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Íàöiîíàëüíèé óíiâåðñèòåò âîäíîãî ãîñïîäàðñòâà òà ïðèðîäîêîðèñòóâàííÿ, Ðiâíå

ÓÌÎÂÈ IÑÍÓÂÀÍÍß ÎÁÌÅÆÅÍÈÕ ÐÎÇÂ'ßÇÊIÂ ÍÅËIÍIÉÍÈÕ
ÐIÇÍÈÖÅÂÈÕ ÐIÂÍßÍÜ

Îòðèìàíî íîâi óìîâè iñíóâàííÿ îáìåæåíèõ ðîçâ'ÿçêiâ íåëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü iç
âèêîðèñòàííÿì ëîêàëüíî¨ ëiíiéíî¨ àïðîêñèìàöi¨ öèõ ðiâíÿíü.

We obtain new conditions for the existence of bounded solutions of nonlinear di�erence equati-
ons with the application of local linear approach of this equations.

1. Îñíîâíèé îá'¹êò äîñëiäæåíü.
Íåõàé E � ñêií÷åííîâèìiðíèé áàíàõîâèé

ïðîñòið ç íîðìîþ ‖ · ‖E , X i Y � äîâiëü-
íi áàíàõîâi ïðîñòîðè i L(X, Y ) � áàíàõî-
âèé ïðîñòið ëiíiéíèõ íåïåðåðâíèõ îïåðàòî-
ðiâ A , ùî äiþòü iç ïðîñòîðó X ó ïðîñòið
Y , ç íîðìîþ ‖A‖L(X,Y ) = sup

‖x‖X=1

‖Ax‖Y . Ïî-

çíà÷èìî ÷åðåç l∞(Z, X) áàíàõîâèé ïðîñòið
äâîñòîðîííiõ ïîñëiäîâíîñòåé x = (xn)n∈Z ,
äå xn ∈ X , ç íîðìîþ

‖x‖l∞(Z,X) = sup
n∈Z

‖xn‖X .

Ðîçãëÿíåìî ðiçíèöåâi îïåðàòîðè F i G ,
ùî äiþòü ó ïðîñòîði l∞(Z, E) i âèçíà÷àþòü-
ñÿ ôîðìóëàìè

(Fx)n = xn + fn−1(xn−1, . . . , xn−p) (1)
i

(Gx)n = xn + g(xn−1, . . . , xn−p), (2)
äå n ∈ Z , p ∈ N , âiäîáðàæåííÿ fn : Ep →
E , n ∈ Z , i g : Ep → E íåïåðåðâíi i äëÿ
êîæíîãî r ∈ (0, +∞)

sup
n∈Z

‖x1‖E≤r

...
‖xp‖E≤r

‖fn(x1, . . . , xp)‖E < +∞. (3)

Ìåòîþ öi¹¨ ñòàòòi ¹ ç'ÿñóâàííÿ óìîâ, êîëè
ìíîæèíè çíà÷åíü R(F) i R(G) îïåðàòîðiâ
F i G çáiãàþòüñÿ ç l∞(Z, E) . Çàçíà÷èìî,
ùî òàêà çàäà÷à äëÿ íåëiíiéíèõ ðiçíèöåâèõ
ðiâíÿíü ¹ ñêëàäíîþ ïðîáëåìîþ (äèâ., íà-
ïðèêëàä, [1-8]), ÿêó ðîçâ'ÿçàòè âàæêî. Òîìó

ìè îáìåæèìîñÿ ðîçãëÿäîì ëèøå äîñòàòíiõ
óìîâ, ùî çàáåçïå÷óþòü âèêîíàííÿ ñïiââiäíî-
øåíü R(F) = l∞(Z, E) i R(G) = l∞(Z, E) i â
äåÿêèõ îêðåìèõ âèïàäêàõ çáiãàþòüñÿ ç íåîá-
õiäíèìè óìîâàìè âèêîíàííÿ öèõ ñïiââiäíî-
øåíü.

Â îñíîâó äîñëiäæåíü îïåðàòîðiâ F i G â
öié ñòàòòi ïîêëàäåíî ìåòîä, ùî âèêîðèñòî-
âó¹ ëîêàëüíó ëiíiéíó àïðîêñèìàöiþ öèõ îïå-
ðàòîðiâ.

2. Ôîðìóëþâàííÿ îñíîâíèõ ðåçóëü-
òàòiâ.

