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IÌÏÓËÜÑÍÎÞ ÄI�Þ
Äîâåäåíî iñíóâàííÿ ðîçâ'ÿçêó áàãàòîòî÷êîâî¨ çàäà÷i äëÿ iìïóëüñíî¨ êîëèâíî¨ ñèñòåìè i

âñòàíîâëåíî îöiíêó íîðìè ðiçíèöi ðîçâ'ÿçêiâ âèõiäíî¨ òà óñåðåäíåíî¨ çàäà÷.

We prove the existence of the solution of a multi-point problem for an oscillating equation
system with impulses and obtain a norm estimate for the di�erence between solutions of the given
and the averaging problems.

Ìåòîä óñåðåäíåííÿ äiñòàâ øèðîêå çàñòî-
ñóâàííÿ ïðè ðîçâ'ÿçàííi áàãàòüîõ çàäà÷ íå-
ëiíiéíî¨ ìåõàíiêè, â òîìó ÷èñëi i äëÿ êðàéî-
âèõ çàäà÷ [1]. Ó âèïàäêó íåëiíiéíèõ êîëèâ-
íèõ ñèñòåì ç ïîâiëüíî-çìiííèìè ÷àñòîòàìè
òà iìïóëüñíîþ äi¹þ ó ôiêñîâàíi ìîìåíòè ÷à-
ñó äåÿêi êëàñè êðàéîâèõ çàäà÷ äîñëiäæóâà-
ëèñü â ðîáîòàõ [2-5].

Â äàíié ñòàòòi ïðè ñëàáøèõ ïðèïóùåí-
íÿõ íà ïðàâi ÷àñòèíè ðiâíÿíü i áiëüø çà-
ãàëüíèõ êðàéîâèõ óìîâàõ äîâåäåíî iñíóâà-
ííÿ ðîçâ'ÿçêó îäíî¨ êðàéîâî¨ çàäà÷i i âñòà-
íîâëåíî îöiíêó íîðìè ðiçíèöi ðîçâ'ÿçêiâ âè-
õiäíî¨ òà óñåðåäíåíî¨ çàäà÷.

Ðîçãëÿíåìî áàãàòî÷àñòîòíó ñèñòåìó n+m
äèôôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíîþ äi-
¹þ ó ôiêñîâàíi ìîìåíòè ÷àñó tj

dx

dτ
= a(x, ϕ, τ),

dϕ

dτ
=

ω(τ)

ε
+b(x, ϕ, τ), τ 6= τj,

∆x|τ=τj
= εp(x, ϕ, τj), ∆ϕ|τ=τj

= εq(x, ϕ, τj),
(1)

â ÿêié x = (x1, ..., xn) ∈ D , ϕ ∈ Rm , εtj =
τj, j ∈ N, τ ∈ I = [0, L] , (0, ε0] 3 ε � ìàëèé
ïàðàìåòð, D � îáìåæåíà âiäêðèòà îáëàñòü.

Ââàæàòèìåìî, ùî âåêòîð-ôóíêöi¨
c(x, ϕ, τ) = (a(x, ϕ, τ), b(x, ϕ, τ)) i
r(x, ϕ, τ) = (p(x, ϕ, τ), q(x, ϕ, τ)) ,
(x, ϕ, τ) ∈ G = D × Rm × I , íåïåðåðâ-
íi i ìàþòü íåïåðåðâíi i îáìåæåíi ñòàëîþ
C1 ÷àñòèííi ïîõiäíi ïåðøîãî ïîðÿäêó ïî
âñiõ àðãóìåíòàõ, 2π -ïåðiîäè÷íi ïî êîæíié

êîìïîíåíòi âåêòîðà ϕ , ðîçêëàäàþòüñÿ â
ðiâíîìiðíî ïî ϕ çáiæíi â G ðÿäè Ôóð'¹

∑

k

ck(x, τ) exp{i(k, ϕ)},

∑

k

rk(x, τ) exp{i(k, ϕ)},

ïðè÷îìó
∑

||k||>0

‖ck(x, τ)‖
||k|| 1

l+1

≤ C1,

∑

k

||k||‖rk(x, τ)‖ ≤ C1,

(x, τ) ∈ D × I. (2)

Òóò i � óÿâíà îäèíèöÿ, (k, ϕ) � ñêàëÿðíèé
äîáóòîê â Rm , ‖k‖ =

√
(k, k) , íîðìó ìàòðè-

öi óçãîäæåíî ç åâêëiäîâîþ íîðìîþ âåêòîðà,
à l ≥ m � ôiêñîâàíå íàòóðàëüíå ÷èñëî.

