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ÑÒÎÕÀÑÒÈ×ÍI ÔÓÍÊÖIÎÍÀËÜÍÎ-ÄÈÔÅÐÅÍÖIÀËÜÍI ÐIÂÍßÍÍß Ç
ÏÓÀÑÑÎÍÎÂÈÌÈ ÇÁÓÐÅÍÍßÌÈ I ÉÌÎÂIÐÍÎÑÍI IÍÒÅÃÐÀËÜÍI

ÊÎÍÒÐÀÊÒÎÐÈ
Âèâ÷åíî êëàñ ñòîõàñòè÷íèõ ôóíêöiîíàëüíî-äèôåðåíöiàëüíèõ ðiâíÿíü, ðîçâ'ÿçêè ÿêèõ íå

ìàþòü ðîçðèâiâ äðóãîãî ðîäó, çà äîïîìîãîþ éìîâiðíiñíèõ îáìåæåíèõ iíòåãðàëüíèõ êîíòðà-
êòîðiâ.

The class of stochastic functional-di�erential equations which have solutions without points
of discontinuity of the second type is studied with the help of probabilistic bounded integral
contractors.

1. Ïîñòàíîâêà çàäà÷i. Íåõàé âèïàäêî-
âi ïðîöåñè {x(t) ≡ x(t, ω)} , t ∈ [−τ, T ]} ,
τ > 0 , çi çíà÷åííÿìè â Rn , n -âèìiðíèé
âiíåðiâ ïðîöåñ {W (t), t ∈ [0, T ]} i öåíòðîâà-
íà ïóàññîíîâà ìiðà ν̃(ds, su) ≡ ν(ds, du) −
E {ν̃(ds, du)} ç E {ν(ds, du)} = Π(du)ds çà-
äàíi íà éìîâiðíiñíîìó ïðîñòîði (Ω,F , P ) ç
ïîòîêîì σ -àëãåáð {Ft, t ≥ 0} , Ft ⊂ F [7-9].
Ïðè t ∈ [−τ, T ] ñïðàâäæóþòüñÿ ðiâíîñòi

x(t) = ϕ(t), ÿêùî t ∈ [−τ, 0] i

x(t) = ϕ(0) +

t∫

0

a(s, xs)ds +

t∫

0

b(s, xs)dw(s)+

+

t∫

0

∫

U

c(s, xs, u)ν̃(ds, du), (1)

ÿêùî t ∈ [0, T ] .
Òóò a : [0, T ] × Dn([−τ, 0]) → Rn ; b :

[0, T ] × Dn → Rn × Rn ; c : [0, T ] × Dn ×
U → Rn , Mn(Dn) � ìàòðèöÿ íàä ïðîñòî-
ðîì Dn ðîçìiðíîñòi n × n ; a , b , c � âè-
ìiðíi ôóíêöiîíàëè çà ñóêóïíiñòþ çìiííèõ;
xt ≡ {x(t + θ)}, θ ∈ [−τ, 0] ; Dn = Dn([−τ, 0])
� ïðîñòið íåïåðåðâíèõ ñïðàâà ôóíêöié íà
âiäðiçêó [−τ, 0] , ùî ìàþòü ëiâîñòîðîííi ãðà-
íèöi [1], [6].

Òîäi {x(t), t ≥ 0} íàçâåìî ñèëüíèì ðîç-
â'ÿçêîì ÑÄÔÐ

dx(t) = a(t, xt)dt + b(t, xt)dw(t)+

+

∫

U

c(t, xt, u)ν̃(ds, du) (2)

ç ïî÷àòêîâîþ óìîâîþ

x(t) = ϕ(t), t ∈ [−τ, 0]. (3)

Ó ïðîñòîði Dn äëÿ ϕ ∈ Dn âèçíà÷èìî
íîðìó

‖ϕ(θ)‖ ≡ sup
−τ≤θ≤0

|ϕ(θ)|. (4)

Çàóâàæèìî, ùî ó ðiâíîìiðíié íîðìi (4)
ïðîñòið Ñêîðîõîäà Dn íåïîâíèé. Òîìó âñi
ðåçóëüòàòè îäåðæàíî ó ðîçøèðåíîìó ïðîñ-
òîði Ñêîðîõîäà, ÿêèé íàäàëi ïîçíà÷àòèìåìî
ñèìâîëîì Dn ≡ Dn ([−τ, 0]]) [6].

Ó ðîáîòi [3] äîâåäåíî òåîðåìó iñíóâàí-
íÿ i ¹äèíîñòi äëÿ äåòåðìiíîâàíîãî äèôåðåí-
öiàëüíîãî ðiâíÿííÿ, à â [5] óçàãàëüíåíi ðå-
çóëüòàòè íà âèïàäîê ñòîõàñòè÷íèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü.

