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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÒÅÎÐÅÌÈ ËIÓÂIËËß ÄËß ÑÈÍÃÓËßÐÍÈÕ ÏÀÐÀÁÎËI×ÍÈÕ ÑÈÑÒÅÌ
Óñòàíîâëåíî òåîðåìè Ëióâiëëÿ äëÿ ñèíãóëÿðíèõ ïàðàáîëi÷íèõ ñèñòåì.

The theorems of Liouville for the singular parabolic systems were established.

Ïðè âèâ÷åííi âëàñòèâîñòåé ðîçâ'ÿçêiâ
ñèíãóëÿðíèõ ïàðàáîëi÷íèõ ñèñòåì âàæëè-
âèì ¹ äîâåäåííÿ òåîðåì Ëióâiëëÿ. Ïîäi-
áíi çàäà÷i äëÿ ïàðàáîëi÷íèõ ñèñòåì ãëèáî-
êî âèâ÷åíi â ïðàöÿõ Ñ.Ä. Åéäåëüìàíà [1,4].
Äëÿ òàêèõ ñèñòåì âñòàíîâëåíi îöiíêè ìàò-
ðèöi Ãðiíà, íà îñíîâi ÿêèõ ñôîðìóëüîâàíi
òà äîâåäåíi çàãàëüíi òåîðåìè Ëióâiëëÿ äëÿ
ðåãóëÿðíèõ ðîçâ'ÿçêiâ ïàðàáîëi÷íèõ ñèñòåì
ó ïiâïðîñòîði ç êîåôiöi¹íòàìè, çàëåæíèìè
âiä t . Ïðèðîäíî, ùî âèíèêà¹ ïèòàííÿ ïðî
âñòàíîâëåííÿ âiäïîâiäíèõ òåîðåì äëÿ B -
ïàðàáîëi÷íèõ ñèñòåì. Âèâ÷åííÿ òàêèõ ñè-
ñòåì ïðîâîäèëîñü â ðîáîòàõ [2, 3]. Ó ïðàöi
Ìàòié÷óêà Ì.I. [2] äåòàëüíî äîñëiäæåíi B -
ïàðàáîëi÷íi ñèñòåìè â íîðìîâàíèõ ïðîñòî-
ðàõ Äiíi. Ó ðîáîòi [3] ñôîðìóëüîâàíî îçíà÷å-
ííÿ Λω -óìîâ òà íàâåäåíî êëàñè ñèñòåì, äëÿ
ÿêèõ öi óìîâè âèêîíóþòüñÿ. Ó äàíié ñòàòòi
íà îñíîâi ðåçóëüòàòiâ, îäåðæàíèõ â [3], äîâî-
äÿòüñÿ âiäïîâiäíi òåîðåìè Ëióâiëëÿ äëÿ ñèí-
ãóëÿðíèõ ïàðàáîëi÷íèõ ñèñòåì ó ïiâïðîñòîði
t ≤ T ç êîåôiöi¹íòàìè, çàëåæíèìè âiä t .

1. Îñíîâíi ïîçíà÷åííÿ òà îçíà÷åííÿ
Λω -óìîâ â ïiâïðîñòîði t ≤ T . Ó øàði
Π+ = (t0; T )×E+

n , E+
n = En−1 × (0;∞) ðîç-

ãëÿäà¹òüñÿ çàäà÷à Êîøi
∂u(t, x)

∂t
=

∑

|k|+2j≤2b

Akj(t)D
k
x′B

j
xn

u(t, x), (1)

u(t, x)|t=t0 = ϕ(x),
∂u(t, x)

∂xn

∣∣∣∣∣
xn=0

= 0, (2)

äå |k| =
n−1∑
i=1

ki , x ∈ E+
n , x = (x′, xn) ,

x′ = = (x1, . . . , xn−1) , xn > 0 , Dk
x′ =

∂|k|

∂xk1
1 . . . ∂xkn

n

, Bxn =
∂2

∂x2
n

+
2ν + 1

xn

∂

∂xn

, ν ≥
−1

2
.
Òîäi ðîçâ'ÿçîê çàäà÷i (1) � (2) îäíîçíà÷íî

âèçíà÷à¹òüñÿ ôîðìóëîþ [2,c.21]

u(t, x) =

∫

E+
n

T ξn
xn

G(t, t0, x
′ − ξ′, xn)ϕ(ξ)ξ2ν+

n dξ,

äå
G(t, t0, x

′ − ξ′, xn) =

= c′ν

∫

E+
n

eiσ′(x′−ξ′)V (t, t0, σ)jν(σnxn)σ2ν+1
n dσ −

ìàòðèöÿ Ãðiíà çàäà÷i Êîøi (1) � (2),

T ξn
xn

f(x) =
Γ(1 + ν)

Γ(1/2)Γ(ν + 1/2)
×

×
π∫

0

f(x′,
√

x2
n + ξ2

n − 2xnξn cos α) sin2ν αdα −

îïåðàòîð óçàãàëüíåíîãî çñóâó, ÿêèé âiäïîâi-
äà¹ îïåðàòîðó Áåññåëÿ Bxn , jν(σnxn) � íîð-
ìîâàíà ôóíêöiÿ Áåññåëÿ.

