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Îäåðæàíî íåîáõiäíi òà äîñòàòíi óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi â ñåðåäíüîìó êâàäðà-
òè÷íîìó ðîçâ'ÿçêó ñòîõàñòè÷íîãî äèôåðåíöiàëüíî-ðiçíèöåâîãî ðiâíÿííÿ íåéòðàëüíîãî òèïó ç
iíòåãðàëîì çà ïóàññîíîâîþ ìiðîþ.

We obtain necessary and su�cient conditions for the asymptotic stability in the mean square
of a solution of a neutral type stochastic di�erential-di�erence equation with integration relatively
to the Poisson measure.

Íåõàé íà iìîâiðíiñíîìó áàçèñi [5, 11]
(Ω, F, P,=) çàäàíî âèïàäêîâèé ïðîöåñ
x(t) ≡ x(t, ω) ∈ R1 , ÿê ñèëüíèé ðîçâ'ÿçîê
ëiíiéíîãî ñòîõàñòè÷íîãî äèôåðåíöiàëüíî-
ðiçíèöåâîãî ðiâíÿííÿ íåéòðàëüíîãî òèïó
(ÍÑÄÐÐ)

d {Dxt} = {Lxt} dt + {Gxt} dw(t)+

+

∫

Z

{U(z)xt} ṽ (dz, dt) (1)

çà ïî÷àòêîâîþ óìîâîþ

x(t) = ϕ(t),−h ≤ t ≤ 0. (2)
äå = ≡ {Ft, t ≥ 0} - ôiëüòðàöiÿ (ïîòiê σ
- àëãåáð); xt ≡ {x(t + s),−h ≤ s ≤ 0} ∈
C ([−h, 0]) ; ϕ ∈ S[−h,0] - íåïåðåðâíi ñïðà-
âà ôóíêöi¨, ùî ìà¹ ëiâîñòîðîííi ãðàíèöi ç
ïðîñòîðó Ñêîðîõîäà S[−h,0] ; w(t) = w(t, ω)
- îäíîâèìiðíèé âèïàäêîâèé Âiíåðiâ ïðîöåñ,
ùî óçãîäæåíèé ç ïîòîêîì σ - àëãåáð = ;
ṽ (z, t) - öåíòðîâàíà ïóàñîíîâà ìiðà, ùî
óçãîäæåíà ç = i íåçàëåæíà âiä w(t) ≡
w(t, ω) ; D, L,G , U(z) - ðiçíèöåâi îïåðàòî-
ðè, ùî çàäàíi íà ïðîñòîði ψ ∈ S[−h,0] ñïiâ-
âiäíîøåííÿìè

Dψ ≡ ψ(0) +
n∑

k=1

δkψ(−τk),

Lψ ≡ αψ(0) +
n∑

k=1

bkψ(−τk), (3)

Gψ ≡ fψ(0) +
n∑

k=1

gkψ(−τk),

U(z)ψ ≡ u0(z)ψ(0) +
n∑

k=1

uk(z)ψ(−τk),

0 < τ1 < ... < τn ≤ h.

Äëÿ ÍÑÄÐÐ (1), (2) ìà¹ ìiñöå òåîðåìà
iñíóâàííÿ òà ¹äèíîñòi [9] ç òî÷íiñòþ äî ñòî-
õàñòè÷íî¨ åêâiâàëåíòíîñòi ñèëüíîãî ðîçâ'ÿç-
êó x(t) ∈ R1 äëÿ ÿêîãî iñíó¹ Ex2(t) < ∞ .

Ïîðÿä ç ðiâíÿííÿì (1) ðîçãëÿíåìî äå-
òåðìiíîâàíå äèôåðåíöiàëüíî-ðiçíèöåâå ðiâ-
íÿííÿ íåéòðàëüíîãî òèïó(ÍÄÄÐÐ) [1], [10]

d {Dyt} = {Lyt} dt (4)
çà ïî÷àòêîâîþ óìîâîþ

y(t) = ϕ(t),−h ≤ t ≤ 0. (5)
Íàâåäåìî ñïî÷àòêó äåÿêi òâåðäæåííÿ, ÿêi

áóäóòü ïîòðiáíi äëÿ ïîäàëüøîãî àíàëiçó ïî-
âåäiíêó ðîçâ'ÿçêó çàäà÷i (1), (2).

