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ÒÈÏÓ Â ÑÊÀËßÐÍÎÌÓ ÂÈÏÀÄÊÓ
Â äàíié ðîáîòi ðîçðîáëåíèé ìåòîä âiäøóêàííÿ õàðàêòåðèñòè÷íîãî ïîêàçíèêà Ëÿïóíî-

âà (ÕÏË) äëÿ äåòåðìiíîâàíîãî äèôåðåíöiàëüíî-ðiçíèöåâîãî ðiâíÿííÿ íåéòðàëüíîãî òèïó (1)
âèêîðèñòîâóþ÷è óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi äåÿêîãî çáóðåíîãî ðiâíÿííÿ (4).

In the present paper we introduce a new method for �nding of the Liapunov characteristic for
a determinate di�erential-di�erence equation of neutral type (1) using the conditions of assymptotic
stability of some perturbed equation (4).

Ðîçãëÿíåìî ôóíêöiþ, ùî çàäîâîëüíÿ¹ äå-
òåðìiíîâàíå äèôåðåíöiàëüíî-ðiçíèöåâå ðiâ-
íÿííÿ íåéòðàëüíîãî òèïó (ÍÄÄÐÐ)[1]

dDyt = Lytdt (1)
òà ïî÷àòêîâó óìîâó

y0 = ϕ, (2)
äå äëÿ ∀ψ ∈ C ([−h, 0]) âèçíà÷åíi ðiçíèöåâi
îïåðàòîðè

Dψ :=
n∑

i=0

δiψ(−τi); Lψ :=
n∑

i=0

liψ(−τi), (3)

ϕ ∈ C ([−h, 0]) , δ0 = 1,
n∑
1

|δi| < 1 , τi çàäî-
âîëüíÿþòü ñïiââiäíîøåííÿ

0 = τ0 < τ1 < ... < τn = h.

Ïîðÿä ç ðiâíÿííÿì (1) íà iìî-
âiðíiñíîìó áàçèñi [2] (Ω, F, P,=) , äå
= ≡ {Ft := σ(w(s), s ≤ t), t ≥ 0} - íàòó-
ðàëüíà ôiëüòðàöiÿ âiíåðîâîãî ïðîöåñó,
F := lim

t→∞
Ft , çàäàíî âèïàäêîâèé ïðî-

öåñ x(t) , ÿêèé çàäîâîëüíÿ¹ ñòîõàñòè÷íå
äèôåðåíöiàëüíî-ðiçíèöåâå ðiâíÿííÿ íåé-
òðàëüíîãî òèïó (ÍCÄÐÐ)

dDxt = Lxtdt + εx(t)dw(t). (4)
òà ïî÷àòêîâó óìîâó

x0 = ϕ. (5)

Òóò âèïàäêîâèé ïðîöåñ x(t) = x(t, ω) :
R+×Ω −→ R1 ; xt ≡ {x(t + s),−h ≤ s ≤ 0 ∈
C([−h, 0]) ; ϕ ∈ C ([−h, 0]) ; w(t) = w(t, ω) -
îäíîâèìiðíèé âèïàäêîâèé âiíåðîâèé ïðîöåñ,
ùî óçãîäæåíèé ç = .

Äëÿ çàäà÷i (1), (2) ìà¹ ìiñöå òåðåìà iñíó-
âàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó [1].

Äëÿ çàäà÷i (4), (5) ìà¹ ìiñöå òåîðåìà iñíó-
âàííÿ òà ¹äèíîñòi ç òî÷íiñòþ äî ñòîõàñòè-
÷íî¨ åêâiâàëåíòíîñòi â ñåðåäíüîìó êâàäðà-
òè÷íîìó äðóãîãî ìîìåíòó ðîçâ'ÿçêó [3].

Ðîçãëÿíåìî ôóíêöiþ Êîøi X(t) [4] ÿê
ðîçâ'ÿçîê (1), ùî çàäîâîëüíÿ¹ ïî÷àòêîâó
óìîâó

X(t) := 1(t) =

{
0,−h ≤ t < 0,
1, t = 0.

(6)

Çàóâàæèìî, ùî âiðíå òâåðäæåííÿ [1], [4]
ùîäî çîáðàæåííÿ ôóíêöi¨ Êîøi X(t) çà äî-
ïîìîãîþ õàðàêòåðèñòè÷íîãî êâàçiïîëiíîìà:

Ëåìà 1. Ôóíêöiÿ Êîøi X(t) äîïóñêà¹
ïðåäñòàâëåííÿ

X(t) =
1

2πi

∫

Rez=µ

eztV −1(z)dz , (7)

äå µ > −ρ , V (z) � õàðàêòåðèñòè÷íèé êâà-
çiïîëiíîì ðiâíÿííÿ (1), ÿêèé çàäà¹òüñÿ ñïiâ-
âiäíîøåííÿì [4]

V (z) := z

{
n∑

i=0

δie
zτi

}
−

n∑
i=0

lie
zτi . (8)
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Íàâåäåìî òâåäæåííÿ, ÿêi áóäóòü íåîáõi-
äíi äëÿ ïîëàëüøîãî ðîçãëÿäó ïðîáëåìè.

