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Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â. Ñòåôàíèêà

ÍÀÁËÈÆÅÍÍß ÂÅÊÒÎÐÀÌÈ ÅÊÑÏÎÍÅÍÖIÀËÜÍÎÃÎ ÒÈÏÓ
ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÎÏÅÐÀÒÎÐIÂ ËÅÆÀÍÄÐÀ

Âèçíà÷åíî àïðîêñèìàöiéíi ïðîñòîðè, àñîöiéîâàíi ç äèôåðåíöiàëüíèìè îïåðàòîðàìè Ëå-
æàíäðà â ãiëüáåðòîâîìó ïðîñòîði L2(a, b) . Âñòàíîâëåíî îöiíêè âiäñòàíi âiä çàäàíî¨ ôóíêöi¨ â
L2(a, b) äî ïiäïðîñòîðó âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó ç ôiêñîâàíèì iíäåêñîì.

We introduce approximation spaces associated with the Legendre di�erential operators in the
Hilbert space L2(a, b) . Besides, we establish estimates of the distance from a given function in
L2(a, b) to a subspace of exponential type vectors with a �xed index.

Âñòóï. Ïîñòàíîâêà i ðîçâ'ÿçàííÿ ïðîá-
ëåìè íàáëèæåííÿ åëåìåíòiâ áàíàõîâîãî ïðî-
ñòîðó âåêòîðàìè åêñïîíåíöiàëüíîãî òèïó çà-
ìêíåíîãî îïåðàòîðà äëÿ äåÿêèõ êëàñiâ îïå-
ðàòîðiâ ìiñòèòüñÿ â [1 � 3]. Ó ðîáîòi [5] íàâå-
äåíî çàñòîñóâàííÿ äî çãàäàíî¨ ïðîáëåìè ïî-
íÿòòÿ êâàçiíîðìîâàíîãî àáñòðàêòíîãî ïðî-
ñòîðó Á¹ñîâà.

Ïðîïîíîâàíà ðîáîòà ïðèñâÿ÷åíà ïðîáëå-
ìi íàéêðàùèõ íàáëèæåíü âåêòîðàìè åêñïî-
íåíöiàëüíîãî òèïó äèôåðåíöiàëüíèõ îïåðà-
òîðiâ Ëåæàíäðà â ãiëüáåðòîâîìó ïðîñòîði
L2(a, b) . Äëÿ òàêèõ îïåðàòîðiâ ïiäïðîñòîðè
âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó ñêëàäàþ-
òüñÿ iç öiëèõ àíàëiòè÷íèõ ôóíêöié åêñïîíåí-
öiàëüíîãî òèïó, ÿêi çàäîâîëüíÿþòü âiäïîâiä-
íi ãðàíè÷íi óìîâè.

Âèçíà÷åíî àïðîêñèìàöiéíi ïðîñòîðè, àñî-
öiéîâàíi ç îïåðàòîðîì Ëåæàíäðà. Òàêi ïðî-
ñòîðè ¹ ïiäïðîñòîðàìè êëàñè÷íîãî ïðîñòî-
ðó Á¹ñîâà i ¨õ ìîæíà ðîçãëÿäàòè ÿê iíòåð-
ïîëÿöiéíi ïðîñòîðè ìiæ ïiäïðîñòîðîì âñiõ
âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó i ïðîñòî-
ðîì L2(a, b) .

Îöiíêè ìiíiìàëüíî¨ âiäñòàíi âiä çàäàíî¨
ôóíêöi¨ â L2(a, b) äî ïiäïðîñòîðó âåêòîðiâ
åêñïîíåíöiàëüíîãî òèïó ç ôiêñîâàíèì iíäå-
êñîì ïðåäñòàâëåíî ó âèãëÿäi íåðiâíîñòåé ç
âèêîðèñòàííÿì êâàçiíîðì âiäïîâiäíèõ àïðî-
êñèìàöiéíèõ ïðîñòîðiâ.

Îçíà÷åííÿ òà îñíîâíi ïîíÿòòÿ. Íå-
õàé Ω = (a, b), −∞ < a < b < ∞ i

ôóíêöiÿ p(ξ) ∈ C∞(Ω) òàêà, ùî p(ξ) > 0

(ξ ∈ Ω) , 0 < Ca = lim
ξ↓a

p(ξ)

ξ − a
< ∞ , 0 <

Cb = lim
ξ↑b

p(ξ)

b− ξ
< ∞ . Äëÿ m = 1, 2, . . . i

s = 0, 1, . . . , m ïîêëàäåìî

Bm,su = (−1)m dm

dξm

(
ps(ξ)

dmu

dξm

)
+

+
2m−1∑
j=0

bj(ξ)
dju

dξj
, bj(ξ) ∈ C∞(Ω),(1)