Íåõàé σ(A) � ñïåêòð A ∈ L(E, E) i E1 �
ìíîæèíà åëåìåíòiâ A = ((An,1, . . . , An,p))n∈Z
ïðîñòîðó l∞(Z, Lp(E, E)) , äå

Lp(E, E) = L(E, E)× . . .× L(E, E)︸ ︷︷ ︸
p ðàçiâ

,

äëÿ êîæíîãî ç ÿêèõ îïåðàòîð LA , ùî äi¹ â
ïðîñòîði l∞(Z, E) i âèçíà÷à¹òüñÿ ôîðìóëîþ

(LAx)n = xn +

p∑

k=1

An,kxn−k, n ∈ Z, (4)

ìà¹ îáåðíåíèé íåïåðåðâíèé îïåðàòîð L−1
A .

Ïîçíà÷èìî ÷åðåç E2 ìíîæèíó òàêèõ åëåìåí-
òiâ B = (B1, . . . , Bp) ∈ Lp(E, E) , ùî

−1 6∈
{

σ

(
p∑

k=1

zkBk

)
: |z| = 1

}
.

Äëÿ êîæíîãî òàêîãî åëåìåíòà îïåðàòîð
LB : l∞(Z, E) → l∞(Z, E) , ùî âèçíà÷à¹òüñÿ
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ôîðìóëîþ

(LBx)n = xn +

p∑

k=1

Bkxn−k, n ∈ Z, (5)

ìà¹ îáåðíåíèé íåïåðåðâíèé îïåðàòîð L−1
B

[9].
Îñíîâíèìè â ñòàòòi ¹ íàñòóïíi äâà òâåðä-

æåííÿ.
Òåîðåìà 1. Íåõàé äëÿ êîæíîãî ÷èñëà

H > 0 iñíóþòü òàêi ÷èñëî r > 0 i åëåìåíò
A = ((An,1, . . . , An,p))n∈Z ∈ E1 , ùî

sup
n∈Z

‖x1‖E≤r

...
‖xp‖E≤r

∥∥∥∥∥fn(x1, . . . , xp)−
p∑

k=1

An,kxk

∥∥∥∥∥
E

≤

≤ r∥∥L−1
A

∥∥
L(l∞(Z,E),l∞(Z,E))

−H. (6)

Òîäi äëÿ êîæíîãî h ∈ l∞(Z, E) ðiâíÿííÿ

Fx = h (7)

ìà¹ õî÷à á îäèí ðîçâ'ÿçîê x ∈ l∞(Z, E) .
Îêðåìèì âèïàäêîì öi¹¨ òåîðåìè ¹
Òåîðåìà 2. Íåõàé äëÿ êîæíîãî ÷èñëà

H > 0 iñíóþòü òàêi ÷èñëî r > 0 i åëåìåíò
B = (B1, . . . , Bp) ∈ E2 , ùî

max
‖x1‖E≤r

...
‖xp‖E≤r

∥∥∥∥∥g(x1, . . . , xp)−
p∑

k=1

Bkxk

∥∥∥∥∥
E

≤

≤ r∥∥L−1
B

∥∥
L(l∞(Z,E),l∞(Z,E))

−H. (8)

Òîäi äëÿ êîæíîãî h ∈ l∞(Z, E) ðiâíÿííÿ

Gx = h (9)

ìà¹ õî÷à á îäèí ðîçâ'ÿçîê x ∈ l∞(Z, E) .
Öi òåîðåìè ïîêëàäåíî â îñíîâó ìåòîäó,

çà äîïîìîãîþ ÿêîãî ç'ÿñîâóþòüñÿ óìîâè iñ-
íóâàííÿ îáìåæåíèõ ðîçâ'ÿçêiâ íåëiíiéíèõ
ðiçíèöåâèõ ðiâíÿíü. Ìè äîâåäåìî öi òâåðä-
æåííÿ, âèêîðèñòàâøè ðÿä äîïîìiæíèõ ðå-
çóëüòàòiâ.

