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ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÔÓÍÊÖIÎÍÀËÜÍÎÃÎ ÐIÂÍßÍÍß

ÂÎËÜÒÅÐIÂÑÜÊÎÃÎ ÒÈÏÓ
Â äàíié ðîáîòi äîñëiäæåíà ïðîáëåìà iñíóâàííÿ òà ¹äíîñòi ðîçâ'ÿçêó ñòîõàñòè÷íîãî
äèôåðåíöiàëüíî-ôóíêöiîíàëüíîãî ðiâíÿííÿ Âîëüòåðiâñüêîãî òèïó.

In this paper the problem of the existence and uniqueness of a solution of a Volterra type stochastic
di�erential-functional equation is investigated.

Âñòóï
Â äàíié ðîáîòi ðîçãëÿäà¹òüñÿ ñòîõàñòè÷íå
iíòåãðî � äèôåðåíöiàëüíå ðiâíÿíü Âîëüòåð-
ðè ç iíòåãðàëîì Ñêîðîõîäà (1) çà ïî÷àòêî-
âîþ óìîâîþ (2). Äëÿ äàíî¨ çàäà÷i Êîøi ñòà-
âèòüñÿ ïèòàííÿ ïðî iñíóâàííÿ òà ¹äíiñòü l
- ãî ìîìåíòó ñèëüíîãî ðîçâ'ÿçêó ïðè l > 1.
Äàíîìó ïèòàííþ ïðèñâÿ÷åíî áàãàòî ïðàöü,
àëå â áiëüøîñòi âèïàäêiâ, ïî-ïåðøå, ðîçãëÿ-
äà¹òüñÿ äàíà çàäà÷à íåâèïàäêîâîãî õàðàêòå-
ðó, òîáòî ïðè âiäñóòíîñòi iíòåãðàëiâ Âiíåðà
òà Ñêîðîõîäà [3, 4, 6]. Ïî-äðóãå, ïðè ðîç-
ãëÿäi íàâiòü ñòîõàñòè÷íèõ ñèñòåì óâàãà ïðè-
äiëÿ¹òüñÿ ñòiéêîñòi â ñåðåäíüîìó êâàäðàòè-
÷íîìó, òîáòî ïðè l = 2 [1, 2]. Ïî-òðåò¹, íà-
ÿâíiñòü äîäàíêiâ Âîëüòåððè çóìîâëþ¹ äîäà-
òêîâi óñêëàäíåííÿ.
Ïîñòàíîâêà çàäà÷i. Îñíîâíi îçíà÷åííÿ

i ïîçíà÷åííÿ.
Íåõàé íà iìîâiðíiñíîìó áàçèñi (Ω, F, P,F),

äå F = (Ft)t≥0 - ôiëüòðàöiÿ, çàäàíî äëÿ t ∈
[0, T ] âèïàäêîâèé ïðîöåñ, x(t) = x(t, ω) ∈ Rn

ÿê ñèëüíèé ðîçâ'ÿçîê ðiâíÿííÿ ç ïðîñòîðó
X = Rn × S[−h,0]

dD(t, xt) = [a1(t, u, xt) +

t∫

0

a2(s, u, xs)ds+

+

t∫

0

a3(s
−, u, xs−)dW1(s)+

t∫

0

∫

Z1

a4(s, u, xs, z1)×

×ṽ1(ds, dz1)]dt+[b1(t, u, xt)+

t∫

0

b2(s, u, xs)ds+

+

t∫

0

b3(s, u, xs)dW1(s)+

t∫

0

∫

Z1

b4(s
−, u, xs− , z1)×

×ṽ1(ds, dz1)]dW2(t) +

∫

Z2

[c1(t
−, u, xt− , z2)+

+

t−∫

0

c2(s, u, xs, z2)ds+

t−∫

0

c3(s, u, xs, z2)dW1(s)+

+

t−∫

0

∫

Z1

c4(s
−, u, xs− , z1, z2)ṽ1(ds, dz1)]ṽ2(dt, dz2)

(1)
çà ïî÷àòêîâîþ óìîâîþ

x(t) = ϕ(t), t ∈ [−h, 0]. (2)

Çàóâàæåííÿ. Íàäàëi â iíòåãðàëi Ñêîðî-
õîäà çàìiñòü s− áóäåìî ïèñàòè s, çàìiñòü xs−