ç îáëàñòþ âèçíà÷åííÿ C1(Bm,s) = C∞(Ω)
ïðè s = m i C1(Bm,s) =

{
u ∈

C∞(Ω) : u(j)(a) = u(j)(b) = 0, j = 0, . . . , m −
s − 1

}
äëÿ âñiõ s = 0, 1, . . . , m − 1 . Ïðè-

ïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà bj(ξ) =

O(ps−2m+j+1(ξ)) ïðè ξ ↓ a i ξ ↑ b .
Çãiäíî ç [7, òåîð. 7.5.1], îïåðàòîð Bm,s,

âèçíà÷åíèé ôîðìóëîþ (1), ìà¹ çàìèêàííÿ
Bm,s â L2(Ω) i âèêîíóþòüñÿ ðiâíîñòi

C1(Bm,s) =
{
u ∈ W 2m

2 (Ω; p2s) : u(j)(a) =

u(j)(b) = 0, j = 0, . . . , m− s− 1
}

äëÿ âñiõ s = 0, 1, . . . , m − 1 i C1(Bm,m) =
W 2m

2 (Ω; p2m) . Âèùå ïîçíà÷åíî

W 2m
2 (Ω; p2s) =

{
u ∈ L2(Ω) : ‖u‖2

W 2m
2 (Ω; p2s) =

2m∑
j=0

∫

Ω

p2s(ξ) |u(j)(ξ)|2 dξ < ∞
}

.
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Îáëàñòi âèçíà÷åííÿ öiëèõ ñòåïåíiâ B
k

m,s

ïîçíà÷èìî Ck(Bm,s) . Òîäi

Ck+1(Bm,s) =
{
u ∈ Ck(Bm,s) : B

k

m,su ∈ Ck(Bm,s)
}
,

C∞(Bm,s) =
⋂ {Ck(Bm,s) : k ∈ N}

.

Ñïåêòð îïåðàòîðà Bm,s ñêëàäà¹òüñÿ iç
içîëüîâàíèõ âëàñíèõ çíà÷åíü i íå ìà¹ ñêií-
÷åííèõ ãðàíè÷íèõ òî÷îê. Òîìó, çãiäíî ç
[4, òåîð. 1.1], âèêîíó¹òüñÿ óìîâà ùiëüíîñòi
C∞(Bm,s) = L2(Ω) i îïåðàòîðè B

k

m,s , (k ∈
N) çàìêíåíi â L2(Ω) .

Íàäàëi âèêîðèñòîâó¹ìî ìåòîä äiéñíî¨ ií-
òåðïîëÿöi¨ êâàçiíîðìîâàíèõ ïðîñòîðiâ [8,
�3.11]. Íåõàé 0 < ϑ < 1 i 1 ≤ p ≤ ∞ àáî
0 < ϑ ≤ 1 i p = ∞ . Äëÿ ïàðè êâàçiíîðìîâà-
íèõ ïðîñòîðiâ {X, |·|X} {Y, |·|Y } iíòåðïîëÿ-
öiéíèé ïðîñòið âèçíà÷à¹òüñÿ ÿê ïiäïðîñòið

(X,Y )ϑ,p =
{
u ∈ X + Y : |u|(X,Y )ϑ,p

< ∞}

ç êâàçiíîðìîþ

|u|(X,Y )ϑ,p
=

( ∫ ∞

0

[
τ−ϑK(τ, u; X, Y )

]p dτ

τ

)1/p

ïðè p < ∞ i |u|(X,Y )ϑ,p
=

sup
0<τ<∞

τ−ϑK(τ, u; X, Y ) ïðè p = ∞ ,

K(τ, u; X,Y ) = inf
u=x+y

(|x|X + τ |y|Y
)
.

Ïiäïðîñòîðè âåêòîðiâ åêñïîíåíöi-
àëüíîãî òèïó. Íåõàé 0 < t < ∞ . Ðîçãëÿ-
íåìî ïðîñòið

E t
2(Bm,s) =

{
u ∈ C∞(Bm,s) : ‖u‖Et

2(Bm,s)
< ∞

}
,

ç íîðìîþ

‖u‖Et
2(Bm,s)

=
( ∑

k∈Z+

∥∥∥
(
Bm,s/t

)k
u
∥∥∥

2

L2(Ω)

)1/2

.