Ëåìà 1. [10]. ßêùî
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n∑

k=1

|δk| < 1. (6)

òî ðîçâ'ÿçîê y(t) ≡ 0 ÍÄÄÐÐ (4), (5) ¹ åêñ-
ïîíåíöiàëüíî ñòiéêèì òîäi i òiëüêè òîäi, êî-
ëè âñi êîðåíi õàðàêòåðèñòè÷íîãî êâàçiïîëi-
íîìà

V (z) ≡ z

(
1 +

n∑

k=1

e−zτkδk

)
− a−

n∑

l=1

e−zτlbl

(7)
ëåæàòü â ëiâié ïiâïëîùèíi êîìïëåêñíî¨ ïëî-
ùèíè C , òîáòî

∃ρ > 0,∀z ∈ C : V (z) = 0 ⇒ Rez < −ρ. (8)

Ðîçãëÿíåìî ôóíêöiþ Êîøi äëÿ ðiâíÿííÿ
(4) X(t) ÿê ðîçâ'ÿçîê (4), ùî çàäîâîëüíÿ¹
ïî÷àòêîâó óìîâó

X(t) ≡ 1(t) =

{
0,−h ≤ t < 0,
1, t = 0.

(9)

Íàãàäà¹ìî, ùî âiðíå òâåðäæåííÿ [3, 10],
ùîäî çîáðàæåííÿ ôóíêöi¨ Êîøi X(t) çà äî-
ïîìîãîþ õàðàêòåðèñòè÷íîãî êâàçiïîëiíîìà:

Ëåìà 2. [10] Ôóíêöiÿ Êîøi X(t) îá÷èñ-
ëþ¹òüñÿ íàñòóïíèì ÷èíîì

X(t) =
1

2πi

∫

Rez=µ

eztV −1(z)dz , (10)

äå µ > −ρ .
Äëÿ çäiéñíåííÿ ïîäàëüøîãî äîñëiäæåííÿ

äîâåäåìî òâåðäæåííÿ, ÿêå ïîäà¹ ðîçâ'ÿçîê
çàäà÷i (1), (2) çà ðîçâ'ÿçêîì çàäà÷i (4), (5)
òà X(t) :

Òåîðåìà 1. Ðîçâ'ÿçîê ÍÑÄÐÐ (1), (2)
ìà¹ ñòîõàñòè÷íå iíòåãðàëüíå ïðåäñòàâëåííÿ

x(t) = y(t) +

t∫

0

X(t− s)Gxsdw(s)+

+

t∫

0

∫

Z

X(t− s)U(z)xsṽ(dz, ds). (11)

äå y(t) - ðîçâ'ÿçîê (4), (5), X(t) çàäà¹òüñÿ
ðiâíiñòþ (10).

Äîâåäåííÿ. Âðàõîâóþ÷è ëiíiéíiñòü
ôóíêöiîíàëó D , îòðèìà¹ìî

Dxt = Dyt +

t∫

0

DXt−sGxsdw(s)+

+

t∫

0

∫

Z

DXt−sU(z)xsdṽ(dz, ds),

Îá÷èñëèìî äèôåðåíöiàë âèïàäêîâîãî
ïðîöåñó Dxt [6-10]:

dDxt = dDyt + d

t∫

0

DXt−sGxsdw(s)+

+d

t∫

0

∫

Z

DXt−sU(z)xsdṽ(dz, ds) =

= Lytdt+DX0Gxtdw(t)+

t∫

0

dtDXt−sGxsdw(s)+

+

∫

Z

DX0U(z)xsdṽ(dz, dt)+

+

t∫

0

∫

Z

dtDXt−sU(z)xsdṽ(dz, ds) =

= Lytdt + Gxtdw(t) +

∫

Z

U(z)xsdṽ(dz, dt)+

+

t∫

0

(LXt−sdt) Gxsdw(s)+

+

t∫

0

∫

Z

(LXt−sdt) U(z)xsdṽ(dz, ds) =
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= L{yt +

t∫

0

X(t− s)Gxsdw(s)+

+

t∫

0

∫

Z

X(t−s)U(z)xsdṽ(dz, ds)}dt+Gxtdw(t)