Ó äàíié ðîáîòi äîâåäåíî òåîðåìè iñíóâàí-
íÿ i ¹äèíîñòi äëÿ áiëüø øèðîêîãî êëàñó ðiâ-
íÿíü, à ñàìå ñòîõàñòè÷íèõ äèôåðåíöiàëüíî-
ôóíêöiîíàëüíèõ ðiâíÿíü.

Íåõàé Gi(t, xt) : [−τ, T ] × Dn → Rn , i =
1, 2 , G3(t, xt, u) : [0, T ] × Dn × U → Rn ¹
îáìåæåíèìè íåïåðåðâíèìè ôóíêöiîíàëàìè.
Äëÿ x, y ∈ Dn ââåäåìî âèïàäêîâèé ïðîöåñ
[5]

z(t) ≡ y(t) +

t∫

0

G1(s, xs)y(s)ds+
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+

t∫

0

G2(s, xs)y(s)dw(s)+ (5)

+

t∫

0

∫

U

G3(s, xs, u)y(s)ν̃(ds, du).

Ïðèïóñòèìî, ùî iñíó¹ äîäàòíà ñòàëà K ,
òàêà, ùî äëÿ âñiõ t ∈ [0, T ] âèêîíóþòüñÿ íå-
ðiâíîñòi

|a(t, xt−zt)−a(t, xt)−G1(t, xt)y| ≤ K‖y‖, (6)

|b(t, xt− zt)− b(t, xt)−G2(t, xt)y| ≤ K‖y‖, (7)∫

U

|c(t, xt − zt, u)− c(t, xt, u)−

−G3(t, xt, u)y|Π(du) ≤ K‖y‖, (8)

ìàéæå ñêðiçü âiäíîñíî íîðìè (4).
Îçíà÷åííÿ 1. ßêùî óìîâè (6), (7), (8) âè-

êîíóþòüñÿ, òî ãîâîðÿòü, ùî êîåôiöi¹íòè ðiâ-
íÿííÿ (2) ìàþòü îáìåæåíi iíòåãðàëüíi êîí-
òðàêòîðè [2], [3].

Îçíà÷åííÿ 2. Áóäåìî ãîâîðèòè, ùî îáìå-
æåíèé âèïàäêîâèé êîíòðàêòîð ¹ ïðàâèëü-
íèì, ÿêùî ðiâíÿííÿ (5) ìà¹ ðîçâ'ÿçîê â Dn

äëÿ äîâiëüíèõ x(t) i z(t) ç Dn [4].
Îçíà÷åííÿ 3. Ãîâîðÿòü, ùî ôóíêöiîíàë

h : [0, T ] × Dn × Rn → Rn ¹ ñòîõàñòè÷íî
çàìêíåíèé, ÿêùî äëÿ äîâiëüíèõ x(n) , x ç
Dn([0, T ] × Ω) òà y(n) , y ç Dn òàêèõ, ùî
x(n) → x , y(n) → y ïðè n → ∞ âèïëèâà¹,
ùî h(t, x

(n)
t (θ), y(n)(θ)) → z â Dn([0, T ]×Ω) ,

äå z(t) ≡ h(t, xt, y) äëÿ âñiõ t ∈ [0, T ] ìàéæå
ñêðiçü.

Çàóâàæåííÿ 1. ßêùî ôóíêöiîíàëè a , b ,
c ¹ ëiïøèöåâèìè çà äðóãèì àðãóìåíòîì, òî
âîíè ¹ ñòîõàñòè÷íî çàìêíåíèìè i ìàþòü ïðà-
âèëüíèé îáìåæåíèé âèïàäêîâèé iíòåãðàëü-
íèé êîíòðàêòîð ç Gi = 0 , i = 1, 2, 3 [5].

2. Ïðî iñíóâàííÿ ðîçâ'ÿçêiâ ñèñòåìè
ÑÄÔÐ ç ïóàññîíîâèìè çáóðåííÿìè

Òåîðåìà 1. Íåõàé êîåôiöi¹íòè â (2) ¹
ñòîõàñòè÷íî çàìêíåíèìè, ìàþòü îáìåæåíèé
âèïàäêîâèé iíòåãðàëüíèé êîíòðàêòîð i äëÿ
äîâiëüíîãî ϕ ∈ Dn([−h, 0]) iñíóþòü iíòåã-

ðàëè
T∫
0

|a(t, ϕ)|2dt < +∞ ;
T∫
0

|b(t, ϕ)|2dt <

∞ ;
t∫

0

∫
U

|c(t, ϕ, u)|2Π(du)dt < ∞ . Òîäi iñíó¹

ðîçâ'ÿçîê x(t) ∈ Dn([−τ, T ]) çàäà÷i Êîøi
(2), (5), (3).

