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Äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü äâîòî÷êîâî¨ çàäà÷i äëÿ ñèíãóëÿðíèõ åâîëþöiéíèõ ðiâ-

íÿíü íåñêií÷åííîãî ïîðÿäêó â êëàñàõ óçàãàëüíåíèõ ôóíêöié.

We prove the correct solvability of a two-point problem for singular evolution equations of
in�nite order in classes of generalized functions.

Îñòàííiì ÷àñîì çíà÷íà óâàãà ïðèäiëÿ-
¹òüñÿ äîñëiäæåííþ íåëîêàëüíèõ áàãàòîòî-
÷êîâèõ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöiàëü-
íèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè. Öå
çóìîâëåíî òèì, ùî áàãàòî çàäà÷ ïðàêòèêè
ìîäåëþ¹òüñÿ êðàéîâèìè çàäà÷àìè äëÿ ðiâ-
íÿíü ç ÷àñòèííèìè ïîõiäíèìè ç íåëîêàëü-
íèìè (ó òîìó ÷èñëi ïåðiîäè÷íèìè) óìîâàìè
(òåîðiÿ ôiçèêè ïëàçìè, âîëîãîïåðåíîñó, êî-
ëèâàííÿ ðiçíèõ ñèñòåì, ïîøèðåííÿ åëåêòðî-
ìàãíiòíèõ õâèëü ó ïðÿìîêóòíèõ õâèëåâîäàõ,
îáåðíåíi çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiä-
íîñòi òîùî). Çà îñòàííi 40 ðîêiâ íåëîêàëüíi
çàäà÷i äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíè-
ìè âèâ÷àëè â ðiçíèõ àñïåêòàõ áàãàòî â÷å-
íèõ (Î.Î. Äåçií, Â.Ê. Ðîìàíêî, Â.Ì. Áîðîê,
Ì.I. Ìàòié÷óê, Á.É. Ïòàøíèê, À.Ì. Íàõó-
øåâ, Î.À. Ñàìàðñüêèé, Î.Ë. Ñêóáà÷åâñüêèé
òà ií.)., âèäiëÿþ÷è ïåðåâàæíî âèïàäêè êî-
ðåêòíî ïîñòàâëåíèõ çàäà÷.

Ó ïðàöÿõ [1, 2] äîñëiäæåíi âëàñòèâîñòi

îïåðàòîðà ϕ(Bν) =
∞∑

k=0

ckB
k
ν , äå Bν � îïå-

ðàòîð Áåññåëÿ ïîðÿäêó ν > −1/2 (ϕ(Bν)
â [1, 2] íàçèâà¹òüñÿ îïåðàòîðîì Áåññåëÿ íå-
ñêií÷åííîãî ïîðÿäêó). Åâîëþöiéíi ðiâíÿííÿ
ç îïåðàòîðîì ϕ(Bν) ¹ ïðèðîäíèì óçàãàëü-
íåííÿì ñèíãóëÿðíèõ ïàðàáîëi÷íèõ ðiâíÿíü
ç îïåðàòîðîì Áåññåëÿ, ÿêèé âèðîäæó¹òüñÿ
çà ïðîñòîðîâîþ çìiíííîþ. Â [1, 2] äîâåäåíî
êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ åâî-
ëþöiéíîãî ðiâíÿííÿ ∂u/∂t + ϕ(Bν)u = 0 â
êëàñi ïî÷àòêîâèõ óìîâ, ÿêi ¹ óçàãàëüíåíè-
ìè ôóíêöiÿìè íåñêií÷åííîãî ïîðÿäêó òèïó

óëüòðàðîçïîäiëiâ. Ó öié ðîáîòi âñòàíîâëþ¹-
òüñÿ êîðåêòíà ðîçâ'ÿçíiñòü äâîòî÷êîâî¨ çà-
äà÷i äëÿ âêàçàíîãî åâîëþöiéíîãî ðiâíÿííÿ
ó âèïàäêó, êîëè êðàéîâà óìîâà ¹ óçàãàëü-
íåíîþ ôóíêöi¹þ òèïó ðîçïîäiëiâ; ïðè öüî-
ìó, ïîïåðåäíüî, äîñëiäæóþòüñÿ ñòðóêòóðà
òà âëàñòèâîñòi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó
äâîòî÷êîâî¨ çàäà÷i.

1. Ïðîñòîðè îñíîâíèõ òà óçàãàëüíå-
íèõ ôóíêöié

Ïðîñòið îñíîâíèõ ôóíêöié
◦
S ≡

◦
S(R) . Ïðîñòið S(R) ñêëàäà¹òüñÿ ç íåñêií-
÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié, ÿêi
ñïàäàþòü ïðè |x| → +∞ ðàçîì ç óñiìà ñâî¨-
ìè ïîõiäíèìè øâèäøå çà áóäü-ÿêèé ñòåïiíü
|x|−1 , òîáòî ϕ ∈ S , ÿêùî
∀{k, m} ⊂ Z+ ∃ckm = ckm(ϕ) > 0 ∀x ∈ R :

|xkDm
x ϕ(x)| ≤ ckm.

Ïîñëiäîâíiñòü ôóíêöié {ϕn, n ≥ 1} ⊂ S
íàçèâà¹òüñÿ çáiæíîþ â S äî ôóíêöi¨ ϕ ∈ S ,
ÿêùî

∀{k, m} ⊂ Z+ : xkDm
x ϕn

R
⇒

n→∞
xkDm

x ϕ.

Ó ïðîñòîði S âèçíà÷åíi, ¹ ëiíiéíèìè i íå-
ïåðåðâíèìè îïåðàöi¨ äèôåðåíöiþâàííÿ ϕ →
Dm

x ϕ òà ëiíiéíî¨ çàìiíè çìiííî¨ ϕ(x) →
ϕ(ax+b) . Ìóëüòèïëiêàòîðîì ó ïðîñòîði S ¹
êîæíà íåñêií÷åííî äèôåðåíöiéîâíà ôóíêöiÿ
α , ÿêà çðîñòà¹ íà íåñêií÷åííîñòi ðàçîì ç óñi-
ìà ñâî¨ìè ïîõiäíèìè íå øâèäøå çà ïîëiíîì,
òîáòî

∀m ∈ Z+ ∃cm > 0 ∃pm ∈ Z+ ∀x ∈ R :
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|Dm
x α(x)| ≤ cm(1 + |x|)pm .

Â S ìîæíà ââåñòè ñòðóêòóðó çëi÷åííî
íîðìîâàíîãî ïðîñòîðó, ÿêùî ïîêëàñòè

‖ϕ‖p = sup
x∈R

0≤m≤p

{(1 + |x|)p|Dm
x ϕ(x)|},

p ∈ Z+, ϕ ∈ S.

Î÷åâèäíî, ùî ‖ϕ‖0 ≤ ‖ϕ‖1 ≤ · · · ≤ ‖ϕ‖p ≤
. . . . Ñèìâîëîì Sp ≡ Sp(R) ïîçíà÷èìî ïî-
ïîâíåííÿ ïðîñòîðó S çà p -íîðìîþ; ïðè öüî-
ìó S0 ⊃ S1 ⊃ . . . , âêëàäåííÿ Sp+1 ⊂ Sp ,
p ∈ Z+ , ¹ íåïåðåðâíèìè i êîìïàêòíèìè. Îò-
æå, S = lim

p→∞
pr Sp . Çáiæíiñòü â îòðèìàíîìó

çëi÷åííî íîðìîâàíîìó ïðîñòîði ñïiâïàäà¹ ç
ðàíiøå ââåäåíîþ çáiæíiñòþ â S . Ïðîñòið S
¹ ïîâíèì [3].