� ïðîñòî xs, äå xt = {x(t + θ),−h ≤ θ ≤ 0}
- âiäðiçîê ðîçâ'ÿçêó, h > 0 ; D(t, xt) =
x(t) − Φ(t, xt), ϕ ∈ S[−h,0], S[−h,0] - ïðîñòið
Ñêîðîõîäà íåïåðåðâíèõ ñïðàâà ôóíêöié, ùî
ìàþòü ëiâîñòîðîííi ãðàíèöi (çàóâàæèìî, ùî
ôóíêöiîíàë Φ(t, xt) íå çàëåæèòü âiä x(t) [1,
2, 5]); Φ : (0, T ] × S[−h,0] → Rn, a1, b1 :
(0, T ]×U×S[−h,0] → Rn, a2, a3, b2, b3 : (0, T ]×
U × S[−h,0] → Rn, a4, b4 : (0, T ] × (0, T ] ×
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U × S[−h,0] × Z1 → Rn, c1, c2, c3 : (0, T ]× U ×
S[−h,0] × Z2 → Rn, c4 : (0, T ] × U × S[−h,0] ×
Z1 × Z2 → Rn - îáìåæåíi òà íåïåðåðâíi çà
ñóêóïíiñòþ çìiííèõ ôóíêöiîíàëè, {Z1, Z2} -
áîðåëåâi ìíîæèíè ç R1, ϕ ∈ S[−h,0].

Îçíà÷åííÿ 1.1. Ñòîõàñòè÷íèé ïðîöåñ
{x(t) ≡ x(t, ω), t ∈ [−h, T ]} íàçèâà¹òüñÿ
ñèëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1), ÿêùî x(t)
ïðîãðåñèâíî âèìiðíèé [1] âiäíîñíî Ft ïðè
t ≤ T , âiäðiçêè òðà¹êòîðié ïðîöåñó xt ∈ X
ïðè t ∈ [t0, T ], xt0 = ϕt0 ì.í. i (1) âèêîíó¹òüñÿ
ç éìîâiðíiñòþ 1 äëÿ âñiõ t ∈ [t0, T ] îäíî÷à-
ñíî.

ßêùî äâà ñèëüíi ðîçâ'ÿçêè ìàéæå íàïåâ-
íî ñïiâïàäàþòü, òî âîíè íàçèâàþòüñÿ ñòî-
õàñòè÷íî åêâiâàëåíòíèìè. Áóäåìî ãîâîðèòè,
ùî ðiâíÿííÿ (1) ìà¹ ñèëüíèé ðîçâ'ÿçîê ïðè
ïî÷àòêîâié óìîâi (2), ÿêùî âñi ðîçâ'ÿçêè (1)
ñòîõàñòè÷íî åêâiâàëåíòíi.

Íîðìó â ïðîñòîði X ââåäåìî íàñòóïíèì
÷èíîì[6]

‖ϕ‖ ≡ ‖ϕ‖p
X ≡ (|ϕ(0)|p+

0∫

−h

|ϕ(s)|pρ(s)ds)1/p ≡

≡ (|ϕ(0)|p + ‖ϕ‖p
ρ)

1/p, (3)

äå

‖ϕ‖p
ρ =

0∫

−h

|ϕ(s)|pρ(s)ds < ∞, 1 ≤ p < ∞.

Çàóâàæèìî, ùî â (3) ôóíêöiÿ ρ - öå ôóí-
êöiÿ, ÿêà âîëîäi¹ íàñòóïíèìè âëàñòèâîñòÿìè
[3]:
1. ρ - ñóìîâíà [−h, 0] ;
2. 0 < K1 < |ρ(s)| < K2 < ∞, s ∈ [−h, 0] ;
3. ρ > 0 - ñòðîãî äîäàòíà íà [−h, 0] ;
Ïðè äîâåäåííi òåîðåìè iñíóâàííÿ òà ¹äè-

íîñòi ñèëüíîãî ðîçâ'ÿçêó áóäåìî âèêîðèñòî-
âóâàòè íåðiâíîñòi Áóêõîëüäåðà[2]: äëÿ äî-
âiëüíîãî l > 1 iñíóþòü ñòàëi K1, K2 òàêi,
ùî

E|
t∫

t0

ψ1(s)dW (s)|l ≤ K1E(

t∫

t0

|ψ1(s)|2ds)l/2;

E|
t∫

t0

∫

Θ

ψ2(θ, s)ν̃(dθ, ds)|l ≤

≤ K2E(

t∫

t0

∫

Θ

|ψ2(θ, s)|2Π(dθ)ds)l/2;

äëÿ áóäü-ÿêèõ Ft -óçãîäæåíèõ ïðîöåñiâ
ψ1(t, ω) i ψ2(θ, t, ω), òàêèõ, ùî

T∫

0

ψ2
1(t)dt < ∞;

T∫

0

∫

Θ

ψ2
2(θ, t)Π(dθ)dt < ∞

ìàéæå íàïåâíî.

Îñíîâíèé ðåçóëüòàò

Òåîðåìà 1. Íåõàé êîåôiöi¹íòè ðiâíÿííÿ
(1) çàäîâîëüíÿþòü íàñòóïíi óìîâè:

1. Ôóíêöiîíàëè ai, bi, ci, i = {1, 2, 3, 4} âè-
ìiðíi çà ñóêóïíiñòþ çìiííèõ.

