

Iäåÿ ïîáóäîâè àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ
çàäà÷i Êîøi (1), (2) ïîëÿãà¹ â òîìó, ùî ñïî-
÷àòêó çíàõîäèòüñÿ àñèìïòîòè÷íèé ðîçâ'ÿ-
çîê ðiâíÿííÿ (1), à ïîòiì âèçíà÷àþòüñÿ ôóí-
êöi¨ íåâ'ÿçêè [11�13], ÿêi äîçâîëÿþòü âðàõó-
âàòè ïî÷àòêîâó óìîâó (2). Â [12] ïîáóäîâàíî
àñèìïòîòè÷íèé ðîçâ'ÿçîê çàäà÷i Êîøi (1),
(2) äëÿ âèïàäêó n0 = 1 , à â [13] � àñèìï-
òîòè÷íèé ðîçâ'ÿçîê öi¹¨ çàäà÷i äëÿ âèïàäêó,
êîëè ïðè ñòàðøié ïîõiäíié ìiñòèòüñÿ ìàëèé
ïàðàìåòð íåïàðíîãî ñòåïåíÿ.

Â äàíié ñòàòòi çàïðîïîíîâàíî àëãîðèòì
ïîáóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçêó çàäà-
÷i Êîøi äëÿ ñèíãóëÿðíî çáóðåíîãî ðiâíÿ-
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ííÿ Êîðòåâåãà-äå Ôðiçà äëÿ âèïàäêó, êîëè
ïðè ñòàðøié ïîõiäíié ìà¹ìî ìàëèé ïàðàìåòð
ïàðíîãî ñòåïåíÿ.

2. Îñíîâíi ïðèïóùåííÿ i ïîçíà÷åí-
íÿ. Ñôîðìóëþ¹ìî îñíîâíi ïðèïóùåííÿ òà
äàìî îçíà÷åííÿ, ÿêi íåîáõiäíi äëÿ ïîäàëü-
øîãî âèêëàäó.

Ïîçíà÷èìî ÷åðåç G1 = G1(R× [0; T ]×R)
� ëiíiéíèé ïðîñòið íåñêií÷åííî äèôåðåíöi-
éîâíèõ ôóíêöié f = f(x, t, τ) , (x, t, τ) ∈
R× [0; T ]×R , òàêèõ, ùî äëÿ äîâiëüíèõ íå-
âiä'¹ìíèõ öiëèõ ÷èñåë k , m , q , p ðiâíîìið-
íî ùîäî (x, t) íà êîæíié êîìïàêòíié ìíî-
æèíi K ⊂ R × [0; T ] âèêîíóþòüñÿ òàêi äâi
óìîâè [9]:
1. ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ:

lim
τ→+∞

τ k ∂m

∂τm

∂q

∂tq
∂p

∂xp
f(x, t, τ) = 0;

2. iñíó¹ òàêà íåñêií÷åííî äèôåðåíöiéîâíà
ôóíêöiÿ f−(x, t) , ùî

lim
τ→−∞

τ k ∂m

∂τm

∂q

∂tq
∂p

∂xp

(
f(x, t, τ)− f−(x, t)

)
= 0.

ßê i â [9] ïîçíà÷èìî ÷åðåç G0
1 = G0

1(R ×
[0; T ] × R) � ëiíiéíèé ïiäïðîñòið ïðîñòî-
ðó G1 = G1(R × [0; T ] × R) íåñêií÷åííî
äèôåðåíöiéîâíèõ ôóíêöié f = f(x, t, τ) ,
(x, t, τ) ∈ (R× [0; T ]×R) , òàêèõ, ùî äëÿ äî-
âiëüíèõ íåâiä'¹ìíèõ öiëèõ ÷èñåë k , m , q , p
ðiâíîìiðíî ùîäî çìiííèõ (x, t) íà êîæíîìó
êîìïàêòi K ⊂ R× [0; T ] âèêîíó¹òüñÿ óìîâà:

lim
τ→−∞

τ k ∂m

∂τm

∂q

∂tq
∂p

∂xp
f(x, t, τ) = 0.