Äîâåäåííÿ. Äîâåäåííÿ áàçó¹òüñÿ íà
íàñòóïíié iòåðàöiéíié ïðîöåäóði. Äëÿ n ≥ 0

x(n+1)(t) = x(n)(t)− y(n)(t)−

−
t∫

0

G1(s, x
(n)
s (θ))y(n)(s)ds−

−
t∫

0

G2(s, x
(n)
s (θ))y(n)(s)dw(s)−

−
t∫

0

∫

U

G3(s, x
(n)
s , u)y(n)(s)ν̃(du, ds); (9)

àáî

x(n+1)(t) = x(n)(t)− z(n)(t), 0 ≤ t ≤ T. (9′)

x0(t) = ϕ(0), t ≥ 0,

xn(t) = ϕ(t), −τ ≤ t ≤ 0,

y(n)(t) = x(n)(t)−x(0)−
t∫

0

a(s, x(n)
s (θ))ds− (10)

−
t∫

0

b(s, x(n)
s (θ))dw(s)−

t∫

0

∫

U

c(s, x(n)
s , u)ν̃(du, ds),

0 ≤ t ≤ T, yn(t) = 0, −τ ≤ t ≤ 0.

Ïiäñòàâëÿþ÷è (9) â (10) äëÿ (n + 1) -ãî
íàáëèæåííÿ, çíàõîäèìî:

y(n+1)(t) = x(n+1)(t)−x(0)−
t∫

0

a(s, x(n+1)
s (θ))ds−

−
t∫

0

b(s, x(n+1)
s (θ))dw(s)−

t∫

0

∫

U

c(s, x(n+1)
s , u)ν̃(du,ds)=

x(n+1)(t)− x(0)−
t∫

0

a(s, x(n)
s (θ)− z(n)

s (θ))ds−
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−
t∫

0

b(s, x(n)
s − z(n)

s )dw(s)−

−
t∫

0

∫

U

c(s, x(n)
s − z(n)

s , u)ν̃(du, ds) = x(n)(t)−

x(n)(t) + x(0) +

t∫

0

a(s, x(n)
s (θ))ds+

+

t∫

0

b(s, x(n)
s (θ))ds+

t∫

0

∫

U

c(s, x(n)
s , u)ν̃(du, ds)−

−
t∫

0

G1(s, x
(n)
s (θ))y(n)(s)ds−

−
t∫

0

G2(s, x
(n)
s (θ))y(n)(s)dw(s)−

−
t∫

0

∫

U

G3(s, x
(n)
s , u)y(n)(s)ν̃(du, ds)− x(0)−

−
t∫

0

a(s, x(n)
s −z(n)

s )ds−
t∫

0

b(s, x(n)
s −z(n)

s )dw(s)−

−
t∫

0

∫

U

c(s, x(n)
s − z(n)

s , u)ν̃(du, ds) =

=

t∫

0

[a(s, x(n)
s (θ))−G1(s, x

(n)
s (θ))y(n)(s)−

−a(s, x(n)
s (θ)− z(n)

a (θ))]ds +

t∫

0

[b(s, x(n)
s (θ))−

−G2(s, x
(n)
s (θ))y(n)(s)− b(s, x(n)

s (θ)−

−z(n)
s (θ))]dw(s) +

t∫

0

∫

U

[c(s, x(n)
s , u)−

−G3(s, x
(n)
s , u)y(n)(s)− c(s, x(n)

s −
−z(n)

s , u)ν̃(ds, du). (11)

Ñêîðèñòà¹ìîñÿ íåðiâíiñòþ Êîøi-Áóíÿ-
êîâñüêîãî i îñíîâíèìè âëàñòèâîñòÿìè ñòî-
õàñòè÷íèõ iíòåãðàëiâ [1], [9] äëÿ t ∈ [0, T ] :

E





∣∣∣∣∣∣

t∫

0

1 · g(s)ds

∣∣∣∣∣∣

2
 ≤ T ·

t∫

0

E{|g(s)|2}ds;

E





∣∣∣∣∣∣

t∫

0

g(s, w)dw(s)

∣∣∣∣∣∣

2
 =

t∫

0

E{|g(s, w)|2}ds;

E





∣∣∣∣∣∣

t∫

0

∫

U

f(s, u, w)ν̃(ds, du)

∣∣∣∣∣∣

2
 =

=

t∫

0

∫

U

E{|f(s, u, w)|2}Π(du, dt);

E



 sup

t∈[0,T ]

∣∣∣∣∣∣

s∫

0

g(s)dw(s)

∣∣∣∣∣∣

2
 ≤ 4

T∫

0

E{|g(s)|2}ds;

E



 sup

t∈[0,T ]

∣∣∣∣∣∣

t∫

0

∫

U

f(s, u, w)ν̃(du, ds)

∣∣∣∣∣∣

2
 ≤

≤ 4

t∫

0

∫

U

E{|f(s, u, w)|2}Π(du, ds)