2. Âèêîíóþòüñÿ óìîâè îáìåæåíîãî çðî-
ñòàííÿ êîåôiöi¹íòiâ ðiâíîìiðíî ïî t ∈
[0, T ]:

|a1(t, u, ψ)|+ |a2(t, u, ψ)|+ |a3(t, u, ψ)|+

+

∫

Z1

|a4(t, u, ψ, z1)|dz1 ≤ L(1 + ‖ψ‖);

|b1(t, u, ψ)|+ |b2(t, u, ψ)|+ |b3(t, u, ψ)|+

+

∫

Z1

|b4(t, u, ψ, z1)|dz1 ≤ L(1 + ‖ψ‖);

∫

Z2

(|c1(t, u, ψ, z2)|+ |c2(t, u, ψ, z2)|+

+|c3(t, u, ψ, z2)|+
∫

Z1

|c4(t, u, ψ, z1, z2)|×

×Π1(dz1))Π2(dz2) ≤ L(1 + ‖ψ‖);
|Φ(t, ψ)| ≤ L(1 + ‖ψ‖).
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3. Âèêîíóþòüñÿ óìîâè Ëiïøèöÿ äëÿ êî-
åôiöi¹íòiâ, òîáòî äëÿ ∀ϕ, ψ ∈ S[−h,0]

âèêîíó¹òüñÿ óìîâà:

|a1(t, u, ψ)− a1(t, u, ϕ)|+ |a2(t, u, ψ)−

−a2(t, u, ϕ)|+ |a3(t, u, ψ)− a3(t, u, ϕ)|+

+

∫

Z1

|a4(t, u, ψ, z1)− a4(t, u, ϕ, z1)|dz1 ≤

≤ L‖ψ − ϕ‖;
|b1(t, u, ψ)− b1(t, u, ϕ)|+ |b2(t, u, ψ)−
−b2(t, u, ϕ)|+ |b3(t, u, ψ)− b3(t, u, ϕ)|+

+

∫

Z1

|b4(t, u, ψ, z1)− b4(t, u, ϕ, z1)|dz1 ≤

≤ L‖ψ − ϕ‖;

+

∫

Z2

(|c1(t, u, ψ, z2)− c1(t, u, ϕ, z2)|+

+|c2(t, u, ψ, z2)− c2(t, u, ϕ, z2)|+
+c3(t, u, ψ, z2)− c3(t, u, ϕ, z2)|+

+

∫

Z1

|c4(t, u, ψ, z1, z2)−c4(t, u, ϕ, z1, z2)|×

×Π1(dz1))Π2(dz2) ≤ L‖ψ − ϕ‖;

|Φ(t, u, ψ)− Φ(t, ϕ)| ≤ L‖ψ − ϕ‖.

4. Ïî÷àòêîâà óìîâà (2) çàäîâîëüíÿ¹ íàñ-
òóïíó óìîâó

E‖ϕ‖l
X < ∞, l > 1.

Òîäi

1. Iñíó¹ ¹äèíèé ñèëüíèé ðîçâ'ÿçîê
{x(t), t ∈ [t0, T ]} ç ïðîñòîðó Ñêîðî-
õîäà ðiâíÿííÿ (1) òàêèé, ùî

x0 = ϕ.

2. Äëÿ ∀t ∈ [t0, T ] i l > 1 iñíó¹ l-èé ìî-
ìåíò ðîçâ'ÿçêó (1)

E sup
0<t≤T

|x(t)|l < ∞.

Äîâåäåííÿ. (Iñíóâàííÿ).
Äëÿ äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó äàíî-

ãî ðiâíÿííÿ ñêîðèñòà¹ìîñÿ ìåòîäîì ïîñëi-
äîâíèõ íàáëèæåíü. Âèçíà÷èìî íàáëèæåííÿ
ðîçâ'ÿçêó çàäà÷i (1), (2) íàñòóïíèì ÷èíîì:

x0(t) =

{
ϕ(t), −h ≤ t ≤ 0,
ϕ(0), t > 0,

xn(t) =





ϕ(t), −h ≤ t ≤ 0,
Φ(t, xn−1

t ) + x(0)− Φ(0, xn−1
0 )+

+R(t, xn−1), t > 0,
(4)

äå âèïàäêîâèé ïðîöåñ R(t, x) îïèñàíèé íèæ-
÷å.