Ñëiäóþ÷è [6], åëåìåíòè ïðîñòîðó
E t

2(Bm,s) íàçâåìî âåêòîðàìè åêñïîíåíöi-
àëüíîãî òèïó îïåðàòîðà Bm,s . Î÷åâèäíî,
ÿêùî τ > t , òî ‖u‖Eτ

2 (Bm,s)
≤ ‖u‖Et

2(Bm,s)

i ‖u‖L2(Ω) ≤ ‖u‖Et
2
, u ∈ E t

2(Bm,s) . Òàêèì
÷èíîì, ïðîñòîðè E t

2(Bm,s) ¹ iíâàðiàíòíèìè
âiäíîñíî Bm,s i âèêîíóþòüñÿ íåïåðåðâíi
âêëàäåííÿ
E t

2(Bm,s) ⊂ L2(Ω), E t
2(Bm,s) ⊂ Eτ

2 (Bm,s), τ > t.

Ëåìà 1.. Ïðîñòîðè E t
2(Bm,s) ïîâíi i ôóí-

êöiÿ
|u|E(Bm,s)

= ‖u‖L2(Ω)+inf
{
t > 0: u ∈ E t

2(Bm,s)
}

íà ïðîñòîði E(Bm,s) =
⋃

t>0 E t
2(Bm,s) ¹ êâà-

çiíîðìîþ, ïðè÷îìó
|u+v|E(Bm,s)

≤ |u|E(Bm,s)
+|v|E(Bm,s)

, u, v ∈ E(Bm,s).

Äîâåäåííÿ. Iç íåðiâíîñòi
‖u‖Et

2(Bm,s)
≥

∥∥(Bm,s/t)
ku

∥∥
L2(Ω)

, u ∈ E t
2(Bm,s)

áåçïîñåðåäíüî âèïëèâà¹: ÿêùî
{un : n ∈ N}� ïîñëiäîâíiñòü Êî-
øi â E t

2(Bm,s) , òî {un : n ∈ N} i{
(Bm,s/t)

kun : n ∈ N}
� ïîñëiäîâíîñòi Êîøi

â L2(Ω) äëÿ áóäü-ÿêîãî k ∈ Z+ . Îñêiëüêè
L2(Ω) ïîâíèé, òî iñíóþòü òàêi u, v ∈ L2(Ω),
ùî un → u i (Bm,s/t)

kun → v çà íîð-
ìîþ L2(Ω) . Ãðàôiê îïåðàòîðà B

k

m,s ¹
çàìêíåíèì ïiäïðîñòîðîì â L2(Ω) × L2(Ω) ,
òîìó v = (Bm,s/t)

ku i u ∈ Ck(Bm,s) .
Îñêiëüêè öå âèêîíó¹òüñÿ äëÿ áóäü-
ÿêîãî k ∈ Z+ , òî u ∈ C∞(Bm,s) . Îòæå,
(Bm,s/t)

kun → (Bm,s/t)
ku çà íîðìîþ L2(Ω)

äëÿ áóäü-ÿêîãî k ∈ Z+ . Îñêiëüêè {un}�
ïîñëiäîâíiñòü Êîøi, òî äëÿ áóäü-ÿêîãî ε > 0
iñíó¹ òàêå nε ∈ N, ùî ‖un − um‖Et

2(Bm,s)
< ε

äëÿ âñiõ n, m ≥ nε . Çâiäñè îòðè-
ìó¹ìî

∥∥(Bm,s/t)
k(un − um)

∥∥
L2(Ω)

< ε

äëÿ âñiõ k ∈ Z+ i n,m ≥ nε .
Îñêiëüêè (Bm,s/t)

k(un − um) → 0 i
(Bm,s/t)

k(u − um) → 0 äëÿ áóäü-
ÿêîãî k ∈ Z+ , òî iñíó¹ òàêå mε,k ≥
nε, ùî

∥∥(Bm,s/t)
k(um − un)

∥∥
L2(Ω)

<

ε/2k i
∥∥(Bm,s/t)

k(u− um)
∥∥

L2(Ω)
<

ε/2k äëÿ âñiõ m ≥ mε,k . Òîäi∥∥(Bm,s/t)
ku

∥∥
L2(Ω)

≤
∥∥(Bm,s/t)

kunε

∥∥
L2(Ω)

+∥∥(Bm,s/t)
k(um − unε)

∥∥
L2(Ω)

+∥∥(Bm,s/t)
k(u− um)

∥∥
L2(Ω)

i∥∥(Bm,s/t)
ku

∥∥
L2(Ω)

<
∥∥(Bm,s/t)

kunε

∥∥
L2(Ω)

+

2ε/2k äëÿ âñiõ k ∈ Z+ . ßê íàñëiäîê,
‖u‖2

Et
2(Bm,s)

≤ 2 ‖unε‖2
Et
2(Bm,s)

+ 32ε2/3,

îòæå, u ∈ E t
2(Bm,s) . Êðiì öüî-

ãî, ìà¹ìî
∥∥(Bm,s/t)

k(un − u)
∥∥ ≤
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∥∥(Bm,s/t)
k(umε,k