Ëåìà 2. [5] Ðîçâ'ÿçîê ÍÄÄÐÐ (1), (2)
çàäîâîëüíÿ¹ ñòîõàñòè÷íå iíòåãðàëüíå ðiâíÿ-
ííÿ

y(t) = x(t)− ε

t∫

0

X(t− s)x(s)dw(s). (9)

äå x(t) - ðîçâ'ÿçîê çàäà÷i (4), (5).
Çàäà÷à äàíî¨ ðîáîòè ïîëÿãà¹ ó çíàõî-

äæåííi õàðàêòåðèñòè÷íîãî ïîêàçíèêà Ëÿïó-
íîâà [6] äëÿ ðiâíÿííÿ (1), ÿêèé âèçíà÷à¹òüñÿ
íàñòóïíèì ÷èíîì

k(0) = lim
t→∞

ln |y(t)|2
t

, (10)

Âèçíà÷èìî õàðàêòåðèñòè÷íèé ïîêàçíèê
ðiâíÿííÿ (4) íàñòóïíèì ÷èíîì

k(ε) = lim
t→∞

lnE |x(t)|2
t

, (11)

Òåîðåìà 1. [7] Õàðàêòåðèñòè÷íèé ïîêà-
çíèê k(ε) çàäà÷i (4), (5) âèçíà÷à¹òüñÿ ç óìî-
âè

Bk(ε) = 1,

äå

Bk(ε) :=
ε2

π

∞∫

0

∣∣Vk(ε)(is)
∣∣−2

ds (12)

õàðàêòåðèñòè÷íèé êâàçiïîëiíîì ðiâíÿííÿ
(4) âèçíà÷à¹òüñÿ ðiâíiñòþ

Vk(ε)(z) := z

n∑
i=0

δie
−τi(z+k(ε))−

−
n∑

i=0

(δi − k(ε)li)e
−τi(z+k(ε)).

Òåîðåìà 2. Õàðàêòåðèñòè÷íèé ïîêàçíèê
k(0) ðiâíÿííÿ (1) âèçíà÷à¹òüñÿ ç óìîâè

r(0) = lim
ε→0

r(ε). (13)

Äîâåäåííÿ. Îá÷èñëèì r(ε) , âèêîðèñòî-
âóþ÷è ïðåäñòàâëåííÿ (9):

r(ε) = lim
t→∞

lnE |x(t)|2
t

=

= lim
t→∞

ln

(
y2(t) + ε2

t∫
0

X2(t− s)Ex2(s)ds

)

t
.

Ïðèïóñòèìî, ùî ðîçâ'ÿçîê X(t) åêñïî-
íåíöiàëüíîñòiéêèé, x(t) åêñïîíåíöiéíî ñòié-
êèé â ñåðåäíüîìó êâàäðàòè÷íîìó. Òîäi, âè-
êîðèñòîâóþ÷è âëàñòèâîñòi ÕÏË [6], íåâàæêî
ïåðåêîíàòèñÿ â ñïðàâåäëèâîñòi îöiíêè

r(0) ≤ r(ε) ≤ lim
t→∞

ln (y2(t) + ε2K)

t
,

äå 0 < K < ∞ . Çà ïðèïóùåííÿì âèðàç
y2(t) + ε2K ðiâíîìiðíî îáìåæåíèé ïî t , òî-
ìó ñïðàâåäëèâå òâåðäæåííÿ òåîðåìè 2.

Íåõàé ïðèïóùåííÿ ïðî àñèìïòîòè÷íó
ñòiéêiñòü X(t) àáî x(t) íå âèêîíó¹òüñÿ. Âè-
çíà÷èìî ôóíêöiþ y(p)(t) òà âèïàäêîâèé ïðî-
öåñ x(p)(t) íàñòóïíèì ÷èíîì:

y(t) := epty(p)(t);

x(t) := eptx(p)(t),

äå p > 0 � äîñèòü âåëèêå ÷èñëî.
Íåâàæêî ïåðåêîíàòèñÿ [3], ùî y(p)(t) áóäå

çàäîâîëüíÿòè ÍÄÄÐÐ

dDpy
(p)
t = Lpy

(p)
t dt, (14)

à âèïàäêîâèé ïðîöåñ x(p)(t) � ÍÑÄÐÐ

dDpx
(p)
t = Lpx

(p)
t dt + εx(p)(t)dw(t), (15)

äå ðiçíèöåâi îïåðàòîðè Dp , Lp çàäàþòüñÿ
ñïiââiäíîøåííÿìè

Dpψ :=
n∑

i=0

δie
−pτiψ(−τi);

Lpψ :=
n∑

i=0

(li − pδi)e
−pτiψ(−τi).