+

∫

Z

U(z)xsdṽ(dz, dt) =

= Lxtdt + Gxtdw(t) +

∫

Z

U(z)xsdṽ(dz, dt).

(12)
Òóò âèêîðèñòàëè ôîðìóëó îá÷èñëåííÿ

äèôåðåíöiàëà âiä iíòåãðàëó Iòî òà iíòåãðà-
ëà çà ïóàññîíîâîþ ìiðîþ, ÿê ôóíêöi¨ âåðõ-
íüî¨ ìåæi, à òàêîæ ïåðåñòàíîâêó îïåðàòîðà
L ç îïåðàöi¹þ iíòåãðóâàííÿ, ùî îá ðóíòî-
âàíà ëiíiéíiñòþ îïåðàòîðà L [2]. Òàêèì ÷è-
íîì, âèïàäêîâèé ïðîöåñ, ÿêèé çàäàíî (11),
çàäîâîëüíÿ¹ ëiíiéíå ÍÑÄÐÐ (1). Òåîðåìà 1.
äîâåäåíà.

Îçíà÷åííÿ 1. Òðèâiàëüíèé ðîçâ'ÿçîê çà-
äà÷i (1), (2) íàçâåìî åêñïîíåíöiéíî ñòiéêèì,
ÿêùî iñíóþòü ñòàëi M > 0 i c > 0 , òàêi ùî
∀t ≥ 0 i ∀ϕ ∈ C([−h, 0])

Ex2(t) ≤ Me−ctE ‖ϕ‖2 , (13)
äå ‖ϕ‖ ≡ sup

−h≤t≤0
|ϕ(t)| .

Îá÷èñëèìî Ex2(t) :

Ex2(t) = E(y(t) +

t∫

0

X(t− s)Gxsdw(s)+

+

t∫

0

∫

Z

X(t− s)U(z)xsdṽ(dz, ds))2 =

= Ey2(t) +

t∫

0

X2(t− s)×

×E


(Gxs)

2 +

∫

Z

(U(z)xs)
2 Π(dz)


 ds.

Äàíå ðiâíÿííÿ íåçðó÷íå äëÿ äîñëiäæåí-
íÿ íà ñòiéêiñòü â ñåðåäíüîìó êâàäðàòè÷íî-
ìó ( l.i.m. ) x(t) , îñêiëüêè ïðàâà ñòîðîíà ðiâ-
íÿííÿ ìiñòèòü íå çíà÷åííÿ ñàìî¨ ôóíêöi¨, à
ôóíêöiîíàë âiä x . Çðîáèìî äåÿêi ïåðåòâî-
ðåííÿ, ùîá çíÿòè öþ "íåçðó÷íiñòü".

Ïðèïóñòèìî, ùî P - äåÿêèé ëiíiéíèé íå-
ïåðåðâíèé îïåðàòîð, ÿêèé çàñòîñó¹ìî äî ðiâ-
íÿííÿ (11):

Pxt = Pyt +

t∫

0

PXt−sGxsdw(s)+

+

t∫

0

∫

Z

PXt−sU(z)xsdṽ(dz, ds). (14)

Îá÷èñëèìî E (Pxt)
2 :

E (Pxt)
2 = E(Pyt +

t∫

0

PXt−sGxsdw(s)+

+

t∫

0

∫

Z

PXt−sU(z)xsdṽ(dz, ds))2 =

= E (Pyt)
2 +

+

t∫

0

(PXt−s)
2 E (Gxs)