Ñèìâîëîì
◦
S ïîçíà÷àòèìåìî ñóêóïíiñòü

óñiõ ïàðíèõ ôóíêöié ç ïðîñòîðó S . Îñêiëü-
êè

◦
S óòâîðþ¹ ïiäïðîñòið S , òî â

◦
S ïðè-

ðîäíèì ñïîñîáîì ââîäèòüñÿ òîïîëîãiÿ. Öåé
ïðîñòið ç âiäïîâiäíîþ òîïîëîãi¹þ íàçèâàòè-
ìåìî îñíîâíèì ïðîñòîðîì, à éîãî åëåìåí-
òè � îñíîâíèìè ôóíêöiÿìè. Ó ïðîñòîði

◦
S

âèçíà÷åíi i ¹ íåïåðåðâíèìè îïåðàòîð Áåñ-
ñåëÿ Bν = d2/dx2 + (2ν + 1)x−1d/dx , ν >
−1/2 , îïåðàòîð óçàãàëüíåíîãî çñóâó àðãó-
ìåíòó T ξ

x , ÿêèé âiäïîâiäà¹ îïåðàòîðó Áåñ-
ñåëÿ [4]:

T ξ
xϕ(x) = bν

π∫

0

ϕ
(√

x2 + ξ2 − 2xξ cos ω
)
×

× sin2ν ωdω, ϕ ∈ ◦
S,

äå bν = Γ(ν + 1)/(Γ(1/2)Γ(ν + 1/2)) , ν >
−1/2 , à òàêîæ ïðÿìå òà îáåðíåíå ïåðåòâî-
ðåííÿ Áåññåëÿ F−1

Bν
[4]:

ψ(σ) ≡ FBν [ϕ](σ) :=

∞∫

0

ϕ(x)jν(σx)x2ν+1dx,

ϕ ∈ ◦
S,

ϕ(x) ≡ F−1
Bν

[ψ](x) = cν

∞∫

0

ψ(σ)jν(σx)σ2ν+1dσ,

äå cν = (22νΓ2(ν + 1))−1 , ν > −1/2 , jν

� íîðìîâàíà ôóíêöiÿ Áåññåëÿ, ïðè öüîìó
FBν [

◦
S] =

◦
S . Îñêiëüêè äî îñíîâíèõ ôóíêöié

ç ïðîñòîðó
◦
S ìîæíà ñêiëüêè çàâãîäíî ðàçiâ

çàñòîñóâàòè îïåðàòîð Áåññåëÿ, òî ïðîñòið
◦
S

ìîæíà îçíà÷èòè ùå é òàê [5]:
◦
S = {ϕ ∈ S : ϕ(x) = ϕ(−x), x ∈ R

∣∣∣

∀{k, m} ⊂ Z+ ∃ckm > 0 ∀x ∈ R :

(1 + x2)k|Bmϕ(x)| ≤ ckm}.
Çàçíà÷èìî òàêîæ, ùî îïåðàöiÿ óçàãàëüíå-

íîãî çñóâó àðãóìåíòó äèôåðåíöiéîâíà (íà-
âiòü íåñêií÷åííî äèôåðåíöiéîâíà) â ïðîñòî-
ði

◦
S .
Ïðîñòîðè òèïó W òà

◦
W . Íåõàé Ω ,

M � äèôåðåíöiéîâíi, ïàðíi íà R ôóíêöi¨,
íåâiä'¹ìíi, çðîñòàþ÷i òà îïóêëi íà [0, +∞) ;
ïðè÷îìó M(0) = Ω(0) = 0 , lim

x→+∞
M(x) =

lim
x→+∞

Ω(x) = +∞ . Çà äîïîìîãîþ ôóíêöié
M òà Ω Á.Ä. Ãóðåâè÷ [6] óâiâ ïðîñòîðèWM ,
WΩ , WΩ

M , íàçâàíi íèì ïðîñòîðàìè òèïó W .
Çîêðåìà, ñèìâîëîì WΩ

M ïîçíà÷à¹òüñÿ ñóêó-
ïíiñòü öiëèõ ôóíêöié ϕ : C→ C , äëÿ ÿêèõ

∃c > 0 ∃a > 0 ∃b > 0 ∀z = x + iy ∈ C :

|ϕ(z)| 6 c exp{−M(ax) + Ω(by)}
(ñòàëi c , a , b çàëåæèòü ëèøå âiä ôóí-
êöi¨ ϕ ). Ñèìâîëîì

◦
W

Ω
M

ïîçíà÷èìî ñóêó-
ïíiñòü óñiõ öiëèõ ïàðíèõ ôóíêöié ç ïðîñòî-
ðó WΩ

M . Ñóêóïíiñòü ôóíêöié, çàäàíèõ íà
R , ÿêi äîïóñêàþòü àíàëiòè÷íå ïðîäîâæåí-
íÿ ó âñþ êîìïëåêñíó ïëîùèíó C i ÿê ôóí-
êöi¨ êîìïëåêñíî¨ çìiííî¨ ¹ åëåìåíòàìè ïðî-
ñòîðó

◦
W

Ω
M

, ïîçíà÷èìî ÷åðåç
◦

W
Ω
M

(R) . Iç
ðåçóëüòàòiâ, îòðèìàíèõ â [7] âèïëèâà¹, ùî
◦

W
Ω
M

(R) ⊂ ◦
S(R) . Îòæå, íà ôóíêöiÿõ ç ïðî-

ñòîðó
◦

W
Ω
M

(R) âèçíà÷åíå ïåðåòâîðåííÿ Áåñ-
ñåëÿ, ïðè öüîìó

FBν [
◦

W
Ω
M

(R)] =
◦

W
Ω1

M1
(R),

äå Ω1 òà M1 � ôóíêöi¨, äâî¨ñòi çà Þíãîì
âiäïîâiäíî äî ôóíêöié M òà Ω [6].
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Ïðîñòið óçàãàëüíåíèõ ôóíêöié (
◦
S)′ .

Ñèìâîëîì (
◦
S)′ ïîçíà÷àòèìåìî ïðîñòið óñiõ

ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íàä âiä-
ïîâiäíèì ïðîñòîðîì îñíîâíèõ ôóíêöié çi
ñëàáêîþ çáiæíiñòþ, à éîãî åëåìåíòè íàçè-
âàòèìåìî óçàãàëüíåíèìè ôóíêöiÿìè.

Îñêiëüêè â îñíîâíîìó ïðîñòîði
◦
S ââåäå-

íà òîïîëîãiÿ ïðîåêòèâíî¨ ãðàíèöi ïðîñòîðiâ
◦
S
p

(
◦
S
p

ñêëàäà¹òüñÿ ç ïàðíèõ ôóíêöié ïðî-

ñòîðó Sp ), ïðè÷îìó âêëàäåííÿ
◦
S

p+1
⊂ ◦

S
p
,

p ∈ Z+ , íåïåðåðâíi òà êîìïàêòíi, òî

(
◦
S)′ = ( lim

p→∞
pr

◦
S
p
)′ = lim

p→∞
ind(

◦
S)′.

Îòæå, ÿêùî f ∈ (
◦
S)′ , òî f ∈ (

◦
S
p
)′ ïðè äå-

ÿêîìó p ∈ Z+ . Íàéìåíøå ç òàêèõ p íàçè-
âà¹òüñÿ ïîðÿäêîì f , ïðè öüîìó

|〈f, ϕ〉| ≤ c‖ϕ‖p, ϕ ∈ ◦
S,

äå c = ‖f‖p � íîðìà ôóíêöiîíàëó f ó ïðîñ-
òîði (

◦
S
p
)′ .

Çãîðòêó óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (
◦
S)′ ç

îñíîâíîþ ôóíêöi¹þ çàäàìî ôîðìóëîþ

(f∗ϕ)(x) = 〈fξ, T
ξ
xϕ(x)〉 = 〈fξ, T

x
ξ ϕ(ξ)〉, ϕ ∈ ◦

S,

ïðè öüîìó f∗ϕ ¹ íåñêií÷åííî äèôåðåíöiéîâ-
íîþ íà R ôóíêöi¹þ, áî îïåðàöiÿ óçàãàëüíå-
íîãî çñóâó àðãóìåíòó íåñêií÷åííî äèôåðåí-
öiéîâíà â ïðîñòîði

◦
S .

ßêùî ϕ ∈ (
◦
S)′ i f ∗ ϕ ∈ ◦

S äëÿ äîâiëüíî¨
îñíîâíî¨ ôóíêöi¨ ϕ , òî ôóíêöiîíàë f íàçè-
âà¹òüñÿ çãîðòóâà÷åì ó ïðîñòîði

◦
S .

ßêùî ϕ ∈ ◦
S , òî FBν [ϕ] ∈ ◦

S , òîìó ïåðå-
òâîðåííÿ Áåññåëÿ óçàãàëüíåíî¨ ôóíêöi¨ f ∈
(
◦
S)′ âèçíà÷èìî çà äîïîìîãîþ ñïiââiäíîøåí-
íÿ [5]

〈FBν [f ], ϕ〉 = 〈f, FBν [ϕ]〉, ∀ϕ ∈ ◦
S . (1)

Ç (1), âëàñòèâîñòi ëiíiéíîñòi i íåïåðåðâíî-
ñòi ôóíêöiîíàëó f òà ïåðåòâîðåííÿ Áåññå-
ëÿ âèïëèâà¹ ëiíiéíiñòü i íåïåðåðâíiñòü ôóí-
êöiîíàëó FBν [f ] íàä ïðîñòîðîì îñíîâíèõ

ôóíêöié
◦
S . ßêùî óçàãàëüíåíà ôóíêöiÿ f ∈

(
◦
S)′ � çãîðòóâà÷ ó ïðîñòîði

◦
S , òî äëÿ äî-

âiëüíî¨ ôóíêöi¨ ϕ ∈ ◦
S ïðàâèëüíîþ ¹ ôîð-

ìóëà [5]: FBν [f ∗ ϕ] = FBν [f ] · FBν [ϕ] , ïðè
öüîìó FBν [f ] � ìóëüòèïëiêàòîð ó ïðîñòîði
◦
S .

