
ÓÄÊ 817.954

c©2008 p. Î.Í. Âiòþê, À.Â. Ìèõàéëåíêî
Îäåñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi I.I. Ìå÷íèêîâà

ÊÐÀÉÎÂÀ ÇÀÄÀ×À ÄËß ÄÈÔÅÐÅÍÖIÀËÜÍÎÃÎ ÐIÂÍßÍÍß
ÄÐÎÁÎÂÎÃÎ ÏÎÐßÄÊÓ

Çíàéäåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîç'âÿçêó êðàéîâî¨ çàäà÷i äëÿ äiôôåðåíöiàëüíîãî
ðiâíÿííÿ ïîðÿäêó 1 + α, 0 < α < 1.

Conditions for the existence and uniqueness of a solution of boundary value problem for a
di�erential equation of order 1 + α, 0 < α < 1 are obtained.

Çàäà÷à Øòóðìà - Ëióâiëëÿ äëÿ äèôåðåí-
öiîíàëüíîãî ðiâíÿííÿ, ÿêå ìiñòèòü äðîáî-
âó ïîõiäíó Ðiìàíà - Ëióâiëëÿ ïîðÿäêó α ∈
(0; 1) , ðîçãëÿíóòî â [1], à ðiçíèöåâèé ìåòîä
¨¨ ðîçâ'ÿçàííÿ â [2, 3].

Â äàíié ðîáîòi îòðèìàíî äîñòàòíi óìîâè
iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó êðàéîâî¨ çà-
äà÷i äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ ïîðÿä-
êó 1 + α, 0 < α < 1 .

Íåõàé J = [0; a] . C(J), (AC(J)) - ïðîñ-
òið íåïåðåðâíèõ (àáñîëþòíî íåïåðåðâíèõ)
ôóíêöié f : J → R . Iβ

0 f(x), Dβ
0 f(x), β > 0 -

âiäïîâiäíî, iíòåãðàë òà ïîõiäíà Ðiìàíà - Ëi-
óâiëëÿ ïîðÿäêó β , à ñàìå [4]

Iβ
0 f(x) =

1

Γ(β)

∫ x

0

(x− t)β−1f(t)dt,

Dβ
0 f(x) =

=
1

Γ(n− β)

(
d

dx

)n ∫ x

0

(x− t)n−β−1f(t)dt,

äå Γ(·) - ãàìà - ôóíêöiÿ Åéëåðà, n = [β]+1 .
Çîêðåìà äëÿ 0 < α < 1 i β = 1+α , ÿêùî

f1−α(x) = I1−α
0 f(x) , òî Dα

0 f(x) = f ′1−α(x) ,

D1+α
0 f(x) =

1

Γ(1− α)

(
d

dx

)2 ∫ x

0

(x−t)−αf(t)dt = f ′′1−α(x).

Êðiì òîãî,

I1
0f(x) =

∫ x

0

f(t)dt, I0
0f(x) = f(x).

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

D1+α
0 y(x) = f (x, y(x), Dα

0 y(x)) , (1)

y1−α(0) = y1−α(a) = 0,

äå
y1−α(0) = lim

x→0+0
y1−α(x). (2)

Îçíà÷åííÿ 1.Ïiä ðîçâ'ÿçêîì çàäà÷i (1),
(2) ðîçóìi¹ìî òàêó ôóíêöiþ y(x) ∈ C(J) ,
äëÿ ÿêî¨ Dα

0 y(x) ∈ AC(J) i ÿêà çàäîâîëü-
íÿ¹ óìîâàì (2), à òàêîæ äèôåðåíöiàëüíîìó
ðiâíÿííþ (1) ìàéæå ñêðiçü (ì.ñ,) íà J .

Íåõàé ôóíêöiÿ f(x, y, z) : J ×R×R → R
(à) âèìiðíà ïî x äëÿ ëþáèõ ôiêñîâàíèõ
(y, z) i íåïåðåðâíà ïî (y, z) äëÿ êîæíîãî
x ∈ J ;
(á) |f(x, y, z)| ≤ M .