2 +

+

t∫

0

(PXt−s)
2

∫

Z

E (U(z)xs)
2 Π(dz)ds. (15)

Íåõàé P = G , òîäi (15) ïåðåïèøåìî ó
âèãëÿäi

E (Gxt)
2 = E (Gyt)

2 +

t∫

0

(GXt−s)
2×

×

E (Gxs)

2 +

∫

Z

(U(z)xs)
2 Π(dz)


 ds. (16)

ßêùî P =
∫
Z

U(z)ṽ(dz, [0, t]) , òîäi àíàëî-
ãi÷íî îòðèìà¹ìî ñïiââiäíîøåííÿ
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E
( ∫

Z

(U(z)xs)
2 Π(dz)

)
= E

( ∫

Z

(U(z)ys)
2 Π(dz)

)
+

+

t∫

0




∫

Z

(U(z)Xs)
2Π(dz)


 ∗

∗

E (Gxs)

2 +

∫

Z

(U(z)xs)
2 Π(dz)


 ds. (17)

Äîäàìî ôóíêöiîíàëüíi ðiâíÿííÿ (16) òà
(17):

E (Gxt)
2 + E




∫

Z

(U(z)xs)
2 Π(dz)


 =

= E (Gyt)
2 + E




∫

Z

(U(z)yt)
2 Π(dz)


 +

+

t∫

0


(GXt−s)

2 +

∫

Z

(U(z)Xt−s)
2 Π(dz)


 ∗

∗

E (Gxs)

2 + E

∫

Z

(U(z)xs)
2 Π(dz)


 ds.

(18)
Ââåäåìî íàñòóïíå ïîçíà÷åííÿ

Rψt ≡ (Gψt)
2 +

∫

Z

(U(z)ψt)
2 Π(dz). (19)

Çàóâàæèìî, ùî ôóíêöiîíàë R íå ¹ ëiíié-
íèé. Ðiâíiñòü (18) ìîæíà ïåðåïèñàòè â íà-
ñòóïíîìó âèãëÿäi íà ðîçâ'ÿçêàõ ÍÑÄÐÐ

ERxt = Ryt +

t∫

0

RXt−sERxsds. (20)

Äàíå ðiâíÿííÿ, ÿê âiäîìî [9],¹ ðiâíÿííÿì
âiäíîâëåííÿ. Òîìó ìîæíà ñòâåðäæóâàòè, ùî

ERxt ïîâîäèòü ñåáå ÿê åêñïîíåíòà [9], à äëÿ
àñèìïòîòè÷íî¨ ñòiéêîñòi â l.i.m. ïîòðiáíî,
ùîá ðîçâ'ÿçîê ïîâîäèâ ñåáå, ÿê åêñïîíåíòà
ó âiä'¹ìíié ñòåïåíi.

Äëÿ ïîäàëüøîãî ðîçãëÿäó äîâåäåìî
ôàêò, ÿêèé ïîâ'ÿçó¹ ïîâåäiíêó ôóíêöiîíàëà
ERxt ç ïîâåäiíêîþ Ex2(t) .

Ëåìà 3. Ïðè R 6= 0 ìàþòü ìiñöå íàñòó-
ïíi ôàêòè:

1. lim
t→∞

ERxt = 0 ⇔ lim
t→∞

Ex2(t) = 0;

2. lim
t→∞

ERxt = ∞⇔ lim
t→∞

Ex2(t) = ∞.

Äîâåäåííÿ. 1. Ïðèïóñòèìî,
lim
t→∞

Ex2(t) = 0 .
Òîäi

lim
t→∞

E (Gxt)
2 = 0 i lim

t→0

∫
Z

(U(z)xt)
2 Π(dz) =

0 .
Òîáòî lim

t→∞
ERxt = 0 .