− u)
∥∥ +∥∥(Bm,s/t)

k(un − umε,k
)
∥∥ i ‖un − u‖Et

2(Bm,s)
≤

4ε/
√

3 äëÿ âñiõ n ≥ nε . Òàêèì ÷èíîì,
ïðîñòîðè E t

2(Bm,s) ïîâíi.
Ïîêëàäåìî r(u) =

inf
{
t > 0: u ∈ E t

2(Bm,s)
}
. Äëÿ áóäü-

ÿêèõ u, v ∈ E(Bm,s) i ε > 0 çíà÷åííÿ
‖u‖Er(u)+ε

2 (Bm,s)
, ‖v‖Er(v)+ε

2 (Bm,s)
¹ ñêií÷åííè-

ìè i âèêîíóþòüñÿ íåðiâíîñòi
‖u + v‖Er+ε

2 (Bm,s)
≤ ‖u‖Er+ε

2 (Bm,s)
+

+‖v‖Er+ε
2 (Bm,s)

≤‖u‖Er(u)+ε
2 (Bm,s)

+‖v‖Er(v)+ε
2 (Bm,s)

,

äå r = max{r(u), r(v)} . Çâiäñè âèïëèâà¹
r(u + v) ≤ r + ε ≤ r(u) + r(v) + ε.

Îñêiëüêè ε äîâiëüíå, òî r(u+v) ≤ r(u)+r(v)
äëÿ âñiõ u, v ∈ E(Bm,s) . Î÷åâèäíî, r(u) =
r(−u) äëÿ âñiõ u ∈ E(Bm,s) .

Äëÿ 0 < t < ∞ ðîçãëÿíåìî ïðîñòið

E t
2(Ω) =

{
u ∈ C∞(Ω) : ∃c = c(u, t),

sup
ξ∈Ω

|u(k)(ξ)| ≤ ctk, k ∈ Z+

}

i óòâîðèìî îá'¹äíàííÿ E(Ω) =
⋃

t>0 E t
2(Ω) .

Â [6] ïîêàçàíî, ùî ïðîñòið E(Ω) ñïiâïàäà¹ ç
ïðîñòîðîì öiëèõ àíàëiòè÷íèõ ôóíêöié åêñ-
ïîíåíöiàëüíîãî òèïó, òîáòî, öiëèõ ôóíêöié,
äëÿ ÿêèõ iñíóþòü òàêi c > 0 i t , ùî

|u(z)| ≤ c et‖z‖ äëÿ âñiõ z ∈ C.

Ëåìà 2.. Ñïðàâåäëèâi íàñòóïíi âêëàäåííÿ

E(Bm,s) ⊂
{

u ∈ E(Ω): (B
k

m,su)(j)(a) =

(B
k

m,su)(j)(b) = 0, j = 0, . . . , m− s− 1,

k ∈ Z+

}

äëÿ âñiõ s = 0, 1, . . . , m − 1 i E(Bm,m) ⊂
E(Ω) .

Äîâåäåííÿ. Äëÿ u ∈ C∞(Ω) i äîâiëü-
íîãî ε > 0 , çàñòîñîâóþ÷è [7, ëåìà 7.3.1/1],
îòðèìó¹ìî∫

Ω

[|(psu(m))(m)|2 + |u|2] dξ ∼
∫

Ω

[
p2s|u(2m)|2 + |u|2] dξ,

∥∥∥
2m−1∑
j=0

bj(ξ)u
(j)

∥∥∥
2

L2(Ω)
=

∫

Ω

∣∣∣
2m−1∑
j=0

bj(ξ)u
(j)(ξ)

∣∣∣
2

dξ ≤

c

∫

Ω

2m∑
j=0

p2max(0, s−2m+j)(ξ)(ε|u(j)(ξ)|2 +

c(ε)|u(ξ)|2) dξ ≤ c1

(
ε‖u‖2

W 2m
2 (Ω; p2s) +

c(ε)‖u‖2
L2(Ω)

)
.

Çâiäñè ìà¹ìî
‖Bm,su‖2

L2(Ω) + ‖u‖2
L2(Ω) ∼ ‖u‖2

W 2m
2 (Ω; p2s).