Çíàéäåìî òàêå p > 0 , ùî k(p)(0) < 0 òà
k(p)(ε) < 0 . Òîäi áóäå ìàòè ìiñöå ðiâíiñòü

r(p)(0) = lim
ε→0

r(p)(ε), (16)

äå r(p)(0) � ÕÏË ôóíêöi¨ y(p)(t) , r(p)(ε) �
ÕÏË âèïàäêîâîãî ïðîöåñó x(p)(t) :

k(p)(0) = lim
t→∞

ln
∣∣y(p)(t)

∣∣2
t

,
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k(p)(ε) = lim
t→∞

lnE
∣∣x(p)(t)

∣∣2
t

.

Àëå

k(0) = lim
t→∞

ln |y(t)|2
t

= lim
t→∞

ln
∣∣epty(p)(t)

∣∣2
t

=

= 2p + lim
t→∞

ln
∣∣y(p)(t)

∣∣2
t

= 2p + k(p)(0),

k(ε) = lim
t→∞

lnE |x(t)|2
t

= lim
t→∞

lnE
∣∣eptx(p)(t)

∣∣2
t

=

= 2p + lim
t→∞

lnE
∣∣x(p)(t)

∣∣2
t

= 2p + k(p)(ε).

Íà îñíîâi (16) òà äâîõ îñòàííiõ ðiâíîñòåé,
îòðèìó¹ìî òâåðäæåííÿ òåîðåìè.

Òåîðåìà 2 äîâåäåíà.
Ïðîàíàëiçóâàâøè òâåðäæåííÿ òåîðåìè 2,

ñòà¹ çðîçóìiëèì ôàêò, ùî ïðè
r(0) > 0

ðîçâ'ÿçîê ðiâíÿííÿ (1) íåñòiéêèé, ïðè óìîâi
r(0) < 0

ðîçâ'ÿçîê ðiâíÿííÿ (1) àñèìïòîòè÷íî ñòié-
êèé.

Òîáòî äàíà òåîðåìà äîçâîëÿ¹ âiäïîâiäà-
òè íà ïèòàííÿ ïðî àñèìïòîòè÷íó ïîâåäií-
êó ðiâíÿííÿ (1). Äëÿ âiäïâiäi íà ïèòàííÿ
ïðî àñèìïòîòèêó ðîçâ'ÿçêó ðiâíÿííÿ (1) ðîç-
ðîáëåíî áàãàòî ìåòîäiâ, îñíîâíèìè ç ÿêèõ
ìîæíà ââàæàòè:

1. Äðóãèé ìåòîä Ëÿïóíîâà [4], [8] ;
2. Àìïëiäóäíî-ôàçîâèé ìåòîä [8];
3. Ìåòîä D-ðîçáèòòÿ [8];
4. Íåîáõiäíi òà äîñòàòíi óìîâè ñòiéêîñòi,

âèðàæåíi ÷åðåç óìîâè íà õàðàêòåðèñòè÷íèé
êâàçiïîëiíîì (8) [1];

5. Ìåòîä Ìåéìàíà i ×îáîòàðüîâà [8];
6. Òåîðåìè Ðàçóìiõiíà [4].
Ïîðÿä ç äàíèìè âiäîìèìè ìåòîäàìè â

äàíié ðîáîòi çäiéñíåíî ïåðåõiä âiä ïîøóêó
ÕÏË ðiâíÿííÿ (1), âèêîðèñòîâóþñè õàðàêòå-
ðèñòè÷íèé êâàçiïîëiíîì

V (z) = z

{
n∑

i=0

δie
zτi

}
−

n∑
i=0

lie
zτi .

íà êîìïëåêñíié ïëîùèíèíi C ÷è ïîøóêó äî-
äàòíîâèçíà÷åíîãî ôóíêöiîíàëà Ëÿïóíîâà-
Êðàñîâñüêîãî V (xt) [4], [8] äî âiäøóêàííÿ
õàðàêòåðèñòè÷íîãî ïîêàçíèêà ðiâíÿííÿ (4)
íà ïðÿìié R ç íàïåðåä çàäàíîþ òî÷íiñòþ
ε0 . Öå â äåÿêié ìiði ïîëåãøó¹ âiäøóêàííÿ
ÕÏË, îñêiëüêè ÕÏË ðiâíÿííÿ (4) ëåãêî îá-
÷èñëþ¹òüñÿ [7] ç äîïîìîãîþ òåîðåìè 1.

Çàóâàæåííÿ 1. Ó ÿêîñòi çáóðåíîãî ðiâ-
íÿííÿ (1) ìîæíà âèêîðèñòàòè íàñòóïíå

d {Dxt} = {Lxt} dt + x(t)dw(εt). (17)

Àâòîð âèñëîâëþ¹ ùèðó âäÿ÷íiñòü çà
óâàãó äî äàíî¨ ðîáîòè òà öiííi ïîðàäè
ä. ô.-ì. íàóê, ïðîôåñîðó ßñèíñüêîìó
Â.Ê.
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