Çàçíà÷èìî, ùî ïðè âèêîðèñòàííi íà ïðàê-
òèöi òåîðåì 1 i 2 ïîòðiáíî çíàòè íîðìè îïå-
ðàòîðiâ L−1

A i L−1
B . Òîìó íàâåäåìî äåÿêó ií-

ôîðìàöiþ ïðî öi îïåðàòîðè. Íàãàäà¹ìî, ùî
îïåðàòîð L−1

A , ÿêèé ðîçãëÿäà¹òüñÿ â òåîðåìi
1, ìîæíà ïîäàòè ðiâíiñòþ

(L−1
A h

)
n

=
∑

m∈Z
Gn,mhm,

â ÿêié äëÿ Gn,m ∈ L(E, E) , n,m ∈ Z , âèêî-
íó¹òüñÿ ñïiââiäíîøåííÿ

sup
n∈Z

∑

m∈Z
‖Gn,m‖L(E,E) < +∞

(äèâ., íàïðèêëàä, [10,11]). Îòæå, äëÿ íîðìè
îïåðàòîðà L−1

A ñïðàâäæó¹òüñÿ îöiíêà
∥∥L−1

A

∥∥
L(l∞(Z,E),l∞(Z,E))

≤ sup
n∈Z

∑

m∈Z
‖Gn,m‖L(E,E),

ÿêó ìîæíà âèêîðèñòàòè â (6). Îïåðàòîð
L−1

B , ùî ðîçãëÿäà¹òüñÿ â òåîðåìi 2, òàêîæ
ïîäà¹òüñÿ çà äîïîìîãîþ àíàëîãi÷íî¨ ðiâíîñ-
òi (L−1

B h
)

n
=

∑

m∈Z
Gn−mhm,

â ÿêié äëÿ Gm ∈ L(E, E) , m ∈ Z , âèêîíó-
¹òüñÿ ñïiââiäíîøåííÿ

∑

m∈Z
‖Gm‖L(E,E) < +∞ [9].

3. Äîïîìiæíi òâåðäæåííÿ.
Íàâåäåìî ðÿä ðåçóëüòàòiâ ïðî c -íåïå-

ðåðâíi îïåðàòîðè, ïîòðiáíi äëÿ äîâåäåííÿ
òåîðåì 1 è 2.

Ïîçíà÷èìî ÷åðåç Pm , äå m ∈ Z , ëiíié-
íèé íåïåðåðâíèé îïåðàòîð, ùî äi¹ ó ïðîñòîði
l∞(Z, E) i âèçíà÷à¹òüñÿ ðiâíiñòü

(Pmx)(n) =

{
xn, ÿêùî |n| ≤ m,
0, ÿêùî |n| > m.

(10)

Ïîñëiäîâíiñòü (xk)k≥1 åëåìåíòiâ ïðîñòî-
ðó l∞(Z, E) íàçèâàòèìåìî ëîêàëüíî çáiæ-
íîþ äî x ∈ l∞(Z, E) ïðè k →∞ i ïîçíà÷à-
òèìåìî

xk
loc., l∞(Z,E)−−−−−−−→ x ïðè k →∞,
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ÿêùî
sup
k∈N

‖xk‖l∞(Z,E) < +∞
i

lim
k→∞

‖Pm(xk − x)‖l∞(Z,E) = 0

äëÿ êîæíîãî ÷èñëà m ∈ N .
Îïåðàòîð H : l∞(Z, E) −→ l∞(Z, E) íà-

çèâà¹òüñÿ c -íåïåðåðâíèì, ÿêùî äëÿ äîâiëü-
íèõ x ∈ l∞(Z, E) i xk ∈ l∞(Z, E) , k ∈ N ,
äëÿ ÿêèõ

xk
loc., l∞(Z,E)−−−−−−−→ x ïðè k →∞,

âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

Hxk
loc., l∞(Z,E)−−−−−−−→ Hx ïðè k →∞.

Ïîíÿòòÿ c -íåïåðåðâíîãî îïåðàòîðà (íà
ìîâi " ε, δ ") óâåäåíî â ðîçãëÿä Å. Ìóõà-
ìàäi¹âèì [12]. Âèâ÷åííÿ öèõ ïîíÿòü áóëî
ïðîäîâæåíî â [13]�[19] òà iíøèõ ðîáîòàõ.
Âèçíà÷åííÿ c -íåïåðåðâíîãî îïåðàòîðà, ùî
âèêîðèñòîâó¹ ëîêàëüíî çáiæíi ïîñëiäîâíîñ-
òi, çàïðîïîíîâàíî àâòîðîì (äèâ., íàïðèêëàä,
[20,21]).

Ïðèêëàäàìè c -íåïåðåðâíèõ îïåðàòîðiâ ¹
îïåðàòîðè F , G , LA , LB i Pm , ùî âèçíà-
÷àþòüñÿ âiäïîâiäíî ðiâíîñòÿìè (1), (2), (4),
(5) i (10).