Çà iíäóêöi¹þ îòðèìó¹ìî
‖Bk

m,su‖2
L2(Ω) + ‖u‖2

L2(Ω) ∼ ‖u‖2
W 2km

2 (Ω; p2ks). (2)

Çîêðåìà, C1(B
k

m,s) = C1(Bk
m,s) ¹ çàìèêàííÿ

C1(Bk
m,s) â W 2km

2 (Ω; p2ks) . Çãiäíî ç [7, òåîð.
7.3.2/1], ïðè j = m − [(s + 1)/2] − 1 ñïðà-
âåäëèâi íåïåðåðâíi âêëàäåííÿ Wm

2 (Ω; ps) ⊂
Cj(Ω) , òîìó

C∞(Bm,s) =
{

u ∈ C∞(Ω) :
(
B

k

m,su
)(j)

(a) =

(
B

k

m,su
)(j)

(b) = 0, j = 0, . . . ,m− s− 1, k ∈ Z+

}
,

C∞(Bm,m) = C∞(Ω).

Îòæå, äëÿ âñiõ s = 0, 1, . . . , m− 1 ìà¹ìî

E t
2(Bm,s) =

{
u ∈ C∞(Ω) :

( ∑

k∈Z+

t−2k‖B k

m,su‖2
L2(Ω)

)1/2

< ∞,
(
B

k

m,su
)(j)

(a) =

(
B

k

m,su
)(j)

(b) = 0, j = 0, . . . ,m− s− 1, k ∈ Z+

}
,

E t
2(Bm,m) =

{
u ∈ C∞(Ω) :

( ∑

k∈Z+

t−2k‖Bk

m,mu‖2
L2(Ω)

)1/2

< ∞
}

.

Ïîêëàäàþ÷è 0 ∈ ρ(Bm,s) , äå ρ(Bm,s)� ðå-
çîëüâåíòíà ìíîæèíà îïåðàòîðà Bm,s , iç (2)
îòðèìó¹ìî
∑

k∈Z+

t−2k‖B k

m,su‖2
L2(Ω) ≥

∑

k∈Z+

2km∑
j=0

ν−2k‖u(j)‖2
L2(Ω),
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äå ν > 0 íå çàëåæèòü âiä k . Çâiäñè äëÿ âñiõ
s = 0, 1, . . . , m− 1 ìà¹ìî

E(Bm,s) ⊂
{

u ∈ E(D) : (B
k

m,su)(j)(a) =

(B
k

m,su)(j)(b) = 0, j = 0, . . . ,m− s− 1, k ∈ Z+

}
,

E(Bm,m) ⊂ E(D),

äå E(D) =
⋃

ν>0 Eν
2 (D) i Eν

2 (D) ={
u ∈ C∞(Ω) : ‖u‖Eν

2 (D) =

( ∑

k∈Z+

2km∑
j=0

ν−2k‖u(j)‖2
L2(Ω)

)1/2}
.

Ïîêàæåìî, ùî ïðîñòið E(D) ñïiâïàäà¹ ç
ïðîñòîðîì E(Ω) .

Çãiäíî ç ëåìîþ Ñîáîë¹âà ïðè s > n/2

sup
ξ∈Ω

|u(ξ)| ≤ c max
k≤s

‖u(k)‖L2(Ω),

sup
ξ∈Ω

|u(k)(ξ)| ≤ c max{1, ν, . . . , νs} ×

×νk‖u‖Eν
2 (D) ≤ c0ν

k

äëÿ u(ξ) ∈ Eν
2 (D) i âñiõ k ∈ Z+ . Îòæå,

Eν
2 (D) ⊂ Eν

2 (Ω) i E(D) ⊂ E(Ω) .
Íàâïàêè, íåõàé u ∈ Eν

2 (Ω) . Òîäi
‖u(k)‖L2(Ω) ≤ c2ν

k i
2km∑
j=0

‖u(j)‖L2(Ω) ≤ c3(2ν)k .

Iç íåðiâíîñòi

∑

k∈Z+

2km∑
j=0

(4ν)−2k‖u(j)‖2
L2(Ω) ≤

4

3
sup

k

2km∑
j=0

‖u(j)‖2
L2(Ω)

(2ν)2k

âèïëèâà¹ u ∈ E4ν
2 (D) i E(Ω) ⊂ E(D) .

Àïðîêñèìàöiéíi ïðîñòîðè âåêòîðiâ
åêñïîíåíöiàëüíîãî òèïó. Âèçíà÷èìî
ôóíêöiîíàë

E(t, u; E(Bm,s), L2(Ω)) = inf
{ ∥∥u− u0

∥∥
L2(Ω)

:

u0 ∈ E(Bm,s),
∣∣u0

∣∣
E(Bm,s)

< t
}

, u ∈ L2(Ω).