Äîâåäåìî îáåðíåíå òâåðäæåííÿ. Íå-
õàé lim

t→∞
ERxt = 0 . Ïðèïóñòèìî, ùî

lim
t→∞

Ex2(t) = c > 0 . Àëå ïðè öüîìó ïðè-
ïóùåííi îòðèìó¹ìî, ùî âèêîíó¹òüñÿ õî÷à
á îäíà ç íåðiâíîñòåé lim

t→∞
E (Gxt)

2 > 0

àáî lim
t→0

∫
Z

(U(z)xt)
2 Π(dz) > 0 . Òîáòî

lim
t→∞

ERxt > 0 . Ïðèéøëè äî ñóïåðå÷íî-
ñòi. Ïóíêò 1 äîâåäåíî.

Ïóíêò 2 äîâîäèòüñÿ ïî àíàëîãi¨.
Òåîðåìà 2. Íåõàé âèêîíó¹òüñÿ óìîâè (6)

i (8) äëÿ êîåôiöi¹íòiâ ëiíiéíîãî ÍÄÄÐÐ (4)
i êîðåíiâ éîãî õàðàêòåðèñòè÷íîãî êâàçiïî-
ëiíîìà (7). Òîäi íåîáõiäíîþ i äîñòàòíüîþ
óìîâîþ åêñïîíåíöiàëüíî¨ ñòiéêîñòi â l.i.m.
ðîçâ'ÿçêó (1), (2) ¹ âèêîíàííÿ iíòåãðàëüíî¨
íåðiâíîñòi

B ≡
∞∫

0

RXtdt < 1, (21)

Äîâåäåííÿ. Îñêiëüêè (20) ¹ ðiâíÿííÿ
âiäíîâëåííÿ [9], òî ñëiä âèêîðèñòàòè äëÿ
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íüîãî ïåðåòâîðåííÿ Ëàïëàñà [4]. Îòðèìà¹ìî
íàñòóïíå ñïiââiäíîøåííÿ

∞∫

0

e−ztERxtdt =

∞∫

0

e−ztERytdt+

+

∞∫

0

e−zt

t∫

0

RXt−sERxsdsdt =

∞∫

0

e−ztRytdt+

+

∞∫

0

e−ztRXtdt

∞∫

0

e−ztRxtdt. (22)

Ïåðåïèøåìî (22) ó íàñòóïíîìó âèãëÿäi

∞∫

0

e−ztERxtdt =

∞∫
0

e−ztERytdt

(
1−

∞∫
0

e−ztRXtdt

) . (23)

Íàãàäà¹ìî, ùî îðèãiíàë ïåðåòâîðåííÿ
Ëàïëàñà íà áåçìåæíîñòi ïîâîäèòü ñåáå ÿê
åêñïîíåíòà â ñòåïåíi λ0 , äå λ0 - ïîëþñ ç
íàéáiëüøîþ äiéñíîþ ÷àñòèíîþ ïåðåòâîðåí-
íÿ Ëàïëàñà. Òîáòî äëÿ âèçíà÷åííÿ ïîâåäií-
êè â l.i.m. ERxt ïîòðiáíî âèçíà÷èòè äiéñíó
÷àñòèíó λ0 . Íå âòðà÷àþ÷è çàãàëüíîñòi ïðè-
ïóñêà¹ìî, ùî â çàïèñi (22) ÷è (23) Imz = 0 ,
òîáòî z ∈ R1 .

Ïîøóê ïîëþñiâ ôóíêöi¨
∞∫
0

e−ztERxtdt

ðiâíîñèëüíèé ïîøóêó íóëiâ ôóíêöi¨ 1 −
∞∫
0

e−ztRXtdt . Òîáòî, ïîòðiáíî ðîçâ'ÿçàòè ðiâ-
íÿííÿ âiäíîñíî z

∞∫

0

e−ztRXtdt = 1. (24)

Ôóíêöiÿ
∞∫
0

e−ztERxtdt , ÿê ôóíêöiÿ äié-
ñíîãî àðãóìåíòó, ¹ ñïàäíîþ.

Äîñòàòíiñòü. Ïðèïóñòèìî, ùî âèêîíó-
¹òüñÿ (21), òîäi íà îñíîâi âèùåñêàçàíîãî:

∞∫

0

e−ztRXtdt < 1, ∀z ≥ 0.