òà äëÿ óìîâ (6), (7), (8) çíàéäåìî îöiíêó äëÿ
âèðàçó E{‖y(n+1)(t)‖2} . Î÷åâèäíî, ùî

‖y(n+1)(t)‖2 ≤

 sup

0≤t≤T
|

t∫

0

[a(s, x(n)
s (θ))−

−G1(s, x
(n)
s (θ))y(n)(s)−a(s, x(n)

s (θ)−z(n)
s (θ))]ds|+

+ sup
0≤t≤T

|
t∫

0

b(s, x(n)
s (θ))−G2(s, x

(n)
s (θ))y(n)(s)−

−b(s, x(n)
s (θ)− z(n)

s (θ))dw(s)|+

+ sup
0≤t≤T

|
t∫

0

∫

U

[c(s, x(n)
s , u)−G3(s, x

(n)
s , u)y(n)(s)−

−c(s, x(n)
s − z(n)

s , u)]ν̃(ds, du)|)2 ≤
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≤ 2[ sup
0≤t≤T

|
t∫

0

[a(s, x(n)
s (θ))−

−G1(s, x
(n)
s (θ))y(n)(s)−a(s, x(n)

s (θ)−z(n)
s (θ))]ds|2+

+ sup
0≤t≤T

|
t∫

0

[b(s, x(n)
s (θ))−G2(s, x

(n)
s (θ))y(n)(s)−

−b(s, x(n)
s (θ)− z(n)

s (θ))]dw(s)|2+

+ sup
0≤t≤T

|
t∫

0

∫

U

[c(s, x(n)
s , u)−G3(s, x

(n)
s , u)y(n)(s)−

−c(s, x(n)
s − z(n)

s , u)]ν̃(ds, du)|2].
Çíàéäåìî óìîâíå ìàòåìàòè÷íå ñïîäiâàí-

íÿ âiäíîñíî σ -àëãåáðè F0 (áóäåìî ïîçíà÷à-
òè E{|y(n+1)(t)|2} ≡ E{|y(n+1)(t)|2/F0} ) [9]:

E{‖y(n+1)(t)‖2} ≤ 2[E{ sup
0≤t≤T

|
t∫

0

[a(s, x(n)
s (θ))−

−G1(s, x
(n)
s (θ))y(n)(s)− a(s, x(n)

s (θ)−

−z(n)
s (θ))]ds|2}+ E{ sup

0≤t≤T
|

t∫

0

[b(s, x(n)
s (θ))−

−G2(s, x
(n)
s (θ))y(n)(s)− b(s, x(n)

s (θ)−

−z(n)
s (θ))]dw(s)|2}+E{ sup

0≤t≤T
|

t∫

0

∫

U

[c(s, x(n)
s , u)−

−G3(s, x
(n)
s , u)y(n)(s)− c(s, x(n)

s −
−z(n)

s , u)]ν̃(du, ds)|2}] ≤

≤ 2K2[E{ sup
0≤t≤T

|
t∫

0

‖y(n)(s)‖ds|2}+

+E{ sup
0≤t≤T

|
t∫

0

‖y(n)(s)‖dw(s)|2}+

+E{ sup
0≤t≤T

|
t∫

0

∫

U

‖y(n)(s)‖ν̃(du, dv)|2} ≤

≤ 2K2[T

t∫

0

E{‖y(n)(s)‖2}ds+

+4

t∫

0

E{‖y(n)(s)‖2}ds+

+4

t∫

0

∫

U

E{‖y(n)(s)‖}Π(du, ds) =

= 2K2[T

t∫

0

E{‖y(n)(s)‖2}ds+

+4

t∫

0

E{‖y(n)(s)‖2}ds + 4

t∫

0

E{‖y(n)(s)‖2}ds =

= 2K2(T + 8)

t∫

0

E{‖y(n)(s)‖2}ds.

Îòæå,
E{‖y(n+1)(t)‖2} ≤

≤ 2K2(T + 8)

t∫

0

E{‖y(n)(s)‖2}ds, (12)

t ∈ [0, T ] . Ïðîiíòåãðóâàâøè n ðàçiâ, ìàòè-
ìåìî

E{‖y(n+1)(s)‖2} ≤

≤ [2K2(T+8)]n
t∫

0

(T−s)nE{‖y(0)(s)‖2}ds/n!, (13)

t ∈ [0, T ] , äå

y(0)(t) = −
t∫

0

a(s, x(0)
s (θ))ds−

−
t∫

0

b(s, x(0)
s (θ))dw(s)−

−
t∫

0

∫

U

c(s, x(0)
s , u)ν̃(ds, du), ∀t ∈ [0, T ]
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i
x(0)

s (s− τ) =

{
ϕ(0), s ≥ τ,
ϕ(s− τ), s < τ.

