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Äîñëiäæåíî óìîâè iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i äëÿ ëiíiéíèõ iíòåãðî-

äèôåðåíöiàëüíèõ ðiâíÿíü, íàâåäåíî îá÷èñëþâàëüíó ñõåìó çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿç-
êó êðàéîâî¨ çàäà÷i çà äîïîìîãîþ B -ñïëàéíiâ òà äîñëiäæåíî óìîâè ¨¨ çáiæíîñòi.

We investigate the existence of a solution of a boundary problem for linear integro-di�erential
equations, give a calculus scheme for an approximate solution of the boundary problem by means
of B -splines and study its convergence conditions.

Âñòóï. Ó äàíié ðîáîòi äîñëiäæó¹òüñÿ íà-
áëèæåíèé ìåòîä ðîçâ'ÿçàííÿ êðàéîâî¨ çà-
äà÷i äëÿ iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü,
ùî áàçó¹òüñÿ íà çàñòîñóâàííi êóái÷íèõ B -
ñïëàéíiâ. Äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü ìåòîä ñïëàéí-êîëîêàöié ðîçãëÿäàâ-
ñÿ â [1 � 3] òà iíøèõ. Çàñòîñóâàííÿ B -
ñïëàéíiâ äîçâîëÿ¹ ïîáóäóâàòè àëãîðèòìè,
ÿêi ïðîñòi â ðåàëiçàöi¨ i â òîé æå ÷àñ çàñòî-
ñîâíi äî øèðîêîãî êëàñó çàäà÷. Äîñëiäæå-
ííÿ êðàéîâèõ çàäà÷ ÷èñåëüíî-àíàëiòè÷íèìè
ìåòîäàìè âèâ÷àþòüñÿ â ðîáîòàõ [4,5].

1. Ïîñòàíîâêà çàäà÷i. Iñíóâàííÿ
ðîçâ'ÿçêó. Ðîçãëÿíåìî êðàéîâó çàäà÷ó

L[y] ≡ y′′(x) + p(x)y′(x) + q(x)y(x)+

+

b∫

a

K(x, t)y(t)dt = r(x), x ∈ [a, b], (1)

y(a) = γ1, y(b) = γ2, (2)

äå p, q, r ∈ C ([a, b]) , K ∈ C ([a, b]× [a, b]) .
Äëÿ ðiâíÿííÿ (1) êðàéîâi óìîâè (2) ìîæ-

íà çàìiíèòè íà íóëüîâi óìîâè

y(a) = 0, y(b) = 0, (3)

îñêiëüêè çàìiíà z(x) = y(x) −(
γ2−γ1

b−a
(x− a) + γ1

)
ïðèâîäèòü ðiâíÿííÿ

(1) äî ðiâíÿííÿ òàêîãî æ âèäó iç çàìiíîþ
r(x) íà ôóíêöiþ

r(x)+p(x)·γ2 − γ1

b− a
+q(x)

[
γ2 − γ1

b− a
(x− a) + γ1

]
+

+

b∫

a

K(x, t)

[
γ2 − γ1

b− a
(t− a) + γ1

]
dt.

Ïîçíà÷èìî max
x∈[a,b]

|q(x)| = mq,

max
x∈[a,b]

|p(x)| = mp, max
x∈[a,b]×[a,b]

|K(x, t)| = mK .

Òåîðåìà 1. Íåõàé ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü

(mq + mK)
(b− a)2

8
+ mp

b− a

2
< 1. (4)

Òîäi êðàéîâà çàäà÷à (1), (3) ìà¹ ¹äèíèé
ðîçâ'ÿçîê.

Äîâåäåííÿ. Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′(x) = r(x), (5)

y(a) = 0, y(b) = 0, (6)

¹äèíèé ðîçâ'ÿçîê ÿêî¨ ìîæíà ïîäàòè ó âèã-
ëÿäi [6]

y(x) = −
b∫

a

G(x, t)r(t)dt, (7)

äå G(x, t) =

{
1

b−a
t (b− a− x) , a ≤ t ≤ x ≤ b,

1
b−a

x (b− a− t) , a ≤ x ≤ t ≤ b.
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Ôóíêöiÿ G âîëîäi¹ âëàñòèâîñòÿìè:

a ≤ G(x, t) ≤ b− a

4
,

b∫

a

G(x, t)dt ≤ b− a

2
,

b∫

a

∣∣∣∣
∂G(x, t)

∂t

∣∣∣∣ dt ≤ b− a

2
.