Ïîçíà÷èìî [12] ÷åðåç G+
2 = G+

2 (R ×
[0; T ]×R× [0; Θ]) , äå Θ � äåÿêå äiéñíå äî-
äàòíå ÷èñëî, � ëiíiéíèé ïðîñòið íåñêií÷åííî
äèôåðåíöiéîâíèõ ôóíêöié f = f(x, t, τ1, τ2),
(τ1, τ2) ∈ R × [0; Θ] , (x, t) ∈ R × [0; T ], òà-
êèõ, ùî äëÿ äîâiëüíèõ íåâiä'¹ìíèõ öiëèõ ÷è-
ñåë p , q , r , q1 , q2 ðiâíîìiðíî ùîäî çìií-
íèõ (x, t) íà êîæíié êîìïàêòíié ìíîæèíi
K ⊂ R × [0; T ] äëÿ âñiõ τ2 ∈ [0; Θ] âèêî-
íó¹òüñÿ ñïiââiäíîøåííÿ

lim
τ1→±∞

τ r
1

∂q1

∂τ q1

1

∂q2

∂τ q2

2

∂q

∂tq
∂p

∂xp
f(x, t, τ1, τ2) = 0.

3. Çîáðàæåííÿ àñèìïòîòè÷íîãî
ðîçâ'ÿçêó çàäà÷i Êîøi (1), (2). Ðîçâ'ÿ-
çîê çàäà÷i Êîøi (1), (2) øóêà¹òüñÿ ó âèãëÿäi
àñèìïòîòè÷íîãî ðÿäó

u(x, t, ε) = Yn(x, t, ε) + O(εn+1), (3)

äå

Yn(x, t, ε) =
n∑

j=0

εj (uj(x, t) + Vj(x, t, τ1)+

+Wj(τ1, τ2)) , τ1 =
x− ϕ(t)

εn0
, τ2 =

t

εn0
.

Ôóíêöiÿ

Un(x, t, ε) =
n∑

j=0

εjuj(x, t)

âèçíà÷à¹ ðåãóëÿðíó ÷àñòèíó àñèìïòîòèêè
(3), à ôóíêöi¨

Vn(x, t, ε) =
n∑

j=0

εjVj(x, t, τ1),

Wn(x, t, ε) =
n∑

j=0

εjWj(τ1, τ2)

� ñèíãóëÿðíó ÷àñòèíó àñèìïòîòèêè (3).
Ïðè öüîìó ôóíêöiÿ Vn(x, t, ε) âèçíà÷åíà

â äåÿêîìó îêîëi êðèâî¨ Γ = {(x, t) ∈ R ×
[0; T ] : x = ϕ(t)} , à ôóíêöiÿ Wn(x, t, ε) � â
äåÿêîìó îêîëi çâ'ÿçíî¨ ìíîæèíè {(t, x) : t =
0, x ∈ R} ∪ {(t, x) : x = ϕ(t), t ∈ [0; T ]} .

Îçíà÷åííÿ [12]. ßêùî äëÿ ðîçâ'ÿçêó
u(x, t, ε) çàäà÷i Êîøi (1), (2) ïðè áóäü-ÿêîìó
öiëîìó ÷èñëi n ≥ 0 ìà¹ ìiñöå çîáðàæåííÿ
(3), äå ϕ(t) ∈ C(∞)(R × [0; T ]) � äåÿêà ñêà-
ëÿðíà äiéñíà ôóíêöiÿ; ôóíêöi¨ uj(x, t) , j =
0, n, � íåñêií÷åííî äèôåðåíöiéîâíi (â òî-
÷êàõ t = 0 , t = T ðîçãëÿäàþòüñÿ âiäïîâiä-
íî ïðàâà òà ëiâà ïîõiäíi); V0(x, t, τ1) ∈ G0

1 ;
Vj(x, t, τ1) ∈ G1 , j = 1, n ; Wj(τ1, τ2) ∈ G+

2 ,
j = 0, n, òî ôóíêöiÿ u(x, t, ε) íàçèâà¹òü-
ñÿ àñèìïòîòè÷íèì îäíîôàçîâèì ñîëiòîíî-
ïîäiáíèì ðîçâ'ÿçêîì çàäà÷i Êîøi (1), (2).