Òåïåð îöiíèìî âèðàç

E{‖y(0)(t)‖2} = E{( sup
0≤s≤t

|y(0)(s)|)2} ≤

≤ 2E{ sup
0≤s≤t

|
s∫

0

a(τ, x(0)
τ )dτ |2+

+ sup
0≤s≤t

|
s∫

0

b(τ, x(0)
τ )dw(τ)|2+

+ sup
0≤s≤t

|
s∫

0

∫

U

c(τ, x(0)
τ , u)ν̃(du, dτ)|2} ≤

≤ 2(E{ sup
0≤s≤t

|
s∫

0

a(τ, x(0)
τ )dτ |2}+

+E{ sup
0≤s≤t

|
s∫

0

b(τ, x(0)
τ )dw(τ)|2}+

+E{ sup
0≤s≤t

|
s∫

0

∫

U

c(τ, x(0)
τ , u)ν̃(du, dτ)|2}) ≤

≤ 2(T

t∫

0

E{|a(τ, x(0)
τ )|2}dτ+

+4

t∫

0

E{|b(τ, x(0)
τ )|2}dτ+

+4

t∫

0

∫

U

E{|c(τ, x(0)
τ , u)|2}dτ).

Îñêiëüêè âiäîáðàæåííÿ a , b i c ¹ íåïå-
ðåðâíèìè íà âiäðiçêó [0, T ] , òî iñíóþòü äî-
äàòíi ñòàëi C1 , C2 i C3 , ÿêi îáìåæóþòü ¨õ.

Îòæå,

E{‖y(0)(t)‖2} ≤ 2(T

t∫

0

C2
1dτ + 4

t∫

0

C2
2dτ+

+4

t∫

0

C2
3dτ) ≤ 2(T 2C2

1 + 4C2
2T + 4C2

3T ) ≤ θ,

äå
θ = 2T (TC2

1 + 4C2
2 + 4C2

3) > 0.

Òîäi îöiíêà (13) íàáóäå âèãëÿäó

E{‖y(n)(t)‖2} ≤ θ[2K2(T + 8)]n · T n+1

(n + 1)!
, (14)

t ∈ [0, T ] , n = 1, 2, . . . .
Ïåðåïèøåìî íåðiâíiñòü (11) òàêèì ÷è-

íîì:

y(n+1)(t) =

t∫

0

αn(s)ds +

t∫

0

βn(s)dw(s)+

+

t∫

0

∫

U

γn(s, u)ν̃(ds, du),

äå

αn(t) = a(t, x
(n)
t )−G1(t, x

(n)
t )y(n)(t)−

−a(t, x
(n)
t − z

(n)
t );

βn(t) = b(t, x
(n)
t )−G2(t, x

(n)
t )y(n)(t)−

−b(t, x
(n)
t − z

(n)
t );

γn(t) = c(t, x
(n)
t , u)−G3(t, x

(n)
t , u)y(n)(t)−

−c(t, x
(n)
t − z

(n)
t , u).

Òîäi î÷åâèäíî, ùî

sup
0≤s≤t

|y(n+1)(t)| ≤
T∫

0

|αn(s)|ds+

+ sup
0≤t≤T

|
t∫

0

βn(s)dw(s)|+

+ sup
0≤t≤T

|
t∫

0

∫

U

γn(s, u)ν̃(ds, du)|. (15)
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Òåïåð îöiíèìî êîæíèé ç öèõ iíòåãðàëiâ. Âè-
êîðèñòîâóþ÷è (6), (7), (8) i (14), ëåãêî îäåð-
æàòè íåðiâíiñòü:

P{
T∫

0

|αn(s)|ds > 3−n−2} ≤

≤ 32n+2

T∫

0

E{|αn(s)|2}ds ≤

≤ 32n+3K2

T∫

0

E{‖y(n)(s)‖2}ds ≤

≤ 32n+3K2Tθ[2K2(T + 8)]n
T n+1

(n + 1)!
≤

≤ 3an+1θT 2

2(T + 8)(n + 1)!
,

äå K1 ≡ 18 ·K2T (T + 8) . Àíàëîãi÷íî

P{ sup
0≤t≤T

|
t∫

0

βn(s)dw(s)| > 3−n−2} ≤

≤ 3Kn+1
1 θT 2

2(T + 8)(n + 1)!
;

P{ sup
0≤s≤t

|
t∫

0

∫

U

γn(s, u)ν̃(ds, du)| > 3−n−2} ≤

≤ 3Kn+1
1 θT 2

2(T + 8)(n + 1)!
.