Iç öèõ âëàñòèâîñòåé òà (7) ìà¹ìî:

‖y(x)‖ ≤ (b− a)2

8
max
a≤t≤b

‖r(t)‖ ,

‖y′(x)‖ ≤ b− a

2
max
a≤t≤b

‖r(t)‖ . (8)

Íåõàé D � áàíàõiâ ïðîñòið íåïåðåðâíî-
äèôåðåíöiéîâíèõ ôóíêöié h(x) ç íîðìîþ

|h(x)| = (9)

= max

(
max
a≤x≤b

‖h(x)‖ ,
b− a

4
max
a≤x≤b

‖h′(x)‖
)

.

Ðîçãëÿíåìî â êóëi |h| ≤ ρ ç D äåÿêó ôóí-
êöiþ h(x). Íåõàé y(x) - ¹äèíèé ðîçâ'ÿçîê
êðàéîâî¨ çàäà÷i

y′′(x) = −p(x)h′(x)− q(x)h(x)−

−
b∫

a

K(x, t)h(t)dt + r(x), (10)

y(a) = 0, y(b) = 0. (11)

Â êóëi |h| ≤ ρ ç D âèçíà÷èìî îïåðàòîð
T0 , ÿêèé äi¹ çà ïðàâèëîì T0 [h(x)] = y(x).

ßêùî y0(x) = T0[0] i ‖r(x)‖ ≤ m, òî ç
(8) îäåðæèìî

‖y0(x)‖ ≤ m(b− a)2

8
,

b− a

4
‖y′(x)‖ ≤ m(b− a)2

8
.

Òàêèì ÷èíîì, íîðìà ôóíêöi¨ y0(x) =
T0 [0] ∈ D çàäîâîëüíÿ¹ íåðiâíiñòü

|T0 [0]| ≤ m(b− a)2

8
.

ßêùî ïîçíà÷èòè y1 = T0 [h1] , y2 = T0 [h2] ,
òî, çãiäíî ç (8), (10), ìà¹ìî

‖y1(x)− y2(x)‖ ≤ (b− a)2

8

(
(mq + mK)×

×max ‖h1 − h2‖+ mp max ‖h′1 − h′2‖
)

,

‖y′1(x)− y′2(x)‖ ≤ b− a

2

(
(mq + mK)×

×max ‖h1 − h2‖+ mp max ‖h′1 − h′2‖
)

.

Äîìíîæèâøè îñòàííþ íåðiâíiñòü íà (b−
a)/4, à âèðàç mp

(b−a)2

8
max ‖h′1 − h′2‖ ïîäàâ-

øè ó âèãëÿäi mp
b−a
2
·[ b−a

4
max ‖h′1 − h′2‖

]
, îò-

ðèìà¹ìî íåðiâíiñòü

|T0[h1]− T0[h2]| ≤
((mq + mK) (b− a) 2

8
+

+
mp(b− a)

2

)
· |h1 − h2|.

Âèáèðàþ÷è òåïåð ρ òàê, ùîá ñïðàâäæó-
âàëàñÿ íåðiâíiñòü

m(b− a)2

8
≤ ρ

(
1− (mq + mk)

(b− a)2

8
+

+mp
b− a

2

)
,

äiñòà¹ìî, ùî âiäîáðàæåííÿ T0 ìà¹ â êóëi
ðàäióñà ρ ¹äèíó íåðóõîìó òî÷êó [6], ÿêà ¹
ðîçâ'ÿçêîì çàäà÷i (1), (3).