4. Âèçíà÷åííÿ ðåãóëÿðíî¨ ÷àñòèíè
àñèìïòîòè÷íîãî ðîçâ'ÿçêó â (3). Âiäïî-
âiäíî äî çàãàëüíî¨ ìåòîäîëîãi¨ àñèìïòîòè-
÷íèõ ìåòîäiâ äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ
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àñèìïòîòè÷íèõ ðîçêëàäiâ (3) çíàõîäèìî:

ε2n0

(
∂3Un

∂x3
+

∂3Vn

∂x3
+

3

εn0

∂3Vn

∂x2∂τ1

+ (4)

+
3

ε2n0

∂3Vn

∂x∂τ 2
1

+
1

ε3n0

∂3Vn

∂τ 3
1

+
1

ε3n0

∂3Wn

∂τ 3
1

)
=

= a(x, ε)

(
∂Un

∂t
+

∂Vn

∂t
− 1

εn0

∂Vn

∂τ1

ϕ′(t)−

− 1

εn0

∂Wn

∂τ1

ϕ′(t) +
1

εn0

∂Wn

∂τ2

)
+

+b(x, ε) (Un + Vn + Wn)×

×
(

∂Un

∂x
+

∂Vn

∂x
+

1

εn0

∂Wn

∂τ1

+
1

εn0

∂Wn

∂τ2

)
+

+gn(x, t, ε),

äå gn(x, t, ε) = O(εn+1) � äåÿêà íåñêií÷åííî
äèôåðåíöiéîâíà ôóíêöiÿ ñâî¨õ àðãóìåíòiâ,
ùî âèçíà÷à¹òüñÿ ðåêóðåíòíèì (ñòîñîâíî j )
÷èíîì çà ôóíêöiÿìè Yj(x, t, ε), j = 0, n− 1.
×èñëî n ââàæà¹ìî äîâiëüíèì, àëå ôiêñîâà-
íèì.

Ðåãóëÿðíà ÷àñòèíà àñèìïòîòèêè (3) âè-
çíà÷à¹òüñÿ ôóíêöiÿìè, ÿêi ¹ ðîçâ'ÿçêàìè çà-
äà÷ âèãëÿäó:

a0(x)
∂u0

∂t
+ b0(x)u0

∂u0

∂x
= 0, (5)

u0(0, 0) = 0; (6)

a0(x)
∂uj

∂t
+ b0(x)u0

∂uj

∂x
+ b0(x)

∂u0

∂x
uj = (7)

= fj(x, t, u0, u1, . . . , uj−1),

uj(0, 0) = 0, j = 1, N. (8)

Çàóâàæèìî, ùî ðîçâ'ÿçêè çàäà÷ (5), (6) òà
(7), (8) iñíóþòü ïðè äîñèòü çàãàëüíèõ óìî-
âàõ, à òîìó çàäà÷ó ïðî çíàõîäæåííÿ ðåãó-
ëÿðíî¨ ÷àñòèíè àñèìïòîòèêè (3) ìîæíà ââà-
æàòè ðîçâ'ÿçàíîþ.