Íàðåøòi ç (15) i ïîïåðåäíiõ îöiíîê âèïëèâà¹
íåðiâíiñòü

P{ sup
0≤t≤T

|y(n+1)(t)| > 3−n−2} ≤

≤ P{
T∫

0

|αn(s)|ds > 3−n−2}+

+P{ sup
0≤t≤T

|
t∫

0

βn(s)dw(s)| > 3−n−2}+

+P{ sup
0≤t≤T

|
t∫

0

∫

U

γn(s, u)ν̃(ds, du)| > 3−n−2} ≤

≤ 3Kn+1
1 θT

(n + 1)!
. (16)

Ç (9) îäåðæèìî

P{ sup
0≤t≤T

|x(n+1)(t)− x(n)(t)|} <

< P{ sup
0≤t≤T

|y(n)(t)|+
T∫

0

|G1(s, x
(n)
s )y(n)(s)|ds+

+ sup
0≤t≤T

|
t∫

0

G2(s, x
(n)
s )y(n)(s)dw(s)|+

+ sup
0≤t≤T

|
t∫

0

∫

U

G3(s, x
(n)
s , u)yn(s)ν̃(ds, du)|.

Ïîçíà÷èìî

S1 ≡ sup{|G1(t, xt)|, t ∈ [0, T ], xt ∈ Dn};
S2 ≡ sup{|G2(t, x)|, t ∈ [0, T ], xt ∈ Dn};

S3 ≡ sup{|G3(t, x, u)|, t ∈ [0, T ]

{xt, u} ∈ Dn × U}
Âèêîðèñòîâóþ÷è (14), ëåãêî ïîáà÷èòè, ùî

P{
T∫

0

|G1(s, x
(n)
s )y(n)(s)|ds > 3−n} ≤

≤ 32nE{
T∫

0

|G1(s, x
(n)
s )y(n)(s)|2ds} ≤

≤ 32nT

T∫

0

E{|G1(s, x
(n)
s )y(n)(s)|2}ds ≤

S2
1 · 32nTK2

T∫

0

E{‖y(n)(s)‖2}ds ≤

≤ 32nT 2K2[2K2(T + 8)]n
T n+1

(n + 1)!
· θ · S2

1 ≤

10 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2009. Âèïóñê 454. Ìàòåìàòèêà.



≤ S2
1θT

3an

(n + 1)!
.

Àíàëîãi÷íî

P{ sup
0≤t≤T

|
t∫

0

G2(s, x
(n)
s )y(n)(s)dw(s)| > 3−n} ≤

≤ S2
2θT

2an

(n + 1)!
;

P{ sup
0≤t≤T

|
t∫

0

∫

U

G3(s, x
(n)
s , u)y(n)(s)ν̃(ds, du)| >

> 3−n} ≤ S2
3θT

2an

(n + 1)!
.

Ç (9), (16) òà ç îñòàííiõ îöiíîê ìà¹ìî ëàí-
öþæîê íåðiâíîñòåé:

P{ sup
0≤t≤T

|x(n+1)(t)− x(n)(t)| > 4 · 3−n} ≤

≤ [
3θTan

(T + 8)(n + 1)!
+

S2
1θT

3an

(n + 1)!
+

+
S2

2θT
2an

(n + 1)!
+

S2
3θT

2an

(n + 1)!
] · 42 · 32n =

=
42 · 32nθTan

(n + 1)!
[

3

(T + 8)
+ S2

1T
2+

+S2
2T + S2

3T ] =
42 · 32nθTan

(T + 8)(n + 1)!
[3+

+(T + 8)T 2S2
1 + (T + 8)T (S2

2 + S2
3)]. (17)

Çà ëåìîþ Áîðåëÿ-Êàíòåëëi [1], îäåðæè-
ìî, ùî

P = { lim
n→∞

( sup
0≤t≤T

|x(n+1)(t)− x(n)(t)|) >

> 4 · 3−n} = 0.

Òîáòî, äëÿ âåëèêèõ n

sup
0≤t≤T

|x(n+1)(t)− x(n)(t)| ≤ 4 · 3−n (18)

ìàéæå ñêðiçü.
Îòæå, ïîñëiäîâíiñòü {xn(t), n = 1, 2, . . . }

ìàéæå ñêðiçü çáiæíà äî ñòîõàñòè÷íîãî ïðî-
öåñó x∗(t) . Çà òåîðåìîþ Âåé¹ðøòðàññà ïðî

ðiâíîìiðíó çáiæíiñòü âèïëèâà¹, ùî öÿ çái-
æíiñòü ¹ ðiâíîìiðíîþ íà [0, T ] .

ßêùî âèêîðèñòà¹ìî îçíà÷åííÿ äëÿ x∗(t) ,
ïîêëàâøè x∗(t) = ϕ(t) äëÿ t ∈ [−τ, 0] , îäåð-
æèìî, ùî òðà¹êòîðiÿ x∗(t) íå ìà¹ ñòðèáêiâ
äðóãîãî ðîäó íà [−τ, T ] . Êðiì òîãî, iç âèç-
íà÷åííÿ ïîñëiäîâíîñòåé {xn(t), n = 1, 2, . . . }
i {yn(t), n = 1, 2, . . . } , âèïëèâà¹, ùî âîíè
¹ òðèâiàëüíèìè ïî âiäíîøåííþ äî âiíåðîâî-
ãî ïðîöåñó i âèïàäêîâî¨ ïóàññîíiâñüêî¨ ìiðè.
Òàêèì ÷èíîì, äëÿ äîâiëüíîãî t ∈ [−τ, T ] ,
x∗(t) ¹ òðèâiàëüíèì. Îòæå, x∗(t) íàëåæèòü
äî Dn .