Äëÿ ñïðîùåííÿ äåÿêèõ âèêëàäîê ââåäåìî
íàñòóïíå ïîçíà÷åííÿ:

R(t̃, x) =

t̃∫

0

[a1(t, u, xt) +

t∫

0

a2(s, u, xs)ds+

+

t∫

0

a3(s, u, xs)dW1(s)+

+

t∫

0

∫

Z1

a4(s, u, xs, z1)ṽ1(ds, dz1)]dt+

+

t̃∫

0

[b1(t, u, xt) +

t∫

0

b2(s, u, xs)ds+

+

t∫

0

b3(s, u, xs)dW1(s) +

t∫

0

∫

Z1

b4(s, u, xs, z1)×

×ṽ1(ds, dz1)]dW2(t̃)+

+

t̃∫

0

∫

Z2

[c1(t, u, xt, z2) +

t∫

0

c2(s, u, xs, z2)ds+
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+

t∫

0

c3(s, u, xs, z2)dW1(s)+

+

t∫

0

∫

Z1

c4(s, u, xs, z1, z2)ṽ1(ds, dz1)]ṽ2(dt, dz2)

(5)
Îòæå, çàïèñ (1) ìîæíà ïîäàòè ó âèãëÿäi

D(t, xt)−D(0, x0) = R(t, x). (6)

àáî âèêîðèñòîâóþ÷è îçíà÷åííÿ ôóíêöiîíà-
ëà D(t, xt) îòðèìà¹ìî

x(t) = Φ(t, xt) + x(0)− Φ(0, x0) + R(t, x).

Ââåäåìî íàáëèæåííÿ äëÿ ðîçâ'ÿçêó ðiâ-
íÿííÿ (1)

x0(t) =

{
ϕ(t), t ∈ [−h, 0],
ϕ(0), t ∈ (0, T ].

xn(t) = Φ(t, xn−1
t ) + xn−1(0)− Φ(0, xn−1

0 )+

+R(t, xn−1), n ≥ 1. (7)

Çà óìîâè 2 òåîðåìè ìîæíà ñòâåðäæóâà-
òè, ùî xn - ¹ âèìiðíîþ ôóíêöi¹þ âiäíîñíî
ïîòîêó F = (Ft)t≥0 òà íå ìà¹ ðîçðèâiâ äðó-
ãîãî ðîäó.

Ñïî÷àòêó ïîêàæåìî çà iíäóêöi¹þ, ùî

E sup
0<t≤T

|xn(t)|l < ∞. (8)

Äëÿ n=0 íåðiâíiñòü (8) ¹ áåçïîñåðåäíiì
íàñëiäêîì ïóíêòó 4 òåîðåìè. Íåõàé n ≥ 1.
Äîâåäåìî íåðiâíiñòü (8) äëÿ öüîãî âèïàäêó:

E sup
0<t≤T

|xn(t)|l = E sup
0<t≤T

|Φ(t, xn−1
t )+

+xn−1(0)− Φ(0, xn−1
0 ) + R(t, xn−1)|l ≤

≤ K(E sup
0<t≤T

|Φ(t, xn−1
t )|l +E sup

0<t≤T
|xn−1(0)|l+

+E sup
0<t≤T

|Φ(0, xn−1
0 )|l + E sup

0<t≤T
|R(t, xn−1)|l).

(9)
Çàóâàæèìî, ùî äðóãèé i òðåòié äîäàíîê

íåðiâíîñòi (9) ¹ îáìåæåíèìè â ñèëó ïóíêòó
4 òåîðåìè. Äîâåäåìî, ùî äîäàíêè 1 òà 4 ¹
òàêîæ îáìåæåíèìè.

Äëÿ öüîãî ïðèïóñòèìî, ùî âèêîíó¹òüñÿ
íåðiâíiñòü (8) äëÿ n − 1. Òîäi äëÿ äîäàíêó
1 îáìåæåíiñòü ìà¹ ìiñöå â ñèëó îáìåæåíîñòi
òà íåïåðåðâíîñòi ôóíêöiîíàëà Φ(t, xt). Àíà-
ëîãi÷íî â ñèëó îáìåæåíîñòi òà íåïåðåðâíî-
ñòi ôóíêöiîíàëiâ a1, b1 : (0, T ]×U ×S[−h,0] →
Rn, a2, a3, b2, b3 : (0, T ] × U × S[−h,0] → Rn,
a4, b4 : (0, T ]× (0, T ]× U × S[−h,0] × Z1 → Rn

, c1, c2, c3 : (0, T ] × U × S[−h,0] × Z2 → Rn,
c4 : (0, T ]×U×S[−h,0]×Z1×Z2 → Rn îòðèìó-
¹ìî îáìåæåíiñòü ÷åòâåðòîãî äîäàíêó íåðiâ-
íîñòi (9). Îáìåæåíiñòü íàáëèæåíü ðîçâ'ÿç-
êó ðiâíÿííÿ (1) äîâåäåíà, òîáòî ìà¹ìî íå-
ðiâíiñòü

E sup
0<t≤T

|xn(t)|l ≤ K(n) ≤ K. (10)

Ðîçãëÿíåìî îöiíêè çâåðõó äëÿ ðiçíèöü
E|xn(t) − xn−1(t)|l. Äëÿ äàíî¨ îöiíêè âèêî-
ðèñòà¹ìî íàñòóïíå òâåðäæåííÿ.