Òåîðåìà 1 äîâåäåíà.
2. Ìåòîä ñïëàéí-êîëîêàöi¨. Ïðèïó-

ñêàòèìåìî íàäàëi, ùî iñíó¹ ¹äèíèé äâi÷i
íåïåðåðâíî-äèôåðåíöiéîâíèé ðîçâ'ÿçîê êðà-
éîâî¨ çàäà÷i (1), (2). Øóêàòèìåìî íàáëèæå-
íèé ðîçâ'ÿçîê çàäà÷i (1), (2) ó âèãëÿäi êóái-
÷íîãî ñïëàéíà S(x) [1, 2]

S(x) =
n+1∑
i=−1

biBi(x) (12)

íà ðiâíîìiðíié ñiòöi

∆ = x−1 < x0 < ... < xn < xn+1, xk = a + kh,
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k = −1, n + 1, h =
b− a

n
.

Ïiäñòàâëÿþ÷è S(x) ó ðiâíÿííÿ (1) i êðà-
éîâi óìîâè (2), ó âóçëàõ xk ∈ [a, b] ìà¹ìî

S ′′(xk) + p(xk)S
′(xk) + q(xk)S(xk)+

+

b∫

a

K(xk, t)S(t)dt = r(xk), k = 0, n, (13)

S(x0) = γ1, S(xn) = γ2. (14)

Çàìiíþþ÷è çíà÷åííÿ ñïëàéíà i éîãî ïîõi-
äíèõ ñïiââiäíîøåííÿìè

S(xk) =
bk−1 + 4bk + bk+1

6
,

S ′(xk) =
bk+1 − bk−1

2h
,

S ′′(xk) =
bk−1 − 2bk + bk+1

h2
, k = 0, n,

i ââiâøè ïîçíà÷åííÿ pk = p(xk), qk = q(xk),
rk = r(xk) , ïåðåïèøåìî (13), (14) ó âèãëÿäi

bk−1 − 2bk + bk+1

h2
+ pk

bk+1 − bk−1

2h
+

+qk
bk−1 + 4bk + bk+1

6
+

b∫

a

K(xk, t)×

×
n+1∑
i=−1

biB(ti)dt = rk, k = 0, n. (15)

b−1 + 4b0 + b1

6
= γ1,

bn−1 + 4bn + bn+1

6
= γ2.

(16)
Ñèñòåìà (15), (16) - öå ñèñòåìà n+3 ëiíié-

íèõ àëãåáðà¨÷íèõ ðiâíÿíü äëÿ çíàõîäæåííÿ
êîåôiöi¹íòiâ ñïëàéíà bk , k = −1, n + 1 . Ïî-
äàìî ¨¨ ó ìàòðè÷íîìó âèãëÿäi

Ab = r, (17)

äå b = (b−1, b0, ..., bn+1)
T ,

r = (6γ1, h2r0, ...,h2rn, 6γ2)
T , a−1,0 = 4 ,

a−1,−1 = a−1,1 = 1, a−1,j = 0, j = 2, n + 1,

an+1,j = 0, j = −1, n− 2

an+1,n−1 = an+1,n+1 = 1, an+1,n = 4,

ai,i−1 = 1− h

2
pi +

h2

6
qi +

h2

6

b∫

a

K(xi, t)dt,

aii = −2 +
2h2

3
qi +

2h2

3

b∫

a

K(xi, t)dt,

ai,i+1 = 1+
h

2
pi+

h2

6
qi+

h2

6

b∫

a

K(xi, t)dt, i = 0, n.

Îòæå, ïîáóäîâà íàáëèæåíîãî ðîçâ'ÿçêó
êðàéîâî¨ çàäà÷i çâîäèòüñÿ äî ðîçâ'ÿçóâàííÿ
ñèñòåìè âèäó (17).

3. Äîñòàòíi óìîâè çáiæíîñòi.
Òåîðåìà 2.Íåõàé iñíó¹ ¹äèíèé ðîçâ'ÿçîê

êðàéîâî¨ çàäà÷i (1), (2) i âèêîíó¹òüñÿ îäíà
ç óìîâ:

À) max

{
|q(x)|+

b∫
a

|K(x, t| dt

}
<

8
[

4
3
h2 + (b− a)2

]−1
;