Ëåãêî ïåðåâiðèòè, ùî ÿêùî A i B �
c -íåïåðåðâíi îïåðàòîðè, òî äëÿ äîâiëüíèõ
÷èñåë α, β ∈ R îïåðàòîðè αA + βB i
AB òàêîæ ¹ c -íåïåðåðâíèìè. Òàêîæ ëåãêî
ïåðåâiðèòè, ùî ÿêùî çáiæíà ïîñëiäîâíiñòü
(Ak)k≥1 c -íåïåðåðâíèõ åëåìåíòiâ ïðîñòîðó
L(l∞(Z, E), l∞(Z, E)) çáiãà¹òüñÿ äî îïåðàòî-
ðà A ∈ L(l∞(Z, E), l∞(Z, E)) , òîáòî

lim
k→∞

‖Ak −A‖L(l∞(Z,E),l∞(Z,E)) = 0,

òî îïåðàòîð A ¹ c -íåïåðåðâíèì. Îòæå, ìíî-
æèíà A âñiõ c -íåïåðåðâíèõ åëåìåíòiâ áàíà-
õîâî¨ àëãåáðè L(l∞(Z, E), l∞(Z, E)) ¹ áàíà-
õîâîþ ïiäàëãåáðîþ öi¹¨ àëãåáðè.

Âàæëèâèìè äëÿ ïîäàëüøîãî ¹ íàñòó-
ïíi äâà òâåðäæåííÿ ïðî c -íåïåðåðâíi îïå-
ðàòîðè.

Òåîðåìà 3 ([11,13]). Íåõàé ëiíiéíèé
íåïåðåðâíèé i c -íåïåðåðâíèé îïåðàòîð

A : l∞(Z, E) → l∞(Z, E) ìà¹ îáåðíåíèé
íåïåðåðâíèé îïåðàòîð A−1 . Òîäi îïåðàòîð
A−1 ¹ c -íåïåðåðâíèì.

Òåîðåìà 4 ([8]). Íåõàé B � çàìêíóòà
êóëÿ ç öåíòðîì ó òî÷öi 0 ó áàíàõîâîìó
ïðîñòîði l∞(Z, E) i îïåðàòîð C : B → B
¹ c -íåïåðåðâíèì. Òîäi C ìà¹ íåðóõîìó òî-
÷êó.

Çàóâàæèìî, ùî â ñèëó òåîðåìè 3 ïiä-
àëãåáðà A àëãåáðè L(l∞(Z, E), l∞(Z, E)) ¹
íàïîâíåíîþ [22].

Ïðè äîñëiäæåííi íåëiíiéíèõ îïåðàòîðiâ,
ùî äiþòü ó ïðîñòîði l∞(Z, E) , ïîòðiáíî ìà-
òè íà óâàçi, ùî íi c -íåïåðåðâíiñòü íå âèï-
ëèâà¹ ç íåïåðåðâíîñòi, íi íåïåðåðâíiñòü íå
âèïëèâà¹ iç c -íåïåðåðâíîñòi (äèâ. [6]).

4. Äîâåäåííÿ òåîðåì 1 i 2.
Ðîçãëÿíåìî â ïðîñòîði l∞(Z, E) çàìê-

íåíó êóëþ BR = {x : ‖x‖l∞(Z,E) ≤ R} ðà-
äióñà R ç öåíòðîì ó òî÷öi 0 .

Äîâåäåìî òâåðäæåííÿ, ç ÿêîãî âèïëèâà-
òèìå òåîðåìà 1.

Ëåìà 1. Íåõàé äëÿ äåÿêèõ ÷èñåë H > 0 ,
r > 0 i åëåìåíòà A ∈ E1 ñïðàâäæó¹òüñÿ
íåðiâíiñòü (6) i h ∈ BH .

Òîäi ðiâíÿííÿ (7) ìà¹ õî÷à á îäèí ðîçâ'ÿ-
çîê x ∈ l∞(Z, E) ∩ Br .