Íåõàé ϕ(x) ∈ L(0; a) . Ðîçãëÿíåìî êðàéî-
âó çàäà÷ó

u′′(x) = ϕ(x), u(0) = u(a) = 0. (3)

�äèíèì ðîçâ'ÿçêîì çàäà÷i (3) ¹

u(x) =

∫ x

0

(∫ t

0

sϕ(s)ds

)
dt−

−x

a

∫ a

0

(∫ t

0

ϕ(s)ds

)
dt. (4)

Âèðàç (4), âèêîðèñòîâóþ÷è iíòåãðóâàííÿ ïî
÷àñòèíàì, ïîäàìî ó âèãëÿäi

u(x) =
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=
1

a

∫ x

0

(∫ t

0

sϕ(s)ds−
∫ a

t

(a− s)ϕ(s)ds

)
dt.

(5)
Òåîðåìà 1.Íåõàé f : J × R × R → R çà-
äîâîëüíÿ¹ óìîâàì (à), (á). Äëÿ òîãî, ùîá
ôóíêöiÿ y(x) áóëà ðîçâ'ÿçêîì êðàéîâî¨ çà-
äà÷i (1), (2) â ñåíñi îçíà÷åííÿ 1 íåîáõiäíî i
äîñòàòíüî, ùîá öÿ ôóíêöiÿ áóëà ðîçâ'ÿçêîì
iíòåãðàëüíîãî ðiâíÿííÿ

y(x) =
1

aΓ(α)
×

×
∫ x

0

(x− t)α−1

(∫ t

0

sf (s, y(s), Dα
0 y(s)) ds −

−
∫ a

t

(a− s)f (s, y(s), Dα
0 y(s)) ds

)
dt. (6)

Äîâåäåííÿ. Óìîâèìîñü â òàêèõ ïîçíà÷åí-
íÿõ:

F (y(x)) = f (x, y(x), Dα
0 y(x)) ,

γ (y(x)) =

=

∫ x

0

sF (y(s)) ds−
∫ a

x

(a− s)F (y(s)) ds.

Íåõàé y(x) - ðîçâ'ÿçîê çàäà÷i (1), (2).
Ïðèéìàþ÷è äî óâàãè òå, ùî D1+α

0 y(x) =
y′′1−α(x) , îòðèìà¹ìî ó âiäïîâiäíîñòi ç (5), ùî
y1−α(x) = 1

a
I1
0γ (y(x)) . Òîäi

I1−α
0 y(x) = I1−α

0

(
1

a
Iα
0 γ (y(x))

)
,

I1−α
0

(
y(x)− 1

a
Iα
0 γ (y(x))

)
= 0. (7)

Ðiâíÿííÿ (7) ¹ iíòåãðàëüíå ðiâíÿííÿ Àáåëÿ,
ÿêå ìà¹ ¹äèíèé ðîçâ'ÿçîê

y(x)− 1

a
Iα
0 γ (y(x)) = 0.

Îòæå y(x) ÿâëÿ¹òüñÿ ðîçâ'ÿçêîì iíòåãðàëü-
íîãî ðiâíÿííÿ (6). Íåõàé òåïåð íåïåðåðâíà
ôóíêöiÿ y(x) : J → R òàêà, ùî Dα

0 y(x) ∈
AC(J) , ÿâëÿ¹òüñÿ ðîçâ'ÿçêîì iíòåãðàëüíîãî
ðiâíÿííÿ (6). Òîäi

y1−α(x) = I1−α
0

(
1

a
Iα
0 γ (y(x))

)
=

1

a
I1
0γ (y(x)) ,

y′1−α(x) =
1

a
γ (y(x)) ,

D1+α
0 y(x) =

=
1

a
(xF (y(x)) + (a− x)F (y(x))) =

= F (y(x)) ,

äëÿ ì.â. x ∈ J . Óìîâà y1−α(0) = 0 î÷å-
âèäíî âèêîíó¹òüñÿ. ßêùî æ y1−α(x) ïîäà-
òè ó âèãëÿäi (4), òî ëåãêî ïåðåêîíàòèñÿ, ùî
y1−α(a) = 0 . Òåîðåìó 1 äîâåäåíî.