Äëÿ òîãî, ùîá äîâåñòè, ùî x∗(t) ¹
ðîçâ'ÿçêîì (2),(3), ïîêàæåìî ñïî÷àòêó, ùî
xn(t) → x∗(t) ïðè n →∞ â Dn . Ç (18) ìà¹-
ìî:

E{ sup
0≤t≤T

|x∗(t)− x(n)(t)|2} ≤

≤ E{ lim
m→∞

sup
0≤t≤T

|x(n+m)(t)− x(n)(t)|2} ≤

≤ lim
m→∞

E{
n+m−2∑

k=n

sup
0≤t≤T

|x(k+1)(t)− x(k)(t)|2} ≤

≤ 4 · lim
n→∞

(
n+m−2∑

k=n

3−k

)2

→ 0.

Òàêèì ÷èíîì, x(n)(t) → x∗(t) ïðè n →∞
â L2 (â ðîçóìiííi çáiæíîñòi â L2 ).

Âèêîðèñòîâóþ÷è òîé ôàêò, ùî ôóíêöi¨
a , b , c ñòîõàñòè÷íî çàìêíåíi, âèïëèâà¹, ùî
äëÿ âñiõ t ∈ [0, T ]

a(t, x
(n)
t (θ)) → a(t, x∗t (θ));

b(t, x
(n)
t (θ)) → b(t, x∗t (θ));

c(t, x
(n)
t , u) → c(t, x∗t , u)

ìàéæå ñêðiçü.
Îòæå,

E{|
t∫

0

a(s, x(n)
s )ds−

t∫

0

a(s, x∗s)ds|2} ≤

≤ T

T∫

0

E{|a(s, x(n)
s − a(s, x∗s))|2}ds → 0,
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E{|
t∫

0

b(s, x(n)
s )dw(s)−

t∫

0

b(s, x∗s)dw(s)|2} ≤

≤ T

T∫

0

E{|b(s, x(n)
s − b(s, x∗s))|2}ds → 0;

E{|
t∫

0

∫

U

c(s, x(n)
s , u)ν̃(ds, du)−

−
t∫

0

∫

U

c(s, x∗s, u)ν̃(ds, du)|2} =

=

t∫

0

∫

U

E{|c(s, x(n)
s , u)−

−c(s, x∗s, u)|2}Π(du)ds → 0.

Âçÿâøè ãðàíèöþ â ðîçóìiííi çáiæíîñòi â
L2 i çàñòîñóâàâøè ¨¨ äî îáîõ ñòîðií ðiâíîñòi
(9), îäåðæèìî, ùî äëÿ äîâiëüíîãî t ∈ [0, T ]
ðiâíiñòü

x∗(t) = x(0)+

t∫

0

a(s, x∗s)ds+

t∫

0

b(s, x∗s)dw(s)+

+

t∫

0

∫

U

c(s, x∗s, u)ν̃(ds, du)

âèêîíó¹òüñÿ ìàéæå ñêðiçü i x∗(t) = ϕ(t) äëÿ
t ∈ [−τ, 0] .

Òàêîæ, âèïàäêîâi ïðîöåñè çëiâà i ñïðàâà
îñòàííüî¨ ðiâíîñòi íå ìàþòü ñòðèáêiâ äðóãî-
ãî ðîäó. Îòæå, öÿ ðiâíiñòü ìà¹ ìiñöå äëÿ âñiõ
t ∈ [−τ, T ] ìàéæå ñêðiçü i x∗(t) ¹ ðîçâ'ÿçêîì
(2), (3).

3. Ïðî ¹äèíiñòü ðîçâ'ÿçêiâ ÑÄÔÐ.
Ðîçãëÿíåìî çàäà÷ó ïðî ¹äèíiñòü ðîçâ'ÿç-

êó çàäà÷i (2), (3), (5).
Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè

òåîðåìè 1, i îáìåæåíèé âèïàäêîâèé êîí-
òðàêòîð äëÿ ÑÄÔÐ (2) ¹ ïðàâèëüíèì. Òî-
äi ðîçâ'ÿçîê çàäà÷i (2), (3), (5) {x(t)} ⊂ Dn

¹ ¹äèíèé ç òî÷íiñòþ äî ñòîõàñòè÷íî¨ åêâiâà-
ëåíòíîñòi.