Äëÿ ïàð ÷èñåë 0 < α < ∞ i 0 < τ ≤ ∞ àáî
0 ≤ α < ∞ i τ = ∞ ðîçãëÿíåìî àïðîêñèìà-
öiéíi ïðîñòîðè

Bα
2,τ (Bm,s) =

{
u ∈ L2(Ω) : |u|Bα

2,τ (Bm,s)
< ∞

}
,

ïîðîäæåíi ôóíêöiîíàëîì E , äå, âiäïîâiäíî
äî [8, ëåìà 7.1.6], ôóíêöiÿ

|u|Bα
2,τ (Bm,s)

=
( ∫ ∞

0

[
tαE(t, u; E(Bm,s), L2(Ω))

]τ dt

t

)1/τ

ïðè 0 < τ < ∞ i

|u|Bα
2,τ (Bm,s)

= sup
t>0

tαE(t, u; E(Bm,s), L2(Ω))

ïðè τ = ∞ ¹ êâàçiíîðìîþ íà Bα
2,τ (Bm,s) .

Òåîðåìà 1.. Ñïðàâåäëèâi íàñòóïíi âêëà-
äåííÿ

Bα
2,τ (Bm,s) ⊂

{
u ∈ Bα

2,τ (Ω): (B
k

m,su)(j)(a) = (3)

(B
k

m,su)(j)(b) = 0, j = 0, . . . , m− s− 1, k ∈ Z+

}

äëÿ âñiõ s = 0, 1, . . . , m− 1 i

Bα
2,τ (Bm,m) ⊂ Bα

2,τ (Ω), (4)

äå Bα
2,τ (Ω)� ïðîñòið Á¹ñîâà.

Äîâåäåííÿ. Çàñòîñîâóþ÷è [7, òåîð.
4.2.2], ç êëàñè÷íèõ íåðiâíîñòåé Áåðíøòåéíà
i Äæåêñîíà ó ôîðìi, ùî ïðåäñòàâëåíà â [8,
�7.2], äëÿ s ∈ N îòðèìó¹ìî

‖u‖W s
2 (Ω) ≤ cs |u|sE(Ω) ‖u‖L2(Ω), u ∈ E(Ω),(5)

E(t, u; E(Ω), L2(Ω)) ≤ cst
−s‖u‖W s

2 (Ω),

u ∈ W s
2 (Ω), (6)

äå E(t, u; E(Ω), L2(Ω)) = inf
{∥∥u −

u0
∥∥

L2(Ω)
: u0 ∈ E(Ω),

∣∣u0
∣∣
E(Ω)

< t
}

,

u ∈ L2(Ω).
Íîðìà ïðîñòîðó W s

2 (Ω) çàäà¹òüñÿ ðiâíi-
ñòþ

‖u‖W s
2 (Ω) = inf

g|Ω=u,g∈W s
2 (R)

‖g‖W s
2 (R).

Ïðîñòîðè E(D) i E(Ω) íàäiëåíî âiäïîâiäíî
êâàçiíîðìàìè

|u|E(D) = ‖u‖L2(Ω) + inf
{
t > 0: u ∈ E t

2(D)
}
,

|u|E(Ω) = inf
g|Ω=u,g∈E(R)

|g|E(R),

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2009. Âèïóñê 454. Ìàòåìàòèêà. 31



äå |g|E(R) = ‖g‖L2(R) + sup
{|ζ| : ζ ∈ supp ĝ

}
,

supp ĝ� íîñié ïåðåòâîðåííÿ Ôóð'¹ ĝ ôóí-
êöi¨ g ∈ E(R) i E(R)� ïðîñòið öiëèõ àíàëi-
òè÷íèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó, ùî
íàëåæàòü L2(R) .

Iç (5), (6) i [8, òåîð. 7.1.7] îòðèìó¹ìî
‖u‖1/(s+1)

W s
2 (Ω) ≤ cs |u|1−1/(s+1)

E(Ω) ‖u‖1/(s+1)
L2(Ω) ,

u ∈ E(Ω), (7)

K(t, u; E(Ω), L2(Ω)) ≤
≤ cs t1/(s+1)‖u‖1/(s+1)

W s
2 (Ω) , u ∈ W s

2 (Ω), (8)

äå K(t, u; E(Ω), L2(Ω)) = inf
u=u0+u1

(|u0|E(Ω) +

t ‖u1‖L2(Ω)

)
, u0 ∈ E(Ω) , u1 ∈ L2(Ω) .