Òåîðåìà 2. Íåõàé ôóíêöiÿ f : J × R ×
R → R çàäîâîëüíÿ¹ óìîâàì (à), (á) òà óìî-
âi Ëiïøèöÿ

|f(x, y1, z1)− f(x, y2, z2)| ≤
≤ L1 |y1 − y2|+ L2 |z1 − z2| , (8)

ïðè÷îìó

q =
L1a

1+α

2Γ(1 + α)
+

L2a

2
< 1.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2).
Äîâåäåííÿ. ×åðåç Cα(J) ïîçíà÷èìî

ìíîæèíó ôóíêöié u(x) òàêó, ùî u(x) ∈
C(J) , Dα

0 u(x) ∈ C(J) ç íîðìîþ

‖u(x)‖ = max
[
max

J
|u(x)| ,

aα

Γ(1 + α)
max

J
|Dα

0 u(x)|
]

.

Äîâåäåìî, ùî ïðîñòið Cα(J) ïîâíèé. Íå-
õàé {un(x)} ⊂ Cα(J) - ôóíäàìåíòàëüíà ïî-
ñëiäîâíiñòü. Òîäi ðiâíîìiðíî íà J un(x) →
u(x) ∈ C(J) , Dα

0 un(x) → v(x) ∈ C(J) .
Äîâåäåìî, ùî v(x) = Dα

0 u(x) . Ëåãêî
ïåðåâiðèòè, ùî un,1−α(x) = I1−α

0 un(x) ∈
C ((0; a]) i

lim
x→0+0

un,1−α(x) = 0.

ßêùî ïîêëàñòè un,1−α(0) = 0 , òî îòðè-
ìà¹ìî, ùî un,1−α(x) ∈ C(J) . Çãiäíî ç òå-
îðåìîþ Ëåáåãà ïðî ìàæîðàíòó çáiæíiñòü
limn→∞ un,1−α(x) = I1−α

0 u(x) = u1−α(x), ïðè-
÷îìó u1−α(0) = 0 .
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Ç äðóãî¨ ñòîðîíè

un,1−α(x) =

∫ x

0

Dα
0 un(t)dt.

Çâiäêè ïðè n →∞ îäåðæèìî, ùî

u1−α(x) =

∫ x

0

v(t)dt,

à çíà÷èò Dα
0 u(x) = v(x) , x ∈ J . Íåõàé äëÿ

u(x) ∈ Cα(J)

w(x) = T (u) =
1

aΓ(α)
×

×
∫ x

0

(x− t)α−1

(∫ t

0

sF ((u(s)) ds−

−
∫ a

t

(a− s)F ((u(s)) ds

)
dt. (9)

Äîâåäåìî, ùî w(x) ∈ C(J) . Äëÿ

x1, x2 ∈ (0; a], x1 < x2

|w (x1)− w (x2)| = 1

aΓ(α)
×

×
∣∣∣∣
∫ x2

0

(x2 − t)α−1γ (u(t)) dt−

−
∫ x1

0

(x1 − t)α−1γ (u(t)) dt

∣∣∣∣ =

=
1

aΓ(α)

∣∣∣∣
∫ x1

0

[
(x2 − t)α−1 −

−(x1 − t)α−1
]
γ (u(t)) dt+

+

∫ x2

x1

(x2 − t)α−1γ (u(t)) dt

∣∣∣∣ .

Îñêiëüêè äëÿ t ∈ J

|γ (u(t))| ≤ M

(
t2

2
+

(a− t)2

2

)
≤ M

a2

2
,

òî
|w (x1)− w (x2)| ≤ Ma

2Γ(1 + α)
×

× [
2(x2 − x1)

α−1 − (xα
2 − xα

1 )
] ≤

≤ Ma(x2 − x1)
α

Γ(1 + α)

(âðàõîâàíî, ùî xα
2 − xα

1 ≤ (x2 − x1)
α ).