Íàêëàäà¹ìî óìîâó íà âiäðiçêó I

tj+1 = tj + θ(εtj), j ∈ N. (3)

Òóò θ(τ) � äîäàòíà ôóíêöiÿ, ÿêà çàäîâîëü-
íÿ¹ óìîâó θ(τ) ∈ C l

I .
Íåõàé ω(τ) ∈ C l

I ,

det(W T
l (τ)Wl(τ)) 6= 0,

äå

Wl(τ) =

(
dg(θ(τ)ων(τ))

dτ g

)l,m

g,ν=1

, τ ∈ I, (4)
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ω = (ω1, ..., ωm) , W T
l � òðàíñïîíîâàíà ìàò-

ðèöÿ.
Çàäàìî äëÿ (1) áàãàòîòî÷êîâi óìîâè

Φ(x|τ=τ (1) , . . . , x|τ=τ (r) , ϕ|τ=τ (1) , . . . ϕ|τ=τ (r)) = 0
(5)

â ÿêèõ Φ(p1, . . . , pr, q1, . . . , qr) - (m+n)-
âèìiðíà âåêòîð ôóíêöiÿ, ÿêà íåïåðåðâíà i
ìà¹ ðiâíîìiðíî íåïåðåðâíi i îáìåæåíi ñòà-
ëîþ C1 ÷àñòèííi ïîõiäíi ïåðøîãî ïîðÿäêó
ïî âñiõ àðãóìåíòàõ â îáëàñòi Dr×Rmr ≡ G1 ,
0 ≤ τ (1) < τ (2) < · · · < τ (r) ≤ L , r ≥ 2 .

Çàïèøåìî âiäïîâiäíó (1) ãëàäêó óñåðå-
äíåíó ïî ϕ ñèñòåìó [6]

dx̄

dτ
= ā(x̄, τ) +

1

θ(τ)
p̄(x̄, τ),

dϕ̄

dτ
=

ω(τ)

ε
+ b̄(x̄, τ) +

1

θ(τ)
q̄(x̄, τ), (6)

i êðàéîâi óìîâè:
Φ(x̄|τ=τ (1) , . . . , x̄|τ=τ (r) , ϕ̄|τ=τ (1) , . . . ϕ̄|τ=τ (r)) = 0,

(7)
äå f̄(x, τ) ïîçíà÷à¹ ñåðåäí¹ ïî ϕ â êó-
ái ïåðiîäiâ 2π -ïåðiîäè÷íî¨ ïî ϕ ôóíêöi¨
f(x, ϕ, τ) :

f̄(x, τ) =
1

(2π)m

2π∫

0

...

2π∫

0

f(x, ϕ, τ)dϕ1...dϕm.

ßêùî ïîçíà÷èòè ÷åðåç (x(τ, x0, ϕ0, ε) ,
ϕ(τ, x0, ϕ0, ε)) i (x̄(τ, x0), ϕ̄(τ, x0, ϕ0, ε)) �
ðîçâ'ÿçêè ñèñòåì (1) i (6), ÿêi â ìîìåíò
÷àñó τ = 0 íàáóâàþòü çíà÷åííÿ ( x0, ϕ0 ), òî
ïðè çðîáëåíèõ ïðèïóùåííÿõ òà ïðè äîñèòü
ìàëîìó ε0 > 0 âiðíà îöiíêà ïîõèáêè ìåòîäó
óñåðåäíåííÿ äëÿ ïî÷àòêîâî¨ çàäà÷i [6]:

‖U(τ, x0, ϕ0, ε)‖ ≤ C2ε
1
4l (8)

∀τ ∈ [0, L], ε ∈ (0, ε0],

äå U(τ, x0, ϕ0, ε) = (x(τ, x0, ϕ0, ε) − x̄(τ, x0) ,
ϕ(τ, x0, ϕ0, ε) − ϕ̄(τ, x0, ϕ0, ε)) - (n+m)-
âèìiðíèé âåêòîð.