5. Âèçíà÷åííÿ ñèíãóëÿðíî¨ ÷àñòèíè
àñèìïòîòèêè Vn(x, t, ε) . Âðàõîâóþ÷è ðiâ-
íÿííÿ (5), (7), ç ñèñòåìè ñïiââiäíîøåíü (4)
îòðèìó¹ìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-
íÿíü äëÿ çíàõîäæåííÿ ôóíêöié Vj(x, t, τ1) ,
j = 0, n , ÿêi âèçíà÷àþòü ñèíãóëÿðíó ÷à-
ñòèíó àñèìïòîòèêè. Ñïî÷àòêó ðiâíÿííÿ äëÿ

ôóíêöié Vj(x, t, τ1) , j = 0, n , âèêîðèñòîâó-
þòüñÿ äëÿ çíàõîäæåííÿ öèõ ôóíêöié íà êðè-
âié ðîçðèâó x = ϕ(t) , ÿêà âèçíà÷à¹òüñÿ íà
íàñòóïíîìó åòàïi, ÿê ðîçâ'ÿçîê ïåâíîãî çâè-
÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ, à ïî-
òiì öi ðiâíÿííÿ âèêîðèñòîâóþòüñÿ äëÿ ïðî-
äîâæåííÿ ôóíêöié Vj(x, t, τ1) , j = 0, N , íà
ìíîæèíó

Ωµ(Γ) = {(x, t) ∈ R× [0; T ] : |x−ϕ(t)| < 2µ},
äå µ > 0 � äåÿêà ñòàëà.

Òàêèì ÷èíîì, ôóíêöi¨

vj = vj(t, τ1) = Vj(x, t, τ1)

∣∣∣∣
x=ϕ(t)

, (9)

äå j = 0, n, âèçíà÷àþòüñÿ ÿê ðîçâ'ÿçêè ñèñ-
òåìè äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó:

∂3v0

∂τ 3
1

+ a0(ϕ(t))ϕ′(t)
∂v0

∂τ1

− (10)

−b0(ϕ(t))

[
u0(ϕ(t), t)

∂v0

∂τ1

+ v0
∂v0

∂τ1

]
= 0,

∂3vj

∂τ 3
1

+ a0(ϕ(t))ϕ′(t)
∂vj

∂τ1

− (11)

−b0(ϕ(t))

[
u0(ϕ(t), t)

∂vj

∂τ1

+
∂v0

∂τ1

vj + v0
∂vj

∂τ1

]
=

= Fj(t, τ1), j = 1, n.

Òóò ôóíêöi¨ Fj(t, τ1) , j = 1, n, îá÷èñëþ-
þòüñÿ ðåêóðåíòíèì ÷èíîì.

Ðîçâ'ÿçêîì ðiâíÿííÿ (10) â ïðîñòîði G0
1 ¹

ôóíêöiÿ
v0(t, τ1) =

= −3
A(ϕ(t), t)

b0(ϕ(t))
ch−2

(√
A(ϕ(t), t)

2
(τ1 + C)

)
,

ïðè óìîâi, ùî

A(ϕ(t), t) =

= −a0(ϕ(t))ϕ′(t) + b0(ϕ(t))u0(ϕ(t), t) > 0.

Çà óìîâè Fj(t, τ1) ∈ G0
1 , j ≥ 1, ðîçâ'ÿç-

êè ñèñòåìè ðiâíÿíü (10), (11) iñíóþòü i íà-
ëåæàòü ïðîñòîðó G1 .

Íåîáõiäíà i äîñòàòíÿ óìîâà iñíóâàííÿ
ðîçâ'ÿçêiâ ðiâíÿíü (10), (11) â ïðîñòîði G1
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íàçèâà¹òüñÿ óìîâîþ îðòîãîíàëüíîñòi [10�13]
i ìà¹ âèãëÿä

+∞∫

−∞

Fj(t, τ1)v0(t, τ1)dτ1 = 0, j ≥ 1. (12)

Ç (12) ïðè j = 1 îòðèìó¹ìî ðiâíÿííÿ

15a0(ϕ(t))b0(ϕ(t))
d

dt
A(ϕ(t), t)− (13)

