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Ó öié ñòàòòi ðîçãëÿäà¹òüñÿ îäíå äèôåðåíöiàëüíî-îïåðàòîðíå ðiâíÿííÿ â ãiëüáåðòîâîìó
ïðîñòîði H , çâ'ÿçàíå ç êîëèâàííÿìè ñòðàòèôiêîâàíèõ ðiäèí. Â òåðìiíàõ ðîçïîäiëó ñïåêòðà
îïåðàòîðà A äîñëiäæåíî ñòiéêiñòü ðîçâ'ÿçêiâ. Ó âèïàäêó, ÿêùî H = L2 [a, b] i A � äåÿêå
ñàìîñïðÿæåíå ðîçøèðåííÿ ìiíiìàëüíîãî îïåðàòîðà, ïîðîäæåíîãî âèðàçîì −d2/dx2 , öå ðiâ-
íÿííÿ ¹ ðiâíÿííÿì äèíàìiêè ñòðàòèôiêîâàíî¨ ðiäèíè. Îäåðæàíi íåîáõiäíi i äîñòàòíi óìîâè
ñòiéêîñòi ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ äëÿ öüîãî ðiâíÿííÿ.

IIn this note, we consider a di�erential-operator equation in a Hilbert space H connected
with oscillations of strati�ed �uids. In terms of the distribution of the spectrum of an operator
A we investigate the stability of solutions. In the case where H = L2 [a, b] and A is some self-
adjoint extension of the minimal operator generated by the expression −d2/dx2 , this equation
is the equation of the dynamics of a strati�ed �uid. We have obtained necessary and su�cient
conditions for the stability of solutions of boundary value problems for this equation.

Ðîçãëÿíåìî ðiâíÿííÿ

εyIV (t) + (A + E)yII(t) + Ay(t) = 0, (1)

t ≥ 0 , äå A � ñàìîñïðÿæåíèé íàïiâîáìåæå-
íèé çíèçó îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòî-
ði H , E � òîòîæíèé â H îïåðàòîð, ε ≥ 0.

Ó âèïàäêó, ÿêùî H = L2 [a, b] , A � äå-
ÿêå ñàìîñïðÿæåíå ðîçøèðåííÿ ìiíiìàëüíîãî
îïåðàòîðà äëÿ −d2/dx2 , ðiâíÿííÿ (1) ïðè
ε ≤ 1 ¹ ðiâíÿííÿì îäíîìiðíèõ êîëèâàíü
ñòðàòèôiêîâàíèõ ðiäèí (äèâ. [1], [2]).

Âåêòîð-ôóíêöiÿ y(t) íàçèâà¹òüñÿ
ðîçâ'ÿçêîì ðiâíÿííÿ (1), ÿêùî âîíà ÷îòèðè
ðàçè (ïðè ε = 0 äâi÷i) ñèëüíî íåïåðåðâíî
äèôåðåíöiéîâàíà â H ; ïðè êîæíîìó ôi-
êñîâàíîìó t ≥ 0 ôóíêöi¨ y(t) òà yII(t)
íàëåæàòü äî D(A) � îáëàñòi âèçíà÷åííÿ
îïåðàòîðà A , ïðè÷îìó AyII(t) ñèëüíî
íåïåðåðâíà â H ; y(t) çàäîâîëüíÿ¹ (1).

Â ðîáîòi [4] äëÿ ðiâíÿííÿ (1) âèâ÷àëàñü
çàäà÷à Êîøi ïðî çíàõîäæåííÿ ðîçâ'ÿçêiâ òà-
êîãî ðiâíÿííÿ, ÿêi çàäîâîëüíÿþòü ïî÷àòêî-
âi óìîâè y(k)(0) = fk, k = 0, 3. Âñòàíîâëå-
íî ái¹êöiþ ìiæ êëàñîì ïî÷àòêîâèõ óìîâ òà
ìíîæèíîþ ðîçâ'ÿçêiâ òàêî¨ çàäà÷i. Îòðèìà-
íî ïðåäñòàâëåííÿ ðîçâ'ÿçêiâ òà äîñëiäæåíå
ïèòàííÿ ùîäî ¨õíüî¨ ñòiéêîñòi.

Ðîçâ'ÿçîê y(t) ðiâíÿííÿ (1) íàçâåìî ñòié-
êèì, ÿêùî sup

t≥0,k=0,3

‖y(k)(t)‖ < +∞ ( k = 0, 1

ïðè ε = 0 ). Ñàìå æ ðiâíÿííÿ (1) ââàæàòèìå-
ìî ñòiéêèì, ÿêùî ñòiéêèì ¹ êîæåí ç ðîçâ'ÿç-
êiâ çàäà÷i Êîøi ïðè áóäü-ÿêèõ äîïóñòèìèõ
ïî÷àòêîâèõ óìîâàõ. Ñïðàâåäëèâå (äèâ. [4])
íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1. Ðiâíÿííÿ (1) ñòiéêå òîäi i
òiëüêè òîäi, êîëè:

[−1, 0] ∩ σ (A) = ∅ ïðè ε = 0,

(−∞, 0] ∩ σ (A) = ∅ ïðè 0 < ε < 1,

(
(−∞, 0] ∪

[
2ε− 1− 2

√
ε2 − ε, 2ε− 1+

+2
√

ε2 − ε
])
∩ σ (A) = ∅ ïðè ε ≥ 1,

äå σ (A) � ñïåêòð îïåðàòîðà A.
Ðîçãëÿíåìî òåïåð ðiâíÿííÿ

ε
∂4y (x, t)

∂t4
+

∂2

∂t2

(
y (x, t)− ∂2y (x, t)

∂x2

)
−

−∂2y (x, t)

∂x2
= 0, t ≥ 0, (2)

ïîêëàäàþ÷è H = L2 [a, b] .
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Âèçíà÷èìî íà ìíîæèíi ôóíêöié u(x) iç
C∞

0 [a, b] ⊂ L2 [a, b] îïåðàòîð A
/
0 : A

/
0u =

−u′′. Âií ¹ ñèìåòðè÷íèì ó ùiëüíié â L2 [a, b]
îáëàñòi âèçíà÷åííÿ i äîïóñêà¹ çàìèêàííÿ äî
ìiíiìàëüíîãî îïåðàòîðà A0 = A

/
0. Ïðè öüî-

ìó

D (A0) =
0

W 2
2 [a, b] , D (A∗

0) = W 2
2 [a, b] .

ßê ïîêàçàíî â [3], âñi ñàìîñïðÿæåíi ðîç-
øèðåííÿ Ã îïåðàòîðà A0 îïèñóþòüñÿ êðà-
éîâèìè óìîâàìè:

cos B · Y ′ − sin B · Y = 0,

äå B � äåÿêèé ñàìîñïðÿæåíèé îïåðàòîð
â C1 ⊕ C1, Y = {−u (a) , u (b)} , Y ′ =

{u′ (a) , u′ (b)} . Ïðè öüîìó Ã ¹ íàïiâîáìå-
æåíèé çíèçó.

Òîìó, ïîêëàäàþ÷è A = Ã, ìè ìîæåìî
òðàêòóâàòè ðiâíÿííÿ (2) ÿê ÷àñòêîâèé âèïà-
äîê ðiâíÿííÿ (1).

Ïåðåéäåìî òåïåð äî êîíêðåòíèõ ñàìî-
ñïðÿæåíèõ ðîçøèðåíü Ã i âiäïîâiäíèõ ¨ì
êðàéîâèõ óìîâ äëÿ ðiâíÿííÿ (2).

Çàäà÷à Äiðiõëå.
Íåõàé cos B = 0. Òîäi êðàéîâi óìîâè äëÿ

ðiâíÿííÿ (2) çàïèøåìî ó âèãëÿäi:

y (a, t) = y (b, t) = 0.

Çãiäíî ç [5], ìà¹ìî

σ (A) =

{(
nπ

b− a

)2
}

, n ∈ N.

À îòæå, ç òåîðåìè 1 áåçïîñåðåäíüî âèï-
ëèâà¹ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2. Ïðè 0 ≤ ε < 1 çàäà÷à Äiði-
õëå äëÿ ðiâíÿííÿ (2) ¹ ñòiéêîþ. Ïðè ε = 1
âîíà ñòiéêà òîäi i òiëüêè òîäi, êîëè b − a 6=
kπ, k ∈ N. À ïðè ε > 1 ñòiéêiñòü òàêî¨ çà-
äà÷i ðiâíîñèëüíà iñíóâàííþ òàêîãî m ∈ Z+,
ïðè ÿêîìó âèêîíó¹òüñÿ íåðiâíiñòü

m < m

√
2ε− 1 + 2

√
ε2 − ε < l =

b− a

π
<

< (m + 1)

√
2ε− 1− 2

√
ε2 − ε < m + 1.

Çàóâàæèìî, ùî ïðè ε > 1 ç òåîðåìè 2
âèïëèâà¹ áiëüø çðó÷íèé äëÿ ïðàêòè÷íî¨ ïå-
ðåâiðêè íàñëiäîê: ÿêùî m < l < m + 1, òî
ñòiéêèìè ¹ ëèøå òi çàäà÷i Äiðiõëå, äëÿ ÿêèõ
âèêîíóþòüñÿ íåðiâíîñòi:

ε <
1

4

(
l +

1

l

)2

ïðè m = 0

òà

ε <
1

4
min

{(
m

l
+

l

m

)2

,

(
m + 1

l
+

l

m + 1

)2
}

ïðè m ∈ N .
Çàäà÷à Íåéìàíà.
Íåõàé òåïåð sin B = 0. Òîäi êðàéîâi óìî-

âè äëÿ ðiâíÿííÿ (2) çàïèøåìî ó âèãëÿäi:
y′x (a, t) = y′x (b, t) = 0.

Çãiäíî ç [5], ìà¹ìî

σ (A) =

{(
nπ

b− a

)2
}

, n ∈ Z+.