Äîâåäåííÿ. Ïîäàìî ðiâíÿííÿ (7) ó âèã-
ëÿäi

xn +

p∑

k=1

An−kxn−k =

=

p∑

k=1

An−kxn−k − fn(xn−1, . . . , xn−p)+ (11)

+hn, n ∈ Z,

i ðîçãëÿíåìî c -íåïåðåðâíèé îïåðàòîð W ,
ùî äi¹ ó ïðîñòîði l∞(Z, E) i âèçíà÷à¹òüñÿ
ôîðìóëîþ

(Wx)n =

=

p∑

k=1

An−kxn−k − fn(xn−1, . . . , xn−p)+

+hn, n ∈ Z.
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Îñêiëüêè îïåðàòîð LA , ùî âèçíà÷à¹òüñÿ
ðiâíiñòþ (4), ìà¹ íåïåðåðâíèé îáåðíåíèé
L−1

A , òî ðiâíÿííÿ (11) ìîæíà ïîäàòè ó âèã-
ëÿäi

xn =
(L−1

A Wx
)

n
, n ∈ Z. (12)

Îïåðàòîð L−1
A : l∞(Z, E) → l∞(Z, E) íà

ïiäñòàâi òåîðåìè 3 ¹ c -íåïåðåðâíèì. Òîìó
çàâäÿêè c -íåïåðåðâíîñòi îïåðàòîðà W îïå-
ðàòîð L−1

A W òàêîæ áóäå c -íåïåðåðâíèì.
Òàêîæ âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

L−1
A W Br ⊂ Br.

Ñïðàâäi, ïîçíà÷èìî

a =
∥∥L−1

A

∥∥
L(l∞(Z,E),l∞(Z,E))

i

b = sup
n∈Z

‖x1‖E≤r

...
‖xp‖E≤r

∥∥∥∥∥fn(x1, . . . , xp)−
p∑

k=1

An,kxk

∥∥∥∥∥
E

.

Òîäi, ÿêùî

‖y‖l∞(Z,E) ≤ r i ‖h‖l∞(Z,E) ≤ H,

òî çãiäíî ç íåðiâíiñòþ (6)
∥∥L−1

A Wy
∥∥

l∞(Z,E)
≤

≤
∥∥L−1

A

∥∥
L(l∞(Z,E),l∞(Z,E))

‖Wy‖l∞(Z,E) ≤
≤ a(b + ‖h‖l∞(Z,E)) ≤

≤ a
(r

a
−H + ‖h‖l∞(Z,E)

)
≤ r.

Òîìó çàâäÿêè òåîðåìi 4 ðiâíÿííÿ (12) ìà¹
õî÷à á îäèí ðîçâ'ÿçîê x∗ = (x∗n)n∈Z ∈ Br . Íà
ïiäñòàâi ðiâíîñèëüíîñòi ðiâíÿíü (12) i (11)

x∗n + fn(x∗n−1, . . . , x
∗
n−p) ≡ hn.

Îòæå, ðiâíÿííÿ (7) ìà¹ ðîçâ'ÿçîê x∗ ∈
Br .

Ëåìó 1 äîâåäåíî.
Àíàëîãi÷íèì ÷èíîì äîâîäèòüñÿ
Ëåìà 2. Íåõàé äëÿ äåÿêèõ ÷èñåë H > 0 ,

r > 0 i åëåìåíòà B ∈ E2 ñïðàâäæó¹òüñÿ
íåðiâíiñòü (8) i h ∈ BH .

Òîäi ðiâíÿííÿ (9) ìà¹ õî÷à á îäèí ðîçâ'ÿ-
çîê x ∈ Br .

Î÷åâèäíî, ùî òâåðäæåííÿ òåîðåì 1 i 2 ¹
íàñëiäêàìè ëåì 1 i 2.

Çàóâàæèìî, ùî âèêîíàííÿ óìîâ òåîðåì 1
i 2 íåäîñòàòíüî äëÿ ¹äèíîñòi ðîçâ'ÿçêiâ ðiâ-
íÿíü (7) i (9).

5. Çàñòîñóâàííÿ îñíîâíèõ òåîðåì.
Íàâåäåìî çàñòîñóâàííÿ òåîðåì 1 i 2 äî äî-

ñëiäæåííÿ ëiíiéíèõ i íåëiíiéíèõ ðiçíèöåâèõ
ðiâíÿíü.

5.1. Âèïàäîê ëiíiéíèõ ðiçíèöåâèõ
ðiâíÿíü. Çàôiêñó¹ìî äîâiëüíèé åëåìåíò
Q = ((Qn,1, . . . , (Qn,p))n∈Z ∈ l∞(Z, Lp(E, E)) .
Ðîçãëÿíåìî ëiíiéíå ðiçíèöåâå ðiâíÿííÿ

xn +

p∑

k=1

Qn,kxn−k = hn,

äå h ∈ l∞(Z, E) , òà âiäïîâiäíèé ðiçíèöåâèé
îïåðàòîð LQ : l∞(Z, E) → l∞(Z, E) , ùî âè-
çíà÷à¹òüñÿ ðiâíiñòþ

(LQx)n = xn +

p∑

k=1

Qn,kxn−k.