2. Âëàñòèâîñòi ôóíäàìåíòàëüíîãî
ðîçâ'ÿçêó äâîòî÷êîâî¨ çàäà÷i

Ðîçãëÿíåìî äâîòî÷êîâó çàäà÷ó äëÿ åâî-
ëþöiéíîãî ðiâíÿííÿ
∂u((t, x)

∂t
= Bu(t, x), (t, x) ∈ (0, T )×R+ ≡ Ω+,

(2)
äå îïåðàòîð B ïîáóäîâàíèé çà ñòàëèì ñèì-
âîëîì A(σ) , ÿêèé, ÿê ôóíêöiÿ σ , çàäîâîëü-
íÿ¹ íàñòóïíi óìîâè : ôóíêöiÿ A(σ) äîïóñêà¹
àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ êîìïëåêñíó
ïëîùèíó, A ∈ ◦

P
Ω
M

, äå ñèìâîëîì
◦
P

Ω
M

ïîçíà-
÷åíî êëàñ öiëèõ ïàðíèõ îäíîçíà÷íèõ ôóí-
êöié ϕ : C → C , ÿêi ¹ ìóëüòèïëiêàòîðàìè
â ïðîñòîði

◦
W

Ω
M

i òàêèìè, ùî eϕ ∈ ◦
W

Ω
M

.
ßêùî ðîçâèíåííÿ ôóíêöi¨ A â ñòåïåíåâèé
ðÿä ìà¹ âèãëÿä

A(σ) =
∞∑

k=0

c2kσ
2k, σ ∈ R,

òî, ÿê âèïëèâà¹ ç ðåçóëüòàòiâ, íàâåäåíèõ ó
ïðàöi [1], ó ïðîñòîði

◦
W

Ω1

M1
(R) âèçíà÷åíèé i

¹ íåïåðåðâíèì îïåðàòîð Áåññåëÿ íåñêií÷åí-
íîãî ïîðÿäêó

B =
∞∑

k=0

c2k(−Bν)
k ≡ F−1

Bσ→x
[A(σ)FBx→σ ],

ν > −1/2

(òóò Ω1 òà M1 � ôóíêöi¨, äâî¨ñòi çà Þíãîì
âiäïîâiäíî äî ôóíêöié M òà Ω ).

Äâîòî÷êîâó çàäà÷ó äëÿ ðiâíÿííÿ (2) ïî-
ñòàâèìî òàê:

µ1u(t, ·)
∣∣∣
t=0
−µ2u(t, ·)

∣∣∣
t=T

= ϕ, ϕ ∈ ◦
W

Ω1

M1
(R)

(3)
(òóò ââàæà¹ìî, ùî µ1 > µ2 > 0 ). Êëàñè-
÷íèé ðîçâ'ÿçîê u ∈ C1(0, T ) ,

0

W
Ω1

M1
(R) çà-
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äà÷i (2), (3) øóêà¹ìî çà äîïîìîãîþ ïåðåòâî-
ðåííÿ Áåññåëÿ ó âèãëÿäi

u(t, x) = FνB
−1[v(t, σ)](x),

(t, x) ∈ (0, T )× R ≡ Ω.

Äëÿ ôóíêöi¨ v : Ω → R äiñòà¹ìî íàñòóïíó
çàäà÷ó:

dv(t, σ)

dt
= A(σ)v(t, σ), (t, σ) ∈ Ω, (4)

µ1v(t, σ)
∣∣∣
t=0

− µ2v(t, σ)
∣∣∣
t=T

= ϕ̃(σ), σ ∈ R,

äå ϕ̃(σ) := FBx→σ [ϕ(x)] . Çàãàëüíèé ðîçâ'ÿ-
çîê ðiâíÿííÿ (4) ìà¹ âèãëÿä

v(t, σ) = c exp{tA(σ)}, (t, σ) ∈ Ω, (5)

äå c � äîâiëüíà ñòàëà. Ïiäñòàâèâøè (5) â (4)
äiñòàíåìî, ùî

c = ϕ̃(σ(µ1 − µ2 exp{TA(σ)})−1, σ ∈ R.
(6)

Ïiäñòàâèâøè òåïåð (6) â (5), îòðèìà¹ìî ôîð-
ìóëó äëÿ ðîçâ'ÿçêó çàäà÷i (4), (5):

v(t, σ) =
exp(tA(σ))ϕ̃(σ)

µ1 − µ2 exp{TA(σ)} , (t, σ) ∈ Ω.

Îòæå, ðîçâ'ÿçîê çàäà÷i (2), (3) ìà¹ âèãëÿä

u(t, x) =

= cν ·
∞∫

0

exp{tA(σ)}ϕ̃(σ)

µ1− µ2 exp{TA(σ)}jν(xσ)σ2ν+1dσ.

Ââåäåìî ïîçíà÷åííÿ:

G(t, T, x) := F−1
Bσ→x

[ exp{tA(σ)}
µ1 − µ2 exp{TA(σ)}

]
=

= cν ·
∞∫

0

exp{tA(σ)}
µ1 − µ2 exp{TA(σ)}jν(xσ)σ2ν+1dσ.

(7)
Òîäi

(t, x) =

∞∫

0

T ξ
xG(t, T, x)ϕ(ξ)ξ2ν+1dξ =

= G(t, T, x) ∗ ϕ(x), (t, x) ∈ Ω.

Ñïðàâäi,

u(t, x) = cν

∞∫

0

exp{tA(σ)}
µ1 − µ +2 exp{TA(σ)}×

×
( ∞∫

0

ϕ(ξ)jν(σξ)ξ2ν+1dξ
)
jν(xσ)σ2ν+1dσ.

Äàëi ñêîðèñòà¹ìîñÿ òèì, ùî

jν(σξ)jν(xσ) = T ξ
xjν(xσ).

Òîäi

u(t, x) =

∞∫

0

(
cν

∞∫

0

exp{tA(σ)}
µ1 − µ2 exp{TA(σ)}×

×T ξ
xjν(xσ)σ2ν+1dσ

)
ϕ(ξ)ξ2ν+1dξ =

=

∞∫

0

T ξ
x

(
cν

∞∫

0

exp{tA(σ)}
µ1 − µ2 exp{TA(σ)}jν(xσ)×

×σ2ν+1dσ
)
ϕ(ξ)ξ2ν+1dξ =

∞∫

0

T ξ
xG(t, T, x)ϕ(ξ)×

×ξ2ν+1dξ = G(t, T, x) ∗ ϕ(x), (t, x) ∈ Ω,

ùî é ïîòðiáíî áóëî äîâåñòè.
Äîñëiäèìî âëàñòèâîñòi ôóíêöi¨ G . Iç

âëàñòèâîñòåé ôóíêöi¨ A(σ) âèïëèâà¹, ùî

exp{TA(σ)} ≤ µ0 exp{−TM(aσ)} ≤ µ0, ∀σ ∈ R.

Òîäi

(µ1 − µ2 exp{TA(σ)})−1 ≤ (µ1 − µ2µ0)
−1.

Íàäàëi ââàæà¹ìî, ùî µ1 > µ2µ0 . Iç ôîðìóëè
Ïóàññîíà

jν(θ) =
2Γ(ν + 1)√
πΓ(ν + 1/2)

π/2∫

0

cos(θ cos t) sin2ν tdt

äëÿ íîðìîâàíî¨ ôóíêöi¨ Áåññåëÿ âèïëèâà¹,
ùî |jν(xσ)| ≤ bν , ∀x ∈ R , σ ∈ R+ , äå

bν =

√
πΓ(ν + 1)

Γ(ν + 1/2)
, ν > −1

2
.
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Òîäi äëÿ t ≥ t0 > 0 ñïðàâäæóþòüñÿ íåðiâ-
íîñòi

| exp{tA(σ)}(µ1−µ2 exp{TA(σ)})−1jν(xσ)σ2ν+1| ≤

≤ µ0bν(µ1 − µ2µ0)
−1 exp{−t0M(aσ)}σ2ν+1.

(8)
Îñêiëüêè îïóêëà ôóíêöiÿ çðîñòà¹ øâèäøå
çà äîâiëüíó ëiíiéíó ôóíêöiþ, òî M(aσ) ≥
ab0σ , b0 > 0 , σ ∈ (0, +∞) . Çâiäñè òà ç (8)
âæå âèïëèâà¹, ùî iíòåãðàë (7) çáiãà¹òüñÿ ðiâ-
íîìiðíî â äîâiëüíié ñìóçi {(t, x) : t0 ≤ t ≤
T, x ∈ R} , t0 > 0 . Îòæå, G(t, T, x) ¹ íå-
ïåðåðâíîþ ôóíêöi¹þ àðãóìåíòó t ∈ (0, T ]
(ïðè ôiêñîâàíîìó x ).