Ïîçíà÷èìî ÷åðåç A(x0, ϕ0, ε) - (n+m)-
âèìiðíó êâàäðàòíó ìàòðèöþ

r∑
j=1

(
∂Φ̄

∂pj

∂x̄(τ, x0)

∂x0
+

∂Φ0

∂qj

τ (j)∫

0

(∂b̄(x̄(τ, x0), τ)

∂x̄
+

+
1

θ(τ)

∂q̄(x̄(τ, x0), τ)

∂x̄

)∂x̄(τ, x0)

∂x0
dτ,

∂Φ̄

∂qj

)
.

Òóò çíà÷åííÿ ïîõiäíèõ ∂Φ̄
∂pj

i ∂Φ̄
∂qj

ôóíêöi¨
Φ(p1, . . . , pr, q1, . . . , qr) áåðóòüñÿ ïðè pν =
x̄(τ (ν), x0) , qν = ϕ̄(τ (ν), x0, ϕ0, ε), ν = 1, r .

Òåîðåìà. Íåõàé:
1) âèêîíóþòüñÿ óìîâè (2) - (4);
2) ïðè êîæíîìó ε ∈ (0, ε0] iñíó¹ ðîçâ'ÿ-

çîê (x̄(τ, x0), ϕ̄(τ, x0, ϕ0, ε)) , x0 = x0(ε) ,
ϕ0 = ϕ0(ε) , óñåðåäíåíî¨ çàäà÷i (6), (7), ÿêèé
ëåæèòü â D × Rm ðàçîì ç äåÿêèì ñâî¨ì ρ -
îêîëîì äëÿ âñiõ τ ∈ [0, L] , ε ∈ (0, ε0] ;

3) äëÿ äàíîãî ðîçâ'ÿçêó ìàòðèöÿ
A(x0(ε), ϕ0(ε), ε) ≡ A(ε) íåâèðîäæåíà,
ïðè÷îìó

‖A−1(ε)‖ ≤ C, ε ∈ (0, ε0],

äå C - äîäàòíà ñòàëà, íåçàëåæíà âiä ε .
Òîäi ìîæíà âèáðàòè òàêi äîäàòíi ñòàëi ε1

i C̄ , ùî ïðè ε0 ≤ ε1 äëÿ êîæíîãî ε ∈ (0, ε0]
iñíó¹ ðîçâ'ÿçîê (x(τ, ε), ϕ(τ, ε)) çàäà÷i (1),
(5), ÿêèé çàäîâîëüíÿ¹ íåðiâíiñòü

‖x(τ, ε)− x̄(τ, x0)‖+ ‖ϕ(τ, ε)−
−ϕ̄(τ, x0, ϕ0, ε)‖ ≤ Cε

1
4l , (9)

τ ∈ [0, L], ε ∈ (0, ε0].
Äîâåäåííÿ. Ðîçâ'ÿçîê çàäà÷i (1), (5) áó-

äó¹ìî ó âèãëÿäi

(x(τ, ε), ϕ(τ, ε)) = (x(τ, x0 + y, ϕ0 + ψ, ε),

ϕ(τ, x0 + y, ϕ0 + ψ, ε)), (10)

à íåâiäîìèé m + n -âèìiðíèé âåêòîð z =
(y, ψ) âèçíà÷à¹ìî iç óìîâ (5):

z = −A−1(ε){[Φ(x(τ (1), ε), . . . , ϕ(τ (r), ε))−
−Φ(x̄(τ (1), x0+y), . . . , ϕ̄(τ (r), x0+y, ϕ0+ψ, ε))]+

+[Φ(x̄(τ (1), x0+y), . . . , ϕ̄(τ (r), x0+y, ϕ0+ψ, ε))−
−A(ε)z]} ≡ N(z, ε).