Cïðàâäæó¹òüñÿ íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 5. Äëÿ êîæíîãî ÷èñëà H > 0

iñíóþòü òàêi ÷èñëî r > 0 i ïîñëiäîâíiñòü
A = ((An,1, . . . , An,p))n∈Z ∈ E1 , ùî

sup
n∈Z

‖x1‖E≤r

...
‖xp‖E≤r

∥∥∥∥∥
p∑

k=1

(Qn,k − An,k)xk

∥∥∥∥∥
E

≤

≤ r∥∥L−1
A

∥∥
L(l∞(Z,E),l∞(Z,E))

−H, (13)

òîäi i òiëüêè òîäi, êîëè ðiçíèöåâèé îïåðà-
òîð LQ ìà¹ îáåðíåíèé íåïåðåðâíèé îïåðà-
òîð.

Î÷åâèäíî, ùî íåðiâíiñòü (13) ðiâíîñèëüíà
íåðiâíîñòi

sup
n∈Z

‖x1‖E≤1

...
‖xp‖E≤1

∥∥∥∥∥
p∑

k=1

(Qn,k − An,k)xk

∥∥∥∥∥
E

≤
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≤ 1∥∥L−1
A

∥∥
L(l∞(Z,E),l∞(Z,E))

− H

r
. (14)

Òóò i â òåîðåìi 5 LA � îïåðàòîð, ùî âèçíà-
÷à¹òñÿ ðiâíiñòþ (4).

Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé äëÿ
êîæíîãî ÷èñëà H > 0 iñíóþòü òàêi ÷èñëî
r > 0 i åëåìåíò A ∈ E1 , ùî âèêîíó¹òüñÿ
íåðiâíiñòü (13). Òîäi â ñèëó òåîðåìè 1 äëÿ
îïåðàòîðà LQ âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

R(LQ) = l∞(Z, E). (15)

Ïîêàæåìî, ùî

ker LQ = {0}, (16)

òîáòî ùî ðiçíèöåâå ðiâíÿííÿ

xn +

p∑

k=1

Qn,kxn−k = 0 (17)

ìà¹ òiëüêè íóëüîâèé îáìåæåíèé ðîçâ'ÿçîê.
Ïîäàìî öå ðiâíÿííÿ ó âèãëÿäi

xn +

p∑

k=1

An,kxn−k =

p∑

k=1

(An,k −Qn,k)xn−k.

Îñêiëüêè îïåðàòîð LA ìà¹ íåïåðåðâíèé
îáåðíåíèé, òî â ïðîñòîði l∞(Z, E) ðiâíÿííÿ
(17) ðiâíîñèëüíå ðiâíÿííþ

xn =
(L−1

A z
)

n
, (18)

äå
z = (zn)n∈Z

i
zn =

p∑

k=1

(An,k −Qn,k)xn−k.

Íåõàé x∗ = (x∗n)n∈Z � îáìåæåíèé ðîçâ'ÿçîê
ðiâíÿííÿ (18), òîáòî

x∗n ≡
(L−1

A z∗
)

n
, (19)

äå
z∗ = (z∗n)n∈Z

i
z∗n =

p∑

k=1

(An,k −Qn,k)x
∗
n−k. (20)

Îñêiëüêè íà ïiäñòàâi (14) i (20)

‖z∗‖l∞(Z,E) =

= sup
n∈Z

∥∥∥∥∥
p∑

k=1

(An,k −Qn,k)x
∗
n−k

∥∥∥∥∥
E

≤

≤ sup
n∈Z

‖x1‖E≤1

...
‖xp‖E≤1

∥∥∥∥∥
p∑

k=1

(An,k −Qn,k)xk

∥∥∥∥∥
E

‖x∗‖l∞(Z,E) ≤

≤
(

1∥∥L−1
A

∥∥
L(l∞(Z,E),l∞(Z,E))

− H

r

)
‖x∗‖l∞(Z,E),

òî çàâäÿêè (19)

‖x∗‖l∞(Z,E) =
∥∥L−1

A z∗
∥∥

l∞(Z,E)
≤

≤
∥∥L−1

A

∥∥
L(l∞(Z,E),l∞(Z,E))

‖z∗‖l∞(Z,E) ≤

≤
(

1− H

r

∥∥L−1
A

∥∥
L(l∞(Z,E),l∞(Z,E))

)
‖x∗‖l∞(Z,E).