Â) q(x) +
b∫

a

|K(x, t)| dt < −M < 0, äå M

� äîäàòíà êîíñòàíòà.
Òîäi iñíó¹ h0 > 0 òàêå, ùî ïðè 0 < h <

h0 ñèñòåìà (17) ìà¹ ¹äèíèé ðîçâ'ÿçîê i ïðà-
âèëüíîþ ¹ îöiíêà

‖S(x)− y(x)‖C([a,b]) ≤ α(h), (18)

äå α(h) → 0 ïðè h → 0 .
Äîâåäåííÿ. Íåõàé S(x, y) - êóái÷íèé

ñïëàéí, ÿêèé iíòåðïîëþ¹ íà ñiòöi Delta
ðîçâ'ÿçîê y(x) êðàéîâî¨ çàäà÷i (1), (2), à
S(x) � ñïëàéí, ùî âèçíà÷à¹òüñÿ çàïðîïîíî-
âàíîþ ñõåìîþ àïðîêñèìàöi¨. Òîäi ìà¹ìî

‖S(x)− y(x)‖ ≤ ‖S(x)− S(x, y)‖+

+ ‖S(x, y)− y(x)‖ . (19)

Äëÿ äðóãîãî äîäàíêó ó ïðàâié ÷àñòèíi
ôîðìóëè (19) ìà¹ ìiñöå îöiíêà [2]

‖S(x, y)− y(x)‖ ≤ K0h
2ω(y′′), (20)

äå ω(y′′(x)) = max
ξ,η∈[a,b]
|ξ−η|≤h

|y′′(ξ)− y′′(η)| ,

h ≤ b − a , � ìîäóëü íåïåðåðâíîñòi ôóíêöi¨
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y′′(x) . ßêùî y′′(x) � íåïåðåðâíà ôóíêöiÿ, òî
ω(y′′(x)) → 0, h → 0.

Òåïåð îöiíèìî ïåðøèé äîäàíîê ó ïðàâié
÷àñòèíi íåðiâíîñòi (19). Ïðåäñòàâèìî S(x, y)
÷åðåç B -ñïëàéíè ó âèãëÿäi

S(x, y) =
n+1∑

m=−1

dmBm(x).

Òîäi,

‖S(x)−S(x, y)‖ =

∥∥∥∥∥
n+1∑

m=−1

(bm − dm) Bm(x)

∥∥∥∥∥ ≤

≤ max
−1≤m≤n+1

|dm − bm| .
Ïiäñòàâèâøè S(x) − y(x) ó ðiâíÿííÿ (1)

äiñòàíåìî
|L [S(x, y)− y(x)]| = α(x, h) ≤ Kω(y′′(x)),

(21)
äå K ≡ max

x∈[a,b]
{K1 + K2h |p(x)|+ K0h

2 |q(x)|+

K0h
2

b∫
a

|K(x, t)| dt} .
Îñêiëüêè ω(y′′(x)) → 0 , ïðè h → 0 ,

òî α(x, h) → 0 , h → 0 , x ∈ [a, b], çîê-
ðåìà i äëÿ x = xk , k = 0, n. Òàêèì ÷è-
íîì, ç ôîðìóëè (21), âðàõóâàâøè ðiâíîñ-
òi L [y(xk)] = r(xk), k = 0, n , îòðèìà¹ìî,
ùî L [S(xk, y)] = rk + αk(h), k = 0, n , äå
αk(h) = α(xk, h) . Äëÿ çíàõîäæåííÿ êîåôiöi-
¹íòiâ dm , m = −1, n + 1 , îòðèìà¹ìî àíàëî-
ãi÷íó ñèñòåìi (17) ñèñòåìó ðiâíÿíü

Ad = r + ε, (22)
äå ε = (ε−1, ε0, ..., εn+1)

T , ε−1 = 0, εi =
h2αi(h), i = 0, n , εn+1 = 0 .