−20a0(ϕ(t))b ′0(ϕ(t))ϕ ′(t)A(ϕ(t), t)+

+10b2
0(ϕ(t))u′0x(ϕ(t), t)A(ϕ(t), (t))+

+10A(ϕ(t), t)b0(ϕ(t))a′0(ϕ(t))ϕ′(t)−
−10A(ϕ(t), t)b0(ϕ(t))b′0(ϕ(t))u0(ϕ(t), t)+

+16b′0(ϕ(t))A2(ϕ(t), t) = 0,

ç ÿêîãî âèçíà÷à¹òüñÿ êðèâà ðîçðèâó x =
ϕ(t) ïðè ïî÷àòêîâié óìîâi

ϕ(0) = 0. (14)

Òåïåð ïðîäîâæèìî ôóíêöi¨ ñèíãóëÿðíî¨
÷àñòèíè àñèìïòîòèêè Vj(x, t, τ1), j ≥ 0 , ç
êðèâî¨ Γ íà ìíîæèíó Ωµ(Γ). Ïîêëàäåìî:

V0(x, t, τ1) = v0(t, τ1).

Çîáðàçèìî ôóíêöi¨ vj(t, τ1) , j ≥ 1 , ó âèãëÿ-
äi:

vj(t, τ1) = νj(t)η(t, τ1) + ψj(t, τ1) (15)

äå

νj(t) = (a0(ϕ(t))ϕ′(t)− b0(ϕ(t))u0x(ϕ, t))−1×
× lim

τ→−∞
Φj(t, τ1),

Φj(t, τ1) =

τ1∫

−∞

Fj(t, τ)dτ + Ej(t),

lim
τ→+∞

Φj(t, τ1) = 0.

Òóò η(t, τ1) � äåÿêà òàêà ôóíêöiÿ ç ïðî-
ñòîðó G1 , ùî lim

τ1→−∞
η(t, τ1) = 1 ; Ej(t) � äå-

ÿêà íåñêií÷åííî äèôåðåíöiéîâíà ôóíêöiÿ;

ψj(t, τ1) = ψj,1(t, τ1) + cj(t)v0τ1(t, τ1),

äå ψj,1(t, τ1) � äåÿêà ôóíêöiÿ ç ïðîñòîðó G0
1 ;

cj(t) � ñòàëà iíòåãðóâàííÿ.
Çîáðàæåííÿ (15) äîçâîëÿ¹ ïðîäîâæèòè

ôóíêöi¨ vj(t, τ1) , j ≥ 1 , ç êðèâî¨ Γ íà ìíî-
æèíó Ωµ(Γ) , çà äîïîìîãîþ âèçíà÷åííÿ ôóí-
êöié Vj(x, t, τ1) , j ≥ 1 , íàñòóïíèì ÷èíîì:

Vj(x, t, τ1) = u−j (x, t)η(t, τ1) + ψj(t, τ1), (16)

äå ôóíêöi¨ u−j (x, t) , j = 1, n, âèçíà÷àþòüñÿ
ÿê ðîçâ'ÿçêè çàäà÷ Êîøi âèãëÿäó

Λu−j (x, t) = f−j (x, t), (17)

u−j (x, t)

∣∣∣∣∣
Γ

= νj(t), j = 1, n, (18)

à äèôåðåíöiàëüíèé îïåðàòîð Λ çàïèñó¹òüñÿ
ó âèãëÿäi

Λ = a0(x)
∂

∂t
+b0(x)u0(x, t)

∂

∂x
+b0(x)

∂u0(x, t)

∂x
.

Äèôåðåíöiàëüíi ðiâíÿííÿ (17) äëÿ âèçíà-
÷åííÿ ôóíêöié u−j (x, t) , j = 1, n, îòðèìàíî
ç ðiâíÿííÿ (1) çà äîïîìîãîþ ãðàíè÷íîãî ïå-
ðåõîäó ïðè τ1 → −∞ ïiñëÿ ïiäñòàíîâêè â
íüîãî ñïiââiäíîøåííÿ (16).