Çàñòîñîâóþ÷è ëåìó 2 i òåîðåìó Ïåëi-
Âiíåðà, îòðèìó¹ìî åêâiâàëåíòíiñòü

inf
g|Ω=u,g∈E(R)

sup
{|ζ| : ζ ∈ supp ĝ

} ∼
inf

{
t > 0: u ∈ E t

2(D)
}

äëÿ âñiõ u ∈ E(D). Òàêèì ÷èíîì, iç (7), (8)
îòðèìó¹ìî

‖u‖1/(s+1)
W s

2 (Ω) ≤ cs |u|1−1/(s+1)
E(D) ‖u‖1/(s+1)

L2(Ω) , u ∈ E(D),

K(t, u; E(D), L2(Ω)) ≤
cs t1/(s+1)‖u‖1/(s+1)

W s
2 (Ω) , u ∈ W s

2 (Ω),

äå K(t, u; E(D), L2(Ω)) = inf
u=u0+u1

(|u0|E(D) +

t ‖u1‖L2(Ω)

)
, u0 ∈ E(D) , u1 ∈ L2(Ω) .

Âèçíà÷èìî ïðîñòið

Bα
2,τ (D) =

{
u ∈ L2(Ω) : |u|Bα

2,τ
=

( ∫ ∞

0

(
tαE(t, u; E(D), L2(Ω))

)τ dt

t

)1/τ

< ∞
}

,

äå E(t, u; E(D), L2(Ω)) = inf
{
‖u −

u0‖L2(Ω) : u0 ∈ E(D), |u0|E(D) < t
}

. Âèêî-
ðèñòîâóþ÷è [8, òåîð. 3.11.5-6, 7.1.7], [7, òåîð.
2.4.2/2], îòðèìó¹ìî

Bα
2,τ (D) =

((E(D), L2(Ω)
)
1/(α+1),τ(α+1)

)α+1

=
((

L2(Ω),
[
W s

2 (Ω)
]1/(s+1)

)
α(s+1)/s(α+1),τ(α+1)

)α+1

=

(
L2(Ω), W s

2 (Ω)
)

α/s,τ
= Bα

2,τ (Ω).

Çâiäñè i ç ëåìè 2 îòðèìó¹ìî (3)-(4).
Íàéêðàùi íàáëèæåííÿ âåêòîðà-

ìè åêñïîíåíöiàëüíîãî òèïó. Ðîçãëÿ-
íåìî ïðîáëåìó íàéêðàùèõ íàáëèæåíü
äîâiëüíî¨ ôóíêöi¨ ç L2(Ω) ôóíêöiÿìè
Bm,s -iíâàðiàíòíèõ ïiäïðîñòîðiâ E t

2(Bm,s) ç
ôiêñîâàíèì iíäåêñîì. Äëÿ öüîãî îöiíèìî
âiäñòàíü

d(t, u) = inf
{∥∥u− u0

∥∥
L2(Ω)

: u0 ∈ E t
2(Bm,s)

}

ìiæ äåÿêîþ ôóíêöi¹þ u ∈ L2(Ω) i ïiäïðî-
ñòîðîì E t

2(Bm,s) .
Òåîðåìà 2.. Äëÿ êîæíî¨ ïàðè iíäåêñiâ

0 < α < ∞ i 0 < τ ≤ ∞ àáî 0 ≤ α < ∞
i τ = ∞ iñíóþòü òàêi ïîñòiéíi c1(α, τ) i
c2(α, τ), ùî

|u|Bα
2,τ (Bm,s)

≤ c1|u|αE(Bm,s)
‖u‖L2(Ω),

u ∈ E(Bm,s), (9)

d(t, u) ≤ c2 t−α |u|Bα
2,τ (Bm,s)

, u ∈ Bα
2,τ (Bm,s).(10)

Äîâåäåííÿ. Íåõàé
[Bα

2,τ (Bm,s)
]ϑ �

ïðîñòið Bα
2,τ (Bm,s), íàäiëåíèé êâàçiíîðìîþ

|u|ϑBα
2,τ (Bm,s)

, u ∈ Bα
2,τ (Bm,s) . Çãiäíî ç [8,

òåîð. 7.1.7], ïðè ϑ = 1/(α + 1) i τ = gϑ

ïðîñòið
[Bα

2,τ (Bm,s)
]ϑ ¹ iíòåðïîëÿöiéíèì

ìiæ E(Bm,s) i L2(Ω) , òîáòî
[Bα

2,τ (Bm,s)
]ϑ

=
(E(Bm,s), L2(Ω)

)
ϑ,g

(11)

(ç òî÷íiñòþ äî åêâiâàëåíòíîñòi íîðì). ßê íà-
ñëiäîê,

E(Bm,s) ⊂
[Bα

2,τ (Bm,s)
]ϑ ⊂ L2(Ω).

Â ñèëó [8, òåîð. 3.11.4(b)], äëÿ äåÿêî¨ ïîñòié-
íî¨ c(ϑ, g) îòðèìó¹ìî

|u|(E(Bm,s),L2(Ω))
ϑ,g

≤ c|u|1−ϑ

E(Bm,s)
‖u‖ϑ

L2(Ω),

äå u ∈ E(Bm,s). Iç öi¹¨ íåðiâíîñòi òà içîìîð-
ôiçìó (11) âèïëèâà¹ iñíóâàííÿ òàêî¨ ïîñòié-
íî¨ c1(α, τ), ùî âèêîíó¹òüñÿ íåðiâíiñòü (9).