Îçíà÷åííÿ. Ñèñòåìà (1) çàäîâîëüíÿ¹
Λ−ω -óìîâó, ω ≤ 0 , ÿêùî iñíó¹ ìàòðèöÿ Ãðiíà
ñèñòåìè (1), äëÿ ïîõiäíèõ ÿêî¨ ñïðàâäæó¹-
òüñÿ îöiíêà

|Dk
x′B

j
xn

G(t, t0, x
′, xn, ξn)| ≤ Ckj ×

×a(t, t0)
−(nν+2j+|k|)T ξn

xn

{
eω(t−t0)e

−c| x
a(t,t0)

|q
}

,

(Λω)
a(t, t0) � íåïåðåðâíà ìîíîòîííî çðîñòàþ÷à
ôóíêöiÿ àðãóìåíòà t òàêà, ùî a(t0, t0) = 0 ,
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Ckj , c � äîäàòíi ñòàëi, çàëåæíi âiä ν ,
sup

t
|Akj(t)| , ìîäóëÿ íåïåðåðâíîñòi êîåôiöi-

¹íòiâ Akj(t) ïðè |k|+ 2j = 2b , nν = n+2ν+

1 , q =
2b

2b− 1
.

2. Òåîðåìè Ëióâiëëÿ. Ðîçãëÿíåìî ó ïiâ-
ïðîñòîði t ∈ (−∞, T ] ðîçâ'ÿçîê u(t, x) ñèñ-
òåìè (1). Äëÿ ðîçâ'ÿçêó ñïðàâåäëèâi íàñòó-
ïíi òåîðåìè.

Òåîðåìà 1. Ïðèïóñòèìî, ùî:
1) ìàòðèöÿ Ãðiíà çàäîâîëüíÿ¹ Λ−ω -óìîâó ç
ω = 0 , à ñàìå:

|Dm
x′B

j
xn

G(t, t0, x
′, xn, ξn)| ≤ Cmj×

×a(t, t0)
−(nν+2j+|m|)T ξn

xn
{e−c| x

a(t,t0)
|q},

a(t, t0) →∞ ïðè t0 → −∞ , nν +2j + |m| →
∞ ïðè m →∞ , j →∞ ;
2) ðîçâ'ÿçîê çàäîâîëüíÿ¹ óìîâó

|u(t, x)| ≤ C1(1 + |x′|)β + C2(1 + x2
n)µ, (3)

Òîäi u(t, x) â ïiâïðîñòîði t ≤ T ¹ ìíîãî-
÷ëåíîì ïî x1, x2, . . . , xn−1 ñòåïåíÿ íå âèùå
[β] , à ïî x2

n � [µ] . ßêùî |k| + 2j ≥ 1 , òî
ïðè β < 1 i 2µ < 1 u(t, x) ≡ const .

Äîâåäåííÿ. Âiçüìåìî u(x, t) ïðè t = t0
çà ïî÷àòêîâó ôóíêöiþ i íà îñíîâi òåîðåìè
¹äèíîñòi ðîçâ'ÿçêó çàäà÷i Êîøi îòðèìà¹ìî
çîáðàæåííÿ ðîçâ'ÿçêó ïðè t0 < t ≤ T :

u(t, x) =

∫

E+
n

T ξn
xn

G(t, t0, x
′ − ξ′, xn)u(t0, ξ)×

×ξ2ν+1
n dξ =

∫

E+
n

G(t, t0, x, ξ)u(t0, ξ)ξ
2ν+1
n dξ.

Äëÿ òîãî, ùîá ïiäðàõóâàòè ñòåïåíü ìíî-
ãî÷ëåíà ïî xi , (i = 1, n) , ïîòðiáíî âèçíà÷è-
òè, ïîõiäíi ÿêîãî ïîðÿäêó ôóíêöi¨ u(t, x) ïî
x òîòîæíüî äîðiâíþþòü íóëåâi. Äëÿ öüîãî
îöiíèìî ïîõiäíi ðîçâ'ÿçêó, âðàõîâóþ÷è óìî-
âó Λ−0 i (3):