Âiäíÿâøè ðiâíiñòü (17) âiä ðiâíîñòi (22),
îòðèìà¹ìî ñèñòåìó

A (d− b) = ε. (23)

Äîâåäåìî òåîðåìó ïðè âèêîíàííi óìî-
âè À). Ïðîâåäåìî çàìiíó çìiííèõ y =

u exp

{
−1

2

x∫
0

p(t)dt

}
, ÿêà çâåäå ðiâíÿííÿ (1)

äî ðiâíÿííÿ, â ÿêîìó âiäñóòíié äîäàíîê ç ïî-
õiäíîþ íåâiäîìî¨ ôóíêöi¨. Òàêèì ÷èíîì, çà-
ìiñòü ðiâíÿííÿ (1) ðîçãëÿäàòèìåìî ðiâíÿííÿ

y′′(x) + q(x)y(x) +

b∫

a

K(x, t)y(t)dt = r(x).

Ïðè öüîìó çìiíÿòüñÿ åëåìåíòè ìàòðèöi À
ñèñòåìè (17). Âðàõîâóþ÷è ¨õ âèãëÿä, ìàòðè-
öþ À ìîæíà ïîäàòè ó âèãëÿäi A = D+h2C ,
äå åëåìåíòè ìàòðèöü D i Ñ âèçíà÷àþòüñÿ
ñïiââiäíîøåííÿìè

d−1,−1 = d−1,1 = 1, d−1,0 = 4, d−1,j = 0,

j = 2, n + 1, dn+1,j = 0, j = −1, n− 2,

dn+1,n−1 = dn+1,n+1 = 1, dn+1,n = 4,

di,i−1 = 1, dii = −2, di,i+1 = 1, dij = 0, i = 0, n,

j = −1, 0, ..., i− 2, i + 2, ..., n + 1,
h2cij = aij − dij, i, j = −1, n + 1.
Âðàõîâóþ÷è ñòðóêòóðó ìàòðèöi D , ìîæ-

íà îòðèìàòè íàñòóïíå òâåðäæåííÿ [7].
Ëåìà.Ìàòðèöÿ D íåâèðîäæåíà i ñïðà-

âåäëèâi ñïiââiäíîøåííÿ

det D = (−1)n+136n,

∥∥D−1
∥∥ ≤ 1

8h2

(
4

3
h2 + (b− a)2

)
.

Ïåðåêîíà¹ìîñü òåïåð, ùî ìàòðèöÿ À íå-
âèðîäæåíà i çíàéäåìî îöiíêó äëÿ ‖A−1‖ .
Ìà¹ìî A−1 = (E + h2D−1C)

−1
D−1, îòæå,∥∥A−1

∥∥ =
∥∥∥
(
E + h2D−1C

)−1
D−1

∥∥∥ ≤
∥∥∥
(
E + h2D−1C

)−1
∥∥∥ · 1

8h2

(
4

3
h2 + (b− a)2

)
.

ßêùî
∥∥h2D−1C

∥∥ = ν < 1, (24)

òî ìàòðèöÿ À íåâèðîäæåíà.
Ïðè öüîìó,
∥∥A−1

∥∥ ≤ 1

1− ν
· 1

8h2

(
4

3
h2 + (b− a)2

)
.

Iç ñïiââiäíîøåííÿ (23) ñëiäó¹, ùî

‖d− b‖ ≤
∥∥A−1

∥∥ · ‖ε‖ ≤

≤ 1

1− ν

(
4

3
h2 + (b− a)2

)
1

8
Kω(y′′(x)).

Îòæå, ‖d− b‖ → 0, h → 0 .
Çíàéäåìî ν áåçïîñåðåäíüî ÷åðåç êîåôiöi-

¹íòè ðiâíÿííÿ (1). Äëÿ öüîãî îöiíèìî ‖C‖ =
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max
−1≤k≤n+1

n+1∑
j=−1

|ckj| . Âðàõîâóþ÷è âèãëÿä åëå-
ìåíòiâ ìàòðèöi D i âëàñòèâîñòi B -ñïëàéíiâ,
îòðèìà¹ìî

‖C‖ ≤ max
x∈[a,b]



|q(x)|+

b∫

a

|K(x, t)| dt



 .

Î÷åâèäíî, ùî íåðiâíiñòü (24) ïðàâèëüíà
òîäi, êîëè âèêîíóâàòèìåòüñÿ óìîâà

∥∥h2D−1C
∥∥ ≤

≤ h2
∥∥D−1

∥∥ · ‖C‖ ≤
(

4

3
h2 + (b− a)2

)
×

×1

8
max
x∈[a,b]



|q(x)|+

b∫

a

|K(x, t)| dt



 < 1.