Ôóíêöiÿ G(t, T, x) äèôåðåíöiéîâíà ïî t
íà ïðîìiæêó (0, T ] (ïðè ôiêñîâàíîìó x ).
Ñïðàâäi, ôîðìàëüíî äèôåðåíöiþþ÷è (7) ïiä
çíàêîì iíòåãðàëà, äiñòàíåìî ôóíêöiþ

Λ(σ) := A(σ) exp{tA(σ)}(µ1 − µ2×

× exp{TA(σ)})−1jν(xσ)σ2ν+1,

ìîäóëü ÿêî¨ äëÿ t ≥ t0 > 0 îöiíþ¹òüñÿ âå-
ëè÷èíîþ

µ0bν(µ1−µ2µ0)
−1|A(σ)| exp{−t0M(aσ)}σ2ν+1.

Îñêiëüêè

∀ε > 0 ∃cε > 0 ∀σ ∈ R : |A(σ) ≤ cεe
M(εσ),

òî
|A(σ)| exp{−t0M(aσ)} ≤

≤ cε exp{M(εσ)− t0M(aσ)}.
Iç âëàñòèâîñòi îïóêëîñòi ôóíêöi¨ M âèï-

ëèâà¹ íåðiâíiñòü M(εσ) ≤ 1

p
M(εpσ) , p ∈ N .

Ïåðåäóñiì ïiäáåðåìî p ∈ N òàê, ùîá âèêî-
íóâàëàñÿ íåðiâíiñòü 1

p
≤ t0 . Äàëi âiçüìåìî

ε > 0 òàêå, ùî εp < a , òîáòî ε ∈ (0, a/p) .
Òîäi

exp{M(εσ)− t0M(aσ)} ≤ exp
{1

p
M(εpσ)−

−t0M(aσ)
}
≤ exp{t0(M(εpσ)−M(aσ))}.

Iç íåðiâíîñòi îïóêëîñòi äëÿ ôóíêöi¨ M âèï-
ëèâà¹, ùî

M(εpσ)−M(aσ) ≤ −M((a−εp)σ) ≡ −M(ãσ),

ã > 0.

Òîäi

exp{M(εσ)− t0M(aσ)} ≤ exp{−t0M(ãσ)},
σ ∈ R.

Îòæå, äëÿ ôóíêöi¨ Λ(σ) ìàæîðàíòîþ ¹ iíòå-
ãðîâíà ôóíêöiÿ exp{−M(ãσ)}·σ2ν+1 , òîáòî,
iíòåãðàë âiä ïîõiäíî¨ ïiäiíòåãðàëüíî¨ ôóí-
êöi¨ â (7) çáiãà¹òüñÿ ðiâíîìiðíî íà äîâiëüíî-
ìó ïðîìiæêó [t0, T ] ⊂ (0, T ] i òîìó ïîõiäíó
ïî t ïiä çíàêîì iíòåãðàëà â (7) ìîæíà çàñòî-
ñóâàòè ó êîæíié òî÷öi t ∈ (0, T ] . Àíàëîãi÷íî
äîâîäèìî, ùî ôóíêöiÿ G(t, T, ·) íåñêií÷åí-
íî äèôåðåíöiéîâíà ïî t ∈ (0, T ] .

Çàóâàæèìî, ùî

(µ1 − µ2 exp{TA(σ)})−1 = µ−1
2

(µ1

µ2

−

− exp{TA(σ)}
)−1

= µ−1
2 · µ−1

1 (1− µ−1×

× exp{TA(σ)})−1 = µ−1
2

∞∑

k=0

µ−k−1 exp{kTA(σ)},

äå µ = µ1/µ2 > 1 . Òîäi G(t, T, x) ìîæíà
ïîäàòè ó âèãëÿäi

G(t, T, x) = µ−1
2

∞∑

k=1

µ−k−1G(t+kT, x), (t, x) ∈ Ω,

äå

G(t + kT, x) = cν ·
∞∫

0

e(t+kT )A(σ)jν(σx)σ2ν+1dσ,

G(t, x) � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i
Êîøi äëÿ ðiâíÿííÿ (2). Âiäîìî (äèâ. [1, 2]),
ùî G(t, x) ÿê ôóíêöiÿ çìiííî¨ x , äîïóñêà¹
àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ êîìïëåêñíó
ïëîùèíó; G(t, z) , z = x + iy ∈ C , ÿê ôóí-
êöiÿ çìiííî¨ z , ¹ åëåìåíòîì ïðîñòîðó

◦
W

Ω1

M1
,

ïðè öüîìó

∃b1 ∈ (0, a) ∃b2 > b ∃dν > 0 : |G(t, x + iy)| ≤
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≤ dνt
−(ω0+3/2)/α exp

{
tM1

( x

b1t

)
+ tΩ1

( y

b1t

)}
,

(9)
äå ω0 = ν , ÿêùî 0 < T ≤ 1 i ω0 = 0 , ÿêùî
T > 1 , α > ω0 + 3/2 , α � ôiêñîâàíå. Çâiäñè
âèïëèâà¹, ùî G(t, x) , ÿê ôóíêöiÿ äiéñíîãî
àðãóìåíòó x (ïðè ôiêñîâàíîìó t ∈ (0, T ) ),
¹ åëåìåíòîì ïðîñòîðó

◦
W

Ω1

M1
(R) .

Äëÿ ïîäàëüøîãî íàì ïîòðiáíi áóäóòü
îöiíêè ïîõiäíèõ ôóíêöi¨ G(t, x) íà äiéñíié
îñi. Çãiäíî ç iíòåãðàëüíîþ ôîðìóëîþ Êîøi

Dn
xG(t, x) =

n!

2πi

∫

ΓR

G(t, z)

(z − x)n+1
dz, n ∈ Z+,

t ∈ (0, T ), x ∈ R, z = x + iy,

äå ΓR � êîëî ðàäióñà R ç öåíòðîì ó òî÷öi
x ∈ R . Òîäi, óðàõóâàâøè (9) çíàéäåìî, ùî

|Dn
xG(t, x)| ≤ n!

Rn
max
z∈ΓR

|G(t, z)| ≤ dν ·t−ω̃0
n!

Rn
×

× exp
{
− tM1

( x0

b1t

)
+ tΩ1

( R

b2t

)}
,

ω̃0 := (ω0 + 3/2)/α,

äå x0 � òî÷êà ìàêñèìóìó ôóíêöi¨
exp

{
−M1

( ξ

b1t

)}
, ξ ∈ [x−R, x+R] . Îñêiëü-

êè M1 ¹ çðîñòàþ÷îþ íà [0, +∞) ôóíêöi¹þ,
òî x0 ∈ {0, x−R, x+R} , òîáòî x0 = x+θR ,
äå θ ∈ {0, 1,−1} , ïðè÷îìó θ = 0 , ÿêùî
x = 0 . Âðàõîâóþ÷è îïóêëiñòü i ïàðíiñòü
ôóíêöi¨ M1 äiñòà¹ìî, ùî

|Dn
xG(t, x)| ≤ dνt

−ω̃0n!R−n exp{−tM1

( x

b1t

)}
×

× exp
{

tΩ1

( R

b2t

)}
≤ dνt

−ω̃0n! min
R

ϕn,t(R)×

× exp{−tM1

( x

b1t

)}
,

äå
ϕn,t(R) = R−n exp

{
tΩ1

( R

b2t

)}
.

Ëåãêî áà÷èòè, ùî

ϕ′n,t(R) =
( 1

b2

Ω′
1

( R

b2t

)
Rn − nRn−1

)
×

× exp
{

tΩ1

( R

b2t

)}
·R−2n.

Ïðèðiâíÿâøè ϕ′n,t(R) äî íóëÿ, äiñòàíåìî
ñïiââiäíîøåííÿ:

R

b2t
ω1

( R

b2t

)
=

n

t
;

òóò ω1 = Ω′
1 , ω1 � ôóíêöiÿ, çà ÿêîþ áó-

äó¹òüñÿ Ω1 : Ω1(x) =

x∫

0

ω1(τ)dτ . Áåçïîñåðå-

äíüî ïåðåêîíó¹ìîñÿ â òîìó, ùî êîæíà ôóí-
êöiÿ ϕn,t , n ∈ Z+ , äîñÿãà¹ ñâîãî ìiíiìóìó â
òî÷öi Rn(t) = b2tρn(t) , äå ρn(t) � ðîçâ'ÿçîê
ðiâíÿííÿ xω1(x) =

n

t
, n ∈ Z+ (ïðè ôiêñî-

âàíîìó t ∈ (0, T ) ). Òîìó

min
R

ϕn,t(R) = ϕn,t(Rn(t)) =
( 1

b2ρn(t)

)n

t−n×

× exp{tΩ1(ρn(t))}.
Îñêiëüêè exp{tΩ1(ρn(t))} ≤ exp n , n ∈ Z+ ,
òî ìà¹ìî òàêi îöiíêè ïîõiäíèõ ôóíêöi¨ G íà
äiéñíié îñi:

|Dn
xG(t, x)| ≤ c̃

( 1

b2ρn(t)

)n

n!t−(ω̃0+n)×

× exp
{
− tM1

( x

b1t

)
+ tΩ1(ρn(t))

}
≤

≤ c̃
( e

b2ρn(t)

)n

n!t−(ω̃0+n) · exp
{
− tM1

( x

b1t

)}
,

c̃ = dν , (10)

(t, x) ∈ Ω, n ∈ Z+

(òóò ρ0(t) = 0 , ρ0
0(t) := 1 ).