|Dm
x′B

j
xn

u(t, x)| ≤
∫

E+
n

|Dm
x′B

j
xn

G(t, t0, x, ξ)|×

×|u(t0, ξ)|ξ2ν+1
n dξ ≤

≤
∫

E+
n

Cmja(t, t0)
−(nν+2j+|m|)T ξn

xn
{e−c| x−ξ′

a(t,t0)
|q}×

× [
C1(1 + |ξ′|)β + C2(1 + ξ2

n)µ
]
ξ2ν+1
n dξ =

= Cmja(t, t0)
−(nν+2j+|m|)×

×


C1

∫

E+
n

T ξn
xn
{e−c| x−ξ′

a(t,t0)
|q}(1 + |ξ′|)βξ2ν+1

n dξ+

+C2

∫

E+
n

T ξn
xn
{e−c| x−ξ′

a(t,t0)
|q}(1 + ξ2

n)µξ2ν+1
n dξ


 =

= Cmja(t, t0)
−(nν+2j+|m|) [I1 + I2] .

Îöiíèìî êîæåí ç iíòåãðàëiâ I1 i I2 :

I1 = C1

∫

En−1

e
−c| x′−ξ′

a(t,t0)
|q
(1 + |ξ′|)βdξ′×

×
∞∫

0

T ξn
xn
{e−c| xn

a(t,t0)
|q}ξ2ν+1

n dξn = C1A1 · A2.

Äëÿ îá÷èñëåííÿ iíòåãðàëó A1 âèêîðèñòà-
¹ìî çàìiíó ξ′−x′

a(t,t0)
= α′ (A) , à äëÿ îá÷èñ-

ëåííÿ iíòåãðàëó A2 � îçíà÷åííÿ îïåðàòîðà
óçàãàëüíåíîãî çñóâó òà çàìiíó:

{
v1 = (xn − ξn cos α) a(t, t0)

−1,
v2 = ξn sin α a(t, t0)

−1;
(Ā)

Òóò −∞ < v1 < +∞ , 0 ≤ v2 < +∞ .
Òîäi

A1 =

∫

En−1

e−c|α′|q(1 + |α′a(t, t0) + x′|)β×

×a(t, t0)
n−1dα′.

Âðàõîâóþ÷è íåðiâíiñòü |α′a(t, t0) + x′|β ≤
≤ 2β(|α′|βa(t, t0)

β + |x′|β) i ââàæàþ÷è, ùî
a(t, t0) ≥ 1 , îòðèìà¹ìî

A1 ≤ C̃1(1 + C̃2|x′|β)a(t, t0)
n−1+

+C̃2a(t, t0)
β+n−1 ≤

(
C̃1(1 + C̃2|x′|β) + C̃2

)
×

×a(t, t0)
β+n−1 = Ã1(x

′)a(t, t0)
β+n−1.
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A2 =

∞∫

0

T ξn
xn
{e−c| xn

a(t,t0)
|q}ξ2ν+1

n dξn =

= C(ν)

∞∫

0

dξn

π∫

0

e
−c

(
r(α,xn,ξn)

a(t,t0)

)q

sin2ν αξ2ν+1
n dα =

= a(t, t0)
2ν+2C(ν)

∞∫

−∞

∞∫

0

e
−c

(√
v2
1+v2

2

)q

v2ν
2 dv1dv2 ≤

≤ Ã2(ν)a(t, t0)
2ν+2.

Îòæå,

I1 ≤ C1Ã1(x
′)Ã2(ν)a(t, t0)

n+2ν+1+β. (4)

Äàëi îöiíþ¹ìî iíòåãðàë I2 :

I2 = C2

∫

En−1

e
−c| x′−ξ′

a(t,t0)
|q
dξ′

∞∫

0

T ξn
xn
{e−c| xn

a(t,t0)
|q}×

×(1 + ξ2
n)µξ2ν+1

n dξn = C2B1 ·B2.

Àíàëîãi÷íî, ÿê i ïðè îöiíþâàííi iíòåãðàëiâ
A1 i A2 , âèêîðèñòà¹ìî çàìiíè (A) i (Ā) .
Òîäi

B1 =

∫

En−1

e−c|α′|qa(t, t0)
n−1dα′ ≤ B̃1a(t, t0)

n−1.

B2 = C(ν)

∞∫

0

dξn

π∫

0

e
−c

(
r(α,xn,ξn)

a(t,t0)

)q

sin2ν α×

×(1 + ξ2
n)µξ2ν+1

n dα =

= a(t, t0)
2ν+2C(ν)

∞∫

−∞

∞∫

0

e
−c

(√
v2
1+v2

2

)q

v2ν
2 ×

× (
v2

2a
2 + (xn − v1a)2 + 1

)µ
dv1dv2 ≤

≤ C(ν)B̃2(xn)a(t, t0)
2ν+2+2µ.