Ç îñòàííüî¨ íåðiâíîñòi îòðèìó¹ìî îáìå-
æåííÿ íà êîåôiöi¹íòè ðiâíÿííÿ (17), ÿêi
ñïiâïàäàþòü ç óìîâîþ À) òåîðåìè 2.

Äîâåäåìî òåïåð òåîðåìó 2 ïðè âèêîíàííi
óìîâè Â). Ïåðåòâîðèìî ñèñòåìó (17) äî ñèñ-
òåìè ç ìàòðèöåþ, ùî ìà¹ äiàãîíàëüíå ïåðå-
âàæàííÿ. Ó ñèñòåìi (23) ïîçíà÷èìî d−b = f
i âèêëþ÷èìî ç ñèñòåìè óñi íåâiäîìi f−1 òà
fn+1 . Âðàõóâàâøè (16), ìàòèìåìî

f−1 = −4f0 − f1, fn+1 = −4fn − fn−1. (25)

Ïiñëÿ âèêëþ÷åííÿ íåâiäîìèõ f−1 òà fn+1

iç ñèñòåìè (23) îòðèìà¹ìî ñèñòåìó
A

(
d− b

)
= ε , (26)

äëÿ ÿêî¨ êîæíà ç âåëè÷èí ηk = |akk|−
∑
k 6=j

|akj|
ïðè äîñèòü ìàëèõ h çàäîâîëüíÿ¹ íåðiâíiñòü

ηk ≥ −h2q(x)− h2

b∫

a

|K(x, t)| dt.

Ç îñòàííüî¨ íåðiâíîñòi ìà¹ìî, ùî ïðè âè-
êîíàííÿ óìîâè Â) òåîðåìè 2 âñi ηk > 0 , òîá-
òî ñèñòåìà (26) áóäå ìàòè ïåðåâàæàþ÷ó äià-
ãîíàëü. Çàñòîñóâàâøè òåîðåìó Ä.2 [1], îòðè-
ìà¹ìî

max
0≤k≤n

|fk| = max
0≤k≤n

|dk − bk| ≤ max
0≤k≤n

εk

ηk

≤

≤ K

M
ω(y′′) → 0, h → 0. (27)

Òàêèì ÷èíîì, ç íåðiâíîñòi (27) i ñïiââiä-
íîøåíü (25) âèïëèâà¹, ùî òåîðåìà ïðàâèëü-
íà ïðè âèêîíàííÿ óìîâè Â.

Òåîðåìà 2 äîâåäåíà.
4. Ïðèêëàä. Ïðîiëþñòðó¹ìî çàïðîïî-

íîâàíó îá÷èñëþâàëüíó ñõåìó íà òåñòîâîìó
ïðèêëàäi êðàéîâî¨ çàäà÷i

y′′ + xy′ − x2y + 1
10

1∫
0

ex+sy(s)ds =

= −x4 + x2 + 1
10

ex(2e− 3) + 2,
y(0) = 1 , y(1) = 2,

òî÷íèé ðîçâ'ÿçîê ÿêî¨ yT = 1 + x2.
Äëÿ öüîãî ïðèêëàäó ñïðàâäæó¹òüñÿ óìî-

âà À) òåîðåìè 2. Ó òàáëèöi 1 íàâåäåíi çíà-
÷åííÿ íàáëèæåíîãî ðîçâ'ÿçêó yH , òî÷íîãî
ðîçâ'ÿçêó yT òà ¨õ âiäõèëåííÿ ó âóçëàõ ñi-
òêè ç êðîêîì h = 0, 025.

Òàáë. 1
x 0,1 0,3 0,5 0,7 0,9
yT 1,0100 1,0900 1,2500 1,4900 1,8100
yH 1,0281 1,1388 1,3183 1,5609 1,8586
∆ 0,0181 0,0488 0,0683 0,0709 0,0486
Àáñîëþòíà ïîõèáêà íå ïåðåâèùó¹ 0,073, à

âiäíîñíà ïîõèáêà íå ïåðåâèùó¹ 5,1%.
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