Ëåìà 1. Íåõàé ôóíêöiîíàëè ai, bi, ci çà-
äîâîëüíÿþòü óìîâàì òåîðåìè 1.1. Òîäi äëÿ
∀l > 1 âèêîíó¹òüñÿ íåðiâíiñòü

E|R(t̃, , x)−R(t̃, y)|l ≤ L1

T∫

0

E‖x− y‖ldt+

+L2(

T∫

0

E‖x− y‖2dt)
l
2 . (11)

Äîâåäåííÿ. Ðîçãëÿíåìî E|R(t, x) −
R(t, y)|l :

E|R(t̃, , x)−R(t̃, y)|l = E|
t̃∫

0

[a1(t, u, xt)+

+

t∫

0

a2(s, u, xs)ds +

t∫

0

a3(s, u, xs)dW1(s)+

+

t∫

0

∫

Z1

a4(s, u, xs, z1)ṽ1(ds, dz1)]dt+

+

t̃∫

0

[b1(t, u, xt) +

t∫

0

b2(s, u, xs)ds+
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+

t∫

0

b3(s, u, xs)dW1(s) +

t∫

0

∫

Z1

b4(s, u, xs, z1)×

×ṽ1(ds, dz1)]dW2(t)+

+

t̃∫

0

∫

Z2

[c1(t, u, xt, z2) +

t∫

0

c2(s, u, xs, z2)ds+

+

t∫

0

c3(s, u, xs, z2)dW1(s)+

+

t∫

0

∫

Z1

c4(s, u, xs, z1, z2)ṽ1(ds, dz1)]ṽ2(dt, dz2)−

−
t̃∫

0

[a1(t, u, yt) +

t∫

0

a2(s, u, ys)ds+

+

t∫

0

a3(s, u, ys)dW1(s) +

t∫

0

∫

Z1

a4(s, u, ys, z1)×

×ṽ1(ds, dz1)]dt−
t̃∫

0

[b1(t, u, yt)+

t∫

0

b2(s, u, ys)ds+

+

t∫

0

b3(s, u, ys)dW1(s) +

t∫

0

∫

Z1

b4(s, u, ys, z1)×

×ṽ1(ds, dz1)]dW2(t)−
t̃∫

0

∫

Z2

[c1(t, u, yt, z2)+

+

t∫

0

c2(s, u, ys, z2)ds+

t∫

0

c3(s, u, xs, z2)dW1(s)+

+

t∫

0

∫

Z1

c4(s, u, xs, z1, z2)ṽ1(ds, dz1)]ṽ2(dt, dz2)|l ≤

≤ K1(E|
t̃∫

0

(a1(t, u, xt)− a1(t, u, yt))dt|l+

+E|
t̃∫

0

t∫

0

(a2(s, u, xs)− a2(s, u, ys))dsdt|l+

+E|
t̃∫

0

t∫

0

(a3(s, u, xs)−a3(s, u, ys))dW1(s)dt|l+

+E|
t̃∫

0

t∫

0

∫

Z1

(a4(s, u, xs, z1)− a4(s, u, ys, z1))×

×ṽ1(ds, dz1)dt|l + E|
t̃∫

0

(b1(t, u, xt)−

−b1(t, u, yt))dW2(t)|l + E|
t̃∫

0

t∫

0

(b2(s, u, xs)−

−b2(s, u, ys))dsdW2(t)|l+E|
t̃∫

0

t∫

0

(b3(s, u, xs)−

−b3(s, u, ys))dW1(s)dW2(t)|l+

+E|
t̃∫

0

t∫

0

∫

Z1

(b4(s, u, xs, z1)− b4(s, u, ys, z1))×

×ṽ1(ds, dz1)dW2(t)|l +E|
t̃∫

0

∫

Z2

(c1(t, u, xt, z2)−

−c1(t, u, yt, z2))ṽ2(dt, dz2)|l+

+E|
t̃∫

0

∫

Z2

t∫

0

(c2(s, u, xs, z2)− c2(s, u, ys, z2))×

×ṽ2(dt, dz2)ds|l + E|
t̃∫

0

∫

Z2

t∫

0

(c3(s, u, xs, z2)−

−c3(s, u, ys, z2))ṽ2(dt, dz2)dW1(s)|l+

+E|
t̃∫

0

∫

Z2

t∫

0

∫

Z1

(c4(s, u, xs, z1, z2)−

−c4(s, u, ys, z1, z2))ṽ1(ds, dz1)ṽ2(dt, dz2)|l).
(12)
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Äëÿ íåðiâíîñòi (12) âèêîðèñòà¹ìî íåðiâ-
íîñòi Áóêõîëüäåðà i îòðèìà¹ìî íàñòóïíèé
ðåçóëüòàò