Çâiäñè òà ç òîãî, ùî

0 ≤ 1− H

r

∥∥L−1
A

∥∥
L(l∞(Z,E),l∞(Z,E))

< 1,

âèïëèâà¹ ðiâíiñòü

‖x∗‖l∞(Z,E) = 0,

òîáòî ñïiââiäíîøåííÿ (16) âèêîíó¹òüñÿ. Îò-
æå, ç ðiâíîñòi (15) i òåîðåìè Áàíàõà ïðî
îáåðíåíèé îïåðàòîð [23] âèïëèâà¹, ùî îïå-
ðàòîð LQ ìà¹ íåïåðåðâíèé îáåðíåíèé.

Äîñòàòíiñòü. Íåõàé îïåðàòîð LQ ìà¹
íåïåðåðâíèé îáåðíåíèé. Òîäi Q ¹ åëåìåí-
òîì ìíîæèíè E1 . Çàôiêñó¹ìî äîâiëüíå ÷è-
ñëî H > 0 i âèáåðåìî òàêå ÷èñëî r > 0 ,
ùîá

r∥∥L−1
Q

∥∥
L(l∞(Z,E),l∞(Z,E))

−H > 0.

Ïîêëàâøè A = Q , îòðèìà¹ìî íåðiâíiñòü
(13).

Òåîðåìó 5 äîâåäåíî.
Íàñëiäîê 1. Ðiçíèöåâèé îïåðàòîð LQ

ìà¹ îáåðíåíèé íåïåðåðâíèé îïåðàòîð L−1
Q
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òîäi i òiëüêè òîäi, êîëè iñíó¹ åëåìåíò
A = ((An,1, . . . , (An,p))n∈Z ∈ E1 , äëÿ ÿêîãî

sup
n∈Z

‖x1‖E≤1

...
‖xp‖E≤1

∥∥∥∥∥
p∑

k=1

(Qn,k − An,k)xk

∥∥∥∥∥
E

<

<
1∥∥L−1

A

∥∥
L(l∞(Z,E),l∞(Z,E))

. (21)

Äîâåäåííÿ. Íåõàé äëÿ äåÿêîãî åëåìåí-
òà A = ((An,1, . . . , An,p))n∈Z ∈ E1 âèêîíó-
¹òüñÿ íåðiâíiñòü (21). Çàôiêñó¹ìî äîâiëüíå
÷èñëî H > 0 . Âèáåðåìî òàêå ÷èñëî r > 0 ,
ùîá

1∥∥L−1
A

∥∥
L(l∞(Z,E),l∞(Z,E))

−

− sup
n∈Z

‖x1‖E≤1

...
‖xp‖E≤1

∥∥∥∥∥
p∑

k=1

(Qn,k − An,k)xk

∥∥∥∥∥
E

>
H

r
.

Òîäi ñïðàâäæóâàòèìåòüñÿ íåðiâíiñòü (14) i,
îòæå, íåðiâíiñòü (13). Òîìó çà òåîðåìîþ 5
îïåðàòîð LQ ìà¹ îáåðíåíèé íåïåðåðâíèé
îïåðàòîð.

Íàâïàêè, ÿêùî îïåðàòîð LQ ìà¹ îáåðíå-
íèé íåïåðåðâíèé îïåðàòîð, òî íà ïiäñòàâi òå-
îðåìè 5 äëÿ êîæíîãî H > 0 iñíóþòü r > 0 i
A = ((An,1, . . . , An,p))n∈Z ∈ E1 , äëÿ ÿêèõ âè-
êîíóâàòèìåòüñÿ íåðiâíiñòü (13) i, îòæå, íå-
ðiâíiñòü (14). Iç (14) âèïëèâà¹ (21).

Íàñëiäîê 1 äîâåäåíî.
Íàñëiäîê 2. Ðiçíèöåâèé îïåðàòîð LA ,

ùî âèçíà÷à¹òüñÿ ðiâíiñòþ

(LAx)n = xn + Axn−1,

äå A ∈ L(E,E) , ìà¹ îáåðíåíèé íåïåðåðâíèé
îïåðàòîð òîäi i òiëüêè òîäi, êîëè iñíó¹ åëå-
ìåíò B ∈ E2 , äëÿ ÿêîãî

‖A−B‖L(E,E) <
1∥∥L−1

B

∥∥
L(l∞(Z,E),l∞(Z,E))

.