Ëåìà 1. G(t, T, x) ïðè êîæíîìó t ∈
(0, T ] , ÿê ôóíêöiÿ àðãóìåíòó x , ¹ åëåìåí-
òîì ïðîñòîðó

◦
S =

◦
S(R) .

Äîâåäåííÿ. Íåõàé

Sn,t,T (x) := µ−1
2

n∑

k=0

µ−k−1G(t + kT, x).

Iç ðåçóëüòàòiâ, íàâåäåíèõ ó öüîìó ïóíêòi,
âèïëèâà¹, ùî Sn,t,T (·) ∈ ◦

W
Ω1

M1
(R) ⊂ ◦

S ïðè
êîæíîìó n ∈ Z+ òà t ∈ (0, T ] . Äëÿ äî-
âåäåííÿ òâåðäæåííÿ äîñèòü ïîêàçàòè, ùî
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Sn,t,T (·) → G(t, T, ·) ïðè n → ∞ çà òîïî-
ëîãi¹þ ïðîñòîðó S , àáî, ùî ðiâíîñèëüíî,

rn,t,T (x) := µ−1
2

∞∑

k=n+1

µ−k−1G(t + kT, x) → 0,

n →∞,

ó ïðîñòîði S (îñêiëüêè ïðîñòið S ïîâíèé,
òî òîäi G(t, T, ·) ∈ S ïðè êîæíîìó t ∈
(0, T ] ; âíàñëiäîê ïàðíîñòi ôóíêöi¨ G(t, T, x)
ÿê ôóíêöi¨ àðãóìåíòó x çâiäñè äiñòà¹ìî, ùî
G(t, T, ·) ∈ ◦

S ïðè êîæíîìó t ∈ (0, T ] ).
Ñêîðèñòàâøèñü (10) çàïèøåìî (ïîêè-ùî

ôîðìàëüíî ñïiââiäíîøåííÿ):

|xpDq
xrn,t,T (x)| = µ−1

2

∣∣∣xp

∞∑

k=n+1

µ−k−1×

×Dq
xG(t + kT, x)

∣∣∣ ≤ µ−1
2

∞∑

k=n+1

µ−k−1×

×|xpDq
xG(t + kT, x)| ≤ µ−1

2 c̃
( e

b2

)q

· q!×

×
∞∑

k=n+1

µ−k−1

ρq
q(t + kT )

(t + kT )−(q+ω̃0)|x|p×

× exp
{
− (t + kT )M1

( x

b1(t + kT )

)}
,

x ∈ R, {p, q} ⊂ Z+.

Åëåìåíòè ïîñëiäîâíîñòi {ρq(t + kT ), q ≥
1} (ïðè ôiêñîâàíîìó k ∈ Z+ ) ¹ ðîçâ'ÿçêàìè
ðiâíÿíü

ρq(t + kT )ω1(ρq(t + kT )) =
q

t + kT
, q ∈ Z+.

Îòæå,

ρ−q
q (t + kT ) = ωq

1(ρq(t + kT ))(t + kT )qq−q.

Îñêiëüêè
q

t + kT
≤ q

t
, ∀k ∈ Z+, t ∈ (0, T ],

òî 0 < ρq(t + kT ) ≤ ρq(t) . Iç âëàñòèâîñòi ìî-
íîòîííîñòi ôóíêöi¨ ω1 âèïëèâà¹ íåðiâíiñòü

ω1(ρq(t + kT )) ≤ ω1(ρq(t)) ≡ γq(t).

Êðiì òîãî,

(t+kT )q ≤ (T (k+1))q = T q(k+1)q, k ≥ n+1.

Ñêîðèñòàâøèñü ïàðíiñòþ ôóíêöi¨ M1 , à òà-
êîæ òèì, ùî M1(y) ≥ α0y , α0 > 0 , y ∈
[0,∞) , çíàéäåìî, ùî

|x|p exp
{
− (t + kT )M1

( |x|
b1(t + kT )

)}
≤

≤ |x|p · p!

(k + kT )pMp
1

(
|x|

b1(t+kT )

) ≤

≤ |x|p · p!bp
1(k + kT )p

(t + kT )p · |x|pαp
0

≡ p!bp
1α

−p
0 .

Òîäi

sup
x∈R

|xpDq
xrn,t,T (x)| ≤ µ−1

2 c̃
( e

b2

)q

q!p!bp
1α

−p
0 q−q×

×γq
q (t)t

−(ω̃0+q)

∞∑

k=n+1

(k + 1)q

µk+1
= cpq · βn,

µ = µ1/µ2 > 1,

äå

cpq = µ−1
2 c̃

( b1

α0

)p

t−ω̃0

(eTγq
q (t)

b2qt

)q

q!p!,

βn =
∞∑

k=n+1

(k + 1)q

µk+1
.

Îñêiëüêè ðÿä
∞∑

k=0

(k + 1)q

µk+1
çáiæíèé (ïðè äî-

âiëüíîìó ôiêñîâàíîìó q ∈ Z+ ), òî βn → 0
ïðè n →∞ ÿê çàëèøîê çáiæíîãî ÷èñëîâîãî
ðÿäó. Öèì äîâåäåíî, ùî xpDq

xrn,t,T

R
⇒

n→∞
0 ïðè

ôiêñîâàíîìó t ∈ (0, T ] , òîáòî Sn,t,T (·) →
G(t, T, ·) ïðè n →∞ ó ïðîñòîði S .

Ëåìà äîâåäåíà.
Ëåìà 2. Ôóíêöiÿ G(t, T, ·) , t ∈ (0, T ] , ÿê

àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷å-
ííÿìè â ïðîñòîði

◦
S , äèôåðåíöiéîâíà ïî t .

Äîâåäåííÿ. Íåîáõiäíî äîâåñòè, ùî ãðà-
íè÷íå ñïiââiäíîøåííÿ

Φ∆t(x) :=
1

∆t
[G(t + ∆t, T, x)−G(t, T, x)]−→

∆t→0
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−→
∆t→0

∂

∂t
G(t, T, x)

âèêîíó¹òüñÿ â ðîçóìiííi çáiæíîñòi â ïðîñòî-
ði S , òîáòî

xpDq
xΦ∆t

R
⇒xpDq

x

( ∂

∂t
G(t, T, ·)

)
, ∆t → 0, (11)

äëÿ äîâiëüíèõ {p, q} ⊂ Z+ .
Ôóíêöiÿ G(t, T, x) äèôåðåíöiéîâíà ïî t

ó çâè÷àéíîìó ðîçóìiííi, òîìó

Φ∆t(x) =
∂

∂t
G(t + θ∆t, T, x), 0 < θ < 1.

Îòæå,

Φ∆t(x)− ∂

∂t
G(t, T, x) =

∂

∂t
[G(t + θ∆t, T, x)−

−G(t, T, x)] = θ∆t
∂2

∂t2
G(t + θ1∆t, T, x),

0 < θ1 < 1.

Óðàõóâàâøè âèãëÿä ôóíêöi¨ G(t, T, x)
çíàéäåìî, ùî

Λ(x) :=
∣∣∣xpDq

x

(
Φ∆t(x)− ∂

∂t
G(t, T, x)

)∣∣∣ =

= θµ−1
2

∣∣∣
∞∑

k=0

µ−k−1xp×

×Dq
x

( ∂2

∂t2
G(t + θ1∆t + kT, x)

)∣∣∣ · |∆t| ≡
≡ S(t, T, x) · |∆t|.