Çàñòîñîâóþ÷è [8, òåîð. 3.11.4(a)], äëÿ äå-
ÿêî¨ ïîñòiéíî¨ c(ϑ, g) ìà¹ìî
K

(
t, u; E(Bm,s), L2(Ω)

) ≤ c tϑ|u|(E(Bm,s),L2(Ω))
ϑ,g

,
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äå u ∈ (E(Bm,s), L2(Ω)
)

ϑ,g
. Îòæå, âiäïîâiä-

íî äî içîìîðôiçìó (11) iñíó¹ òàêà ïîñòiéíà
c0(α, τ), ùî

K
(
t, u; E(Bm,s), L2(Ω)

) ≤ c0 tϑ|u|ϑBα
2,τ (Bm,s)

,

äå u ∈ Bα
2,τ (Bm,s). Ïîêëàäåìî

K∞
(
t, u; E(Bm,s), L2(Ω)

)
=

inf
u=u0+u1

max
{∣∣u0

∣∣
E(Bm,s)

, t
∥∥u1

∥∥
L2(Ω)

}
,

u0 ∈ E(Bm,s) , u1 ∈ L2(Ω). Îñêiëüêè
K∞

(
t, u; E(Bm,s), L2(Ω)

) ≤
K

(
t, u; E(Bm,s), L2(Ω)

)
, òî

t−ϑK∞
(
t, u; E(Bm,s), L2(Ω)

) ≤ c0|u|ϑBα
2,τ (Bm,s)

,

(12)
äå u ∈ Bα

2,τ (Bm,s). Çãiäíî ç [8, ëåìà 7.1.2],
äëÿ áóäü-ÿêîãî t > 0 iñíó¹ òàêå s > 0, ùî

K∞
(
t, u; E(Bm,s), L2(Ω)

)
= s,

E(s + 0, u; E(Bm,s), L2(Ω)) ≤ s/t.

Äëÿ áóäü-ÿêîãî s1 > 0 iñíó¹ òàêå t > 0,
ùî s1 ≤ K∞

(
t, u; E(Bm,s), L2(Ω)

)
= s .

ßêùî u ôiêñîâàíå, òî ôóíêöiÿ
E(t, u; E(Bm,s), L2(Ω)) íåçðîñòàþ÷à, îò-
æå, E(s, u; E(Bm,s), L2(Ω)) ≤ E(s1 +
0, u; E(Bm,s), L2(Ω)) ≤ s1/t.
Çâiäñè ìà¹ìî [E(s, u; E(Bm,s), L2(Ω))]ϑ ≤
t−ϑs1

ϑ ≤ t−ϑs1s
ϑ−1 . Òîìó

s1−ϑ
[
E(s, u; E(Bm,s), L2(Ω))

]ϑ ≤ t−ϑs1 ≤
t−ϑK∞

(
t, u; E(Bm,s), L2(Ω)

)
. Âðàõîâóþ÷è

(12), îòðèìó¹ìî

s1−ϑ[E(s, u; E(Bm,s), L2(Ω))]ϑ ≤ c0|u|ϑBα
2,τ (Bm,s)

.

Ïîêëàäàþ÷è α = (1− ϑ)/ϑ , ìà¹ìî

sαE(s, u; E(Bm,s), L2(Ω)) ≤ c
1/ϑ
0 |u|Bα

2,τ (Bm,s)
,

(13)
äå u ∈ Bα

2,τ (Bm,s).

ßêùî |u0|E(Bm,s)
= r (u0) + ‖u0‖L2(Ω) <

s , òî r (u0) < s − ‖u0‖L2(Ω) , äå ïîêëàäå-
íî r(u0) = inf

{
t > 0: u0 ∈ E t

2(Bm,s)
}
. Òîìó

u0 ∈ E t
2(Bm,s) äëÿ òàêîãî t > 0, ùî r (u0) <

t < s − ‖u0‖L2(Ω) . Îñêiëüêè E t
2(Bm,s) ⊂

Es
2(Bm,s), òî u0 ∈ Es

2(Bm,s) . Òàêèì ÷èíîì,
âèêîíó¹òüñÿ íåðiâíiñòü

d(s, u) ≤ E(s, u; E(Bm,s), L2(Ω))), u ∈ L2(Ω).
(14)

Ïîêëàäàþ÷è c2 = c
1/ϑ
0 â (13) i âðàõîâóþ÷è

(14), îòðèìó¹ìî (10).
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