Îòæå,

I2 ≤ C2B̃1C(ν)B̃2(xn)a(t, t0)
n+2ν+1+2µ. (5)

Âðàõîâóþ÷è íåðiâíîñòi (4) òà (5), ìà¹ìî

|Dm
x′B

j
xn

u(t, x)| ≤ Cmja(t, t0)
−(nν+2j+|m|)×

×
(
C1Ã1(x

′)Ã2(ν)a(t, t0)
n+2ν+1+β+

+C2B̃1C(ν)B̃2(xn)a(t, t0)
n+2ν+1+2µ

)
=

= CmjC1Ã1(x
′)Ã2(ν)a(t, t0)

−2j−|m|+β+

+CmjC2B̃1C(ν)B̃2(xn)a(t, t0)
−2j−|m|+2µ.

Äëÿ ïåðøîãî äîäàíêó âèáèðà¹ìî m1 i j1

òàê, ùîá äëÿ m ≥ m1 i j ≥ j1 âèêîíóâà-
ëàñü íåðiâíiñòü −2j−|m|+β < 0 . Àíàëîãi÷-
íî äëÿ äðóãîãî äîäàíêó âèáèðà¹ìî m2 i j2

òàê, ùîá äëÿ m ≥ m2 i j ≥ j2 âèêîíóâàëàñü
íåðiâíiñòü −2j−|m|+2µ < 0 . Òîäi, âðàõîâó-
þ÷è äîâiëüíiñòü t > t0 i òå, ùî a(t, t0) →∞
ïðè t0 → −∞ , îòðèìà¹ìî, ùî

Dm
x′B

j
xn

u(t, x) ≡ 0

äëÿ
{ −2j − |m|+ β < 0,
−2j − |m|+ 2µ < 0;

m ≥ m1, j ≥ j1,
m ≥ m2, j ≥ j2.

Íåõàé m0 = max{m1,m2} , j0 = max{j1, j2} ,
òîäi

Dm0

x′ Bj0
xn

u(t, x) ≡ 0.

Çíà÷èòü u(t, x) ¹ ìíîãî÷ëåíîì ïî
x1, x2, . . . , xn−1 ñòåïåíÿ íå âèùå m0 − 1 , à
ïî x2

n � ñòåïåíÿ íå âèùå j0 . Âðàõîâóþ÷è
òå, ùî |u(t, x)| ≤ C1(1 + |x′|)β + C2(1 + x2

n)µ ,
ìà¹ìî, ùî ñòåïåíü ïî x1, x2, . . . , xn−1 íå
âèùå [β] , à ïî x2

n � [µ] .
Äëÿ äîâåäåííÿ äðóãî¨ ÷àñòèíè òåîðåìè

çàóâàæèìî, ùî ÿêùî β < 1 i 2µ < 1 , òî óæå
ïðè m = 1 ∂u

∂x
≡ 0 , à öå îçíà÷à¹, ùî u(t, x)

íå çàëåæèòü âiä x . Îñêiëüêè |k|+2j ≥ 1 , òî
â ïðàâié ÷àñòèíi ñèñòåìè âèêîíó¹òüñÿ õî÷à á
îäíå äèôåðåíöiþâàííÿ ôóíêöi¨ u(t, x) ïî x .
Âðàõîâóþ÷è òå, ùî ∂u

∂x
≡ 0 , ìà¹ìî ∂u

∂t
≡ 0 .

Çâiäñè âèïëèâà¹, ùî u = const .
Òåîðåìà 2. Íåõàé äëÿ ñèñòåìè (1), êîå-

ôiöi¹íòè ÿêî¨ ¹ ìíîãî÷ëåíàìè ïî t ñòåïå-
íÿ íå âèùå r , |m| + 2j ≥ l1 + l2 ≥ 1 , âè-
êîíó¹òüñÿ óìîâà Λ−ω (ω = 0 ) ç a(t, t0) ≥
γ|t0|σ , σ > 0 , äëÿ äîñèòü âåëèêèõ |t0| ,
nν+2j+|m| → ∞ ïðè m →∞ , j →∞ , òî-
äi ðîçâ'ÿçîê â ïiâïðîñòîði t ≤ T ñèñòåìè
(1), ÿêèé çàäîâîëüíÿ¹ óìîâó:
|u(t, x)| ≤ [

C1(1 + |x′|)β + C2(1 + x2
n)µ

]×
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×(T + 1− t)α, (6)
¹ ìíîãî÷ëåíîì ïî x1, x2, . . . , xn−1 ñòåïåíÿ
íå âèùå [β] , ïî x2

n � [µ] , à ïî t � ìíîãî-
÷ëåíîì ñòåïåíÿ íå âèùå min{[α], pr + p −
1} , äå p � íàéìåíøå öiëå ÷èñëî òàêå, ùî
p(l1 + l2) > > [β] + [µ] + 1 .