Îñêiëüêè
∂2

∂t2
G(t + θ1∆t + T, x) =

= cν ·
∞∫

0

A2(σ)e(t+θ1∆t+kT )A(σ)jν(σx)σ2ν+1dσ,

òî, âðàõóâàâøè âëàñòèâîñòi ôóíêöi¨-
ñèìâîëà A(σ) òà ñêîðèñòàâøèñü ìåòîäèêîþ
îöiíþâàííÿ ïîõiäíèõ ôóíêöi¨ G(t, x) íà
äiéñíié îñi, ïðèéäåìî äî íåðiâíîñòi

∣∣∣Dq
x

( ∂2

∂t2
G(t + θ1∆t + kT, x)

)∣∣∣ ≤

≤ d
( e

b3ρq(t + θ1∆t + kT )

)q

· q!×

×(t+θ1∆t+kT )−(q+ω̃0) exp
{
−(t+θ1∆t+kT )×

×M1

( x

b1(t + θ1∆t + T )

)}
, q ∈ Z+,

äå d , b3 , b4 > 0 � ñòàëi, íåçàëåæíi âiä q .
Ìiðêóþ÷è àíàëîãi÷íî òîìó, ÿê öå áóëî

çðîáëåíî ïðè äîâåäåííi ëåìè 1, îòðèìà¹ìî,
ùî ∣∣∣xp exp

{
− (t + θ1∆t + kT )×

×M1

( x

b4(t + θ1∆t + kT )

)}∣∣∣ ≤ p!bp
4α

−p
0 .

Ïðèðiñò àðãóìåíòó ∆t ââàæà¹ìî òàêèì, ùî
t/2 ≤ t + θ1∆t ≤ T . Òîäi

ρq(t + θ1∆t + kT ) ≤ ρq(t/2),

q

t + θ1∆t + kT
≤ q

t/2
, ∀k ∈ Z+, t ∈ (0, T ].

Çâiäñè âèïëèâà¹, ùî

ω1(ρq(t+θ1∆t+kT )) ≤ ω1(ρq(t/2)) ≡ γq(t/2),

(t+θ1∆t+kT )q ≤ (T (k+1))q = T q(k+1)q,∀k ∈ Z+.

Îòæå,

S(t, T, x) ≤ µ−2
2 d

( e

b3

)q

q!q−qT qγq(t/2)p!bp
4α

−p
0 ×

×(t/2)−(q+ω̃0)

∞∑

k=0

(k + 1)q

µk+1
.

Îñêiëüêè ðÿä
∞∑

k=0

(k + 1)q

µk+1
çáiæíèé, òî

S(t, T, x) ≤ β , ∀x ∈ R , äå β = β(t) > 0 .
Òàêèì ÷èíîì,

0 ≤ sup
x∈R

Λ(x) ≤ β|∆t| → 0, ∆t → 0.

Öå i îçíà÷à¹, ùî óìîâà (11) âèêîíó¹òüñÿ.
Ëåìà äîâåäåíà.
Íàñëiäîê 1. G(t, T, ·) , t ∈ (0, T ] , ÿê àá-

ñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åí-
íÿìè â ïðîñòîði

◦
S , íåïåðåðâíà ïî t .

Íàñëiäîê 2. Ïðàâèëüíîþ ¹ ôîðìóëà
∂

∂t
(f ∗G)(t, T, ·) =

(
f ∗ ∂

∂t
G

)
(t, T, ·),
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∀f ∈ (
◦
S)′, t ∈ (0, T ].

Äîâåäåííÿ. Çà îçíà÷åííÿì çãîðòêè óçà-
ãàëüíåíî¨ ôóíêöi¨ ç îñíîâíîþ ìà¹ìî, ùî

(f ∗G)(t, T, x) = 〈fξ, T
ξ
xG(t, T, x)〉 ≡

≡ 〈fξ, T
x
ξ G(t, T, ξ)〉.

Òîäi
∂

∂t
(f∗G)((t, T, ·) = lim

∆t→0

1

∆t
[(f∗G)(t+∆t, T, ·)−

−(f ∗G)(t, T, ·)] =

= lim
∆t→0

〈
fξ,

1

∆t
[T ξ

xG(t + ∆t, T, ·)T ξ
xG(t, T, ·)]

〉
.

Âíàñëiäîê ëåìè 2 ãðàíè÷íå ñïiââiäíîøåííÿ
1

∆t
[T ξ

xG(t + ∆t, T, ·)− T ξ
xG(t, T, ·)]−→

∆t→0

−→
∆t→0

∂

∂t
T ξ

xG(t, T, ·)
âèêîíó¹òüñÿ ó ñåíñi çáiæíîñòi çà òîïîëîãi¹þ
ïðîñòîðó S , òîìó

∂

∂t
(f ∗G)((t, T, ·) =

=
〈
fξ, lim

∆t→0

1

∆t
[T ξ

xG(t+∆t, T, ·)−T ξ
xG(t, T, ·)]

〉
=

=
〈
fξ,

∂

∂t
T ξ

xG(t, ·)
〉

=
〈
fξ, T

ξ
x

∂

∂t
G(t, T, ·)

〉
=

=
(
f ∗ ∂G

∂t

)
(t, T, ·).

Òâåðäæåííÿ äîâåäåíå.
Ôóíêöiþ G(t, T, x) íàäàëi íàçèâàòèìå-

ìî ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì äâîòî÷êî-
âî¨ çàäà÷i (ÔÐÄÇ) äëÿ ðiâíÿííÿ (2).

Äàëi äîäàòêîâî ïðèïóñêà¹ìî, ùî
ôóíêöiÿ-ñèìâîë A(σ) ¹ ìóëüòèïëiêàòî-
ðîì ó ïðîñòîði

◦
S ; çà öi¹¨ óìîâè îïåðàòîð

B âèçíà÷åíèé i íåïåðåðâíèé ó ïðîñòîði
◦
S .

Ñèìâîëîì (
◦
S∗)′ ïîçíà÷èìî ñóêóïíiñòü

óñiõ óçàãàëüíåíèõ ôóíêöié ç ïðîñòîðó (
◦
S)′ ,

ÿêi ¹ çãîðòóâà÷àìè ó ïðîñòîði
◦
S .

Ëåìà 3. Íåõàé f ∈ (
◦
S∗)′ ,

ω(t, x) = (f ∗G)(t, T, x), (t, x) ∈ Ω+.

Òîäi ôóíêöiÿ ω(t, x) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ
(2).

Äîâåäåííÿ. Çãiäíî ç íàñëiäêîì 3
∂ω(t, x)

∂t
=

∂

∂t
(f∗G)(t, T, x) =

(
f∗∂G

∂t

)
(t, T, x).

Êðiì òîãî,
Bω(t, x) = F−1

Bσ→x
[A(σ)FBx→σ [f ∗G]].

Îñêiëüêè f � çãîðòóâà÷ ó ïðîñòîði
◦
S , òî

FBx→σ [(f ∗G)(t, T, x)] = FBx→σ [f ](σ)·
·FBx→σ [G](t, T, σ) = FB[f ](σ) ·Q(t, σ),

äå
Q(t, σ) = exp{tA(σ)}(µ1− µ2 exp{TA(σ)})−1.

Îòæå,
Bω(t, x) = F−1

B [A(σ)Q(t, σ)FB[f ]] =

= F−1
B

[ ∂

∂t
Q(t, σ)FB[f ]

]
= F−1

B

[
FB

[ ∂

∂t
G

]
·FB[f ]

]
=

= F−1
B

[
FB

(
f ∗ ∂G

∂t

)]
=

(
f ∗ ∂G

∂t

)
(t, T, x).

Çâiäñè âèïëèâà¹, ùî ôóíêöiÿ ω(t, x) çàäî-
âîëüíÿ¹ ðiâíÿííÿ (2).

Ëåìà äîâåäåíà.
Ëåìà 4. Íåõàé

ω(t, x) = (f ∗G)(t, T, ξ) = 〈fξ, T
ξ
xG(t, T, x)〉 ≡

≡ 〈fξ, T
x
ξ G(t, T, ξ)〉, f ∈ (

◦
S∗)′, (t, x) ∈ Ω.

Òîäi ó ïðîñòîði (
◦
S∗)′ âèêîíó¹òüñÿ ãðàíè÷íå

ñïiââiäíîøåííÿ
µ1 lim

t→+0
ω(t, ·)− µ2 lim

t→T−0
ω(t, ·) = f.

Äîâåäåííÿ. Ïåðåäóñiì çàçíà÷èìî, ùî ç
âëàñòèâîñòåé ôóíêöi¨ G(t, ξ) (äèâ. []) òà òà
âëàñòèâîñòåé îïåðàòîðà óçàãàëüíåíîãî çñó-
âó àðãóìåíòó âèïëèâà¹, ùî

T x
ξ G(t, ξ)−→

t→t0
T x

ξ G(t0, ξ), t0 > 0,

çà òîïîëîãi¹þ ïðîñòîðó
◦
S . Òîäi, óðàõóâàâ-

øè âëàñòèâiñòü íåïåðåðâíîñòi ôóíêöiîíàëó
f äiñòàíåìî, ùî
〈fξ, T

x
ξ G(t + kT, ξ)〉 −→

t→T−0
〈fξ, T

x
ξ G(T + kT, ξ)
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( k ∈ Z+ � ôiêñîâàíå);

〈fξ, T
x
ξ G(t + kT, ξ)〉−→

t→+0
〈fξ, T

x
ξ G(kT, ξ)

( k ∈ N � ôiêñîâàíå). Êðiì òîãî [1], G(t, ·) →
δ ïðè t → +0 ó ïðîñòîði (

◦
W

Ω1

M1
(R))′ ⊂ (

◦
S)′ .