Îñêiëüêè ïðè öüîìó 0 ∈ σ (A) , òî ç òåî-
ðåìè 1 âèïëèâà¹, ùî çàäà÷à Íåéìàíà ¹ íå-
ñòiéêîþ ïðè âñiõ ε ≥ 0.

Çìiøàíà êðàéîâà çàäà÷à.
Âèçíà÷èìî êðàéîâi óìîâè äëÿ ðiâíÿííÿ

(2) ðiâíîñòÿìè:
y′x (a, t) = h1y (a, t) , y′x (b, t) = h2y (b, t) ,

|h1|+ |h2| 6= 0,

ÿêi âiäïîâiäàþòü âèáîðó äiàãîíàëüíî¨ ìàò-
ðèöi B ïðè ïîáóäîâi ñàìîñïðÿæåíîãî ðîç-
øèðåííÿ Ã òà êðàéîâèõ óìîâ u′ (a) =
h1u (a) , u′ (b) = h2u (b) .

Îñêiëüêè çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ
−u′′ (x) = λu (x) ìà¹ âèãëÿä

u (x) = c1 cos
√

λ (x− a) + c2
sin
√

λ (x− a)√
λ

,

òî íåñêëàäíî ïåðåêîíàòèñÿ, ùî âëàñíi çíà÷å-
ííÿ îïåðàòîðà Ã âèçíà÷àþòüñÿ ç ðiâíÿííÿ

D (λ) ≡ h1h2
sin
√

λ (b− a)√
λ

+

+ (h2 − h1) cos
√

λ (b− a) +

+
√

λ sin
√

λ (b− a) = 0.
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Ïðè λ < 0 îòðèìà¹ìî

D (λ) = h1h2
sh
√−λ (b− a)√−λ

+

+ (h2 − h1) ch
√
−λ (b− a)−

−
√
−λsh

√
−λ (b− a) .

Äëÿ òàêèõ λ ïðîàíàëiçó¹ìî ðiçíi ìîæëè-
âi âàðiàíòè çíà÷åíü h1, h2 :
à) h1 = 0, h2 6= 0. Òîäi ïðè h2 > 0 ðiâíÿííÿ
D (λ) = 0 ìà¹ ¹äèíèé âiä'¹ìíèé êîðiíü, à
ïðè h2 < 0 îòðèìà¹ìî D (λ) < 0 äëÿ âñiõ
λ < 0.
á) h2 = 0, h1 6= 0. Ïðè h1 < 0 çíîâó îò-
ðèìà¹ìî ¹äèíèé âiä'¹ìíèé êîðiíü ðiâíÿííÿ
D (λ) = 0 , òà D (λ) < 0 äëÿ âñiõ λ < 0 ïðè
h1 > 0.
â) h1 > 0, h2 < 0. D (λ) < 0 äëÿ âñiõ λ <
0.
ã) h1h2 > 0. Òîäi äëÿ λ < 0 ïðè h1 − h2 >
h1h2 (b− a) îòðèìó¹ìî

D (λ) < h1h2
sh
√−λ (b− a)√−λ

+

+ (h2 − h1) ch
√
−λ (b− a) <

< h1h2

(
sh
√−λ (b− a)√−λ

+

+ (b− a) ch
√
−λ (b− a)

)
< 0.

ßêùî æ h1 − h2 ≤ h1h2 (b− a) , òî
lim

λ→−∞
D (λ) = −∞, lim

λ→−0
D (λ) ≥ 0, çâiäêè

âèïëèâà¹ íàÿâíiñòü êðåíiâ ðiâíÿííÿ D (λ) =
0 íà (−∞, 0].
ä) h1 < 0, h2 > 0. ßê i ó ïîïåðåäíüîìó ïóí-
êòi ìà¹ìî ïðè h1 − h2 ≤ h1h2 (b− a) , ùî
lim

λ→−∞
D (λ) = −∞, lim

λ→−0
D (λ) ≥ 0. Âiäïî-

âiäíî, ïðè h1 − h2 > h1h2 (b− a) îòðèìà¹ìî
lim

λ→−0
D (λ) < 0 òà D

(
− (

h2−h1

2

)2
)

> 0. À
îòæå, ó êîæíîìó ç öèõ âèïàäêiâ ðiâíÿííÿ
D (λ) = 0 ìàòèìå âiä'¹ìíi êîðåíi.

Ïiäñóìîâóþ÷è ñêàçàíå, ç âðàõóâàííÿì
òåîðåìè 1, îòðèìó¹ìî íàñòóïíó òåîðåìó.

Òåîðåìà 3. Çìiøàíà êðàéîâà çàäà÷à ïðè
0 < ε < 1 ñòiéêà òîäi i òiëüêè òîäi, êîëè

h1 − h2 > max {0, h1h2 (b− a)} . (3)

Çàóâàæèìî, ùî ïðè ε = 0 óìîâà (3) ¹
ëèøå äîñòàòíüîþ, à ïðè ε ≥ 1 � ëèøå íåîá-
õiäíîþ óìîâîþ ñòiéêîñòi.
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