E|R(t̃, x)−R(t̃, y)|l ≤

≤ K2(t̃
l−1

t̃∫

0

E|a1(t, u, xt)− a1(t, u, yt)|ldt+

+t̃l−1

t̃∫

0

tl−1

t∫

0

E|a2(s, u, xs)−a2(s, u, ys)|ldsdt

+t̃l−1

t̃∫

0

(

t∫

0

E|a3(s, u, xs)−a3(s, u, ys)|2ds)
l
2 dt+

+t̃l−1

t̃∫

0

(

t∫

0

∫

Z1

E|a4(s, u, xs, z1)−a4(s, u, ys, z1)|2×

×Π1(dz1)ds)
l
2 dt + (

t̃∫

0

E|b1(t, u, xt)−

−b1(t, u, yt)|2dt)
l
2 + (

t̃∫

0

t∫

0

E|b2(s, u, xs)−

−b2(s, u, ys)|2dsdt)
l
2 +

+(

t̃∫

0

t∫

0

E|b3(s, u, xs)− b3(s, u, ys)|2dsdt)
l
2 +

+(

t̃∫

0

t∫

0

∫

Z1

E|b4(s, u, xs, z1)− b4(s, u, ys, z1)|2×

×Π1(dz1)dsdt)
l
2 +

+(

t̃∫

0

∫

Z2

E|c1(t, u, xt, z2)− c1(t, u, yt, z2)|2×

×Π2(dz2)dt)
l
2 + (

t̃∫

0

t

∫

Z2

t∫

0

E|c2(s, u, xs, z2)−

−c2(s, u, ys, z2)|2dsΠ2(dz2)dt)
l
2 +

+(

t̃∫

0

∫

Z2

t∫

0

E|c3(s, u, xs, z2)−c3(s, u, ys, z2)|2dsΠ2×

×(dz2)dt)
l
2 + (

t̃∫

0

∫

Z2

t∫

0

∫

Z1

E|c4(s, u, xs, z1, z2)−

−c4(s, u, ys, z1, z2)|2dsΠ1(dz1)dtΠ2(dz2))
l
2 ) ≤

≤ K3(

t̃∫

0

E‖x− y‖ldt. +

t̃∫

0

t∫

0

E‖x− y‖ldsdt+

+

t̃∫

0

(

t∫

0

E‖x−y‖2ds)
l
2 dt+

t̃∫

0

(

t∫

0

∫

Z1

E‖x−y‖2×

×Π1(dz1)ds)
l
2 dt + (

t̃∫

0

E‖x− y‖2dt)
l
2 +

+(

t̃∫

0

t∫

0

E‖x−y‖2dsdt)
l
2 +(

t̃∫

0

t∫

0

E‖x−y‖2dsdt)
l
2 +

+(

t̃∫

0

t∫

0

∫

Z1

E‖x− y‖2Π1(dz1)dsdt)
l
2 +

+(

t̃∫

0

∫

Z2

E‖x− y‖2Π2(dz2)dt)
l
2 +

+(

t̃∫

0

∫

Z2

t∫

0

E‖x− y‖2dsΠ2(dz2)dt)
l
2 +

+(

t̃∫

0

∫

Z2

t∫

0

E‖x− y‖2dsΠ2(dz2)dt)
l
2 +
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+(

t̃∫

0

∫

Z2

t∫

0

∫

Z1

E‖x−y‖2dsΠ1(dz1)dtΠ2(dz2))
l
2 ) ≤

≤ K4

T∫

0

E‖x− y‖ldt + K5(

T∫

0

E‖x− y‖2dt)
l
2 ,

äå K1, K2, K3, K4, K5 - îáìåæåííi êîí-
ñòàíòè, çàëåæíi òiëüêè âiä l, ρ.

Òîáòî, îòðèìàëè íåðiâíiñòü

E|R(t̃, , x)−R(t̃, y)|l ≤ K4

T∫

0

E‖x− y‖ldt+

+K5(

T∫

0

E‖x− y‖2dt)
l
2 ,

àáî

E sup
0≤t̃≤T

|R(t̃, , x)−R(t̃, y)|l ≤ K4

T∫

0

E‖x−y‖ldt+

+K5(

T∫

0

E‖x− y‖2dt)
l
2 .

Ëåìà 1 äîâåäåíà.
Ïðîäîâæèìî äîâåäåííÿ iñíóâàííÿ

ðîçâ'ÿçêó ðiâíÿííÿ (1). Äëÿ öüîãî ðîç-
ãëÿíåìî ðiçíèöþ

E sup
0≤t≤T

|xn(t)− xn−1(t)|l =

= E sup
0≤t≤T

|Φ(t, xn−1
t ) + x(0)− Φ(0, xn−1

0 )+

+R(t, xn−1)− Φ(t, xn−2
t ) + x(0)− Φ(0, xn−2

0 )+

+R(t, xn−2)|l = E sup
0≤t≤T

|Φ(t, xn−1
t )+

+R(t, xn−1)− Φ(t, xn−2
t )−R(t, xn−2)|l ≤

≤ K6E sup
0≤t≤T

|R(t, xn−1)−R(t, xn−2)|+

+K6E sup
0≤t≤T

|Φ(t, xn−1
t )− Φ(t, xn−2)|. (13)

Îöiíèìî äðóãèé äîäàíîê íåðiâíîñòi (13):

E sup
0≤t≤T

|Φ(t, xn−1
t )− Φ(t, xn−2

t )|l ≤

≤ LE sup
0≤t≤T

‖xn−1
t − xn−2

t ‖l ≤

≤ L

T∫

0

E‖xn−1
t − xn−2

t ‖ldt.