Ó öüîìó òâåðäæåííi L−1
B � îïåðàòîð, ùî

âèçíà÷à¹òüñÿ ðiâíiñòþ (5), â ÿêié p = 1 i
B1 = B .

Çàçíà÷èìî, ùî íàâåäåíi óìîâè îáîðîòíîñ-
òi ðiçíèöåâèõ îïåðàòîðiâ ¹ íîâèìè.

5.2. Ìàëi íà íåñêií÷åííîñòi çáóðå-
ííÿ ëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü.

Íàâåäåìî ùå îäíå òâåðäæåííÿ, ÿêå ìîæ-
íà îòðèìàòè çà äîïîìîãîþ òåîðåìè 1.

Ðîçãëÿíåìî ðiçíèöåâå ðiâíÿííÿ

xn +

p∑

k=1

An,kxn−k+

+fn(xn−1, . . . , xn−p) = hn, (22)
äå ((An,1, . . . , An,p))n∈Z ∈ l∞(Z, Lp(E, E)) ,
fn : Ep → E , n ∈ Z , � íåïåðåðâíi âiäîáðà-
æåííÿ, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ
(3), i (hn)n∈Z ∈ l∞(Z, E) .

Âèêîðèñòà¹ìî ëiíiéíèé îïåðàòîð LA , ùî
âèçíà÷à¹òüñÿ ôîðìóëîþ (4).

Îêðåìèì âèïàäêîì òåîðåìè 1 ¹ íàñòóïíå
òâåðäæåííÿ.

Òåîðåìà 6. Íåõàé îïåðàòîð LA ìà¹ íå-
ïåðåðâíèé îáåðíåíèé (LA)−1 i

lim
r→+∞

sup
n∈Z, ‖xi‖E≤r, i=1,p

‖fn(x1, . . . , xp)‖E

r
<

<
1∥∥L−1

A

∥∥
L(l∞(Z,E),l∞(Z,E))

. (23)

Òîäi ðiâíÿííÿ (22) äëÿ êîæíî¨ ïîñëiäîâ-
íîñòi h = (hn)n∈Z ∈ l∞(Z, E) ìà¹ õî÷à á
îäèí ðîçâ'ÿçîê x = (xn)n∈Z ∈ l∞(Z, E) .

Ñïðàâäi, çàâäÿêè óìîâàì òåîðåìè äëÿ
êîæíîãî ÷èñëà H > 0 iñíó¹ òàêå ÷èñëî
r > 0 , ùî âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

sup
n∈Z, ‖xi‖E≤r, i=1,p

‖fn(x1, . . . , xp)‖E ≤

≤ r∥∥L−1
A

∥∥
L(l∞(Z,E),l∞(Z,E))

−H,

àíàëîãi÷íå íåðiâíîñòi (6). Òîìó íà ïiäñòàâi
òåîðåìè 1 ñïðàâäæó¹òüñÿ òâåðäæåííÿ òåî-
ðåìè 6.
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Íàñëiäîê 3. Íåõàé îïåðàòîð LA ìà¹
íåïåðåðâíèé îáåðíåíèé îïåðàòîð (LA)−1 i
fn : Ep → E , n ∈ Z , � íåïåðåðâíi âiäîáðà-
æåííÿ, äëÿ ÿêèõ

sup
n∈Z, (x1,...,xp)∈Ep

‖fn(x1, . . . , xp)‖E < +∞.

Òîäi ðiçíèöåâå ðiâíÿííÿ (22) äëÿ êîæíî¨
ïîñëiäîâíîñòi (hn)n∈Z ∈ l∞(Z, E) ìà¹ õî÷à
á îäèí ðîçâ'ÿçîê x = (xn)n∈Z ∈ l∞(Z, E) .

Çàóâàæèìî, ùî â òåîðåìi 6 íåðiâíiñòü (23)
íå ìîæíà ïîêðàùèòè íàâiòü ó âèïàäêó ëi-
íiéíîãî ðiçíèöåâîãî ðiâíÿííÿ (22). Òàêîæ
ó öüîìó ðiâíÿííi íåïåðåðâíi âiäîáðàæåííÿ
fn : Ep → E , n ∈ Z , ìîæóòü áóòè òàêèìè,
ùî c -íåïåðåðâíèé îïåðàòîð

(Fx)n = fn(xn−1, . . . , xn−p), n ∈ Z,

¹ ðîçðèâíèì ó êîæíié òî÷öi ïðîñòîðó
l∞(Z, E) .
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