Äîâåäåííÿ. Äîâåäåííÿ òîãî, ùî u(t, x) ¹
ìíîãî÷ëåíîì ïî x1, x2, . . . , xn−1 ñòåïåíÿ íå
âèùå [β] , à ïî x2

n � [µ] , àíàëîãi÷íå äîâå-
äåííþ òåîðåìè 1.

Äîâåäåìî, ùî u(t, x) ¹ ìíîãî÷ëåíîì ïî t
ñòåïåíÿ íå âèùå min([α], pr+p−1) . Äëÿ òî-
ãî, ùîá âèçíà÷èòè ñòåïiíü ìíîãî÷ëåíà ïî t ,
ïîòðiáíî âèçíà÷èòè, ïîõiäíi ÿêîãî ïîðÿäêó
ïî t âiä ôóíêöi¨ u(t, x) äîðiâíþþòü íóëåâi.
Ïiäðàõó¹ìî öåé ïîðÿäîê. Äëÿ öüîãî äèôå-
ðåíöiþâàòèìåìî ëiâó i ïðàâó ÷àñòèíó ñèñòå-
ìè (1) ïî t , ïðè÷îìó çëiâà íàñ áóäóòü öi-
êàâèòè ïîõiäíi íàéâèùîãî ïîðÿäêó ïî t , à
ñïðàâà � äèôåðåíöiþâàííÿ ïî x íàéíèæ÷î-
ãî ïîðÿäêó. Ïðè öüîìó áóäåìî âèêîðèñòîâó-
âàòè îïåðàöiþ ” ïîðiâíÿííÿ ïî ìîëîäøèì ” ,
ÿêó ïîçíà÷àòèìåìî ñèìâîëîì ' .

∂m+pu

∂tm+p
=

∂m+p−1

∂tm+p−1

(
∂u

∂t

)
=

=
∂m+p−1

∂tm+p−1


 ∑

1≤l≤|k|+2j≤2b

Akj(t)D
k
x′B

j
xn

u


 '

' ∂m+p−1

∂tm+p−1

(
trDl1

x′B
l2
xn

u
)

=

= Dl1
x′B

l2
xn

∂m+p−1

∂tm+p−1
(tru) =

= Dl1
x′B

l2
xn

∂m+p−1−r

∂tm+p−1−r

(
∂r(tru)

∂tr

)
'

' Dl1
x′B

l2
xn

∂m+p−1−ru

∂tm+p−1−r
=

= Dl1
x′B

l2
xn

∂m+p−1−r−1

∂tm+p−1−r−1

(
∂u

∂t

)
= . . . =

= Dpl1
x′ Bpl2

xn

∂m+p−pr−pu

∂tm+p−pr−p
= Dpl1

x′ Bpl2
xn

∂m−pru

∂tm−pr
.

Áåðåìî m = pr , pl1 +pl2 > [β]+[µ]+1 . Òîäi

∂m+pu

∂tm+p
= Dpl1

x′ Bpl2
xn

∂m−pru

∂tm−pr
,

∂pr+pu

∂tpr+p
= Dpl1

x′ Bpl2
xn

u.

Îñêiëüêè pl1 + pl2 > [β] + [µ] + 1 , òî
Dpl1

x′ Bpl2
xn

u ≡ 0 i çâiäñè ìà¹ìî ∂pr+pu
∂tpr+p ≡ 0 . À

öå îçíà÷à¹, ùî u(t, x) ïî t ¹ ìíîãî÷ëåíîì
ñòåïåíÿ íå âèùå min{[α], pr + p− 1} .

Òåîðåìà 3. Íåõàé äëÿ ñèñòåìè
(1)âèêîíóþòüñÿ íàñòóïíi ïðèïóùåííÿ:
1) ìàòðèöÿ Ãðiíà çàäîâîëüíÿ¹ Λ−ω ç ω < 0
i 2j + |m| = 0 ;
2) ðîçâ'ÿçîê çàäîâîëüíÿ¹ óìîâó

|u(t, x)| ≤ ϕ(t)ek|x|µ , 1 ≤ µ < q =
2b

2b− 1
;

3) ϕ(t0)a(t, t0)
−nν+

q(n+2ν+1)
q−µ ×

× exp

{
ω(t, t0) + ka(t, t0)

µq
q−µ

q − µ

q
×

×
[
η̄

(
kη̄µ

c1q

) µ
q−µ

+ η1

(
kη1µ

cη2q

) µ
q−µ

]}
−−−−→
t0→−∞

0,

η̄ = max{η; η1η3} , η = 1 , ηi = 1 ïðè µ = 1 ,
η = 2µ , ηi = 2µ ïðè µ > 1 (i = 1, 3) ,
c1 = min{c; cη2} .

Òîäi äîâiëüíèé â ïiâïðîñòîði t ≤ T
ðîçâ'ÿçîê ñèñòåìè (1) òîòîæíüî äîðiâíþ¹
íóëåâi.