Îòæå, íåðiâíiñòü (13) ìîæíà ïåðåïèñàòè
ó âèãëÿäi

E sup
0≤t≤T

|xn(t)− xn−1(t)|l ≤ K7

T∫

0

E‖xn−1
t −

−xn−2
t ‖ldt+K5(

T∫

0

E‖xn−1
t −xn−2

t ‖2dt)
l
2 . (14)

Äëÿ ïîäàëüøîãî äîâåäåííÿ íàì áóäå ïî-
òðiáíà îöiíêà

E sup
0≤t≤T

|x1(t)− x0(t)|l ≤

= E sup
0≤t≤T

|Φ(t, x0
t )+x(0)−Φ(0, x0

0)+R(t, x0)−x0
t |l =

= E sup
0≤t≤T

|R(t, x0)|l ≤ L(1 + ‖x0‖) = K8.

Äëÿ n = 2 îòðèìà¹ìî îöiíêó

E sup
0≤t≤T

|x2(t)−x1(t)|l ≤ K7

T∫

0

E‖x1
t −x0

t‖ldt+

+K5(

T∫

0

E‖x1
t − x0

t‖2dt)
l
2 ≤ K(T + T

l
2 ). (15)

Çàãàëüíèé âèãëÿä îöiíêè (15) ìà¹ âèãëÿä

E sup
0≤t≤T

|xn(t)− xn−1(t)|l ≤ K(T + T
l
2 )n−1.

Ðîçãëÿíåìî âèïàäîê, êîëè T +T
l
2 = q < 1

òà xn çîáðàæà¹òüñÿ ó âèãëÿäi ñóìè

xn(t) =
n∑

k=1

(xk(t)− xk−1(t)) + x0(t). (16)

Äîâåäåìî, ùî ãðàíèöÿ xn ¹ ðîçâ'ÿçêîì
ðiâíÿííÿ (1). Äëÿ öüîãî ïîòðiáíî ïîêàçà-
òè çáiæíiñòü ñóìè â ïðàâié ÷àñòèíi ðiâíîñòi
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(16). Âèêîðèñòîâóþ÷è íåðiâíiñòü ×åáèøîâà,
îòðèìó¹ìî

P{ sup
0≤t≤T

|xn(t)− xn−1(t)|l <
1

n2
} ≤

≤ E sup
0≤t≤T

|xn(t)−xn−1(t)|ln2l ≤ Kn2l(T +T
l
2 ).

Ðîçãëÿíåìî ðÿä
∞∑

n=1

Kn2l(T + T
l
2 )n−1. (17)

Âií ¹ çáiæíèì òîäi, êîëè T + T
l
2 =

q < 1. Òîìó çà ëåìîþ Áîðåëÿ � Êàíòåë-
ëi îòðèìó¹ìî ôàêò, ùî iñíó¹ ðiâíîìiðíà çái-
æíiñòü ìàéæå íàïåâíî íà [0, T ] ñóìè xn(t) =∑n

k=1(x
k(t) − xk−1(t)) + x0(t). Òîìó ãðàíèöÿ

x(t) = lim
n→∞

xn(t) iñíó¹ íà [0, T ] ç ïðîñòîðó
Ñêîðîõîäà S[0,T ].

Ïîêàæåìî, ùî {x(t), 0 ≤ t ≤ T} � ðîçâ'ÿ-
çîê ðiâíÿííÿ (1). Äëÿ öüîãî âèêîðèñòà¹ìî
ïðåäñòàâëåííÿ (7). Ïåðåéøîâøè â (7) äî
ãðàíèöi, îòðèìà¹ìî

x(t) = Φ(t, xt) + x(0)− Φ(0, x0) + R(t, x)

òîáòî îòðèìàëè ðiâíÿííÿ (1).
Òàêèì ÷èíîì, äîâåäåíî iñíóâàííÿ

ðîçâ'ÿçêó (1) äëÿ t ∈ [0, T ] ïðè óìîâi,
ùî T + T

l
2 = q < 1.