Òîäi, íà ïiäñòàâi âëàñòèâîñòi íåïåðåðâíîñòi
îïåðàöi¨ çãîðòêè òâåðäèìî, ùî

lim
t→+0

(f ∗G)(t, ·)≡ lim
t→+0

〈fξ, T
x
ξ G(t, ξ)〉=f ∗δ=f.

Óðàõóâàâøè âèãëÿä ôóíêöi¨ G(t, T, ξ) , à
òàêîæ òå, ùî

Sn,t,T (ξ) := µ−1
2

n∑

k=0

µ−k−1G(t + kT, ξ)−→
n→∞

−→
n→∞

G(t, T, ξ)

çà òîïîëîãi¹þ ïðîñòîðó S , ïðèéäåìî äî íà-
ñòóïíèõ ñïiââiäíîøåíü:

µ1 lim
t→+0

ω(t, x)− µ2 lim
t→T−0

ω(t, x) =

= µ1 lim
t→+0

〈fξ, T
x
ξ G(t, T, ξ)〉−

−µ2 lim
t→T−0

〈fξ, T
x
ξ G(t, T, ξ)〉 =

= µ1 lim
t→+0

〈
fξ, µ

−1
2

∞∑

k=0

µ−k−1T x
ξ G(t + kT, ξ)〉−

−µ2 lim
t→T−0

〈
fξ, µ

−1
2

∞∑

k=0

µ−k−1T x
ξ G(t+kT, ξ)〉 =

=
µ1

µ2

lim
t→+0

∞∑

k=0

µ−k−1〈fξ, T
x
ξ G(t + kT, ξ)〉−

− lim
t→T−0

∞∑

k=0

µ−k−1〈fξ, T
x
ξ G(t + kT, ξ)〉 =

=
µ1

µ2

(
µ−1 lim

t→+0
(f ∗G)(t, x)+

+ lim
t→+0

(µ−2〈fξ, T
x
ξ G(t + T, ξ)〉+

+µ−3〈fξ, T
x
ξ G(t + 2T, ξ)〉+ . . . )

)
−

− lim
t→T−0

(
µ−1〈fξ, T

x
ξ G(t, ξ)〉+

+µ−2〈fξ, T
x
ξ G(t + T, ξ)〉+

+µ−3〈fξ, T
x
ξ G(t + 2T, ξ)〉+ . . .

)
=

= f ∗ δ +
(
µ−1〈fξ, T

x
ξ G(T, ξ)〉+

+µ−2〈fξ, T
x
ξ G(2T, ξ)〉+. . .

)
−

(
µ−1〈fξ, T

x
ξ G(T, ξ)〉+

+µ−2〈fξ, T
x
ξ G(2T, ξ)〉+ . . .

)
= f ∗ δ = f.

Êîðåêòíiñòü çäiéñíåíîãî ãðàíè÷íîãî ïå-
ðåõîäó ïî t ïðè t → T − 0 ïiä çíàêîì ñóìè
âiäïîâiäíîãî ðÿäó âèïëèâà¹ çi ñïiââiäíîøå-
ííÿ

µ−1
2

∞∑

k=0

µ−k−1〈fξ, T
x
ξ G(t + kT, ξ)〉 =

= 〈fξ, T
x
ξ G(t, T, ξ)〉 −→

t→T−0

−→
t→T−0

〈fξT
x
ξ G(T, T, ξ)〉 =

= µ−1
2

∞∑

k=0

µ−k−1〈fξ, T
x
ξ G(T + kT, ξ)〉,

ÿêå ¹ íàñëiäêîì âëàñòèâîñòi íåïåðåðâíîñòi
ôóíêöi¨ G(t, T, ξ) ó òî÷öi t = T ÿê àáñòðà-
êòíî¨ ôóíêöi¨ ïàðàìåòðà t iç çíà÷åííÿìè
â ïðîñòîði

◦
S òà âëàñòèâîñòi íåïåðåðâíîñòi

ôóíêöiîíàëó f . Êðiì òîãî, ôóíêöiÿ

G̃(t, T, ξ) =
∞∑

k=1

µ−k−1G(t+kT, ξ), t ∈ [0, T ], ξ ∈ R,

ïðè êîæíîìó t ∈ [0, T ] ÿê ôóíêöiÿ àðãóìåí-
òó ξ ¹ åëåìåíòîì ïðîñòîðó

◦
S i ÿê àáñòðà-

êòíà ôóíêöiÿ àðãóìåíòó t iç çíà÷åííÿìè â
ïðîñòîði

◦
S ¹ íåïåðåðâíîþ ôóíêöi¹þ; çîê-

ðåìà, íåïåðåðâíîþ i ó òî÷öi t = 0 (äîâåäåí-
íÿ öèõ âëàñòèâîñòåé çäiéñíþ¹òüñÿ çà ñõåìîþ
äîâåäåíü ëåì 1, 2). Òîäi

lim
t→+0

∞∑

k=1

µ−k−1〈f, T x
ξ G(t + kT, ξ)〉 =

=
∞∑

k=1

µ−k−1〈f, lim
t→+0

T x
ξ G(t + kT, ξ)〉 =

=
∞∑

k=1

µ−k−1〈fξ, T
x
ξ G(kT, ξ)〉 = 〈fξ, T

k
ξ G̃(0, T, ξ)〉.
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Ëåìà äîâåäåíà.
3. Êîðåêòíà ðîçâ'ÿçíiñòü äâîòî÷êî-

âî¨ çàäà÷i
Iç òâåðäæåíü, äîâåäåíèõ ó ëåìàõ 3, 4 âèï-

ëèâà¹, ùî äëÿ ðiâíÿííÿ (2) äâîòî÷êîâó çàäà-
÷ó ìîæíà ñòàâèòè òàê. Äëÿ (2) çàäàìî óìîâó

µ1u(t, ·)
∣∣∣
t=0
−µ2u(t, ·)

∣∣∣
t=T

= f, µ1 > µ2 > 0,

(12)

äå f ∈ (
◦
S∗)′ . Ïiä ðîçâ'ÿçêîì çàäà÷i (2), (12)

ðîçóìiòèìåìî ôóíêöiþ u ∈ C1((0, T ),
◦
S) ,

ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ (2) òà êðàéîâó
óìîâó (12) ó òîìó ñåíñi, ùî

µ1 lim
t→+0

u(t, ·)− µ2 lim
t→T−0

u(t, ·) = f

(ãðàíèöi ðîçãëÿäàþòüñÿ ó ïðîñòîði (
◦
S)′ ).

Ïðàâèëüíèì ¹ íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 1. Çàäà÷à (2), (12) êîðåêòíî

ðîçâ'ÿçíà â êëàñi óçàãàëüíåíèõ ôóíêöié
(
◦
S∗)′ . Ðîçâ'ÿçîê ïîäà¹òüñÿ ó âèãëÿäi çãîð-
òêè:

u(t, x) = (f ∗G)(t, x), f ∈ (
◦
S∗)′, (t, x) ∈ Ω+,

äå G � ÔÐÄÇ äëÿ ðiâíÿííÿ (2).
Äîâåäåííÿ. Ç ëåì 3, 4 âèïëèâà¹, ùî

ôóíêöiÿ u ¹ ðîçâ'ÿçêîì çàäà÷i (2), (12) ó
âêàçàíîìó ðîçóìiííi. Çàçíà÷èìî òàêîæ, ùî
u íåïåðåðâíî çàëåæèòü âiä ôóíêöi¨ f ∈
(
◦
S∗)′ , îñêiëüêè îïåðàöiÿ çãîðòêè âîëîäi¹
âëàñòèâiñòþ íåïåðåðâíîñòi. Çàëèøà¹òüñÿ ïå-
ðåêîíàòèñÿ â òîìó, ùî çàäà÷à (2), (12) ìà¹
¹äèíèé ðîçâ'ÿçîê. Äëÿ öüîãî ðîçãëÿíåìî çà-
äà÷ó Êîøi
∂v

∂t
= −B∗v = 0, (t, x) ∈ [0, t0)× R+ ≡ Ω+,

0 ≤ t < t0 ≤ T, (13)

v(t, ·)
∣∣∣
t=t0

= ψ, ψ ∈ (
◦
S∗)′, (14)

äå B∗ = B � çâóæåííÿ ñïðÿæåíîãî îïåðà-
òîðà äî îïåðàòîðà B íà ïðîñòið

◦
S ⊂ (

◦
S)′ .