Îñêiëüêè êðèâà Γ òðàíñâåðñàëüíà õàðàê-
òåðèñòèêàì îïåðàòîðà Λ ïðè âñiõ t ∈ [0; T ] ,
òî çàäà÷à (17), (18) êîðåêòíî ïîñòàâëåíà,
à òîìó çãiäíî òåîðåìè Êîøi-Êîâàëåâñüêî¨
(ïðè äîñòàòíüî ìàëèõ µ ) â îêîëi êðèâî¨ Γ
ìà¹ ðîçâ'ÿçîê u−j (x, t) ∈ C(∞)(Ωµ(Γ)). Íàäà-
ëi ïðèïóñêà¹ìî, øî çàäà÷à Êîøi (17), (18)
ìà¹ íåñêií÷åííî äèôåðåíöiéîâíèé ðîçâ'ÿçîê
i íà ìíîæèíi {(x, t) : x − ϕ(t) ≤ −µ , t ∈
[0; T ]}.

Òàêèì ÷èíîì n -òå íàáëèæåííÿ
Yn(x, t, ε), (x, t) ∈ R1 × [0; T ], àñèìïòî-
òè÷íîãî ðîçâ'ÿçêó (3) ðiâíÿííÿ (1) ìîæíà
çàïèñàòè ó âèãëÿäi

Yn(x, t, ε) = u0(x, t)+
n∑

j=1

εj
[
uj(x, t) + u−j (x, t)

]
,

äëÿ âèïàäêó, êîëè (x, t) ∈ D−\Ωµ(Γ) ;

Yn(x, t, ε) =
n∑

j=0

εj [uj(x, t) + Vj(x, t, τ1)] ,
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äëÿ âèïàäêó, êîëè (x, t) ∈ Ωµ(Γ);

Yn(x, t, ε) =
n∑

j=0

εjuj(x, t),

äëÿ âèïàäêó, êîëè (x, t) ∈ D+\Ωµ(Γ).
Òóò

D− = {(x, t) ∈ R× [0; T ] : ϕ(t)− x ≥ µ},
D+ = {(x, t) ∈ R× [0; T ] : x− ϕ(t) ≤ µ},

ïðè÷îìó ïðèïóñêà¹òüñÿ, ùî ôóíêöi¨
u−j (x, t), j = 1, n, âèçíà÷åíi ÿê ðîçâ'ÿçêè
çàäà÷ Êîøi (17), (18) ÿê íà ìíîæèíi Ωµ(Γ)
, òàê i íà ìíîæèíi {(x, t) : x − ϕ(t) ≤ −µ ,
t ∈ [0; T ]}.

Òàêå íàáëèæåííÿ ðîçâ'ÿçêó ðiâíÿííÿ (1)
ïðè τ → −∞ çàäîâîëüíÿ¹ ðiâíÿííÿ (1) ç
òî÷íiñòþ O(εn+2).

ßêùî æ ðîçâ'ÿçêè çàäà÷i Êîøi (17), (18)
âèçíà÷åíi ëèøå íà ìíîæèíi Ωµ(Γ) , òî n -òå
íàáëèæåííÿ Yn(x, t, ε), (x, t) ∈ R1 × [0; T ],
ðîçâ'ÿçêó ðiâíÿííÿ (1) ìîæíà çàïèñàòè ó
âèãëÿäi

Yn(x, t, ε) =
n∑

j=0

εj [uj(x, t) + Vj(x, t, τ1)] ,

äëÿ âèïàäêó, êîëè (x, t) ∈ Ωµ(Γ);

Yn(x, t, ε) =
n∑

j=0

εjuj(x, t),

äëÿ âèïàäêó, êîëè (x, t) ∈ (D+∪D−)\Ωµ(Γ).
Òàêå íàáëèæåííÿ ðîçâ'ÿçêó ðiâíÿííÿ (1)

ïðè τ1 → −∞ çàäîâîëüíÿ¹ ðiâíÿííÿ (1) ç
òî÷íiñòþ O(εn+1).