Íåõàé T + T
l
2 ≥ 1. Òîäi íà âiäðiçêó [0, T ]

âèáèðà¹ìî òî÷êó t1 òàêó, ùî t1+t
l
2
1 < 1. Äàëi,

âèêîðèñòîâó¹ìî ïðîðîáëåíi êðîêè äëÿ äîâå-
äåííÿ iñíóâàííÿ ðîçâ'ÿçêó íà âiäðiçêó [0, t1].
Âèáèðàþ÷è òî÷êè t2,..., tk, òàêèì ÷èíîì, ùî
(ti+1 − ti) + (ti+1 − ti)

l
2 = q < 1, i = 1, ..., k,

äîâîäèìî iñíóâàííÿ ðîçâ'ÿçêó íà âiäðiçêó
[0, T ].

Äîâåäåííÿ ¹äèíîñòi.
Ïðîâåäåìî äîâåäåííÿ ¹äèíîñòi ðîçâ'ÿç-

êó âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî ¹ äâà
ðîçâ'ÿçêè çàäà÷i (1), (2) x(t) òà y(t). Òîäi çãi-
äíî ç (11) îòðèìà¹ìî îöiíêó

E sup
0≤t≤T

|x(t)− y(t)|l ≤ K7

T∫

0

E‖xt − yt‖ldt+

+K5(

T∫

0

E‖xt − yt‖2dt)
l
2 ≤

≤ K8(T, L, ρ, l)E sup
0≤t≤T

|x(t)− y(t)|l.

Ïðèïóñòèìî, ùî K8(T, L, ρ, l) < 1. Òîäi
ìîæíà çðîáèòè âèñíîâîê ïðî òå, ùî

E sup
0≤t≤T

|x(t)− y(t)|l = 0

íà âiäðiçêó [0, T ], ùî i ïîòðiáíî äîâåñòè äëÿ
¹äèíîñòi ðîçâ'ÿçêó ðiâíÿííÿ (1).

Ñïðàâäi, îñêiëüêè
E sup

0≤t≤T
|x(t)|l ≤ K8E sup

0≤t≤T
|x(t)|l,

òî
E sup

0≤t≤T
|x(t)|l ≤ Km

8 E sup
0≤t≤T

|x(t)|l, m ≥ 1.

À öå, ÿêùî ïåðåéòè â îñòàííié íåðiâíîñòi
äî ãðàíèöi, äà¹ íåîáõiäíå ñïiââiäíîøåííÿ
E sup

0≤t≤T
|x(t)|l ≤ lim

m→∞
Km

8 E sup
0≤t≤T

|x(t)|l = 0.

Ïðèïóñòèìî, ùî K8(T, L, ρ, l) ≥ 1. Òîäi
çíîâó âèáèðà¹ìî íà âiäðiçêó [0, T ] òî÷êó t1,
òàêó ùî K8(t1, L, ρ, l) < 1, òîáòî îòðèìó¹-
ìî ¹äèíiñòü ðîçâ'ÿçêó íà âiäðiçêó [0, t1]. Äà-
ëi ïðîðîáëþþ÷è öþ ïðîöåäóðó, îòðèìó¹ìî
¹äèíiñòü ðîçâ'ÿçêó íà âiäðiçêó [0, T ].

Çàóâàæèìî, ùî ó òîìó âèïàäêó, êîëè ìè
ïîêðîêîâî äîâîäèìî iñíóâàííÿ ÷è ¹äèíiñòü,
òîáòî äîâîäèìî äàíi âëàñòèâîñòi íà âiäðiç-
êàõ [0, t1], [t1, t2], . . . , [tn−1, T ], ïîòðiáíî çìi-
íþâàòè ïî÷àòêîâó çàäà÷ó. À ñàìå, äëÿ âiä-
ðiçêà [t1, t2] áóäåìî ìàòè íàñòóïíó çàäà÷ó
Êîøi:

dD(t, xt) = [a1(t, u, xt) +

t∫

0

a2(s, u, xs)ds+

+

t∫

0

a3(s, u, xs)dW1(s)+

+

t∫

0

∫

Z1

a4(s, u, xs, z1)ṽ1(ds, dz1)]dt+
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+[b1(t, u, xt) +

t∫

0

b2(s, u, xs)ds+

+

t∫

0

b3(s, u, xs)dW1(s)+

+

t∫

0

∫

Z1

b4(s, u, xs, z1)ṽ1(ds, dz1)]dW2(t)+

+

∫

Z2

[c1(t, u, xt, z2) +

t∫

0

c2(s, u, xs, z2)ds+

+

t∫

0

c3(s, u, xs, z2)dW1(s)+

+

t∫

0

∫

Z1

c4(s, u, xs, z1, z2)ṽ1(ds, dz1)]ṽ2(dt, dz2)

çà ïî÷àòêîâîþ óìîâîþ
x(t) = ϕ(t), t ∈ [−h, t1],

Îòæå, äëÿ k-ãî êðîêó, à ñàìå íà âiäðiç-
êó [tk−1, tk], áóäåìî ìàòè íàñòóïíó ïî÷àòêî-
âó óìîâó

x(t) = ϕ(t), t ∈ [−h, tk−1].

Òåîðåìà 1 äîâåäåíà.
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