Äîâåäåííÿ. Âiçüìåìî çà ïî÷àòêîâó ôóí-
êöiþ çíà÷åííÿ u(x, t) ïðè t = t0 i íà îñíîâi
òåîðåìè ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i Êîøi îò-
ðèìà¹ìî çîáðàæåííÿ ðîçâ'ÿçêó ïðè t0 < t ≤
T :

u(t, x) =

∫

E+
n

T ξn
xn

G(t, t0, x
′ − ξ′, xn)u(t0, ξ)×

×ξ2ν+1
n dξ.

Îöiíèìî u(t, x) , âðàõîâóþ÷è ïðèïóùåííÿ
1), 2) òåîðåìè:

|u(t, x)| ≤
∫

E+
n

C0a(t, t0)
−nνT ξn

xn
{e−c

∣∣∣ x−ξ′
a(t,t0)

∣∣∣
q

}×

×ϕ(t0)e
k|ξ|µξ2ν+1

n dξ eω(t,t0) = C0a(t, t0)
−nν×

×ϕ(t0)e
ω(t,t0)

∫

En−1

e
−c

∣∣∣ x′−ξ′
a(t,t0)

∣∣∣
q

ek|ξ′|µdξ′×
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×
∞∫

0

T ξn
xn
{e−c

∣∣∣ xn
a(t,t0)

∣∣∣
q

}ek|ξn|µξ2ν+1
n dξn =

= C0a(t, t0)
−nνϕ(t0)e

ω(t,t0) I1 · I2.

Îá÷èñëèìî ñïî÷àòêó iíòåãðàë I1 . Äëÿ öüî-
ãî âèêîðèñòà¹ìî çàìiíó (A) i íåðiâíiñòü
|aα′ + x′|µ ≤ η(aµ|α′|µ + |x′|µ) .

I1 =

∫

En−1

e
−c

∣∣∣ x′−ξ′
a(t,t0)

∣∣∣
q
+k|ξ′|µ

dξ′ =

=

∫

En−1

e−c|α′|q+k|aα′+x′|µan−1dα′ ≤

≤
∫

En−1

e−c|α′|q+kη(aµ|α′|µ+|x′|µ)an−1dα′ =

= ekη|x′|µan−1

∫

En−1

e−c|α′|q+kηaµ|α′|µdα′.

Ðîçïèøåìî iíòåãðàë I2 , âðàõîâóþ÷è
îçíà÷åííÿ îïåðàòîðà óçàãàëüíåíîãî çñóâó:

I2 =

∞∫

0

T ξn
xn
{e−c

∣∣∣ xn
a(t,t0)

∣∣∣
q

}ek|ξn|µξ2ν+1
n dξn =

= C(ν)

∞∫

0

π∫

0

e
−c

(
r(α,xn,ξn)

a(t,t0)

)q

sin2ν αek|ξn|µ×

×ξ2ν+1
n dξndα = C(ν)

∞∫

0

ek|ξn|µdξn×

×
π∫

0

e
−c

(
r(α,xn,ξn)

a(t,t0)

)q

sin2ν αξ2ν
n ξndα.

Äàëi, ïðîâîäÿ÷è çàìiíó (Ā) , îòðèìà¹ìî

I2 = C(ν)

∞∫

−∞

∞∫

0

ek|(xn−v1a)2+(v2a)2|µ2×

×e
−c

(√
v2
1+v2

2

)q

v2ν
2 a2νa2dv1dv2 =

= C(ν)a2ν+2

∞∫

0

v2ν
2 dv2

∞∫

−∞

ek|(xn−v1a)2+(v2a)2|µ2×

×e−c(v2
1+v2

2)
q
2

dv1.

Âèêîðèñòîâóþ÷è íåðiâíîñòi |(xn − v1a)2+

+(v2a)2|µ2 ≤ η1 (|xn − v1a|µ + |v2a|µ) , (v2
1+

+v2
2)

q
2 ≤ η2 (vq

1 + vq
2) , çâåäåìî iíòåãðàë I2 äî

âèãëÿäó:

I2 = a2ν+2C(ν)

∞∫

0

v2ν
2 dv2×

×
∞∫

−∞

ekη1(|xn−v1a|µ+|v2a|µ)e−cη2(vq
1+vq

2)dv1 =

= a2ν+2C(ν)

∞∫

0

ekη1|v2a|µ−cη2vq
2v2ν

2 dv2×

×
∞∫

−∞

ekη1|xn−v1a|µ−cη2vq
1dv1.