Îñêiëüêè êðèâà x̄(τ, x0(ε)) ëåæèòü â D
ðàçîì iç ñâî¨ì ρ -îêîëîì ∀(τ, ε) ∈ [0, L] ×
(0, ε0] , òî iç óñåðåäíåíèõ ðiâíÿíü äëÿ ïî-
âiëüíèõ çìiííèõ âèïëèâà¹, ùî ïðè ‖y‖ <
ρ1 = 1

2
ρe−LC1(1+h) , h = (min

[0,L]
|θ(τ)|)−1 , êðèâà
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x̄ = x̄(τ, x0 + y) ëåæèòü â D ðàçîì iç ñâî¨ì
1
2
ρ -îêîëîì. Òîìó íà ïiäñòàâi îöiíêè ïîõèáêè

ìåòîäó óñåðåäíåííÿ (8) ìà¹ìî, ùî

‖Φ(x(τ (1), ε), . . . , ϕ(τ (r), ε), ε)−
−Φ(x̄(τ (1), x0 + y), . . . , ϕ̄(τ (r), x0, ϕ0, ε), ε)‖ ≤

≤ 2rC1C2ε
1
4l .

Çàïèøåìî çîáðàæåííÿ

x̄(τ, x0 + y) = x̄(τ, x0) +
∂x̄(τ, x0)

∂x0
y + P1(y, ε)y

ϕ̄(τ, x0 + y, ϕ0 + ψ, ε) = ϕ̄(τ, x0, ϕ0, ε) + ψ+

+

τ∫

0

(
∂b̄(x̄(τ̄ , x0), τ)

∂x̄
+

1

θ(τ)

∂p̄(x̄(τ, x0), τ)

∂x̄

)
×

×∂x̄(τ, x0)

∂x0
dτ · y + P2(y, ε)y.

Ëåãêî ïåðåêîíàòèñÿ, ùî

P1(y, ε) =

1∫

0

(
∂x̄(τ, x0 + ry)

∂x0
− ∂x̄(τ, x0)

∂x0
)dr.

Iç óñåðåäíåíèõ ðiâíÿíü äëÿ ïîâiëüíèõ çìií-
íèõ âèïëèâà¹, ùî ∂x̄(τ,x0)

∂x0 ðiâíîìiðíî íåïå-
ðåðâíà íà ìíîæèíi τ ∈ [0, L] , ‖x0‖ ≤ δ , äå
δ - äåÿêà ñòàëà, òîìó äëÿ äîâiëüíîãî ÿê çàâ-
ãîäíî ìàëîãî µ > 0 ìîæíà âêàçàòè òàêå ρ2 ,
íåçàëåæèòü âiä ε , ùî

‖P1(y, ε)‖ < µ1

ïðè ‖y‖ ≤ ρ2 < ρ1 i ε ∈ (0, ε0] . Àíàëîãi÷íî
ïîêàçó¹ìî, ùî äëÿ öüîãî æ µ1 iñíó¹ òàêå ρ3 ,
íåçàëåæíå âiä ε , ùî

‖P2(y, ε)‖ < µ1,

ïðè ‖y‖ ≤ ρ3 i ε ∈ (0, ε0] .
Íà ïiäñòàâi òîãî, ùî ÷àñòèííi ïîõiäíi ïåð-

øîãî ïîðÿäêó ôóíêöi¨ Φ ðiâíîìiðíî íåïå-
ðåðâíi â G i îáìåæåíi, ìà¹ìî, ùî äëÿ äî-
âiëüíîãî ÿê çàâãîäíî ìàëîãî µ2 > 0 iñíóþòü
òàêi äîäàòíi ñòàëi ρ4 i C∗ , íåçàëåæíi âiä ε ,
ùî

‖Φ(x̄(τ (1), x0 + y), . . . , ϕ̄(τ (r), x0 + y, ϕ0 +ψ, ε),

ε)− A(ε)z‖ ≤ µ1‖z‖(2rC1 + C∗)

ïðè ‖z‖ ≤ ρ4 i ε ∈ (0, ε0] .
Îòæå

‖N(z, ε)‖ ≤ C̃1(ε
1
4l + (µ1 + µ2)‖z‖),

äå C̃1 = C(2rC1(C2 + 1) + C∗) .
Ïîêëàäåìî µ1 = µ2 = 1

4
C̃1 , ρ∗ =

min(ρ2, ρ3, ρ4) .
Òîäi äëÿ âñiõ z ∈ K(ε) = {z : z ∈

Rn+m, ‖z‖ ≤ 2C̃1ε
1
4l} ïðè ε0 ≤ ( ρ∗

2C̃1
)4l ñïðà-

âåäëèâà íåðiâíiñòü

‖N(z, ε)‖ ≤ 2C̃1ε
1
4l .