Îòæå, ôóíêöiÿ 1−
∞∫
0

e−ztRXtdt íå ìà¹ íó-
ëiâ ïðè z ≥ 0 , ùî â ñâîþ ÷åðãó îçíà÷à¹, ùî
ôóíêöiÿ

∞∫
0

e−ztERxtdt íå ìà¹ ïîëþñiâ ïðè
íåâiä'¹ìíèõ çíà÷åííÿõ z . Òîäi âñi ïîëþñè

∞∫

0

e−ztERxtdt

çíàõîäÿòüñÿ â îáëàñòi z < 0 . Òîáòî ERxt ,
ÿê îðèãiíàë ïåðåòâîðåííÿ Ëàïëàñà, ïîâî-
äèòü ñåáå ÿê åêñïîíåíòà ó âiä'¹ìíié ñòåïåíi.
À çà ëåìîþ 3 ìàòèìåìî [4]

lim
t→∞

Ex2(t) = 0.

Íåîáõiäíiñòü. Ïðèïóñòèìî, ùî ðîçâ'ÿ-
çîê (1), (2) àñèìïòîòè÷íî ñòiéêèé â ñåðå-
äíüîìó êâàäðàòè÷íîìó. Òîäi çà ëåìîþ 3
lim
t→∞

ERxt = 0 . Ïðèïóñòèìî, ùî óìîâà (21)
íå âèêîíó¹òüñÿ, òîáòî

∞∫

0

RXtdt ≥ 1.

À öå íà îñíîâi ëåìè 3 òà ïîïåðåäíiõ ìið-
êóâàíü íåìîæëèâî. Ïðèéøëè äî ñóïåðå÷íî-
ñòi, òîáòî âèêîíó¹òüñÿ (21). Òåîðåìà 2. äîâå-
äåíà.

Òåîðåìà 3. Íåõàé âèêîíó¹òüñÿ óìîâè (6)
i (8) äëÿ êîåôiöi¹íòiâ ÍÄÄÐÐ (4) i êîðåíiâ
éîãî õàðàêòåðèñòè÷íîãî êâàçiïîëiíîìà (7).
Òîäi ïðè B > 1 áóäå ìàòè ìiñöå íàñòóïíèé
ôàêò: â áóäü - ÿêîìó îêîëi íóëÿ çíàéäåòüñÿ
ïî÷àòêîâà ôóíêöiÿ ϕ(t) ∈ C([−h, 0]) òàêà,
ùî

lim
t→∞

Ex2(t) = ∞. (25)

Äîâåäåííÿ. Ñïðàâäi, ïðèïóñòèìî, ùî
âèêîíó¹òüñÿ (25). Îñêiëüêè

∞∫
0

RXtdt > 1

i
∞∫
0

e−ztERXtdt , ÿê ôóíêöiÿ äiéñíîãî àðãó-
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ìåíòó, ¹ ñïàäíîþ ôóíêöi¹þ, ïðè÷îìó

lim
z→∞

∞∫

0

e−ztERXtdt = 0.

Òîìó iñíó¹ z0 > 0 òàêå, ùî
∞∫
0

e−z0tRXtdt = 1 . Öå æ â ñâîþ ÷åðãó

îçíà÷à¹ çãiäíî (23), ùî
∞∫
0

e−ztERxtdt ìà¹
ïîëþñè ïðè z > 0 [4]. À öå îçíà÷à¹, ùî
îðèãiíàë ERxt ïîâîäèòü ñåáå ÿê åêñïîíåíòà
â äîäàòíié ñòåïåíi. Íà îñíîâi ëåìè 3

lim
t→∞

Ex2(t) = ∞.

Òåîðåìà 3 äîâåäåíà.
Àâòîðè âîñëîâëþþòü âäÿ÷íiñòü çà êîðè-

ñíi ïîðàäè òà äîïîìîãó â ðîáîòi ïðîô. ßñèí-
ñüêîìó Â.Ê.
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