Äîâåäåííÿ. Íåõàé x1(t) , x2(t) � äâà
ðîçâ'ÿçêè çàäà÷i (2), (3). Òîäi x(t) ≡ x1(t) ,
z(t) ≡ x2(t)−x1(t) â (5). Çíà÷èòü, iñíó¹ y(t)
ç Dn , ÿêèé ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

x2(t)− x1(t) = y(t) +

t∫

0

G1(s, x
1
s)y(s)ds+

+

t∫

0

G2(s, x
1
s)y(s)dw(s)+

+

t∫

0

∫

U

G3(s, x
1
s, u)ν̃(ds, du). (19)

Òîäi, âðàõîâóþ÷è (1) òà (19), ëåãêî îäåð-
æàòè îöiíêó

y(t) =

t∫

0

[a(s, x2
s)−a(s, x1

s)−G1(s, x
1
s)y(s)]ds+

+

t∫

0

[b(s, x2
s)− b(s, x1

s)−G2(s, x
1
s)y(s)]dw(s)+

+

t∫

0

∫

U

[c(s, x2
s, u)− c(s, x1

s, u)−

−G3(s, x
1
s, u)y(s)]ν̃(ds, du) =

t∫

0

[a(s, x1
s + zs)−

−a(s, x1
s)−G1(s, x

1
s)y(s)]ds+

+

t∫

0

[b(s, x1
s+zs)−b(s, x1

s)−G2(s, x
1
s)y(s)]dw(s)+

+

t∫

0

∫

U

[c(s, x1
s + zs, u)− c(s, x1

s, u)−

−G3(s, x
1
s, u)y(s)]ν̃(ds, du),

sup
0≤s≤t

|y(s)| ≤ K

t∫

0

‖y(s)‖ds+
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+K sup
0≤s≤t

t∫

0

‖y(s)‖dw(s)+

+K sup
0≤s≤t

t∫

0

∫

U

‖y(s)‖Π(du)ds,

E{‖y(t)‖2} = E{ sup
0≤s≤t

|y(s)|2} ≤

≤ 2(TK2

t∫

0

E{‖y(s)‖2}ds+)

+4K2

t∫

0

E{‖y(s)‖2}ds+

+4K2

t∫

0

E{‖y(s)‖2}ds) ≤

≤ 2K2(T + 8)

t∫

0

E{‖y(s)‖2}ds.

Íàãàäà¹ìî ïîñèëåíó íåðiâíiñòü Ãðîíóîëà
[1]: äëÿ âèìiðíèõ ôóíêöié ϕ(t) i α(t) , äëÿ
ÿêèõ âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

ϕ(t) ≤ α(t) + L

t∫

0

ϕ(s)ds, L > 0,

ñïðàâåäëèâà íåðiâíiñòü

ϕ(t) ≤ α(t) + L

t∫

0

eL(t−s)α(s)ds.

ßêùî ïîçíà÷èòè ϕ(t) ≡ E{‖y(t)‖2} ,
L = 2K2(T + 8) , α(t) ≡ 0 , òî

0 ≤ E{‖y(t)‖2} ≤

≤ 2K2(T + 8)

t∫

0

e2K2(T+8) · 0ds ≤ 0.

Çíà÷èòü,

E{‖y(t)‖2/F0} = 0, ∀t ∈ [0, T ],

ìàéæå ñêðiçü. Çãiäíî ç âëàñòèâîñòÿìè óìîâ-
íîãî ìàòåìàòè÷íîãî ñïîäiâàííÿ, îäåðæèìî,

ùî y(t) ≡ 0 . Òîäi, âèêîðèñòîâóþ÷è (17) i
(19), î÷åâèäíî, ùî

0 ≤ P{ sup
0≤t≤T

|x1(t)− x2(t)| 6= 0} ≤

≤ 42 · 32nTθan

(n + 1)!(T + 8)
[3 + (T + 8)T 2S2

1+

+(T + 8)T (S2
2 + S2

3)] → 0

ïðè n →∞ .
Îòæå, P{x1(t) 6= x2(t)} = 0 .
Ïðîäîâæóþ÷è ðîçâ'ÿçêè {x1(t)} i

{x2(t)} âïðàâî, ìàòèìåìî, ùî x1(t) = x2(t)
íà [0, T ] ìàéæå ñêðiçü ç òî÷íiñòþ äî ñòî-
õàñòè÷íî¨ åêiâàëåíòíîñòi. Îòæå, ðîçâ'ÿçîê
¹ ¹äèíèé ìàéæå ñêðiçü, ùî i òðåáà áóëî
äîâåñòè.

Çàóâàæèìî, ùî, ÿêùî c(t, xt, u) ≡ 0 ,
òî îäåðæóþòüñÿ ðåçóëüòàòè äëÿ äèôóçié-
íèõ ñòîõàñòè÷íèõ äèôåðåíöiàëüíî-ðiçíèöå-
âèõ ðiâíÿíü ç ïîñòiéíèìè êîåôiöi¹íòàìè [5].
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