6. Âèçíà÷åííÿ ñèíãóëÿðíî¨ ÷àñòèíè
àñèìïòîòèêè Wn(x, t, ε) . Âðàõîâóþ÷è ðiâ-
íÿííÿ (5), (7), (10), (11), iç ñïiââiäíîøåíü
(4) äëÿ âèçíà÷åííÿ ôóíêöié Wj(τ1, τ2) , j =
0, n , (â îêîëi çâ'ÿçíî¨ ìíîæèíè M = {(t, x) :
t = 0, x ∈ R1} ∪ {(t, x) : x = ϕ(t), t ∈
[0; T ]} ) çíàõîäèìî ñèñòåìó äèôåðåíöiàëü-
íèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè âèãëÿ-
äó

∂3W0

∂τ 3
1

= −a0(0)

[
ϕ′(0)

∂W0

∂τ1

− ∂W0

∂τ2

]
+ (19)

+b0(0)

[
V0(0, τ1)

∂W0

∂τ1

+
∂V0(0, τ1)

∂τ1

W0+

+W0
∂W0

∂τ1

]
,

∂3Wj

∂τ 3
1

= −a0(0)

[
ϕ′(0)

∂Wj

∂τ1

− ∂Wj

∂τ2

]
+ (20)

+b0(0)

[
V0(0, τ1)

∂Wj

∂τ1

+
∂V0(0, τ1)

∂τ1

Wj+

+
∂W0

∂τ1

Wj + W0
∂Wj

∂τ1

]
+ Gj(τ1, τ2),

äå ôóíêöi¨ Gj(τ1, τ2) , j = 1, n , âèçíà-
÷àþòüñÿ ðåêóðåíòíèì ÷èíîì ïiñëÿ çíàõîä-
æåííÿ ôóíêöié W0(τ1, τ2), W1(τ1, τ2), . . . ,
Wj−1(τ1, τ2).

Äëÿ îäíîçíà÷íîãî âèçíà÷åííÿ ôóíêöié
Wj(τ1, τ2) , j = 0, n , ç ñèñòåìè äèôåðåíöi-
àëüíèõ ðiâíÿíü (19), (20), ïîòðiáíî çàäàòè
äëÿ íèõ ïî÷àòêîâi óìîâè. Öi óìîâè ìîæíà
îòðèìàòè ç ïî÷àòêîâî¨ óìîâè (2). Ïiñëÿ ïiä-
ñòàíîâêè (3) â (2) çíàõîäèìî ñïiââiäíîøåííÿ
âèãëÿäó:

Un(x, t, ε) + Vn(x, t, ε) + Wn(x, t, ε)

∣∣∣∣∣
t=0

=

= f
( x

εn0

)
,

çâiäêè, âðàõîâóþ÷è àñèìïòîòè÷íi ðîçêëà-
äè äëÿ ôóíêöié Un(x, t, ε) , Vn(x, t, ε),
Wn(x, t, ε) , îòðèìó¹ìî ïî÷àòêîâi óìîâè äëÿ
ôóíêöié Wj(τ1, τ2), j = 0, n, ïðè τ2 = 0 .
Ìà¹ìî:

W0(τ1, 0) = f(τ1)− V0(0, 0, τ1), (21)

Wj(τ1, 0) = −Vj(0, 0, τ1) + Qj(τ1), (22)

j = 1, n,

äå ôóíêöi¨ Qj(τ1) , j = 1, n , âèçíà÷à-
þòüñÿ ðåêóðåíòíèì ÷èíîì ïiñëÿ çíàõîä-
æåííÿ ôóíêöié W0(τ1, τ2),W1(τ1, τ2), . . . ,
Wj−1(τ1, τ2).