Êðiì òîãî, äëÿ x ∈ (0; a]

|w(x)| ≤ Maxα

2Γ(1 + α)
.

Îòæå
lim

x→0+0
w(x) = 0.

ßêùî w(0) = 0 , òî w(x) ∈ C(J) . Äîâåäåìî,
ùî Dα

0 w(x) ∈ C(J) . Ìà¹ìî

w1−α(x) = I1−α
0 w(x) =

= I1−α
0

(
1

a
Iα
0 γ (u(x))

)
=

=
1

a
I1
0γ (u(x)) ,

Dα
0 w(x) = w′

1−α(x) =

=
1

a
γ (u(x)) ∈ C(J).

Îòæå äîâåäåíî, ùî

T : Cα(J) → Cα(J).

Äîâåäåìî, ùî T ÿâëÿ¹òüñÿ îïåðàòîðîì
ñòèñêó. Íåõàé u1, u2 ∈ Cα(J) i

w1(x) = T (u1), w2(x) = T (u2).

Âðàõîâóþ÷è óìîâó (8), îòðèìà¹ìî

|w1 (x)− w2 (x)| = 1

aΓ(α)
×

×
∣∣∣∣
∫ x

0

(x− t)α−1

(∫ t

0

s×

× (F (u1(s))− F (u2(s))) ds−

−
∫ a

t

(a− s)×

× (F (u1(s))− F (u2(s))) ds) dt| ≤

≤ 1

aΓ(α)

∫ x

0

(x− t)α−1×

×
[∫ t

0

s (L1 |u1(s)− u2(s)| +

+L2 |Dα
0 u1(s)−Dα

0 u2(s)|) ds+
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+

∫ a

t

(a− s)× (10)

× (L1 |u1(s)− u2(s)| +
+L2 |Dα

0 u1(s)−Dα
0 u2(s)|) ds] dt ≤

≤ 1

aΓ(α)
×

(
L1 max

J
|u1(s)− u2(s)| +

+L2 max
J
|Dα

0 u1(s)−Dα
0 u2(s)|

)
×

×
∫ x

0

(x− t)α−1

(
t2

2
+

(a− t)2

2

)
≤

≤ a1+α

2Γ(1 + α)

(
L1 max

J
|u1(s)− u2(s)| +

+L2 max
J
|Dα

0 u1(s)−Dα
0 u2(s)|

)
.

à òàêîæ

|Dα
0 w (x1)−Dα

0 w (x2)| =

=
1

a
|γ (u1(x))− γ (u2(x))| ≤

≤ a

2

(
L1 max

J
|u1(x)− u2(x)| +

+L2 max
J
|Dα

0 u1(x)−Dα
0 u2(x)|) ,

aα

Γ(α + 1)
|Dα

0 w (x1)−Dα
0 w (x2)| ≤

≤
(

aα+1L1

2Γ(α + 1)
+

L2a

2

)
× (11)

×max
(
max

J
|u1(x)− u2(x)| ,

aα

Γ(α + 1)
max

J
|Dα

0 u1(x)−Dα
0 u2(x)|

)
.

Iç îöiíîê (10), (11) âèòiêà¹, ùî

‖T (u1)− T (u2)‖ ≤ q ‖u1(x)− u2(x)‖ .

Çãiäíî ïðèíöèïó ñòèñëèõ âiäîáðàæåíü [5,
c. 9] îïåðàòîð

T : Cα(J) → Cα(J)

ìà¹ â Cα(J) ¹äèíó íåðóõîìó òî÷êó y(x) =
T (y) , ÿêà çà òåîðåìîþ 1 ÿâëÿ¹òüñÿ ðîçâ'ÿç-
êîì çàäà÷i (1), (2). Òåîðåìó 2 äîâåäåíî.