Îòæå, ìà¹ìî âiäîáðàæåííÿ N : K → K ,
ÿêå íåïåðåðâíî ïî z. Òîìó çãiäíî ç òåîðå-
ìîþ Áðàóåðà [7] iñíó¹ ðîçâ'ÿçîê z0(ε) =
(y0(ε), ψ0(ε)) ∈ K ðiâíÿííÿ z = N(z, ε) . À
çíà÷èòü iñíó¹ ðîçâ'ÿçîê (x(τ, ε), ϕ(τ, ε)) êðà-
éîâî¨ çàäà÷i (1), (5), ÿêèé âèçíà÷à¹òüñÿ ðiâ-
íiñòþ (10) ïðè y = y0(ε) , ψ = ψ0(ε) . Íåðiâ-
íiñòü (9) âèïëèâà¹ ç òîãî, ùî

‖x(τ, ε)− x̄(τ, x0)‖ ≤ Cε
1
4l +sup ‖∂x̄(τ, x0)

∂x0
‖×

×‖y0(ε)‖ ≤ C̃ε
1
4l

‖ϕ(τ, ε)−ϕ̄(τ, x0, ϕ0, ε)‖ ≤ [1+LC1(1+C̃−1
0 )]×

× sup ‖∂ x̄(τ, x0)

∂x0
‖‖z0(ε)‖ ≤ C

∼
ε

1
4l

Òåîðåìó äîâåäåíî.
Çàóâàæåííÿ 1. ßêùî ðîçãëÿíóòè ÷àñ-

òêîâèé âèïàäîê êðàéîâèõ óìîâ (5)

f(x|τ=τ (1) , . . . , x|τ=τ (r)) = 0,

r∑
ν=1

Bν(x̄|τ=τ (1) , . . . , x̄|τ=τ (r))ϕ̄|τ=τ (ν) =

= g(x|τ=τ (1) , . . . , x̄|τ=τ (r)),

ÿêèõ f i g � íåïåðåðâíî äèôåðåíöiéîâíi
â Dr âiäïîâiäíî n - i m - âèìiðíi âåêòîð-
ôóíêöi¨, Bν - ñòàëi m × m - ìàòðèöi, òî
ÿêùî ïðèïóñòèòè, ùî ðiâíÿííÿ

f(x̄(τ (1), x0), . . . , x̄(τ (r), x0)) = 0,
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ìà¹ ðîçâ'ÿçîê x0 , äëÿ ÿêîãî êðèâà x̄ =
x̄(τ, x0) ëåæèòü â D ∀τ ∈ [0, L] , òî, î÷åâèä-
íî, x0 íå çàëåæèòü âiä ε . Òîìó, â öüîìó âè-
ïàäêó, äëÿ âèêîíàííÿ íåðiâíîñòi ‖A−1(ε)‖ ≤
C = const äîñèòü ïðèïóñòèòè, ùî

det

r∑
j=1

Bj 6= 0, det

r∑
j=1

∂f 0

∂pj

∂x̄(τ (j), x0)

∂x0
6= 0,

äå ∂f0

∂pj
ïîçíà÷à¹ çíà÷åííÿ ÷àñòèííèõ ïîõi-

äíèõ ôóíêöi¨ f(p1, . . . , pr) ïî pj ïðè pν =
x̄(τ (ν), x0), ν = 1, r .

Çàóâàæåííÿ 2. Çðîáëåíèõ íà ñèñòåìó
(1) ïðèïóùåíü çàìàëî äëÿ òîãî, ùîá âiäî-
áðàæåííÿ N : K → K áóëî ñòèñêàþ÷èì i
òàêèì ÷èíîì êðàéîâà çàäà÷à (1), (5) ìàëà á
¹äèíèé ðîçâ'ÿçîê. ßê âèïëèâà¹ ç [4, ñ. 129],
äëÿ äîâåäåííÿ ¹äíîñòi ðîçâ'ÿçêó (1), (5) íå-
îáõiäíî íàêëàñòè áiëüø ñèëüíå îáìåæåííÿ
íà ãëàäêiñòü ïðàâèõ ÷àñòèí.
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