Óìîâà (14) ðîçóìi¹òüñÿ â ñëàáêîìó ñåíñi.
Ðîçãëÿíåìî ôóíêöiþ

G∗(t0 − t, x) = F−1
Bν

[exp{(t0 − t)A(ξ0)}(x).

Àíàëîãi÷íî òîìó, ÿê öå çðîáëåíî â ïðàöi
[2] äîâîäèìî, ùî G∗ , ÿê àáñòðàêòíà ôóí-
êöiÿ ïàðàìåòðà t iç çíà÷åííÿìè â ïðîñ-
òîði

◦
W

Ω1

M1
(R) ⊂ ◦

S(R) , äèôåðåíöiéîâíà ïî
t ; ðîçâ'ÿçîê çàäà÷i Êîøi (13), (14) äà¹òüñÿ
ôîðìóëîþ

v(t, x) = (ψ ∗G∗)(t0 − t, x), (t, x) ∈ Ω′
+,

ïðè öüîìó v(t, ·) ⊂ ◦
S(R) ïðè êîæíîìó t ∈

[0, t0) , v(t, ·) ÿê àáñòðàêòíà ôóíêöiÿ ïàðà-
ìåòðà t iç çíà÷åííÿìè â ïðîñòîði

◦
S(R) , äè-

ôåðåíöiéîâíà ïî t .
Íåõàé Qt

t0
: (

◦
S∗)′ →

◦
S � îïåðàòîð, ÿêèé

çiñòàâëÿ¹ ôóíêöiîíàëó ψ ∈ (
◦
S∗)′ ðîçâ'ÿçîê

v(t, ·) ∈ ◦
S çàäà÷i (13), (14):

∀ψ ∈ (
◦
S∗)′ : Qt

t0
ψ = (ψ∗G∗)(t0−t, x) ≡ v(t, x),

(t, x) ∈ Ω′
+.

Îïåðàòîð Qt
t0

¹ ëiíiéíèì i íåïåðåðâíèì, îñ-
êiëüêè òàêèìè âëàñòèâîñòÿìè âîëîäi¹ îïåðà-
öiÿ çãîðòêè. Âií âèçíà÷åíèé äëÿ äîâiëüíèõ
t i t0 òàêèõ, ùî 0 ≤ t < t0 ≤ T i âîëîäi¹
âëàñòèâîñòÿìè:

∀ψ ∈ (
◦
S∗)′ :

dQt
t0
ψ

dt
= −B∗Qt0

t0ψ, lim
t→t0

Qt
t0
ψ = ψ

(ãðàíèöÿ ðîçãëÿäà¹òüñÿ â ïðîñòîði (
◦
S∗)′ ).

Ðîçâ'ÿçîê u(t, x) , (t, x) ∈ Ω+ , çàäà÷i (2),
(12) òðàêòóâàòèìåìî ÿê ôóíêöiîíàë ç ïðî-
ñòîðó (

◦
S)′ ⊃ ◦

S . Äîâåäåìî, ùî çàäà÷à (2),
(12) ìîæå ìàòè ëèøå ¹äèíèé ðîçâ'ÿçîê ó
ïðîñòîði (

◦
S)′ . Äëÿ öüîãî äîñèòü äîâåñòè,

ùî ¹äèíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2) ïðè íó-
ëüîâié êðàéîâié óìîâi ìîæå áóòè ëèøå ôóí-
êöiîíàë u(t, x) ≡ 0 . Çàñòîñó¹ìî ôóíêöiîíàë
u(t, x) äî ôóíêöi¨ Qt

t0
ψ ∈ ◦

S ⊂ (
◦
S∗)′ , äå ψ

� äîâiëüíèé åëåìåíò ç ïðîñòîðó (
◦
S∗)′ . Äè-

ôåðåíöiþþ÷è ïî t , óðàõóâàâøè ïðè öüîìó,
ùî u(t, ·) � ñëàáêî äèôåðåíöiéîâíà ôóíêöiÿ
ïàðàìåòðà t ∈ (0, T ) , Qt

t0
ψ ≡ v(t, ·) � äèôå-

ðåíöiéîâíà ôóíêöiÿ ïàðàìåòðà t ∈ (0, t0) ,
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t0 ≤ T , ÿê àáñòðàêòíà ôóíêöiÿ, âèêîðèñòî-
âóþ÷è ðiâíÿííÿ (2), (13) çíàõîäèìî, ùî

∂

∂t
〈u(t, ·), Qt

t0
ψ〉 =

〈∂u

∂t
Qt

t0
ψ

〉
+

〈
u,

∂Qt
t0
ψ

∂t

〉
=

= 〈Bu, Qt
t0
ψ〉+ 〈u,B∗Qt

t0
ψ〉 = 〈Bu,Qt

t0
ψ〉−

−〈Bu,Qt
t0
ψ〉 = 0,∀ψ ∈ (

◦
S
∗
)′, 0 < t < t0 ≤ T.

Çâiäñè âèïëèâà¹, ùî ôóíêöiÿ

g(t) := 〈u(t, ·), Qt
t0
ψ〉, 0 < t < t0 ≤ T,

¹ ñòàëîþ ( g(t) = c = const ). Ôóíêöiÿ
G∗(t0 − t, ·) , ÿê àáñòðàêòíà ôóíêöiÿ ïàðà-
ìåòðà t ∈ [t0, t) iç çíà÷åííÿìè â ïðîñòîði
◦
S , äèôåðåíöiéîâíà ïî t , òîìó âîíà ¹ íåïå-
ðåðâíîþ àáñòðàêòíîþ ôóíêöi¹þ ïàðàìåòðà
t , òîáòî G∗(t0 − t, ·) → G∗(t0, ·) ïðè t → +0

çà òîïîëîãi¹þ ïðîñòîðó
◦
S . Îñêiëüêè ψ �

çãîðòóâà÷ ó ïðîñòîði
◦
S , òî ψ∗G∗(t0−t, ·) →

ψ∗G∗(t0, ·) ïðè t → +0 ó ïðîñòîði
◦
S . Îòæå,

Qt
t0
ψ = ψ ∗ G∗(t0 − t, ·) → Qt

t0
ψ ïðè t → +0

ó ïðîñòîði
◦
S . Êðiì òîãî, çà äîâåäåíèì ðà-

íiøå, çà óìîâè f = 0 ìà¹ìî, ùî u(t, ·) → 0

ïðè t → +0 ó ïðîñòîði (
◦
S)′ . Òîäi iç âiäïî-

âiäíîãî òâåðäæåííÿ ïðî àáñòðàêòíi ôóíêöi¨
âèïëèâà¹, ùî

c = 〈u(t, ·), Qt
t0
ψ〉−→

t→+0
〈0, Qt

t0
ψ〉 = 0.

Îòæå, c = 0 , òîáòî

〈u(t, ·), Qt
t0
ψ〉 = 0, 0 < t < t0 ≤ T. (15)

Îñêiëüêè u(t, ·) , Qt
t0
ψ ¹ ðåãóëÿðíèìè óçà-

ãàëüíåíèìè ôóíêöiÿìè ç ïðîñòîðó (
◦
S)′ , òî

ïðàâèëüíèìè ¹ ñïiââiäíîøåííÿ

〈u(t, ·), Qt
t0
ψ〉 =

∞∫

0

u(t, x)Qt
t0
ψ(x)x2ν+1dx =

= 〈Qt
t0
ψ, u(t, ·)〉. (16)

Äàëi ñêîðèñòà¹ìîñü òèì, ùî Qt
t0
ψ → ψ ïðè

t → t0 ó ïðîñòîði (
◦
S)′ , u(t, ·) → u(t0, ·) ïðè

t → t0 ó ïðîñòîði
◦
S , ÿêùî t0 6= 0 . Ïåðå-

éøîâøè â (16) äî ãðàíèöi ïðè t → t0 , âðà-
õóâàâøè ïðè öüîìó (15), âíàñëiäîê âiäïîâiä-
íîãî òâåðäæåííÿ ïðî àáñòðàêòíi ôóíêöi¨ [8,
c. 95] çíàéäåìî, ùî

0 = lim
t→t0

〈u(t, ·), Qt
t0
ψ〉 = lim

t→t0
〈Qt

t0
ψ, u(t, ·)〉 =

= 〈Qt0
t0ψ, u(t0, ·)〉 = 〈ψ, u(t0, ·)〉 = 〈u(t0, ψ)〉.

Îñêiëüêè t0 âèáðàíå äîâiëüíèì ÷èíîì ìiæ
0 i T , òî u(t, x) ≡ 0 äëÿ âñiõ t ∈ (0, T ) .

Òåîðåìà äîâåäåíà.
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