Òåîðåìà 3.Íåõàé â îáëàñòi

P = {(x, y, z) : 0 ≤ x ≤ a, |y| ≤ r, |z| ≤ r}

ôóíêöiÿ f(x, y, z) çàäîâîëüíÿ¹ óìîâàì òåî-
ðåìè 2 i

Ma1+α

2Γ(1 + α)
≤ r. (12)

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2).
Äîâåäåííÿ. Â ïðîñòîði Cα(J) ðîçãëÿíå-

ìî êóëþ

S = {u ∈ Cα(J) : ||u|| ≤ r} .

Ïåðåêîíà¹ìîñÿ, ùî T : S → S . Íåõàé
u(x) ∈ S , à w(x) = T (u) i äîâåäåìî, ùî
w(x) ∈ S . Ïðè äîâåäåíi òåîðåìè 2 ïîêà-
çàíî, ùî w(x) ∈ Cα(J) . Ïåðåâiðèìî, ùî
w(x) ∈ S . Ç óðàõóâàííÿì äîâåäåíîãî â òåî-
ðåìi 2 ìà¹ìî îöiíêè äëÿ x ∈ J

|w(x)| ≤ Ma1+α

2Γ(1 + α)
,

|Dα
0 w(x)| ≤ Ma

2
,

aα

Γ(α + 1)
|Dα

0 w(x)| ≤ Ma1+α

2Γ(1 + α)
.

Âðàõîâóþ÷è ñïiââiäíîøåííÿ (12), îòðèìà-
¹ìî, ùî ||w(x)|| ≤ r. Îòæå îïåðàòîð T :
S → S ìà¹ ¹äèíó íåðóõîìó òî÷êó y(x) ∈ S ,
ÿêà i áóäå ðîçâ'ÿçêîì çàäà÷i (1), (2). Òåîðåìó
3 äîâåäåíî.

Çàóâàæåííÿ. ßêùî óìîâè (2) ìàþòü âè-
ãëÿä

y1−α(0) = 0, y1−α(a) = B,

òî, çðîáèâøè çàìiíó y(x) = u(x) + z(x), äå

z(x) =
Bxα

aΓ(1 + α)
, z1−α(x) =

Bx

a
,

ïðèéäåìî äî çàäà÷i

D1+α
0 u(x) = g (x, u(x), Dα

0 u(x)) ,

u1−α(0) = 0, u1−α(a) = 0,

à
g (x, u(x), Dα

0 u(x)) =

= f

(
x, u(x) + z(x), Dα

0 u(x) +
B

a

)
.
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Çàóâàæèìî, ùî ïðè α = 1 çàäà÷à (1), (2) ¹
äîáðå âèâ÷åíà çàäà÷à

y′′ = f(x, y, y′), y(0) = y(a) = 0.

Ïðèêëàä. Ðîçãëÿíåìî êðàéîâó çàäà÷ó
(

α =
1

2
, 1− α =

1

2
, a =

1

4

)

D
3
2
0 y(x) =

√
xΓ

(
3

2

)
y(x)− xD

1
2
0 y(x)+

+
7x3

30
+ x, (13)

y 1
2
(0) = y 1

2
(a) = 0. (14)

Ïðàâà ÷àñòèíà ðiâíÿííÿ (13) âèçíà÷åíà â
îáëàñòi

P =

{
(x, y, z) : 0 ≤ x ≤ 1

4
, |y| ≤ 1

48
, |z| ≤ 1

48

}
,

L1 =
1

2
Γ

(
3

2

)
, L2 =

1

4
, q =

1

16
,

M =
27

100
,

Ma1+α

2Γ(1 + α)
<

1

48
.

Ðîçâÿçêîì çàäà÷i (13), (14) ¹

y(x) =

√
x

Γ
(

3
2

)
(

4x2

15
− 1

96

)
,

ïðè÷îìó

y 1
2
(x) =

x3

6
− x

96
, D

1
2
0 y(x) =

x2

2
− 1

96
.
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