Â iíòåãðàëi ïî v1 âèêîðèñòà¹ìî íåðiâ-
íiñòü |xn − v1a|µ ≤ η3 (|xn|µ + |v1a|µ) . Òîäi
îñòàòî÷íî ìàòèìåìî:

I2 = a2ν+2ekη1η3|xn|µC(ν)×

×
∞∫

0

ekη1|v2a|µ−cη2vq
2v2ν

2 dv2

∞∫

−∞

ekη1η3|v1a|µ−cη2vq
1dv1.

Îòæå,

I1 · I2 ≤ C(ν)ekη|x′|µan−1a2ν+2ekη1η3|xn|µ×

×
∫

En−1

e−c|α′|q+kηaµ|α′|µdα′ ×
∞∫

0

ekη1|v2a|µ−cη2vq
2×

×v2ν
2 dv2

∞∫

−∞

ekη1η3|v1a|µ−cη2vq
1dv1 ≤

≤ C(ν)ekη̄|x|µan+2ν+1

∫

En

e−c1|α|q+kη̄aµ|α|µdα×

×
∞∫

0

ekη1|v2a|µ−cη2vq
2v2ν

2 dv2 =

= C(ν)ekη̄|x|µan+2ν+1 A1 · A2,
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äå η̄ = max{η; η1η3} , c1 = min{c; cη2} .
Äëÿ îöiíêè A1 ïåðåéäåìî äî ñôåðè÷íèõ

êîîðäèíàò. Òîäi

A1 = wn−1

∞∫

0

e−c1Rq+kη̄aµRµ

Rn−1dR.

Äîñëiäèìî ïiäiíòåãðàëüíó ôóíêöiþ
f(R) = e−c1Rq+kη̄aµRµ íà ìàêñèìóì:

f ′(R) =
(−c1qR

q−1 + kη̄aµµRµ−1
)×

×e−c1Rq+kη̄aµRµ

= 0,

−c1qR
q−1 + kη̄aµµRµ−1 = 0,

Rµ−1
(−c1qR

q−µ + kη̄aµµ
)

= 0,

−c1qR
q−µ + kη̄aµµ = 0,

Rq−µ =
kη̄aµµ

c1q
,

Rmax =

(
kη̄µ

c1q

) 1
q−µ

a
µ

q−µ .

fmax = f(Rmax) = exp

{
−c1

(
kη̄µ

c1q

) q
q−µ

a
µq

q−µ +

+kη̄aµ

(
kη̄µ

c1q

) µ
q−µ (

a
µ

q−µ

)µ
}

=

= exp

{(
kη̄µ

c1q

) µ
q−µ

a
µ2

q−µ kη̄aµ

(
−µ

q
+ 1

)}
=

= exp

{(
kη̄µ

c1q

) µ
q−µ

a
µ2+qµ−µ2

q−µ kη̄

(
q − µ

q

)}
=

= exp

{(
kη̄µ

c1q

) µ
q−µ

a
qµ

q−µ kη̄

(
q − µ

q

)}
.

Çàïèøåìî iíòåãðàë
∞∫
0

e−c1Rq+kη̄aµRµ×
×Rn−1dR ó âèãëÿäi
∞∫

0

e−c1Rq+kη̄aµRµ

Rn−1dR =

R1∫

0

+

∞∫

R1

= B1 + B2.

Îöiíèìî ñïî÷àòêó iíòåãðàë B2 .
∞∫

R1

e−c1Rq+kη̄aµRµ

Rn−1dR ≤
∞∫

0

e−
c1
2

Rq

Rn−1dR.

Âèçíà÷èìî, ïðè ÿêîìó çíà÷åííi R1 äàíà
îöiíêà ¹ ïðàâèëüíîþ:

−c1R
q + kη̄aµRµ ≤ −c1

2
Rq,

−c1

2
Rq + kη̄aµRµ ≤ 0,

Rµ
(
−c1

2
Rq−µ + kη̄aµ

)
≤ 0,

−c1

2
Rq−µ + kη̄aµ ≤ 0,

Rq−µ ≥ 2kη̄aµ

c1

, R ≥
(

2kη̄aµ

c1

) 1
q−µ

.

Îòæå, R1 =
(

2kη̄aµ

c1

) 1
q−µ . Òîäi

B1 ≤
R1∫

0

e−c1Rq+kη̄aµRµ

Rn−1dR ≤

≤ exp

{(
kη̄µ

c1q

) µ
q−µ

a
qµ

q−µ kη̄

(
q − µ

q

)}
×

×
R1∫

0

Rn−1dR = exp

{(
kη̄µ

c1q

) µ
q−µ

a
qµ

q−µ kη̄×

(
q − µ

q

)}
Rn

n

∣∣∣∣
R1

0

=
1

n

(
2kη̄aµ

c1

) n
q−µ

×

× exp

{(
kη̄µ

c1q

) µ
q−µ

a
qµ

q−µ kη̄

(
q − µ

q

)}
.