Çàäà÷i Êîøi (19), (21) òà (20), (22) ìàþòü
¹äèíèé ðîçâ'ÿçîê â ïåâíîìó êëàñi ôóíêöié
[14]. Âëàñòèâîñòi öèõ ðîçâ'ÿçêiâ õàðàêòåðè-
çóþòü íàñòóïíi ëåìè.

Ëåìà 1. Ôóíêöiÿ W0(τ1, τ2) , ÿêà ¹
ðîçâ'ÿçêîì çàäà÷i Êîøi (19), (21), íàëå-
æèòü ïðîñòîðó G+

2 .
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Òâåðäæåííÿ ëåìè 1 âèïëèâà¹ ç óìîâè
W0(τ1, 0) ∈ G0

1.
Ëåìà 2. ßêùî ôóíêöi¨ −Vj(0, 0, τ1) +

Qj(τ1), j = 1, n, íàëåæàòü ïðîñòîðó G0
1 ,

à ôóíêöi¨ Gj(τ1, τ2) , j = 1, n, íàëåæàòü
ïðîñòîðó G+

2 , òî ôóíêöi¨ Wj(τ1, τ2) , j =
1, n, ÿêi ¹ ðîçâ'ÿçêîì çàäà÷i (20), (22), íà-
ëåæàòü ïðîñòîðó G+

2 .
Òâåðäæåííÿ ëåìè 2 âèïëèâà¹ ç òåîðåìè

2.1 [14].
Òàêèì ÷èíîì, ãðóíòóþ÷èñü íà âèêëàäå-

íèõ âèùå ìiðêóâàííÿõ, ìîæíà ñôîðìóëþâà-
òè òàêå òâåðäæåííÿ.

Òåîðåìà. Íåõàé ôóíêöi¨ ak(x) , bk(x) ∈
C(∞)(R1) , k ≥ 0 , çàäà÷à Êîøi (11), (12)
ìà¹ ðîçâ'ÿçîê ϕ(t) , t ≥ 0 , äëÿ ÿêîãî
ñïðàâåäëèâà óìîâà A(ϕ(t), t) > 0 , ôóíêöi¨
Fj(t, τ1) , j = 1, n , íàëåæàòü ïðîñòîðó G0

1

òà çàäîâîëüíÿþòü óìîâó îðòîãîíàëüíîñòi
(12), âèêîíóþòüñÿ óìîâè ëåìè 2.

Òîäi ôóíêöiÿ

Yn(x, t, ε) =
n∑

j=0

εj [uj(x, t) + Vj(x, t, τ1)+

+Wj(τ1, τ2)] + O(εn+1),

τ1 =
x− ϕ(t)

εn0
, τ2 =

t

εn0
,

¹ àñèìïòîòè÷íèì ðîçâèíåííÿì äëÿ îäíî-
ôàçîâîãî ñîëiòîíîïîäiáíîãî ðîçâ'ÿçêó çàäà-
÷i Êîøi (1), (2) äëÿ ðiâíÿííÿ Êîðòåâåãà-äå
Ôðiçà ïðè 0 ≤ t ≤ εn0Θ .

Âèñíîâîê. Çà äîïîìîãîþ çàïðîïîíîâà-
íîãî àëãîðèòìó ïîáóäîâàíî îäíîôàçîâi ñî-
ëiòîíîïîäiáíi àñèìïòîòè÷íi ðîçâ'ÿçêè çàäà-
÷i Êîøi äëÿ ðiâíÿííÿ Êîðòåâåãà-äå Ôðiçà çi
çìiííèìè êîåôiöi¹íòàìè òà ìàëèì ïàðàìå-
òðîì ïðè ñòàðøié ïîõiäíié.
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