Îòæå,

A1 ≤ wn−1

[
1

n

(
2kη̄aµ

c1

) n
q−µ

exp

{(
kη̄µ

c1q

) µ
q−µ

×

×a
qµ

q−µ kη̄

(
q − µ

q

)}
+

∞∫

0

e−
c1
2

Rq

Rn−1dR


 .

Àíàëîãi÷íî îöiíþ¹òüñÿ iíòåãðàë A2 i

A2 ≤ exp

{(
kη1µ

cη2q

) µ
q−µ

a
qµ

q−µ kη1
q − µ

q

}
×

×
(

2kη1a
µ

cη2

) 2ν+1
q−µ 1

2ν + 1
+

∞∫

0

e−
cη2
2

vq
2v2ν

2 dv2.
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Îñòàòî÷íî äëÿ u(x, t0) ìà¹ìî íàñòóïíó
îöiíêó

|u(x, t0)| ≤ C0a(t, t0)
−nνϕ(t0)e

ω(t,t0)ekη̄|x|µ×

×an+2ν+1wn−1

[
1

n

(
2kη̄aµ

c1

) n
q−µ

×

× exp

{(
kη̄µ

c1q

) µ
q−µ

a
qµ

q−µ kη̄
q − µ

q

}
+

+

∞∫

0

e−
c1
2

Rq

Rn−1dR




[
exp

{(
kη1µ

cη2q

) µ
q−µ

×

×a
qµ

q−µ kη1
q − µ

q

}(
2kη1a

µ

cη2

) 2ν+1
q−µ 1

2ν + 1
+

+

∞∫

0

e−
cη2
2

vq
2v2ν

2 dv2


 .

Âèìàãà¹ìî, ùîá âèêîíóâàëîñÿ ãðàíè÷íå
ñïiââiäíîøåííÿ

ϕ(t0)a(t, t0)
−nνan+2ν+1a

µn
q−µ a

µ(2ν+1)
q−µ eω(t,t0)×

× exp

{(
kη̄µ

c1q

) µ
q−µ

a
qµ

q−µ kη̄
q − µ

q

}
×

× exp

{(
kη1µ

cη2q

) µ
q−µ

a
qµ

q−µ kη1
q − µ

q

}
=

= ϕ(t0)a(t, t0)
−nν+n+2ν+1+ µn

q−µ
+

µ(2ν+1)
q−µ ×

× exp

{
ω(t, t0) + ka

qµ
q−µ kη̄

q − µ

q
×

×
(

η̄

(
kη̄µ

c1q

) µ
q−µ

+ η1

(
kη1µ

cη2q

) µ
q−µ

)}
=

= ϕ(t0)a(t, t0)
−nν+

q(n+2ν+1)
q−µ ×

× exp

{
ω(t, t0) + ka

qµ
q−µ kη̄

q − µ

q
×

×
(

η̄

(
kη̄µ

c1q

) µ
q−µ

+ η1

(
kη1µ

cη2q

) µ
q−µ

)}
→ 0

ïðè t0 → −∞ .
Âðàõîâóþ÷è äàíå ïðèïóùåííÿ i îöiíêó

ðîçâ'ÿçêó, îòðèìà¹ìî òâåðäæåííÿ òåîðåìè.

Çàóâàæåííÿ. ßêùî ðîçãëÿíóòè ñèñòåìó,
êîåôiöi¹íòè ÿêî¨ çàëåæàòü âiä t , òî òåîðå-
ìè Ëióâiëëÿ áóäóòü âèêîíóâàòèñÿ ëèøå ïðè
äîäàòêîâèõ îáìåæåííÿõ íà ñèñòåìó. Â ïðî-
òèëåæíîìó âèïàäêó, òåîðåìè íå áóäóòü âið-
íèìè. Ðîçãëÿíåìî, íàïðèêëàä, ñèñòåìó




∂u1

∂t
= (cos 2t− a)(−1)bBb

xu1+
+(−1 + sin 2t)(−1)bBb

xu2,
∂u2

∂t
= (1 + sin 2t)(−1)bBb

xu1+
+(− cos 2t− a)(−1)bBb

xu2,

0 < a ≤ 1 .
Ðîçâ'ÿçîê äàíî¨ ñèñòåìè ìà¹ íàñòóïíèé

âèãëÿä

u1(t, x) = jν(x)e(1−a)t cos t,

u2(t, x) = jν(x)e(1−a)t sin t

i âií ¹ îáìåæåíèì ïðè t ≤ 0 . ßêùî á âè-
êîíóâàëèñü òåîðåìè Ëióâiëëÿ äëÿ äàíî¨ ñèñ-
òåìè, òî ðîçâ'ÿçîê òîòîæíüî äîðiâíþâàâ áè
íóëåâi, à öå íå òàê.
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